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Abstract We study the performance of empirical risk minimization in prediction and
estimation problems that are carried out in a convex class and relative to a sufficiently
smooth convex loss function. The framework is based on the small-ball method and
thus is suited for heavy-tailed problems. Moreover, among its outcomes is that a
well-chosen loss, calibrated to fit the noise level of the problem, negates some of
the ill-effects of outliers and boosts the confidence level—leading to a gaussian like
behaviour even when the target random variable is heavy-tailed.

Mathematics Subject Classification 62G99 - 60G25 - 68T05

1 Introduction

Prediction and estimation problems play a major role in modern mathematical statis-
tics. The aim is to approximate, in one way or another, an unknown random variable Y
by a function from a given class F, defined on a probability space (€2, i). The given
data is a random sample (X;, Yi)fV: |» distributed according to the N-product of the
joint distribution of 1 and ¥, endowed on the product space (2 x R)V.

The notion of approximation may change from problem to problem. It is reflected
by different choices of loss functions, which put a price tag on predicting f(X) instead

of Y. Although it is not the most general form possible, we also assume throughout
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460 S. Mendelson

this article that if £ is the loss function, the cost of predicting f(X) instead of Y is
LX) —=Y):

Definition 1.1 A loss is a real-valued function that is even, increasing in R4 and
convex, and vanishes at 0. We will assume that it is sufficiently smooth—for example,
that it has a second derivative, except, perhaps at +xq for some fixed xo—although,
as will be clear from what follows, this assumption can be relaxed further.

Once the loss is selected, one can define the best element in the class, namely, a
function in F' that minimizes the average loss, or risk, E€( f (X) —Y') (with the obvious
underlying assumption that the minimizer exists). We denote that minimizer by f*.

Next, one may choose a procedure that uses the data (X;, Yi){\; | to produce a
(random) function f € F. The effectiveness of f may be measured in several ways,
and the two we focus on here lead to the notions of prediction and estimation.

Problem 1.2 Given a procedure f , find the ‘smallest’ functions &, and &, possible for
which the following holds. If F C Lo () is a class of functions and Y is the unknown
target, then with probability at least 1 — § over samples (X;, Y)Y

i=1

E (E(f(X) —¥)|(x, Yi){Vzl) < inf BO(f(X)—Y) + &,
feF
Alternatively, with probability at least 1 — §,

[7-r], =B (- rreolon k) <&

The functions £, and &, may depend on the structure of F, the sample size N, the
confidence level §, some ‘global’ properties of Y (e.g., its L4 norm), etc.

The prediction error £, measures the ‘predictive capabilities’ of f , specifically
whether f is likely to be almost as effective as the best possible in the class—the
latter being f*. The estimation error & measures the distance between f and f*,
with respect to the underlying L»(u) metric.

Literature devoted to the study of prediction and estimation is extensive and
goes well beyond what can be reasonably surveyed here. We refer the reader to the
manuscripts [2,4,6,9,15,24,25] as possible starting points for information on the his-
tory of Problem 1.2, as well as for more recent progress.

The procedure we focus on here is empirical risk minimization (ERM), in which
f is selected to be a function in F that minimizes the empirical risk

1 N
Pyt =) 0(f(X) = Yo);
i=1

here, and throughout the article, Py denotes the empirical mean associated with the
random sample (X;, Y;)Y_,.

Since it is impossible to obtain nontrivial information on the performance of any
procedure, including ERM, without imposing some assumptions on the class F, the
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target Y and the loss £, one has to select a framework that, on the one hand, is general
enough to include natural problems that one would like to study, but on the other, still
allows one to derive significant results on prediction and estimation. Unfortunately,
some of the assumptions that are commonly used in literature are highly restrictive,
though seemingly benign. And among the more harmful assumptions are that the loss
is a Lipschitz function and that functions in F" and Y are uniformly bounded.

The origin of these assumptions is technical: they are an outcome of the ‘classical’
method of analysis used to tackle Problem 1.2. The method itself is based on tools from
empirical processes theory, most notably, on contraction and concentration arguments
that are simply false without imposing the right assumptions on the class, the target
and the loss. However, these assumptions leave a large number of natural problems
out of reach.

To explain why concentration and contraction arguments are so appealing, let us
outline the standard method of analyzing data driven procedures like ERM.

The basic underlying assumption behind such procedures, and in particular, behind
ERM, is that sampling mimics reality. Since one’s goal is to identify the function f*
which minimizes in F the functional f — E(f(X) — Y), a natural course of action
is to compare empirical means of the loss functional to the actual means in the hope
that an empirical minimizer will be close to the true minimizer.

To that end, one may consider the excess loss functional associated with f € F

LpX,Y)=L(f(X)=Y)—L(f"(X)—Y),

observe that for every f € F,EL; > 0 and that if f* is unique, equality is achieved
only by f*. Also, since L s+ = 0, it is evident that the empirical minimizer f satisfies
that Py L 7 < 0; thus, for every sample, the empirical minimizer belongs to the random
set

{feF:PyLy<0}. (1.1)

The key point in the analysis of ERM is that the random set of potential minimizers
consists of functions for which sampling behaves in an a-typical manner: Py L < 0
while EL y > 0. The hope is that one may identify the set by exploiting the discrepancy
between the ‘empirical’ and ‘actual’ behaviour of means. For example, a solution to the
prediction problem follows if the set (1.1) consists only of functions with ‘predictive
capabilities’ that are close to the optimal in F, while the estimation problem may be
resolved if (1.1) consists only of functions that are close to f* with respect to the L,
distance.

What makes the nature of the set {f : PyL; < 0} rather elusive is not only
the fact that it is random, but also that one has no real knowledge of the functions
Ly =L(f(X)—=Y)and L = £y — £y+: the two have unknown components—the
target Y and the true minimizer f*.

Concentration and contraction help in identifying the set (1.1). By applying con-
centration results to a well-chosen subset of excess loss functions {L 7 : f € F'}, one
may show that there is a large subset ' C F, on which Py L s cannot be too far from
EL ¢ (or, for more sophisticated results, that the ratios Py L ¢ /EL ; cannot be too far
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from 1). Since EL; > 0if f % f*, this forces f — Py L to be positive on F’ and
thus f € F\F'.
Naturally, concentration results come at a cost, and for estimates such as

PyL

sup|PN£f—]E£f|<e or sup f—1’<g (1.2)
feF’ feF! ]E;cf

to hold with high probability requires strong assumptions on the random variables
involved—for example, that functions in F and Y are uniformly bounded (see the
books [3,11] for more details on concentration of measure phenomena).

Finally, and what is possibly the most costly step in the classical method of analysis,
is contraction. The contraction argument is based on the fact that class members and the
target are uniformly bounded functions and that the loss is Lipschitz on the ranges of
the functions f(X) — Y. It implies that the supremum of the empirical process indexed
by the (unknown!) excess loss class may be controlled in terms of the supremum of an
empirical process indexed by functions of the form f — f* (see, for example, [1,9,18]
for more details).

One result that is based on the classical method and that utilizes the full strength of
the two assumptions—that class members and the target are uniformly bounded and
that the loss is Lipschitz—is Theorem 1.3 below, proved originally in [1]. It serves as
a preliminary benchmark for our discussion.

Assume that F' is a class of functions that are bounded by 1 and let Y be the target
random variable that is also bounded by 1. Let £ be a Lipschitz function with constant
I€1l1ip on [—2, 2], which is an interval containing all the ranges of f(X) — Y. Assume
further that f* exists and is unique and that for every f € F, || f — f* ||%2 < BELy,
which is the significant part of the so-called Bernstein condition (see, e.g., [13,16,17]).

A standard example in which all these conditions hold is when F is a closed, convex
class consisting of functions into [—1, 1], ¥ also maps into [—1, 1], and £(¢) = 2. In
that case it is straightforward to show that B = 1 and ||£||;p = 4.

Let D ¢« be the Lo (1) ball of radius 1, centred at f*. Thus, {f € F : || f — f*|1, <
r} = FNrDy«. Forevery r > 0, let

N
kn(r) = s %ﬁ i;ei(f — M|, (1.3)
and
_ - §
W =E s 175 ;af(f - O] (1.4)
Here (&; )lN: | are independent, symmetric, {—1, 1}-valued random variables that are

independent of (X i)zN: | and the expectation is taken with respect to both (X;) lN: , and

(¢;)Y_,. Finally, set
k% (., 8) = inf {r ~0:Pr (kN(r/ 1€]p) < yrz«/ﬁ) >1— 3}
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and
Ky =inf fr > 01 kn G/ ey < vr*VN Y.

Theorem 1.3 There exist absolute constants ¢ and cy for which the following holds.
If F, Y and £ are as above, then for every 0 < § < 1, with probability at least 1 — §

. o2 el B
IELJ;. < ¢1 max (kN (cz (B IIEIIHP) , 3)) TN ) (L.5)
and ) log(1/8
EL; < ¢ max {(kN (2B Nl ™")) " e, B)"gT/)} GRS

Recalling that || f — f*||%2 < BELy for every f € F, analogous results hold for
the estimation problem.

The proof of Theorem 1.3 and results of a similar nature may be found in [1,9, 18].

Although Theorem 1.3 is one of the main benchmarks of the performance of ERM,
it truly requires rather restrictive assumptions, as do all the results that are based on
the concentration-contraction mechanism. For example, Theorem 1.3 cannot be used
to tackle one of the most fundamental problems in Statistics—linear regression in R”
relative to the squared loss and with independent additive gaussian noise:

Example 1.4 Let £(x) = x%. Given T C R”", set Fp = {(t, ) it e T} to be the class
of linear functionals on R” associated with 7. Let i be a probability measure on R"
and set X to be a random vector distributed according to u. Let W be a standard
gaussian variable that is independent of X and the targetis ¥ = (to, ) + W for some
fixed but unknown ty € T'.

Observe that

e Y is not bounded (because of the gaussian noise).

e Unless u is supported in a bounded set in R”, functions in Fr are not bounded.

e The loss £(x) = x? satisfies a Lipschitz condition in [—a, a] with a constant 2a.
Unless u has a bounded support and Y is bounded, ¢ does not satisfy a Lipschitz
condition on an interval containing the ranges of the functions f(X) — Y.

Each one of these observations is enough to place linear regression with independent
additive gaussian noise outside the scope of Theorem 1.3, and what is equally alarming
is that the same holds even if p is the standard gaussian measure on R”, regardless of
T, the choice of noise or even its existence.

An additional downside of Theorem 1.3 is that even in situations that do fall within
its scope, resulting bounds are often less than satisfactory (see, for example, the dis-
cussion in [19]).

The suboptimal behaviour of Theorem 1.3 and, in fact, of the entire concentration-
contraction mechanism, happens to be endemic: it is caused by the nature of the
complexity parameter used to govern the rates £, and &,. Indeed, when considering
likely sources of error in prediction and estimation problems, two generic reasons
come to mind:
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e (X1, .., Xn)ismerely a sample and two functions in F can coincide on that sample
but still be far from one another in L, (w). This leads to the notion of the version
space: a random subset of F', defined by

{feF:fX)=f"(X;) forevery 1 <i < N}

and which measures the way a random sample can be used to distinguish between
class members. Clearly, the L,(x) diameter of the version space is an intrinsic
property of the class F and has nothing to do with the noise! £ = f*(X) — Y.
Standard arguments show (see, e.g. [10]) that even in noise-free problems, when
Y = fo(X) for some fy € F, it is impossible to construct a learning procedure
whose error rate consistently outperforms the L, diameter of the version space.

e Measurements are noisy: one does not observe f*(X;) butrather ;. Known results
as well as common sense indicate that the ‘closer’ Y is to F', the better the behaviour
of £, and &, should be. Thus, it stands to reason that £, and &, should depend on
the ‘noise level’ of the problem, i.e., on a natural distance between the target and
the class.

With that in mind, it is reasonable to conjecture that £, and &, exhibit two regimes,
captured by two different complexity parameters. Firstly, a ‘low noise’ regime, in
which the ‘noise” & = f*(X) — Y is sufficiently close to zero in the right sense,
and the behaviour of ERM is similar to its behaviour in the noise-free problem—
essentially the L, diameter of the version space. Secondly, a ‘high noise’ regime, in
which mistakes occur because of the way the loss affects the interaction between class
members and the noise.

Theorem 1.3 yields only one regime, and that regime is governed by a single com-
plexity parameter. This parameter does not depend on the noise & = f*(X) — Y,
except via a trivial Lo, bound; rather, it depends on the correlation of the set
{(f (X[))lN: | 1 f € F} (the so-called random coordinate projection of F') with a
generic random noise model, represented by a random point in {—1, 1}". Obviously,
the generic noise may have nothing to do with the actual noise one faces.

The main goal of this article is to address Problem 1.2 by showing that £, and
&, indeed have two regimes. Each one of those regimes is captured by a different
parameter: firstly, an ‘intrinsic parameter’ that governs low-noise problems (when Y
is sufficiently close to F') and depends only on the class and not on the target or on the
loss; secondly, an external parameter that captures the interaction of the class with the
noise and with the loss, and dominates in high-noise situations, when Y is far from F'.

Moreover, a solution to Problem 1.2 has to hold without the restrictive assumptions
of the concentration-contraction mechanism, namely:

e The class F need not be bounded in L, but rather satisfies significantly weaker
tail conditions.
e The target Y need not be bounded (in fact, Y € L, suffices in most cases).

1 We refer to f*(X)—7Y as the noise of the problem. This name makes perfect sense when Y = f,(X) — W
for a mean-zero random variable W that is independent of X, and we use the term ‘noise’ even when the
target does not have that particular form.
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e The loss function £ need not be Lipschitz on an interval containing the ranges of
f(X)—Y.

The problem of ERM’s estimation error relative to the squared loss was studied in
[19], leading to a satisfactory solution in that case. The aim here is to explore more
general loss functions, not merely for the sake of generality, but because of a real
side-effect of the squared loss: the combination of its rapid growth with heavy-tailed
sampling inevitably leads to outliers. Roughly put, outliers are sample points that
are misleading because they capture some a-typical behaviour of the sampled object.
Outliers occur more frequently when dealing with heavy-tailed functions, and have
a significant impact on ERM when the loss grows quickly. It is highly desirable to
find a way of removing the ill-effects of outliers, and thanks to the general theory we
develop here we are able to do just that: we show that if one chooses a loss that is
calibrated to fit the noise level and the intrinsic structure of the underlying class, the
ill-effects of outliers caused by the ‘noise’ are removed.

1.1 Basic definitions and some notation

Throughout the article, absolute constants are denoted by cy, ¢z, . . .; their values may
change from line to line. We write A < B if there is an absolute constant ¢; for which
A <cB,and A ~ Bifc;A < B < A for absolute constants ¢; and ¢c;. A <, B
or A ~, B means that the constants depend on some parameter r. kg, k1,..., denote
constants whose values remain unchanged.

Given a probability measure w, set D = B(L2(u)) to be the unit ball of Ly (n), let
r D be the L (i) ball of radius r and put 7 D s to be the L, () ball centred at f and of
radius r; S(L,) denotes the unit sphere in L, (w). From this point onward we do not
specify the L, space to which the functions in question belong, as that will be clear
from the context.

Given 1 < p < oo, let B) = {x € R" : 3%, [x;|” < 1} be the unit ball in the
space EZ = (R", || Il »), with the obvious modification when p = oo; set $" 1 to be
the Euclidean unit sphere in R”.

Let{G : f € F}bethe canonical gaussian process indexed by F’ with a covariance
structure endowed by L, (1) (see, e.g., [7] for a detailed survey on gaussian processes)
and set

E|G|lp = sup {]E supGp: HCF, His ﬁnite}.
heH

Putdp(Ly) = SUp rep Il L, and let

2
k (EIK3HF)
F = 9
dr(L2)
which is an extension of the celebrated Dvoretzky—Milman dimension of a convex

body in R”. We refer the reader to [22,23] for more details on the Dvoretzky—Milman
dimension and its role in asymptotic geometric analysis.
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For a > 1, Ly, is the Orlicz space of all measurable functions for which the
norm, defined by

Iflly, =inf {c > 0:Eexp(|f/c|*) <2},

is finite. Some basic facts on Orlicz spaces may be found, for example, in [25].

The most important Orlicz norm in our context is the ¥, norm, which calibrates
the subgaussian tail behaviour of a function. A class is L-subgaussian if the ¥, and
L> norms are L-equivalent on F, that is, if for every f,h € F U{0}, || f — hlly, <
L||f — hl|lr,. In particular, such norm equivalence implies that there are absolute
constants ¢; and ¢3 such that for every p > 2, || f — hllL, < ciL{/pllf — hllL, and
foru > 1, Pr(lf —h| > cauL|l f — hllL,) < 2exp(—u?/2).

A class of functions H is star-shaped around O if for every 4 € H and every
A € [0,1], Ah € H. In other words, if h € H then H contains the entire interval
connecting & to 0.

It is straightforward to verify thatif F is convex and f € Fthen Hy = F — f =
{h — f : h € F} is star-shaped around 0.

A class that is star-shaped around zero has some regularity. The star-shape property
implies thatifr < p,then HNrS(L,) contains a ‘scaled-down’ version of HNpS(L»).
Indeed,ifh € HNpS(L7) andsincer/p € [0, 1],itfollowsthat (r/p)h € HNrS(L>).
In particular, normalized ‘layers’ of a star-shaped class become richer the closer the
layer is to zero.

Finally, if A is a finite set, we denote by |A] its cardinality.

2 Beyond the squared loss

As noted previously, our goal is to extend the results established in [19] from the
squared loss £(f) = t2 to a general smooth convex loss. For reasons we clarify later,
the most interesting choices of loss functions satisfy some strong convexity property—
either globally or in a neighbourhood of 0.

Definition 2.1 A function ¢ is strongly convex with a constant ¢g > 0 in the interval
Iif

/ €0 2
Ly) = L)+ (x0)0Q»—x)+ 3()’ —x)

forevery x,y € I.

Note that if inf,cg £ (x) > ¢ > 0 then £ is strongly convex in R with a constant c,
and one such example is the squared loss £(1) = 1.

If one wishes the loss to be convex, as we do, its growth from any point must be
at least linear. Therefore, it seems natural to consider loss functions that are strongly
convex in an interval around zero, thus mimicking the local behaviour of the squared
loss, while away from zero exhibit a linear, or almost linear growth, hopefully limiting
the negative effect of outliers.
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Typical examples of such losses are the Huber loss with parameter y, defined by

Y-

1.2 :

~t if [t] <

6,0 =12 ) =y 2.1
vt =5 if |t >y,

and a version of the log-loss>

(2.2)

) = —log( 4exp(t) ) ’

(1 +exp(1))?

which is strongly convex in any bounded interval, but with a constant that decays
exponentially to zero with the interval’s length (because £ () = 2exp(t)/(exp(t) +
1)3).

As noted previously, the analysis of ERM is usually based on exclusion: showing
that a large (random) part of the class cannot contain the empirical minimizer because
the empirical risk functional is positive on functions that belong to that part. Strong
convexity properties of the loss come in handy when exploring the decomposition of
L r(X, Y) viaaTaylor expansion—a decomposition that leads naturally to an exclusion
argument:

If £ has a second derivative then for every (X, Y) there is a mid-point Z for which

LrX.V)=LfX)—-Y)—L(f"X)-Y)
1
=UE(f — HX+ 5@”(2)(;‘ — HX) = (1) + ().

One may exclude H C F by showing that the empirical mean of the quadratic term
(2) is positive on H, while the empirical mean of the multiplier component (1) cannot
be very negative there. For such functions, Py L > 0, implying that f e F\H.

If £ does not have a second derivative everywhere, one may modify this decompo-
sition by noting that for every x1 and x»,

X X2

2
(w)dw =€ (x1)(x2 — x1) + / (€' (w) — €' (x1)) dw.

X1

L(x2) — £(x1) = /

X1

Therefore, when applied to (X, Y) and a fixed f € F, and setting & = f*(X) — Y,
the quadratic component in the decomposition is

EH(f—H0)
/g (' (w) — ') dw.

2 The log-loss is more commonly used in the context of binary classification problems rather than in the
type of real-valued problems we study here. However, because of its convexity properties it is an interesting
example of the phenomenon we explore.
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In particular, it is straightforward to show that if £ is twice differentiable in R,
except, perhaps, at £x(, then for every X, Y one has

1
LrX, V) = @S = 00+ LD = F%(X)

for a well-chosen midpoint Z.

Definition 2.2 For every f, f* € F and (X, Y), set
Mp_p(X,Y) =E(f — [HX),

and put

Qr—m(X,Y) =

EH(f—fH(X)
/ (' (w) — t'(x)) dw,

representing the multiplier and quadratic components of the excess loss L¢(X, Y).

Observe that a nontrivial, uniform, lower bound on ¢” significantly simplifies the
question of lower bounding the empirical means of the quadratic component. In fact, in
such a case the problem reverts to the study of the quadratic component of the squared
loss, explored in [19]. Our focus is on situations in which no such lower bound exists.

2.1 The exclusion argument in prediction and estimation
A structural assumption that is needed throughout this exposition is the following:

Assumption 2.1 Assume that for every f € F,
EC@E)(f = fH(X) = 0.

Assumption 2.1 is not really restrictive:

o If£(X,Y) = f*(X) — Y is independent of X (e.g., when ¥ = fo(X) — W for
some unknown fj € F and an independent, mean-zero random variable W), then
ELE)(f — f*)(X) =0, because £ is odd.

e If Fis aconvex class of functions and ¢ satisfies minimal integrability conditions,
then B¢/ (§)(f — f*)(X) > Oforevery f € F.Indeed, if there is some fi € F for
which E¢'(&)(f1 — f*)(X) < 0, then by considering f;, = Af1 + (1 —A) f* € F
for A close to O,

EC(fi(X) =Y) <EL(f*(X)-7Y),
which is impossible.
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Under Assumption 2.1, if £ is twice differentiable then given a sample (X;, Y;) ZN: 1
and f € F, there are mid-points Z; that belong to the interval whose end points are
f*(Xi) —Yiand f(X;) = Y; = (f — f*)(Xi) + &, such that

1 N
PyLy = > LX) =Y = £(F*(X) = Yi)

i=1

1 &Y 1 &
>N CENSf - HXD) ==Y ZH(f — HEX)
N2 P

1 N

5 2 ENS = XD —EC@ES = [ +ECES = £

i=1

1 N
"oz 2 .

+ WEE (Z)(f — > (X). 2.3)

Z_

Assume that on a high-probability event A, for every f € F,

1 0
S D CES = XD —EC@(f = H00| = gmax [ £ = 1, i}

i=1

for well chosen values rj; and 6. Assume further that on a high probability event 15,
forevery f € F with | f — f*llz, > ro,

INZ//Z' N2 > 0 * |2
NE Z(f = XD =0 f - [, -

Theorem 2.3 If F satisfies Assumption 2.1, then on the event AN B, ||f — A, <
max{ry,rg}.

Proof By Assumption 2.1 and (2.3),
X
PNLy z55 ;wzi)(f — [P
X
v Zﬁ/(&')(f — XD =ECE(f — HX)].
i=1

Hence, on the event AN B, if || f — f*||1, = max{ry, ro} then PyLy > O/H| f —
f* ||%2 > 0, and f cannot be an empirical minimizer. O

Theorem 2.3 implies that to bound the performance of ERM in the estimation
problem it suffices to identify rp; and ro for which the event A N B is sufficiently
large.
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470 S. Mendelson

Turning to the prediction problem, there is an additional assumption that is needed,
namely, that EQ ¢ ¢« does not increase too quickly when f is close to f*.

Assumption 2.2 Assume that there is a constant 8 for which, for every f € F with
| f = f*llL, < max{ry,rg}, one has

EQs s+ <B|f = F*I3,-

Clearly, if £" is a Lipschitz function, one may take B = ||¢'|1ip; hence, if £” exists
everywhere and is a bounded function, 8 < ||€”||._, . Moreover, even when £” is not
bounded, such a 8 exists if the functions f — f* have well behaved tails relative to
the growth of ¢”. Since the analysis required in these cases is rather obvious, we will
not explore this issue further.

Theorem 2.4 Assume that the loss £ is twice differentiable and satisfies Assump-
tion 2.1 and Assumption 2.2. Using the notation introduced above, on the event AN B
one has

Eﬁf < 2(6 + B) max {r%,,ré}

Proof Fix a sample in AN 5. By Theorem 2.3, ||f — f*llL, < max{ry,ro}. Thus, it
suffices to show thatif || f — f*[|, < max{ry,rg}andEL; > 2(64p) max{r%,,, ré},
then Py Ly > 0; in particular, such a function cannot be an empirical minimizer.
Note that for every f € F, Ly = My_y+ + Qy_y+ and thus either ELy <
2EMy_pr = 2EUE)(f — fYX)or ELy <2EQ s s+.
However, if f satisfies the above, only the first option is possible; indeed, if EQ ¢ ¢+
is dominant, then by Assumption 2.2,

BL; <28Qpp <28 |/ — £, < 2pmax [rir.rp) .

which is impossible by the choice of f. Therefore, it suffices to treat the case in which
ELy <2EL'E)(f — ().

Fix such an f € F. Since £ is convex, PyLy > % ZIN=1 E(f — f*(X;), and on
ANB,

1 N
PNLy2BEE)(f = (X)) — ‘N Y UES = FHX) —BUESf — £X)

i=1

%
> Eﬁf - = max {rM,

7= 105
> (0 + B) max {r,%,,ré} — gmax {r/%,,ré} > 0.

O

Remark 2.5 When £ is twice differentiable except perhaps at £x(, then Theorem 2.3
and Theorem 2.4 are still true though with modified constants.
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In the following sections we develop the necessary machinery leading to a uniform
lower estimate on the quadratic term f — Py Q7 r+ and to an upper estimate on the
multiplier term f — Py My p+. Combining the two, we identify the values rp and
ru, as well as the right choice of 6.

3 Preliminary estimates

Let (Z,-){V: | be independent copies of a random variable Z and set (Zi*)lN | to be
the monotone non-increasing rearrangement of (|Z,-|){V: |- Below we obtain upper
and lower estimates on various functions of (Z;")iN: |- All the estimates we present
are straightforward applications of either a concentration inequality for {0, 1}-valued
random variables (selectors) with mean 8, or, alternatively, a rather crude binomial
estimate. Indeed, given a property P set §; = 1z, «p)—the characteristic function of
the event that Z; satisfies property P. Let 6 = Pr(Z € P) and note that |{i : Z; €
P} = ZZN=1 3;. By Bernstein’s inequality (see, for example, [3,25]),

pr<

for a suitable absolute constant c¢. Hence, taking t = u$,

1 N

NZ&-—(S

i=1

=< t) >1—2exp (—cNmin {IZ/S, t})

NS(1—u) < |{i : Zi € P}| < N8(1 + u) 3.1)

with probability at least 1 — 2 exp(—cN§ min{u?, u}).
The binomial estimate we employ is equally simple: it is based on the fact that

N eN k
Pr({i:Zi e P} >k) < <k>Prk(Z eP) < (7 -Pr(Z e P)) .

3.1 Tail-based upper estimates

Assume that one has information on [|Z|, for some ¢ > 2 and set L =
I1Zll,/IIZ||L,- Applying Chebyshev’s inequality,

Pr(izl = wizly,) < —F_ _
r w =—.
= Ly) = ||Z||‘1]‘2wq w4

Hence, if P = {|Z| < w||Z||1,} it follows that Pr(Z € P) > 1 — (L/w)?, which
can be made arbitrarily close to 1 by selecting w that is large enough. This observation
implies that with high probability, an arbitrary large proportion of {|Z1|, ..., |Zn|}
are not very large.

@ Springer



472 S. Mendelson

Lemma 3.1 There exists absolute constants c1 and ca for which the following holds.
Let Z € L». For every 0 < ¢ < 1, with probability at least 1 — 2 exp(—c1eN) there
exists a subset I C {1,..., N}, |I| > (1 —¢e)N, and for everyi € I,

—1/2
1Zi] < 262N ZII, -

Proof Fix ¢ as above and note that Pr(|Z| > 2||Z||L,/~/¢) < &/4. Hence, by a
binomial estimate,

Pr(|{i :1Zil = 211Z1, /V/e}| = Ne) < (

(9" (0) zmierar

N
8N>Pr8N (121 = 2020, /)

for a suitable absolute constant c. |

Given a vector a = (a;) lN: 1» the L, norm of a, when considered as a function on
Q ={l1,..., N} endowed with the uniform probability measure, is

1 N 1/q
N 14
lally = (N > lail ) .
i=1
The weak-L, norm of the vector a is

||a||Lz}]V,oo = inf {c > 0:d,() < (c/1)? for every t > 0} ,

where d, (1) = N~{i : |a;| > t}].
The next observation is that sampling preserves the L, structure of Z, in the sense
that if Z € L, then with high probability, ||(Zi)f.V:l < 1ZlL,-

“Lé\{w
Lemma3.2 Letl <g <r.IfZeL,u>2andl <k < N/2, then
ZE <u(N/KYNZI,,

—k _
with probability at least 1 — u™*" (%) (/9=

In particular, with probability at least 1 — 2u~" N~/9)=D,
IZolly, =ulZllz, -

Proof Letn = (r/q) — 1, fix 1 <k < N/2 and set v > 0 to be named later. The
binomial estimate implies that
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N
Pr(zi = veN/ " Z],, ) < ( k)Prk (121 = veeN /21, )

k 1 k —nk
< ﬂ i ( +n) . U*k?’ — ﬂ ! 'Uikr
“\ k eN k '

In particular, for v = u(eN/k)"/4=(+n/r,
Zi <u(N/VNZI,,

with probability at least

k((r/q)—1)
eN
1wt (2 .

The second part of the claim follows by summing up the probabilities for k < N /2,

using that Z,’(k < Z%,, fork > N /2 and that (u‘k’),iv/

2. . .
N2 | is a geometric progression. O

Remark 3.3 Note that similar statements to Lemma 3.2 are true if one simply assumes
that Pr(|Z| > t) < &, even without moment assumptions. Of course, under such
an assumption one has no information whatsoever on the largest ¢ N coordinates of
(1Z1l, ..., |ZnN]), but rather, only on a certain proportion that is slightly smaller than
(1 — &) N of the smallest coordinates.

Also, observe that [[(Z7);>;ll LYy S 11Z]lL, with a probability estimate that
improves exponentially in j.

3.2 Lower estimates using a small-ball property

A similar line of reasoning to the one used above is true for lower estimates, and is
based on a small-ball condition:

Definition 3.4 A random variable Z satisfies a small-ball condition with constants
k>0and0 <e < 1if

Pr(1ZI =« |Zl,) = &.

A class of functions F satisfies a small-ball property with constants k and 0 < ¢ < 1
if forevery f € F,

Pr(fl=«lfl,)=e

Remark 3.5 Because the applications considered below require that many of the | Z;|’s
are at least of the order of || Z||z,, the L, norm is used as a point of reference in
the definition of the small-ball condition—though the notion of ‘small-ball’ can be
modified to fit other norms, as well as in situations in which Z need not even be
integrable.
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This small-ball condition was introduced in the context of estimation problems in
[19], and is the most important feature of our presentation. It is a rather weak assump-
tion that is almost universally satisfied and eliminates the need to guarantee two-sided
concentration, which is a far-more restrictive phenomenon. Unlike concentration, a
small-ball condition captures that behaviour of a random variable close to zero: by
considering h = Z/||Z||,, it quantifies the weight that / assigns to a neighbourhood
of zero. In particular, if Z € Ly and Z # 0, then it satisfies a small-ball condition for
some constants ¢ and «. It is also important to emphasize that a small-ball condition
has nothing to do with the tail behaviour of Z (other than the obvious assumption that
Z is square-integrable). For example, if Z is mean-zero, variance 1, random variable
that has a density bounded by M, it satisfies a small-ball condition with constants that
depend only on M—though it is possible that Z does not have any moment beyond
the second one.

The proofs we present below are based on the assumption that the class satisfies a
small-ball property, which is simply a small-ball condition with fixed constants that
holds for every function in the class>.

Naturally, for such an approach to be of any use, one must show that there are
enough natural situations in which a small-ball property holds, and as indications let
us describe several cases involving classes of linear functionals on R”.

Let i be a probability measure on R” and let X be distributed according to . If
there are constants « and ¢ such that for every t € R",

Pr (e X)) = e X)1,,) = ¢ 62

then it immediately follows that any class of functions {(t, > : t € T} satisfies the
small-ball property with constants k and ¢.

The simplest situation in which (3.2) holds for every ¢ € R" is when there is some
q > 2 for which the L, and L, norms of linear functionals are equivalent; that is,

I %),
sup

<L (3.3)
esit (6 X,

A straightforward application of the Paley-Zygmund inequality (see, e.g. [5]) shows
that (3.2) holds for constants k and ¢ that depend only on g and L, and in particular,
are independent of the dimension n of the underlying space. As an extreme example,
if 0 < @ < 2and X is a W, random vector in R” (e.g., if X is subgaussian or log-
concave) then (3.2) holds—though this is an obvious overkill: a small-ball condition
like in (3.2) is true under a minimal norm equivalence like (3.3) and does not require the
high moment equivalence [|(X, #)l|z, < cp'/*[|(X, 1)l|z, that is ensured by a Wy — L,
norm equivalence.

To indicate yet again the clear difference between a small-ball condition and tail
estimates, let us construct random vectors that need not have any moment beyond the

3 Let us mention that it is possible to modify the arguments and tackle situations in which the constants «
and ¢ are not uniform, but to keep this article at a reasonable length we defer this to future work.
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second one and still satisfy (3.2). One way of generating such random vectors is based
on the following observation:

Lemma 3.6 There are absolute constants co and c1 for which the following holds.

(1) Let z be a random variable that satisfies a small-ball condition with constants k

and e. Let 71, ..., z, to be independent copies of z and put Z = (z;)}_,. Then
foreveryt e R, (t, Z) satisfies a small-ball condition with constants co./ex and
Cl€E.

(2) Let Z = (21, . .., zn) be an unconditional random vector (that is, Z has the same

distribution as (elzl _, for any choice of signs (g;)!_,). Assume that for every
1<i<n, Ezl =1 and |zil| < M almost surely. Then, for every t € R", <t, Z)
satisfies a small-ball condition with constants ¢ and c3 depending only on M.

The proof of Lemma 3.6 is rather standard and we only sketch it for the sake
of completeness. The idea is that for every + € §"~!, the random variable (t Z)
Zl 1 tizi has the same distribution as Z, 1 iltizi|, where (g;)7_, are independent
random signs that are also independent of (z;)” i—1- Note that condltloned on (zl)lzl,
Z?:l &i|tizi| satisfies a small-ball condition with absolute constants; indeed, this is
an immediate outcome of the Paley-Zygmund inequality and the fact that there is
an absolute constant L such that for every fixed (a;))!_, € R", || >/ giaillL, <
L Z?:l €ia;||r,. Therefore, there are constants ¢ (L) and c2(L) such that

n n 172
2.2
|Z€i|lizi||>cl <Zti2i> )
i=1 i=1

and all that remains is to show that with nontrivial probability, > ;_, tizziz
CZ[ 1 1

In (2), let w = Z?:l tizziz. By the L, bound on the z;’s and since ]Ezl-2 =1,

n 2 n 2 n 2
=E (Z r,?z?> < m* (Ztﬁ) = Mm* (IE (Ztﬁz%)) = M* [E|w)?.
i=1 i=1 i=1

Hence |wll;, <M 2wl 1., and the required estimate follows from the Paley-Zygmund
inequality.
In (1), by the small-ball property of the z;’s,

n n
Zt d 2k ) @) Ly =7 ) B -6,
i=1 i=1

v

where (8;)7_, independent selectors with mean at least . Again, one concludes by
invoking the Paley-Zygmund inequality for >/, 1; (Ezz) 8i. O

Lemma 3.7 There exists an absolute constant ¢ for which the following holds. Assume
that Z satisfies a small-ball condition with constants k and & and let (Zi)lN: | be
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independent copies of Z. Then, with probability at least 1 — 2exp(—cN¢), there
is a subset I of {1,..., N} of cardinality at least (3/4)eN and for every i € I,
1Zil = kI Z]|L,.

The proof, which we omit, is an immediate application of Bernstein’s inequality for
the 1.i.d. selectors §; = ]1{|Zi|ZKHZ”L2} for the choice of u = 1/4 in (3.1). Naturally, at
a price of a weaker probability estimate the constant 3/4 in Lemma 3.7 can be made
arbitrarily close to 1.

Combining the upper estimate from Lemma 3.1 and lower one from Lemma 3.7
yields the following corollary:

Corollary 3.8 There exist absolute constants c1 and c3 for which the following holds.
Assume that Z € Lo and that it satisfies a small-ball condition with constants k
and . Then, with probability at least 1 — 2exp(—c1eN), there is J C {1,..., N},
|J| = eN/2 and for every j € J,

kZlly, <|Zj| <2l Zg, /e,

Corollary 3.8 allows one to control the behaviour of (Z;) 1N= | on a subset of
{1,..., N} of cardinality ~ ¢N, and with exponentially high probability. Moreover,
by modifying c and c;, the cardinality of J can be made arbitrarily close to e N.

Remark 3.9 Note that by the union bound, a version of Corollary 3.8 holds uni-
formly for a collection of exp(ciNe/2) random variables with probability at least
1 —2exp(—c1Ne/2).

3.3 Uniform estimates on a class

Next, we use the estimates obtained above and study the structure of a typical coor-
dinate projection of a class H, P, H = {(h(X,-))lN:1 : h € H}. We show that with
high probability, for every function in H of sufficiently large L, norm, most of the
coordinates of P, h are of the order of ||k ,. Such a result is an extension of Corol-
lary 3.8—from a single function to a class of functions—and the class we focus on in
what follows is Hys = {f — f*: f € F}.

To quantify what is meant by “sufficiently large Ly norm”, recall that for H C
Lo(w),{Gp : h € H}isthe canonical gaussian process indexed by H with a covariance
structure endowed by Lo (u).

Definition 3.10 Given a class of functions H C L,(u), a sample size N and positive
constants ¢ and ¢ set

rL.o(H, N, &) = inf {r > 0:EIGlynp < glrﬁ}, (3.4)

and put

r2,0(H,N,5) =inf yr > 0:E sup
HnNrD

N
ﬁZaih(X,-) ggzr«/ﬁ}, (3.5)
i=1

where D is, as always, the unit ball of L, (u).
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When the class H and sample size N are obvious from the context, we denote the
fixed points by 1, (¢1) and r, o ({2) respectively.
Finally, set

ro(t1,82) =ro(H, N, {1, &) = max {r1,o(¢1), r2,0(2)} -

If H is star-shaped around 0, it is straightforward to show that when r > r| o(¢1),

one has E||G|lunrp < Gir/N, while if r < r1,0(¢1), EllGllanrp > ¢irv/N. A
similar observation is true for rp 2(%2).

Theorem 3.11 There exist absolute constants cq, c1, ¢2, c3, ca and cs for which the
following holds. Let H be a class of functions that is star-shaped around 0 and that
satisfies a small-ball property with constants ko and €. If {1 = c1koe>'?, ¢y = cakoe
andr > rg(L1, &), there is V., C H NrS(Ly) and an event ' of probability at least
1-2 exp(—coezN), such that:

(1) |V,| <exp(c3eN) and c3 < 1/1000.
(2) Onthe event , for every v € V, there is a subset I, C {1, ..., N}, |I,| > eN/2
and for every i € I,

kor < [v(Xp)| < car/+/e.

(3) On the event Q', for every h € H N rS(Ly) there is some v € V, and a subset
Jn C I, consisting of at least 3/4 of the coordinates of I,, (and in particular,
|Jn| = eN/4), and for every j € Jp,

(k0/2) Ikl L, < [R(X))| < e5 (ko + 1/4/€) 1L,

and
sgn(h(X;)) = sgn(v(X)).

The idea of the proof is to find an appropriate net in H N rS(Ly) (the set V), and
show that each point in the net has many ‘well-behaved’ coordinates in the sense of
(2). Also, if wh denotes the best approximation of 4 € H NrS(L2) in V. with respect
to the L, norm, then

N

1
sup — |lh — h| (X;)
heHrS(Ly) N ; t

is not very big, implying that |(h — &) (X;)| cannot have too many large coordinates.
Since h(X;) = (wh)(X;) + (h —wh)(X;), the first term is dominant on a proportional
number of coordinates, leading to (3).
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Proof Recall that by Corollary 3.8, if Z € L, satisfies the small-ball condition with
constants ko and & then with probability at least 1 — 2exp(—cjeN), there is I C
{1,...,N},|I| > eN/2and foreveryi € I,

Ko 1ZllL, < 1Zil < e2 1 ZIL, /e

Fix ¢1 and ¢, to be named later, let r > ro (g1, ¢2) and set ¢; = min{cy, 1/500}. Let
V, C HNrS(L>) be amaximal separated set whose cardinality is at most exp(c}eN /2)
and denote its mesh by 7. Therefore, by Corollary 3.8 and the union bound, it follows
that with probability at least 1 — 2 exp(—c1eN/2), for every v € V, there is a subset
I, as above, i.e., |I,| > ¢N /2 and for every i € I,

wor = ko [vllz, < (X)| < c2lvlly, /Ve =car/e.

Moreover, by Sudakov’s inequality (see, e.g. [7,12,23]) and because r > rg 1({1), it
follows that

NG arsan (i /ve)r

n<e
JciNe/2

forcy = «/503/\/2.
For every h € H NrS(Ly), let mh € V, such that |h — wh|, < n, setu, =
L{jh—mh|>kor/2) and put

={u,:he HNrS(Ly)}.

Let ¢ () = t/(kor/2) and note that pointwise, for every u, € U,, up(X) < ¢(Jh —
Th|(X)).

Applying the Giné—Zinn symmetrization theorem (see, e.g., [25]) and recalling that
r > rg2(%2), one has

N
E sup — > up(X;) <E  sup ¢ (|h —7h| (X))
up €U, ; heHﬁrS(Lz) Z
N
1
<E  sup |= > ¢(h—mh| (X)) —E¢(h—mh| (X))
heHNrS(Ly) P
+ sup E¢ (|h — mh))
heHNrS(Ly)
4
<—-|E sup Zs,(h —7h)(X)|+  sup  |h—mh|y,
Kor heHNrS(Ly) heHNrS(Ly)

4
< 2 < —
= (§2V+?7)_32

provided that ¢ ~ koe3/? and & ~ Koe.
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Let v(X(,...,Xny) = SUp,cy, % ZlN:] u(X;). By the bounded differences
inequality (see, for example, [3]), with probability at least 1 — exp(—cst?),
t

Xi,...,.Xny) <E
Y (X1 N) = w+\/ﬁ

Thus, forr = £+/N /32, with probability at least 1 —exp(—cge2N), ¥ (X1, ..., Xn) <
&/16, implying that for every h € H NrS(L»),

i 2 |h = 7h| (Xi) < (ko/2)r}| = (1 - %) N-

Recall that wh € V, and that |I;,| > ¢N /2. Let
Jp = {j tlh—mh| (X)) < (KO/Z)V} N Ly

and thus Jj, consists of at least 3/4 of the coordinates in I, and |J,| > eN/4.
Moreover, for every j € Jj,

\h(Xj)| = [mh(X))| = |(h — ) (X ))| = Kor — (k0/2)r = (k0/2)r, (3.6

which also shows that sgn(h (X ;)) = sgn(wh(X;)).
The upper estimate follows from a similar argument, using that [2(X;)| <
[Th(X )|+ |(h —wh)(X;)]. o

Remark 3.12 Observe that by the star-shape property of H, if p; > p2, then
1 1
— (HNp1S(L2) C — (HNp2S(Ly)).
P1 P2

Therefore, certain features of H N pS(L>) are automatically transferred to H N
p1S(L>), and in particular, a version of Theorem 3.11 holds uniformly for every
level that is ‘larger’ than 2r¢(£1, ¢2). Indeed, assume that one has chosen p = 2rg
in Theorem 3.11 and fix & € H N p;S(L;). By applying Theorem 3.11 to i/ =
(p2/p1)h € H N pS(Ly) it follows that on the event Q' there is a subset J of
{1,..., N} of cardinality at least ¢ N /4 on which

[h(X})| = (co/2)p1 and sgn(h(X ) = sgn (wh') (X ).

Next, let F' C L, be a convex set, fix f* € Fandput Hp = {f — f*: f € F}.
Since H g+ is clearly star-shaped around 0 and Hy+ C F' — F one has:

Corollary 3.13 If F is a convex class of functions, F — F satisfies a small-ball property

with constants ko and €, and r = 2rg(F — F, N, {1, {2), then with probability at
least 1 — 2exp(—coe?N), the following holds. For every fi, f» € F that satisfy
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| f1 — fallL, = r, there is a subset Jy, y, C {1, ..., N} of cardinality at least eN /4
and for every j € Jy, f,

|(f1 = )X P| = o/ I1f1 = fall, -

In particular, on the same event,

. Len( f=1" £k
inf Z( ) (Xi)21—60.

{feF:Hfff*HLzz%Q} N Wl Al V%

4 The quadratic component of the loss

Following the path of the exclusion argument, the aim is to show that the quadratic
component of the loss is sufficiently positive. And, although the results are formulated
below in full generality, there are three examples that one should keep in mind: First,
when ¢ is strongly convex; second, when £ is a general loss functionand ¥ = fo(X) +
W for some fy € F and a symmetric random variable W that is independent of X;
finally, a situation that is, in some sense, a mixture of the two: a loss function that
is guaranteed to be strongly convex only in a neighbourhood of 0 (for example, the
loss functions (2.1) and (2.2)), and without assuming that the noise ¥ — f*(X) is
independent of X.

Throughout this section we assume that F is a convex class of functions and that
F—F ={f—h: f,h € F}satisfies a small-ball property with constants k¢ and ¢. Set
ro =ro(F —F, N, {1, {) with the choice of ¢; and ¢, as in Theorem 3.11—namely,
C1 ~ koe3/? and & ~ Kkoe. Also assume that £” exists everywhere except perhaps at
+x0 and set forevery 0 < 1] < t»

p(ti, ) =inf {"(x) : x € [t1, ], x # £x0} . 4.1)
The following lower bound on the quadratic component in the strongly convex
case is an immediate application of Corollary 3.13 and the fact that Q7_ r«(X,Y) 2

"(Z)(f — f*)*(X) for an appropriate mid-point Z. Its proof is omitted.

Theorem 4.1 There exists an absolute constant ¢y for which the following holds. If
inf e\ (+x0) £ (X) = 2co, then with probability at least 1 — 2 exp(—c Ne?), for every
feFwith|f— f*lL, = 2ro,

coelco

PyQpy« = I£=r13,-

Theorem 4.1 generalizes a similar result from [19] for the squared loss.
Turning to the more difficult (and interesting) problem of a loss that need not be
strongly convex, we begin with the case of independent noise.
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Assumption 4.1 Assume that Y = fp(X) + W for fo € F and a symmetric random
variable W € L, that is independent of X and for which

Pr(IW| < k1 [Wllp,) < &/1000. 4.2)

Clearly, f* = fo; moreover, (4.2) is a rather minimal assumption, as a small-ball
condition for a single function at one level holds when the function is absolutely
continuous, by selecting the right value «.

Given a sample (X;, Yi)f.\':l let W; = Y; — f*(X;) and set Z; to be the mid-points
in the lower bound on the quadratic component of —again using the fact that for the
losses in question, Q y_ p+(X;, Yi) 2 €"(Z)(f — F92(X)).

Theorem 4.2 There exist absolute constants c1, c2, ¢3 and c4 for which the following
holds. Let F and W be as above. With probability at least 1 — 2exp(—c1&>N), for
every [ € F that satisfies || f — f*|lL, = 2rg one has

PNQf_px > CzEKgp(tlv 1) ”f - ”iz ’

where
fn=w W, and = cse™ 2 IWIL, +co (0 +272) | £ = £,

The proof of Theorem 4.2 is based on several observations leading to accurate
information on the ‘location’ of the midpoints Z; in the lowerboundon Q s +(X;, Y).
For every (X, Y), the corresponding mid-point belongs to interval whose end-points
are (f — f*)(X)— W and —W.If I is the set of coordinates on which |(f — f*)(X;)]
isof the order of || f — f*||z,, and since X and W are independent and W is symmetric,
then on roughly half of these coordinates the signs of (f — f*)(X;) coincide with the
signs of —W;. For those coordinates,

1Zi| € [IWil, Wi+ [ (f = ) (XD].

Moreover, by excluding a further, sufficiently small proportion of the coordinates
in Iy it follows that |W;| ~ ||W]||L,, as long as W is not highly concentrated around
Zero.

The difficulty is in making this argument uniform, in the sense that it should hold
for every f € F rather than for a specific choice of f. The first step towards such a
uniform result is the following lemma.

Lemmad4.3 Let 1 < k < m/40 and set S C {—1,0, 1" of cardinality at most
exp(k). For every s = (s()/L, € S set Iy = {i : 5(i) # 0} and assume that

|Is| > 40k. If (;)i", are independent, symmetric {—1, 1}-valued random variables
then with probability at least 1 — 2 exp(—k), for every s € S,

i € Iy sgn(s (@) = &i}| = L] /3.
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Proof For every fixed s € S, the event |{i : (s(i))ic;, = &i}| > ¢ has the same
distribution as |{i € I; : &; = 1}| > £.If (;);ey, are selectors of mean 1/2 then

11|
Pr{iel:s)=e}l=0=Pr|) &=t]=(.
i=1

Applying Bernstein’s inequality for £ = |I|/3,
|| 1

x)>1-—P —1 ) 1> >1-2 (— 5] /20)
* — Pr E i— === —2exp (— |4 )
- LI =" 2176 )~ PRI

and by the union bound,

Pr(foreverys € S, |{i € Iy : s(i) = &} > |I| /3) > 1 —2|S|exp (—|I|/20)
> 1 —2exp(—k).
O

Let r be as in Theorem 3.11 for the class Hp+ = F — f* and set Q' to be the event
on which the assertion of Theorem 3.11 holds. Using the notation of that theorem,
consider r = 2r and the set V.. For every v € V, and a sample (X1, ..., Xy) € Q,
let I, = {i : kor < [v(X;)| < c1r/ e},

N
sv = (sgn(v(X) - 1,(Xy)),_, and S={sy:v e V,} C{-1,0,1}".
By Theorem 3.11, Pr(Q') > 1 — 2exp(—c2&>N) and on &/,

|S] < exp (e N/1000) and mi‘r/1|IU| >¢eN/2.
ve

Lemma 4.4 Conditioned on Q', with probability at least 1 — 2 exp(—coeN) with
respect to the uniform measure on {—1, 1}V, the following holds. For every h € H i+
with ||h||r, > r, there is subset T, C {1, ..., N} of cardinality at least eN /24, and

foreveryi € I,
(k0/2) kL, < |h(X)| < c1 (ko + 1/+/¢) Ikll, and sgn(h(X;) = &;.

Proof Fix h € H with ||h||;, =r andletmh = v € V, be as in Theorem 3.11. Recall
that there is a subset J;, C I, consisting of at least 3/4 of the coordinates of /,, such
that for every j € Jj,

(ko/2)r < |h(Xj)| < c1(ko+1//€)r and sgn(h(X;)) = sgn(v(X)).

Applying Lemma 4.3 to the set S = {s, : v € V,.} for k = ¢N /1000, and noting that
for every s, € S, |{i : sy(i) # 0}] > eN/2 > 40k, it follows that with probability
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at least 1 — 2 exp(—c2eN) (relative to the uniform measure on {—1, I}N ), for every
v €V, sy(i) = ¢; on at least 1/3 of the coordinates that belong to I,,.

Since the set Jj, contains at least 3/4 of the coordinates of I,, and v(X;) = &; on at
least a 1/3 of the coordinates of /, it follows that on the coordinates that belong to the
intersection of these two sets (at least 1/12 of the coordinates in /), both conditions
hold, as claimed.

Finally, the claim is positive homogeneous and because H s+ is star-shaped around
0, it holds on the same event when ||A][7, > r. O

Corollary 4.5 There exist absolute constants co and c1 for which the following holds.
Let F and W be as above. With probability at least 1 — 2 exp(—coe>N) with respect
to the product measure (X ® W)V, for every f € F with || f — f*|1, > 2r¢ there
is a (random) subset Jy C {1, ..., N} of cardinality at least ¢ N /100, and for every
Jj €Ty,

L (ko/2) 1 f = [¥ e, < 1(f = FOXPD] < erlko + 1/ VOIS = fllL,

2. sgn((f — f)(X;)) = sgn(—=W), and
3. k1lWliL, < IWj| < callWliL,/VVe.

Proof Recall that W is symmetric and therefore it has the same distribution as n|W|
for a symmetric {—1, 1}-valued random variable 1 that is independent of |W| and of
X.

Considering (n,-lW,-|)lN: |» a direct application of Lemma 4.4 shows that with
probability at least 1 — 2exp(—coe?N), if | f — f*|lL, > 2rp, there is a subset
Iy C{1,..., N} of cardinality at least e N /24, and for every i € Zy,

wo/2) | f = £, <1 = FHXD| <1 (ko+1/VE) [ £ = £7],,
and
sgn ((f — (X)) = sgn(—n;).
The final component is that for many of the coordinates in Z¢, |W;| ~ [[W|,.

Indeed, by excluding the largest and smallest ¢ N /200 coordinates of (|W;|);e7 > one
obtains a subset Jy C Iy of cardinality at least e N /100, and for every j € J7,

Wiii—epo0) =< Wil = Wiy 2000
where (Wl.*)f.V: | is the non-increasing rearrangement of (| W; |)lN: 1
Observe that by Lemma 3.1 applied to ¢’ = £/200, with probability at least 1 —
2exp(—caNe),
Wiy 00 < c3e” W, .
Moreover, recalling that Pr(|W| < «1[|W/||1,) < /1000, a straightforward applica-

tion of a binomial estimate shows that with probability at least 1 — 2exp(—c4N¢),
there are at most ¢ N /200 W;’s that satisfy |W;| < «1[|W]||r,. Therefore, on that event,
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WS,E/QOQ)N = Kl ”W“Lz ,

completing the proof. O

Proof of Theorem 4.2 The convexity of £ implies that Q y s« is nonnegative. Consider
the event from Corollary 4.5, and given f € F for which || f — f*|l, > 2rp let
Jr C{l,..., N} be the set of coordinates as above: that is, for every j € J,

o/ [ f =], < (f = O X <er(ko+1e) | f =17,

and if j € Jy, —W; and (f — f*)(X;) share the same sign—say positive. Thus,
the mid-point Z; belongs to the interval whose end-points are #| = «1||W| ., and
= ci(ko + 1/ f — f¥llL, + 2| WL, /+/e, implying that

1
PNQp-pr = Zj CZD(f = XD = esept g | = £57,
JEJf

m}

Next, consider the general noise scenario, in which & = f*(X) — Y need not be
independent of X, nor does it necessarily satisfy a small-ball condition.

It is straightforward to verify that the only place in the proof above where the
assumption that £ and X are independent has been used, was to find a large subset of
{1,..., N}on which (f — f*)(X;) and &; share the same sign. Also, the assumption
that the noise satisfies a small-ball condition is only used to show that many of the |&;|’s
are sufficiently large—at least of the order of ||£||;,,. Both components are not needed
if one wishes to show that |Z;| < c(ko, &)(IIll, + I f — f*lL,) for a proportional
number of coordinates.

Indeed, with high probability, if || f — f*||z, > 2r¢, thereis asubsetof {1, ..., N}
of cardinality at least e N /100 on which

1Zi1 5 (o + 1/3E) - (If = £, + gL, -

Formally, one has:

Theorem 4.6 There exist absolute constants cy, c1 and ¢y for which the following
holds. Let F be as above, setY € Ly and put&§ = f*(X) — Y. Then, with probability
at least 1 — 2 exp(—coe?N), for every f € F with || f — f*||L, > 2ro,

PyQr—y+ = crecgp(0,0) | f — f*Uiz’

fort =cao+ &™) - (I1f = ¥y + 16 ]1L)-

Remark 4.7 (1) The assumption in Theorem 4.2 that the noise is independent of X
allows one to obtain a positive lower bound on #; of the order of the variance
[IW||L,. This is significant when the loss function is not strongly convex in a large
enough neighbourhood of zero (for example, when £(¢) = ¢? for p > 2).
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(2) When F is bounded in L, one may use the trivial bound ||f — f*|lz, <

diam(F, L,) and replace t; by c(e, ko) (||, + diam(F, L;)). This is of little
importance when £” decreases slowly, but matters a great deal when, for example,
it has a compact support. Consider, for example, the Huber loss with parameter y .
If y ~ |I€ll1, + diam(F, L) then p(0, 1) = 1, but as stated, for a smaller value
of ¥, p(0, t) = 0 leading to a useless estimate on the quadratic component.
It turns out that one may improve Theorem 4.6 dramatically by ruling-out func-
tions in F for which || f — f*| 1, is significantly larger than ||£||, as potential
empirical minimizers, implying that one may set ¢t = c(ko, €)||§||z, rather than
t = c(ko, &)1, + diam(F, Ly)). We present this additional exclusion argu-
ment in Section 5.1.

5 Error estimates and oracle inequalities

Let us explore the multiplier component of the process, defined by f — % > lN: RAGH)
(f = fHX).

The following complexity term may be used to control the multiplier process, and
is similar to the one used in [19].

Definition 5.1 Given a loss function £, let qbfv (r) be the random function

N
1
i (r) = NG sup Y el ENS — XD
[rerir—pr,=r}li=1
Note that the randomness of q)f;, (r)isin (& ZN: 1 (X)) ,N: | and the independent random
signs (Si)zN=1-

Set
ryy (i, 8) = inf{r >0: Pr (qbfv(r) < r2K\/N> >1-— 8} ,

recall that Hp+ = F — f*, put

ro(k) = inf {r © sup HE’(S)h(X)“L < \/NKVZ/4}
heH p«0rD :
and let

ry(k, 8) = ”;1/1("» 8) + ro(k).

The function ¢i, (r) and the definition of rj; arise naturally from a symmetrization
argument. Indeed, it is well known that
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>x>
a 5.1

provided that x > 4N ~!/2 sup,,. Hyerwp 1€ ERXOIL, (see, e.g. [8])

1 N
I D U EDR(X) —ELE)h(X)

i=1

Pr sup
hEHf*ﬂrD

<2Pr sup
hGHf* NrD

1 N
= el EDh(X)
v

i=

Lemma 5.2 If F is a convex class of functions and r = 2rp(k /4, 5/2) then with
probability at least 1 — 8, for every f € F such that || f — f*||L, > r, one has

1 N
'N D UENS — fHXD) —EEE(S — fHX
i=1

§Kmax“|f—f*||iz,r2}.

Proof The class F is convex and therefore Hp+ = F — f* is star-shaped around 0.
Also, r > rg, implying that 4N ~1/2 S v 1€ ERO L, < kr?. By (5.1) for

2
> IC7'2>

X = kr~, one has

1 N
5 2 Eh(Xi) —EC©h(X)
i=1

Pr sup
hGHf*ﬂFD
Vi ICr2
<2Pr <¢N(7’) > T) <34,

because r > r),(k/4,8/2).
Using once again that H ¢+ is star-shaped around 0, it follows that if || f — f*[|, > r
then r(f — f*)/If — f*llL, € Hy+ N rS(Ly); thus,

] Y / * / *
NZE(Ei)(f_f )(Xi) —ELE)(f = fH)X)

i=1

<«|f-r3,-

]

The function qbfv (r) is a natural geometric parameter: it is the ‘weighted width’ of
the coordinate projection of Hy+ N rD in a random direction selected according to
a symmetrized noise vector, which is a point-wise product of a vector that belongs
to the combinatorial cube {—1, 1}" and the ‘noise multipliers’ (¢’ (S,-))ZNZ | for & =
[ (Xi) =Y.

The more standard counterparts of ¢>fv (r), appearing in Theorem 1.3 and in similar
results of that flavour, are the random function

1
sup | —
feFarpp | N

N
Y el = [HXD|;
=1

i
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the conditional expectation—the so-called Rademacher average

E, ( sup |(Xi)fV=1) ;
feFﬂer*

and its expectation with respect to both (&;) lN: 1 ® (X i)zN= |- Those represent the width
or average width of

1 N
= el = [
N =1

i=

Po(Hp D) = {((f = X)L, i f e P 1= r7,, <]

relative to a generic noise model, given by the random vector (e,-)lN: | weighted by
the constant ||£||;ip. A contraction argument shows that the typical width relative to a
‘generic noise’ vector dominates the typical width relative to the natural noise vector
(eil! (Si))fvz 1» implying that ¢1<, is inherently superior to the generic complexity term.

Remark 5.3 Itis straightforward to verify that when F consists of heavy-tailed random
variables or if Y is a heavy-tailed random variable then the random sets

{(eer—me)l, : rer.

f_f*||L2§r}

are weakly bounded. The unfortunate byproduct is that ¢1{, (r) may exhibit rather poor
concentration around its conditional mean or its true mean. This is why ry is defined
using ¢§, rather than by the conditional mean or by its true mean: unlike bounded
problems or subgaussian ones, there might be a substantial gap between the fixed
point defined using ¢>1€, and the one defined using those means.

Combining the bounds on the quadratic and multiplier terms with Theorems 2.3
and 2.4, one has the following:

Theorem 5.4 For every kg and 0 < ¢ < 1 there exist constants cy, c1, c2 and c3 that
depend only on ko and €, and an absolute constant c4 for which the following holds.
Let F be a convex class of functions and assume that F — F satisfies a small-ball
property with constants ko and €. Set t| = 0, t = co(ko, €) (1§, + diam(F, L3)),
¢1 = c1(ko, €), & = ca(ko, €) and put 6 = c3(ko, €)p(t1, t2). Then,

e With probability at least 1 — § — 2 exp(—c4Ne?),

H f=r*| =2max{ro@, &), ru(6/16,5/2)} .

Ly

o [f { satisfies Assumption 2.2 with a constant B, then with the same probability
estimate,

EL; <2(0 + B) max {ro@1. &), rm(0/16,8/2)} .
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Proof By Theorem 4.6, there is an absolute constant cg and an event of probability at
least 1 — 2 exp(—coe?N), on which, if || f — f*llL, = 2rp then

PyQs = 0| f = f*|7,-

And, by Lemma 5.2, on an event of probability at least 1 — 8, if || f — f*llz, >
2ry(6/16,68/2), then

| Pn Mg

<@ |r -1,

Using the notation of Theorems 2.3 and 2.4, the first event is B, the second in A and
the claim follow. O

Theorem 5.4 is close to the result we would like to establish, with one significant
step still missing: #, is not of the order of ||&]|1,. This is of little significance in the
strongly convex case, but requires an additional argument when dealing with a general
convex loss. That final step is presented next.

5.1 The main results

Let us begin by showing how to improve the choice of #, from c(ko, &)([I§1l7, +
diam(F, L7)) to the potentially much smaller 2c(xo, ) ||§ ||, To that end, we show
that with high probability, the empirical minimizer does not belong to the set

[rer:1r—rl, = mx (N, 2o}

Once that is established, the study of ERM in F may be reduced to the set F N
max{||&|lL,,2rp}D s+, and in which case, Theorem 5.4 may be used directly, as the
diameter of the class in question is ~ max{||§[l.,, 7o}

Recall that

E+(F= 1)
Qs o= /g (¢'(w) — £'&)) dw. (5.2)

Using Theorem 4.6, there are absolute constants cg, c; and ¢, for which, with proba-
bility at least 1 — 2 exp(—coe?N), if || f — f*||1, > 2r¢, then

PyQs—p+ = crengp(0.0) | £ — f*[7. (53)

where 1 = ca(ico +&712) - (I = f*llL, + 11€]ILy)-
Letf = 6‘18K§,0(0, 1) for t = 2¢5 (ko + /%) max{||& ll,, o} and assume further
that

rm(0/16,8/2) < max {|[£]l,, , 2ro} -
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Theorem 5.5 On an event of probability at least 1 — § — 2 exp(—coNe?),

|-

< max {[&ll,, . 2ro}-
Ly

The proof of Theorem 5.5 is based on several observations.

Note thatif # € F and |h — f*| |1, > R, thereis some A > 1 and f € F for which
If = f*llL, = Rand A(f — f*) = (h — f*). Indeed, set A = ||h — f*|L,/R > 1
and put f = h/A+ (1 — 1/1) f*; by convexity, f € F. Hence, for every R > 0,

{n=riner, Jn=r, =R

c[A(f—f*):le,feF,}f—f*”LzzR]. (5.4)

Lemma 5.6 On the event where (5.3) holds, if | f — f*|lr, = max{||&]z,, 2ro} and
A > 1 then

PN Qi = rlomax fI1, . 473 |

Proof Fix a, x € R and observe that for every A > 1,

a+Aix a+x
/ (t'(w) — (@) dw = m/ (¢ (w) — (@) dw. (5.5)

To see this, let x > 0 and write
[A]—1

a+(j+1)x
> f (¢'(w) — €' (a)) dw

a+ix
/ (' (w) — (@) dw =

a+ix
+/ (¢'(w) — (@) dw.

+1A]

Since ¢'(w) — £/(a) is an increasing function in w, the first term in the sum is the
smallest and

a+ix a+x
/ (¢'(w) — €' (a)) dw > m/ (¢'(w) — €'(@)) dw.

The case where x < 0 is equally simple.
When (5.5) is applied to (5.2), it follows that pointwise,

E+A(f =X , ,
Qi1 =/€ (') —€©)dw > [A] Qs+,
and by the lower bound on Py Qs ¢+ the claim follows. O
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Proof of Theorem 5.5 Recall that we assume thatry,(6/16, §/2) < max{||&l1,, 2rp};
hence, with probability at least 1 — 8, if | f — f*|z, < max{||§]|z,,2ro} then

| Py Mgy

= @/4ymax [IgN, 43}

1 N / *
5 ;z EDf — fHXD)

Also, PyM y_ g+ is linear in f — f* and it follows that for every A > 1,

|
| PN Mi(p—f#) =’ﬁ Zf/(&))»(f—f*)(xi) =[Py M|

i=1

< A(6/4) max {||§||%2 ’4er} :

Combining this with the lower bound on Py Q_ r« shows that with probability at
least 1 — & — 2exp(—coe”N), if || f — S, = max{||&|l.,, 2ro} and A > 1 then

PN Qi1 = [ PNMir—po| = 1072y max {13, . 4r3 ] > 0.

Thus, by (5.4), on that event the empirical minimizer belongs to the set

FnN max{||$||L2 , 2rQ} D .

Now we are finally ready to formulate and prove the main results of the article.

Theorem 5.7 For every kg and 0 < & < 1 there exist constants cg, c1, ¢z and c3 that
depend only on ky and €, and an absolute constant c4 for which the following holds.
Let F be a convex class of functions and assume that F — F satisfies the small-ball
property with constants ko and €. Set t; = 0 and tp = co(e, ko) |§||1,, £1 = c1 (€, ko)
and &y = ca(g, ko). Put 0 = c3(¢, ko) p(t1, 12).
Ifry(0/16,8/2) < max{||§|l,,2ro(&1, §2)}, then with probability at least 1 —§ —
2 eXp(—C4N82),

o If = f*llz, < 2max{ro(s1, £2), ru(6/16,8/2)).
o If ¢ satisfies Assumption 2.2 with a constant 8 then with the same probability
estimate,

EL; <2(0 + B) max {ro@1. &), rm(0/16,8/2)} .

o If& is independent of X and satisfies a small-ball condition with constants k1 and
€, one may take t| = csk1|§ |1, for a constant cs = cs(¢e), and the two assertions
Sformulated above hold as well.
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Proof By the preliminary exclusion argument of Theorem 5.5, with probability at
least 1 —8 — 2exp(—coNe?), || f — L, < max{l|&llz,,2ro}. If €|, < 2r¢ then

Theorem 5.5 suffices to prove the assertion of Theorem 5.7. Otherwise, the assertion
follows from Theorem 5.4, applied to the class F N [|§ |1, D . O

The second main result deals with the case in which ¢ is strongly convex in a
neighbourhood of zero.

Theorem 5.8 For every kg and 0 < & < 1 there exist constants cy, c1, c2 and c3 that
depend only on ky and €, and an absolute constant c4 for which the following holds.

Assume that € is strongly convex in the interval [—y, y | with a constant k) and that
€Iz, < coy.

Assume further that F is a convex class of functions and that F — F satisfies the
small-ball property with constants ko and €. Set {1 = c1(ko, &), {&» = c2(ko, €) and
0 = c3(ko, &)K.

Ifri(0/16,8/2) <y, then with probability at least 1 — 8 — 2 exp(—c4Ne?),

o If = f*lL, < 2max{ro (1. £2), ru(6/16,8/2)).
o If ¢ satisfies Assumption 2.2 with a constant 8 then with the same probability
estimate,

EL; <2(0 + B) max {ro@1. 02, rm(0/16,8/2)} .

The proof of Theorem 5.8 is almost identical to that of Theorem 5.7, with one
difference: when y > 2r¢ then instead of considering the preliminary exclusion
argument of Theorem 5.5 at the level ~ max{||§||.,, 2rp}, one performs preliminary
exclusion at the level y, and with an identical proof. The rest of the argument remains
unchanged and we omit its details.

At this point, let us return to the rather detailed ‘wish list’ that was outlined in the
introduction regarding the parameters governing prediction and estimation problems
and see where we stand.

Theorems 5.7 and 5.8 lead to bounds on £, and £, without assuming that the class
consists of uniformly bounded or subgaussian functions, nor that the target is even
in L, for some p > 2. And, under a minor smoothness assumption, £ need not be a
Lipschitz function. Thus, all the restrictions of the classical method and of subgaussian
learning have been bypassed successfully.

As for the complexity parameters involved, r¢ is indeed an intrinsic parameter of
the class F and has nothing to do with the choice of the loss or with the target. It does
measure (with the very high probability of 1 — 2exp(—ce?N)), the L, diameter of
the version space of F associated with f*, and thus corresponds to the solution of the
noise-free problem.

The noise and loss influence the problem in two places. In the quadratic component,
the loss has to be calibrated to fit the noise level: the loss must be strongly convex in
the interval [0, ¢ (ko, €)ll§ 1,1, or, when the noise is independent, it suffices that the
loss is strongly convex in the smaller interval [c2(k1, €)||&]1,. c1(k0, €)|§]l1,]. The
strong convexity constant in those intervals also determines the level 8 appearing in
the definition of the multiplier component.
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Although the noise and loss affect the quadratic component, their main impact
is seen in the multiplier component, and thus in the external complexity parameter
ry - Indeed, while the quadratic component and the level ~ 6 of a given class will
be exactly the same for any loss that has the same strong convexity constant in the
interval [0, ¢1(ko, €)lI£ 1,1, the difference between losses is ‘coded’ in rjs. And, as
expected, the interaction between the class, the noise and the loss is captured by a
single parameter: the correlation (or width) of a random coordinate projection of the
localized class with the random vector (g; ¢’ (Ei)),N: 1

Therefore, the ‘wish list’” is satisfied in full: without any boundedness assump-
tions and for a rather general loss function, prediction and estimation problems
exhibit the expected two-regime behaviour: a ‘low-noise’ regime captured by an
intrinsic parameter and a ‘high-noise’ regime by an external one. The exact nature
of the loss and noise determines the external parameter only through the multi-
plier vector (g;¢’ (Ei))lN: |» and this random vector also determines where the phase
transition between the high-noise regime, in which the external parameter rj; is dom-
inant, and the low-noise one, in which the intrinsic parameter r is dominant, takes
place.

The one remaining issue still left open is to show that selecting the loss with some
care may be used to negate the effects of noise related outliers.

6 Loss functions and the removal of outliers

Damaging outliers appear when sample points are far from where one would expect
them to be, and the loss assigns a large value to those points. This combination means
that outliers actually have a true impact on the empirical mean Py L ; and therefore
on the identity of the empirical minimizer.

The reason why outliers are not an issue in problems that feature a strong concen-
tration phenomenon is clear: no matter what the loss is (as long as it does not grow
incredibly quickly) only an insignificant fraction of the sample points fall outside the
‘right area’, and thus their impact is negligible.

The situation is different when either the class consists of heavy-tailed functions or
when the noise Y — f*(X) is heavy-tailed. In such cases, a more substantial fraction of
a typical sample falls in a potentially misleading location, and if the effect is amplified
by a fast-growing loss, outliers become a problem that has to be contended with. This
problem may be partly resolved by ensuring that the loss is not very big outside the
‘expected area’ of [—c||&||1,, cll€ I, ], which already hints towards the ‘right choice’
of a loss.

As noted previously, as long as ¢ is strongly convex in [0, ¢ (ko, €)[&]l,] (or in
the smaller interval when the noise is independent of X) the effects of the loss and the
noise are coded in the vector (g;£/(&;)) ZN: 1 If £ is the squared loss, this vector is likely
to have relatively many large coordinates when £ is heavy-tailed. However, losses that
grow almost linearly in [a, o) lead to bounded multipliers because |€'(§)| < |€/(a)|.
This results in a better-behaved multiplier component and a smaller fixed point r;.

As examples, we focus on the three losses mentioned earlier: the squared loss, the
log loss (2.2) and the Huber loss (2.1).
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e The squared loss is the canonical example of a strongly convex loss with a bounded
second derivative. However, it is susceptible to the problem of noise related outliers
because it grows rapidly: £/(&) ~ &.

e The log-loss (2.2) exhibits a strongly convex behaviour in any bounded interval,
but with a constant that decreases exponentially quickly to zero with the length of
the interval. At the same time, its growth becomes close to linear for large values
(i.e., £’ tends to a constant). Therefore, on the one hand the lower estimate on
the quadratic component becomes trivial as |||, increases, but the multiplier
component displays a better behaviour than the squared loss.

e The Huber loss with parameter y is strongly convex in (—y, y) and grows linearly
outside that interval. Hence, for y ~ |||, one may hope to get the best of both
worlds—a quadratic component that behaves like its counterpart for the squared
loss, and a multiplier component that behaves as if £ were linear.

We show that the three losses respond to outliers in very different ways. Our focus
is on situations when F' is subgaussian but £ is potentially heavy-tailed, and the goal
is to see if despite the heavy-tailed £, ERM performs in the same way as if & were
subgaussian. To simplify the presentation and to give each loss a level playing field,
we consider targets of the form Y = fo(X) + W for fo € F and W that is symmetric
an independent of X. The reason for this choice of targets is that for any ‘legal’ loss
function, f* = fp. Indeed, for any f € F,

E(f(X) =) = Et(fo(X) = ¥) = EC(W)(f — fo)(X) =0,

because ¢ is odd and W is symmetric and independent of X. Hence, if the minimizer
is also unique (as we assume), that minimizer must be fy. In particular, for all the
three losses argmin ¢ pEL(f(X) — Y) = fo.

We first present general estimates on the performance of ERM in terms the param-
eters g and r for a general target Y, and then control the parameters for an arbitrary
convex, L-subgaussian class and a heavy-tailed target. As an example we consider
case of F = {(t, ) : 1 € R"}, which is the class of all linear functionals on R".

In what follows F' C L, is a closed, convex class of functions and F' — F satisfies
a small-ball property with constants ko and €. The target one wishes to estimate is
Y € L, for some g > 2 and for the sake of simplicity we assume at times that ¢ = 4,
though that is not really an essential assumption.

6.1 Some facts on multiplier processes

The following is an upper estimate on multiplier and empirical processes indexed by
a class that is L-subgaussian.

Theorem 6.1 [20] There exists an absolute constant co and for every L > 1 there are
constants c1 and ¢ that depend only on L and for which the following holds.

Assume that A € L, for some g > 2 and that F is L-subgaussian. Recall that
kr = (ElG|lp/dr(L2))* and let N > kp. If (X;, Aj)Y_, are N independent copies
of (X, A) then
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e foru > cq, with probability at least 1 — Zexp(—clusz),

ElGIF

VN

sup
feF

< cu

1 N
5 2 fX) —Ef
i=1

e foru, B > co, with probability at least 1 — 28~ N~(/2=D _ 2 exp(—c u’kp),

ElGllF
VN

sup

< capu||All,
feF

1 N
5 D Aif (X —EAf
i=1

6.2 The squared loss

If £(t) = ¢2 then for every t1, t, p(t1,t2) = 2. Therefore, by Theorem 5.8 for an
arbitrarily large y, it follows that with probability at least 1 — § — 2 exp(—c1&>N),

< max {rg(¢1, &), rm(c2/4.8/2)}

7= r

Ly

for constants ¢1, ¢» and c¢; that depend only on k¢ and ¢.
Clearly, [|€”" L., <2, implying that with the same probability estimate,

EL; < 22+ Dmax {r§ (&1, &), ry(ca/, 8/2)]

When F is, in addition, an L-subgaussian class, one may identify the parameters s
and rg. Recall that || f [y, ~ sup = [ fllz,/ /P (which, as noted previously, suffices
to ensure that the small-ball property holds for F — F with constants ¢ and & that

depend only on L).
Recall that
|
rmo@) =inflr>0:E sup |—Y &(f—fHX)| <crvV/N};
e fEFﬂer* \/N; ' !

setting F, = {f — f*: f € F NrDy+}, it follows from Theorem 6.1 that

1 N
NG Doailf = HX)

i=1

E sup
fGFﬂer*

=aE|Gl, -

Therefore,
ro(¢1, ) < inf{r > 0:E|Gllp, < camin (&1, &2} rv/N}.
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Turning to 7y, one has to identify

ro = inf {r >0: sup  JE&(f = HO|,, < Jﬁr2(cZ/16)}

fEFﬂer*

and the ‘lowest’ level r for which

N
D ek (f — XD

i=1

sup

1
Pr|—
(«/ N feFnrD s

< r2<cz/4>m) >1-3.

Applying the L4 — Ly norm equivalence, || f — f*|lr, < 2L|lf — f*|lL, and
l&(r = rHX0|,, <2L1IENL, r So VNP,

provided that r 2 ||€1|.,/ +/N. Moreover, by Theorem 6.1 for g = 4, it follows that
with probability at least 1 —2/(8*N) — 2 exp(—c3(L)u’kr,),

< ca(L)pu gl ENGIF, -

L&
—E i&(f — fHXi
sup ,—Ni:lt?é(f FHXD

feF,
Fix0 <6 < 1. If kp, > log(2/6) one may take u = cs5(L) and if the reverse

inequality is satisfied, one may set u ~ (k;r1 log(2/8))!'/2, leading to a probability
estimate of 1 — §. Therefore, if

» 1/2
u(r, 8) = co(L) (1 +kp 10g(2/8))

and
1
B ~ max —(8N)1/4’1 ,

then with probability at least 1 — §,

sup

<ci(D)Bulléll, ENGIF, ,
feF;

L
— ) &&(f — HXD
TN

and

ru(ca/4,8/2) < %

+ inf {r >0:E|Glf < CS(L)ﬁ||$||Z: (ﬁu)’lrz} .

6.1)
Thus, 7y (c2/4, 6/2) dominates rg (&1, £2) as long as [|§]| ., is not very small.
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As a point of reference, consider the case in which the Dvoretzky—Milman dimen-
sion kF, is at least of the order of log(2/§), and thus the infimum in (6.1) is attained
for a value r for which u(r, §) = ¢(L). Therefore,

ryu(ca/4,68/2) < ”f/”_m

+inf {r > 0:E G5, = co(VN Il B7'r} . 6:2)

The difference between (6.2) and the analogous estimate in the purely subgaussian
case (see [10]) is the factor ,3_1. Since B ~ max{l/(SN)1/4, 1}, it causes a slower
rate when the desired confidence level is high. Indeed, if § < 1/N, then 8 > 1
leading to a larger value of rj; than in a purely subgaussian problem, and to a weaker
accuracy/confidence tradeoff that one would expect if £ were subgaussian. This differ-
ent accuracy/confidence tradeoff is caused by the noise-related outliers one encounters
and is the price one pays for using the squared loss in a problem involving a potentially
heavy-tailed noise (§ € L4 rather than & € Ly, ). As aresult, the accuracy/confidence
tradeoff has a polynomial dependence on 1/§ rather than the logarithmic dependence
ERM exhibits when & is subgaussian.

6.3 The log-loss

Itis straightforward to verify thatfort > 0, £/(¢) = 1—2/(exp(z)+1), and in particular
0'(r) < min{2¢, 1}. Also, £”(t) = 2exp(r)/(exp(tr) + 1)>, which is a decreasing
function on R and is upper-bounded by 1. Therefore, £ satisfies Assumption 2.2, and
one may verify that 6 ~ p(t1, t2) > exp(—c1|§]lL,)-

The difference between the log-loss and the squared loss can be seen in the behaviour
of ryr(6/16, 5/2). While the multipliers for the squared loss are independent copies of
U'(&) = &, for the log-loss one has |[€/(§)| < min{2|&|, 1}. This almost linear growth of
the loss outside [0, 1] helps one overcome the issue of noise-related outliers and leads
to an improved accuracy/confidence tradeoff—a logarithmic dependence in 1/§ rather
than the polynomial one exhibited by the squared loss—but only when ||&]z, ~ 1.
The tradeoff deteriorates when ||£ ||, is small (because of the multiplier component)
and when ||&]| 1, is large (because of the quadratic component).

The improved tradeoff is based on a contraction argument: since |¢/(§)| < 1,

> t)
Clearly, removing any dependence on the multipliers is a costly step when ||&]|1,,

is very small, but when |||, ~ 1 the resulting estimate is a significant improvement
over the estimate for the squared loss: if u(r, §) is as defined above,

Zs,e EN = XD

Pr sup
fEFﬂer*

<2Pr sup
fEFﬂer*

Zsl(f FHX)
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1
_ 1 . < 21.
ru(0/16,8/2) < 75 + inf {r >0:E|Gl g, < 0u(r,5)v/Nr }

hence, if ryy < ||€1|1,, then with probability at least 1 — § — Zexp(—coszN),

|7-r

< 2 max , andE£c<max{2, 2}.
LS {rQ rM} iS o T

Again, let us consider the case in which inf{r > 0 : E||G||r. < Ou(r, 8§V Nr2}is
attained by a value r for which u(r, §) = c¢(L). Then,

1
_ 3 . < 2
ru(0/16,8/2) < Vi +1nf{r >0:E|G|y <6vNr }

which is the same bound on rj; one has for the squared loss when & is a standard
gaussian random variable that is independent of X, though we only know that ||§]/;, ~
1.

The improved accuracy/confidence tradeoff occurs when [|£]lz, ~ 1 simply
because the log-loss happens to be calibrated for that noise level. This is a mere
coincidence rather than premeditation, and the accuracy/confidence tradeoff of ERM
relative to the log-loss deteriorates when ||& |1, is either very large or very small.

6.4 The Huber loss

Let o be as above for suitable constants {1 and . For {3 = min{{, {2} one has
ro =inf ir >0:E|Glf < ch«/ﬁ}

where ¢ = c¢(L). Without loss of generality, one may assume that c¢¢3 is smaller than
a fixed constant which will be the constant ¢3 = ¢3(L) defined below.

Let £(z) be the Huber loss with parameter y = co(L) max{||&||.,, ro} for a constant
co to be specified later.

Observe that [¢/(t)| = min{|z/2]|, v}, that £ is a Lipschitz function with constant
1 and that Assumption 2.2 is verified. Moreover, this setup falls within the scope of
Theorem 5.8 for 6 = ¢ (L).

Regarding the multiplier component, note that if || f — f*|z, < r then

&G =N, <vIf=ril, svr<@@/16r*VN,

provided that r 21 y/+/N. Moreover, a contraction argument shows that
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>t)
[)

>_
4y

< c1(L)u(r, 5)&#}) .

1 N
5 2 el Ef = fHXD)

i=1

Pr sup
fEFﬂer*

<2Pr sup
fEFﬁer*

1 N
5 D& = O
=1

i
and if u(r, §) is as defined above, one has

max {[€ll,, . ro}

VN

ercz(L)< +inf{r>0:yE|lGl|Fr

Again, let us consider the case in which inf{r > 0 : yE||G|lf, < cou(r, 8)/Nr} is
attained for a value r for which u(r, §) = ¢’(L). Hence, setting ¢3 = ¢ (L)u,

max {€l, , ro}

N +inf {r > 0: yE |Gy, = esV/Nr }) 6.3)

M = C2 (Co

which matches the estimate on ry, for the squared loss when [|& ||y, ~ [§]lL,.
Ifro < Iéll, then y = coll§|l1,, and since ¢3 > ¢¢3, ¥ = ||£]|1, belongs to the
set {r > 0: collE|lL,E|GlF, < c3v/Nr?}in (6.3). Therefore,

co
™M = €2 (1 + J_ﬁ) 16N, <colléll, =v

aslongas N > c¢4(L) and for a well chosen co. Hence, the assumption of Theorem 5.8
is verified.

Otherwise, [|£]/1, < ro, and in which case, r¢ belongs to the set in (6.3) implying
that

VM502<1+C—0>FQ§V~

JN

Therefore, by Theorem 5.8, with probability at least 1 — § — 2 exp(—coe?N),

|-

L < max {ry,ro} and Eﬁf < max {r,zw, ré} .

The right choice of y in the Huber loss leads to the optimal interval of strong
convexity [0, cmax{||§]|.,, rp}], and to a far better accuracy/confidence tradeoff than
exhibited by the squared loss for such a heavy-tailed problem. In fact, it matches the
behaviour of the squared loss when [|§ [y, ~ §]lL,.

Letus present a concrete example in which all these rates can be computed explicitly,
and which shows how the rates are affected by the choice of the loss.

For T C R", set Fp = {<t, ) : t € T} and assume that p is an isotropic, L-
subgaussian measure on R”; that is, its covariance structure coincides with the standard
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£5 distance on R" (isotropicity), and for every t € s"landevery p > 2, ||<X, t>||Lp <
L./p ||(X , t)|| 1, (L-subgaussian). In particular, F' — F satisfies a small-ball property
with constants that depend only on L.

We focus on the case T = R”". Clearly, for every » > 0 and any possible f* € F,
F, = rBj, implying that E||G||r, ~ ri/n. Therefore, kr, ~ /n and E||G||f, <
av/Nr?2 whenr > = '\/n/N.

e The squared loss. It is straightforward to verify that if N > ¢j(L)n, then with
probability at least 1 — 2 exp(—c2(L)N), rg = 0. Also,

u(r, 8) = c3(L) (1 +\/@>.

Using the definition of ryy, it is evident that with probability at least 1 — § —
2exp(—ca(L)N),

A 1 log(1/6
If = ¥z, So max {W 1} : (1 +,/#) - ||5||L4\/%, 6.4)

exhibiting once again that the accuracy/confidence tradeoff has a polynomial
dependence in 1/6.

e The log-loss. Let 1 ~; [&]/, and therefore, 6 ~; exp(—cill§]l1,). One has
to take N > c¢»(f)n to ensure a nontrivial bound on rgp, and in which case,
rg = 0. Therefore, and in a similar way to the squared loss, with probability
atleast I — 8 — 2exp(—c3(L)N)

log(1/6) n
L Seexp(er(D) [l L,) (1 +/ T) \/;

whichis better than (6.4) in terms of the dependence on 6 when ||| 1, is of the order
of aconstantand § < 1/N, but does not scale correctly with |||, when the norm
is either very small or very large. This was to be expected from the ‘calibration’
of the log-loss, which only fits a constant noise level, when [|§]|z, ~ 1.

e The Huber loss. As noted previously, for a nontrivial bound on o one must take
N > c¢i(L)n, and in which case, rg = 0.
Fix y = co(L) max{[|§]lL,, 7o} = c2(L)|I€llL, and & = c2(L). Using the def-
inition of ry; (because [¢/(§)| < y), it is evident that with probability at least
1 —8—2exp(—c3(L)N),

log(1/8) n
L < ca(L) (\/ — + 1) €, \/;

This is the optimal accuracy/confidence tradeoff for any choice of ||£];, and
coincides with the optimal tradeoff for the squared loss when & is gaussian and
independent of X (see, e.g. [10]).

|i-r

|-
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Unlike the squared loss and the log-loss, the optimal rate is obtained thanks to this
choice of the Huber loss and despite the noise being heavy-tailed. This phenomenon
occurs specifically because the Huber loss can be calibrated to fit the noise level
of the problem and the intrinsic complexity of the class. It indicates that the right
choice of loss can be used to effectively remove outliers caused by a heavy-tailed
noise.

7 Final remarks

Because we study general loss functions, one should take care when comparing the
results on the accuracy/confidence tradeoff to the tradeoff exhibited by ERM for the
squared loss. Specifically, one should keep in mind that different loss functions may
lead to different minimizers, and f* = argmin fe rEL(f(X)—Y)need not be the same
as argmin ;. pE(f(X) — Y)2. As noted previously, one generic situation in which the
‘best in the class’ is the same for every convex loss is when ¥ = fy(X) + W for
fo € F and W that is symmetric and independent of X.

Our results indicate that the choice of the Huber loss with parameter y ~ ||&]|1,
leads to the removal of outliers—with a dramatic effect when the class is ‘well-
behaved’ and the cause of the outliers is the heavy-tailed noise. The effect is diminished
when F itself happens to consist of heavy-tailed functions: although it is still true that

)

> t/4y) , (7.1)

| X
— ) lUENf — XD
v

i

Pr sup
fEFﬁer*

<2Pr sup
fEFﬂer*

1 N
— > Ei(f = X0
=1

i

ZINZI ei(f — f*)(Xi)‘ is likely to be large with
a non-negligible probability. As a result, the accuracy/confidence tradeoff exhibited
by ERM is far from the conjectured performance of an optimal procedure, even when
using a well-calibrated Huber loss.

Unfortunately, the suboptimal accuracy/confidence tradeoff of ERM is a fact of
life and not an artifact of the argument we use. The fundamental instability of ERM
is caused by the oscillations in (7.1) and cannot be overcome by a wise choice of a
loss. Thus, the optimal tradeoff has to be based on a different procedure and not on
ERM. Recently, a procedure that attains the optimal accuracy/confidence tradeoff for
the squared loss was introduced in [14], and the optimal tradeoff performance was
guaranteed under minimal assumptions on the class and on the target.

Finally, it is natural to ask whether it is possible to choose the right calibration for
the Huber loss in a data-dependent manner—for example, to use the given data to
identify a suitable upper estimate on ||&||z,. For the sake of brevity we will sketch
the method one may use and only consider the case in which the true minimizer

the random variable sup ;¢ g, p o
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is the same as for the squared loss*. Data dependent estimates on ||£|| L, are possible
using arguments similar to those introduced in [21], where a high-probability, uniform,
crude isomorphic estimator of L, distances was constructed. More precisely, one may
construct a data-dependent functional ¢, which, given a function in a class H whose
L, norm is above a critical level r*, returns ¢ (h) such that |||z, < ¢ (h) < BlhllL,
for suitable constants « and B, and when |||z, < r* then ¢(h) < Br*. Such a
functional may be constructed for the class H = {f(X) — Y : f € F}, and by
selecting 2 = argmin,,. ;¢ (h) and using a standard median-of-means estimator to
bound EA2, one may obtain a high probability estimator for ||£|| Ly-
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