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Neural networks have become one of the most popularly used
methods in machine learning and artificial intelligence. Due to the
universal approximation theorem (Hornik, Stinchcombe and White,
1989), a neural network with one hidden layer can approximate any
continuous function on compact support as long as the number of hid-
den units is sufficiently large. Statistically, a neural network can be
classified into a nonlinear regression framework. However, if we con-
sider it parametrically, due to the unidentifiability of the parameters,
it is difficult to derive its asymptotic properties. Instead, we consider
the estimation problem in a nonparametric regression framework and
use the results from sieve estimation to establish the consistency, the
rates of convergence and the asymptotic normality of the neural net-
work estimators. We also illustrate the validity of the theories via
simulations.

1. Introduction. With the success of machine learning and artificial
intelligence in researches and industry, neural networks have become pop-
ularly used methods nowadays. Many newly developed machine learning
methods are based on deep neural networks and have achieved great classi-
fication and prediction accuracy. We refer interested readers to Goodfellow
et al. (2016) for more background and details. In classical statistical learn-
ing theory, the consistency and the rate of convergence of the empirical risk
minimization principle are of great interest. Many upper bounds have been
established for the empirical risk and the sample complexity based on the
growth function and the Vapnik-Chervonenkis dimension (see for example,
Vapnik (1998); Anthony and Bartlett (2009); Devroye, Gyorfi and Lugosi
(2013)). However, few studies have focused on the asymptotic properties for
neural networks. As Thomas J. Sargent said, “artificial intelligence is actu-
ally statistics, but in a very gorgeous phrase, it is statistics.” So it is natural
and worthwhile to explore whether neural networks possess nice asymptotic
properties. As if they do, it may be possible to conduct statistical infer-
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ence based on neural networks. Throughout this paper, we will focus on the
asymptotic properties of neural networks with one hidden layer.
In statistics, fitting a neural network with one hidden layer can be viewed

as a parametric nonlinear regression problem:
—

.
Yi = g + Z ;o (’yfmz + ')’O,j) + EZ‘[/
j=1

where €1, ..., €, are ii.d,_random errors with ﬂE]fL:_()_arEdE\[ﬁ]_h:/oZ < 0
and o(-) is an activation function such as M_z)’ which is used in
this paper. White and Racine (2001) obtained the asymptotic distribution of
the resulting estimators under the assumption of the true parameters being
unique. In fact, the authors implicitly assumed that the number of hidden
units r is known. However, even if we assume that we know the number
of hidden units, it is difficult to establish the asymptotic properties for the
parameter estimators. In section 6.1, we conducted a simulation based on
a single-layer neural network with 2 hidden units. Even for such a simple
model, the simulation result suggests that it is unlikely to obtain consistent
estimators. Moreover, since the number of hidden units is usually unknown in
practice, such an assumption can be easily violated. For example, as pointed
out in Fukumizu (1996) and Fukumizu et al. (2003), if the true function is
fo(x) = ao(vx), (ie., the true number of hidden units is 1), and we fit the
model using a neural network with two hidden units, then any parameter
0 = [ap,a1,..., 0, V0,1, -0 ~F . 4T)T in the high-dimensional set

{0:71 =70 =0,7%1=32=0a =0 =0}U

{92712’722%70,12’70,22(10:0,041+042=a}

realizes the true function fy(x). Therefore, when the number of hidden units
is unknown, the parameters in this parametric nonlinear regression problem
are unidentifiable. Theorem 1 in Wu (1981) showed that a necessary condi-
tion for the weak consistency of nonlinear least square estimators is

n

Z[f(a:i,a) — f(x4,0)]* = o0, as n — oo,
i=1

for all @ # @’ in the parameter space as long as the error distribution has
finite Fisher information. Such a condition implies that when the parameters
are not identifiable, the resulting nonlinear least squares estimators will be
inconsistent, which hinders further explorations on the asymptotic proper-
ties for the neural network estimators. Liu and Shao (2003) and Zhu and
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Zhang (2006) proposed techniques to conduct hypothesis testing under loss
of identifiability. However, their theoretical results are not easy to implement
in the neural network setting.

Even though a function can have different neural network parametriza-
tions, the function itself can be considered as unique. Moreover, due to the
Universal Approximation Theorem (Hornik, Stinchcombe and White, 1989),
any continuous function on compact support can be approximated arbitrar-
ily well by a neural network with one hidden layer. So it seems natural to
consider it as a nonparametric regression problem and approximate the un-
derlying function class through a class of neural networks with one hidden
layer. Specifically, suppose that the true nonparametric regression model is

R
yi = folx;) + €,

—
where €1, ..., €, arei.i.d. random variables defined on a complete probability
space (9, A,P) with E[¢] = 0, Var[e] = 0% < o0; x1,..., 2, € X C R? are
vectors of covariates with X being a compact set in R? and f; is an unknown
function needed to be estimated. We assume that fy € F, where F is the
class of continuous functions with compact supports. Clearly, fo minimizes
the population criterion function —

Qn(f) =E [i > (i - f(a:m?]
i=1
= S (@)~ folws))? + 0>
=1

A least squares estimator of the regression function can be obtained by
minimizing the empirical squared error loss Q,,(f):

fn = argmin e 7Qn(f) = argminfey:% Z(yl — f(@i)* J

=1

However, if the ¢lass of functions F is too rich, the resulting least squares es-
timator may have undesired properties, such as inconsistency (van de Geer,

2000; Shen and Wong, 1994; Shen, 1997). Instead, we can optimize the
squared error loss over some less complex function space F,,, which is an
approximation of F while the approximation error tends to 0 as the sam-
ple size increases. In the language of Grenander (1981), such a sequence of
function classes is known as a sieve. More precisely, we consider a sequence
of function classes,

F1CFhC- - CF, CFp1 C-- CF,
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each f € F, there exists m, f € F, such that d(f,m,f) — 0 asn — oo, where

gapproximating F in the sense that | J;~; F, is dense in F. In other words, for

d(-,-) is some pseudo-metric defined-on FWith some abuse of notation, an
approximate sieve estimator f,, is defined to be \U\_ @ N
(1) Qulfa) < Jf Qulf) + Oplom), e f

—

j: é
Throughout the rest of the paper, we etiral networks
ne hidden layer and sigmoid activation function. Specifically, we let

where 7, as n — oo. R, 7166}—
f m@on the si

where r,, Vi, M,, T 0o as n — oo. Such method has been discussed in previ-
ous literatures (e.g. White (1989) and White (1990)). In those papers, con-
sistency of the neural network sieve estimators has been established under
random designs. However, there are few results on the asymptotic distri-
bution of the neural network sieve estimators, which will be established in
this paper. Throughout this paper, we focus on the fixed design. Hornik,
Stinchcombe and White (1989) showed that |J,, 7, is dense in F under the
sup-norm. But when considering the asymptotic properties of the sieve es-
timators, we use the pseudo-norm || f[|2 =n~1 Y% | f%(x;) (see Proposition
7.1 in the Appendix) defined on T

In section 2, we discuss the existence of neural network sieve estimators.
The weak consistency and rate of convergence of the neural network sieve
estimators will be established in section 3 and section 4, respectively. Sec-
tion 5 focuses on the asymptotic distribution of the neural network sieve
estimators. Simulation results are presented in section 6.

Notations: Throughout the rest of the paper, bold font alphabetic let-
ters and Greek letters are vectors. C'(X) is the set of continuous functions
defined on X. The symbol < means “bounded above up to a universal con-

a

stant” and a,_~ b, means {* — 1 as n — oo. For a pseudo-metric space

n

Tn
Fr) =S a0+ Y ajo (v]x+,) v €RYaj,7,; €R,
7=1 - —
(1.2)
Tn d
laj| <V, for sonfe V,, > 4/and max Z |vi,5] < M, for some M, >0
a/ - 15jSm &
j= _
—_—

-

NayaL

2
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2. Existence. A natural question to ask is whether the sieve estima-
tor based on neural networks exists. Before addressing this question, we
first study some properties of F, . Proposition 2.1 shows that the sigmoid
function is a Lipschitz function with Lipschitz constant L = 1/4.

PROPOSITION 2.1. A sigmoid function o(z) = €*/(1 + €*) is a Lipschitz
function on R with Lipschitz constant 1/4. I,

PROOF. For all z1,29 € R, o(z) is continuous on [z1, 29| and is differen-
tiable on (21, z2). Note that

o'(z) =0(z)(1-0(2)) <

By using the Mean Value Theorem, we know that

o(z1) —o(22) = 0’ (Az1 + (1 — N)22) (21 — 22), g
for some A € [0,1]. Hence [!D

«

1
lo(z1) — o(22)] = |0’ (Az1 + (1 = N)2z2)|[21 — 22| < Z'Zl — 23],

Vz € R.

=

————— ——_
which means that o(z) is a Lipschitz function on R with Lipschitz constant
1/4. O

The second proposition provides an upper bound for the envelope function
suprer,, |f]-

PROPOSITION 2.2. For each fixed n,

sup || flloc < Vi
fG‘FTn

Proor. For any f € F,, with a fixed n and all x € X, we have

f@)J@}i@%@&i@ﬁ

< ‘OCOH‘Z‘O‘J‘U JT 470,

W
Since the right hand side does not depend on x an [/ (/
—
—
s Iflle = s swplf(@)| <V T
€Frn €Fr, TEX
S~ oL

|
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Now we quote a general result from White and Wooldridge (1991). The
theorem tells us that under some mild conditions, there exists a sieve ap-
proximate estimator and such an estimator is also measurable.

- [
(p / 1§ o THEOREM 2.1 (Theorem 2.2 in White and Wooldrldge (1991)). Let
(Q, A, P) be a complete probability space and let ( ) be a pseudo-metric

space. Let {@n} be a sequence of compa, ets of ©. Let Q, : Ox 0, - R
be A® B(© @ @tﬁreachweﬁ Qn(w,")
[9 is lower semzcontmuous on O,, 2, Then for each n = 1,2,.
/-/_/\ therm — 0, A/B(0,)-measurable such that for each w € Q
Qn(w, Op(w)) = infgeo, Qn(w,H).

-—~——
@ ajﬁ \)/\S Note that
n b=
\/‘/FM /Q/‘( Qn(f —*Z(?/i*f(wi)y ~ W) W QW/W
i—1 I
- % Z(fo(:ci) + e — f(xi))?
] l7_11 NN——— 1 n
- HZ(f(wi)—fo(wz‘))Z_QﬁZei(f( ) = fo(®i)) Z 2
i=1 i=1

Since the randomness only comes from ¢;’s, it is clear that @QQ,, is a measurable
function and for a fixed w, Q,, is continuous in f. There%ore, to show the
existence of the sievz—egt?mator, it suffices to show that F, is compact in
C(X), which is proved in the following lemma. ———————

LEMMA 2.1. Let X befa compact subset of RY. Then for each fized n,
Fr, 18 a compact set.

?//Vb C ? PROOF. For each fixed n, let 6, = [ag, ..., QY015 - - - YOy Yoy ey T
belong to [=Vi, V|1 x [=M,,, M, ") .= @,,. If n is fixed @n is a
bounded closed set and hence it is a compact set in R7n(d+2)+1,

map—
H:(On, [ ll2) = (Fros [l - [In)
¢ - o, >
0, — H(0,) = ao + Z a;jo (v +70,)
j=1
o~

Note that F,, = H(©,). Therefore, to show that F,, is a compact set, it
suffices to show that H is a continuous map due to the compactness of ©,,.
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Let Ol,na 02,n € Gm then

g

1 (81,n) — H(02,n)I7

:% " oy + Tznaﬁ-l)a (75-1)T:ci+vé,1}) —a32>_ia§2>0 (75,2) 2, +7(2)>
i=1 | — ~
[ 2
<13 o - >|+Z’a o (1 1 422 — o (4271 42)|
i=1 |
N
:g =1 L

IN

" 1 2 2 1 2
S et — ()I+ 1VHwHooZH7] 7§~)H1+‘7&}—’y§,}‘

<(‘ZI(1v|lw!\oo)>2[rn(d+ 1)])|61.0 — O2.]13- o jLé{L)o = \/J\A ,
— s E*f
(%1 v Jzo)

Hence, fOI' any € > 0, we ChOOSG 5 :he// Tn(d+ 1))7 When
Hel,n - 92,n”2 < 6, we have ——

1H(01n) — H(O2n)[ln <,

®

|
which implies that H is a continuous map and hence F,  is a compact set

for each fixed n. O

As a corollary of Lemma 2.1 and Theorem 2.1, we can easily obtain the
existence of sieve estimator.

COROLLARY 2.1. Based on the notations above, for each n = 1,2,.
there exists f, : Q — F., A/B(F.,)-measurable such that Qn(fn( ) =

inffe]:m @n(f)

3. Consistency. In this section, we are going to show the consistency
of the neural network sieve estimator. The consistency result leans heavily
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on the following Uniform Law of Large Numbers. We start by considering a
simple case with V;, = V for all n. In such a case, |J,, F, is not dense in F
but rather in a subset of F with functions satisfying a certain smoothness

condition.

LEMMA 3.1. Let €y,..., €, be i.i.d. sub-Gaussian random variables with
sub-Gaussian parameter og. If [rn,(d + 2) 4+ 1]log[ry(d 4+ 2) + 1] = o(n), we
have X

sup [Qn(f) — Qu(f)| £ 0. o UL
fe€Fr, P

PROOF. For any § > 0, we have

€ P
1> 6)

P* ( sup |Qn(f) - Q

fG‘FTn

n

=P* (fseg:r:n 1Z 152_0 _2:LZ€Z f() :1:2)) >5>

. 1 @ )
IP( Ze —o? > >+]P’ <fs€1}13n n;Q(f(wi)—fo(mi)) >4>
@ II). -

For (1), based on the Weak Law of Large Numbers, we know that there
existé N1 > 0 such that for all n > Ny we have——

2 >§ <é
pt 2 2’

Now, we are going to evaluate (II). From the sub-Gaussianity of €1, ..., €,

we know that €;(f(x;) — fo(xi)) is also sub-Gaussian with mean 0 and sub-
Gaussian parameter oo|f(x;) — fo(x;)|. Hence, by using the Hoeffding in-

equality,
> i) =P ( >_cilf (@) = folw))| > Tf)
im1
n252
< 2exp {—3208 Yo (f(z) = folx:))? } :

e know that supscz, [|flln < V. Hence, based on
eer (2000), (IT) will have an exponential bound if

LS e @) — folai)

(|

=1 _
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there exists some constant C', 6 > 0 and o > 0 satisfying V' > d/c and
— \%4
@ﬁL i 31\ . Veiz20 </ H'Y2(u, Fryp || - lln)du v V).
6/(80)
Gy < 7/19 Now, we are going to show that (3.1) hol@e. It follows from
_ Theorem 14.5 in Anthony and Bartlett (2009), which gives an upper bound
ﬂ/ - d, .~ of the covering number for 7

rn(d+2)+1
defrp(d+2) + 1] (1V)?
W (€, Fras 1 lloc) < ( av)

. ﬁéﬂ R (V1)

1 —[rn(d+2)+1
= Ar,,“d’VE [T ( + )+ },

w?

Wh?ﬁ AW— n(d+2)+1VZ/(V — 4))r"(d+2)+1. By letting

rn,d,V = log Arn,d,V - [Tn(d + 2) + 1]

€ /C L V ~ D = [rn(d +2) +1] <log e[rn(d;i): vz 1)

/ r 2
— [rn(d+2) +1]w1]v ,

and noting that V2 — eV 4 4e > 0 for all V, we have log M‘Hf# >

logv > log (V D=1, Then,
H(e, Fr,, |+ lloo) =1log N(&, Fr, || - [loo)
- 1
— :1OgArmd7V+[rn(d+2)+1]logg “

1
<A, av+[ra(d+2)+1]- (since logz <z —1 for all z > 0)
€

1
< Arn,d,V <1 + €> .

Note that «/n_/ )
1
191 = 55 P < (suplsta)) = 11
i=1 *



10 X. SHEN ET AL.
we have H(e, Fr, || - ln) < H(e, Fr,s || - ||oo)- Then

v 1/2 \4 1 1/2
/ Hl/2(67f7’n7 H : ||'I’L)(i6 S A’I‘/ d V/ (1 + > de
6/(8c) mdV fo c
M

[ 1 1/2 1% 1/2
— A2 / <1+1) de+/ (1+1> de]
nyy 0 € 1 €
< A\/2 \/5 by
<Ay € 2d6+\@(V—1)
L 0

<Ay [2v2+vaw - )
- 2\/§A¥2d vV

w
Clearly, QﬁAiT/L?d’VV > V. Under the assumption of [ry,(d+2)+1] log[r, (d+
2) + 1] = o(n), for any 6 > 0, there exists Ny > 0 such that for all n > Na,

1 1/2 R
4\/§V <nA7’n,d,V> < %,

olds with C' =1 m;xsed on Corollary 8.3 in

> j/\rllznzef §02> Sexp{—g;‘s;}.
Since fOV HY2(e, Fy, || - |ln)de < 00, we can take o — oo in (3.2) to get
P* < sup >5> Sexp{—mp}.
FEFm, 4 6412
Let N3 = 6%‘2/2 log %, then for n > max{Nay, N3}, we have

4 — 2

Thus, we conclude that for any 6 > 0, by taking n > max{Nj, Na, N3}, we
have

n

LSl (i) — fola)

i=1

| =
NE
&£
=
=
8

|
=
&
=

(I1) ="P* < sup

fE€Fr,

n -
=1

which proves the desired result.



ASYMPTOTICS FOR NEURAL NETWORKS 11

REMARK 3.1. Lemma 3.1 shows that if we have a fized number of fea-
tures, the desired Uniform Law of Large Numbers holds when the number of
hidden units in the neural network sieve does not grow too fast.

Now, we are going to extend the result to a more general case. In Lemma
3.1, we assume that the errors €1, ..., €, are i.i.d. sub-Gaussian and V;, = V.
In the following lemma, we are going to relax both restrictions.

MN~— —— 1

LEMMA 3.2.  Under the assumption of '

[rn(d + 2) + 1]V,2 log(Vp[rn(d + 2) + 1] = o(n), asn — oo,
we have X
sup |Qn(f) — Qn(f)| LAN 0, as n — oo.

f€Frm,

PROOF. As in the proof of Lemma 3.1, it suffices to show that

)
>4>—>0, as n — oo.

By using the Markov’s inequality, (3.3) holds if we can show

n

%Zei(f(mi) - fo(mi))u 50, asn — oc.

E* [ sup
i=1

& PV fEf'rn

Note that E[e] = 0 and each f € F,, has its corresponding parametrization
0,,. Since ,, is in a compact set, there exists a sequence 8,, , — 6, as k — oo
with 8, € Q2D+ O ([=V,,, V,]'n 1 x [~ M,,, M,]"™(@+ ). Each 6, cor-
responds to a function fj € F,, . Based on continuity, we x) — f(x)
for each € X. From Example 2.3.4 in van der Vaart and Wellner~1996),

we know that F,. is P-measurable. Based on symmetrization inequality, we
have

.., &, are ii.d. Rademacher random variables independent of
) Based on the Strong Law of Large Numbers, there exists N1 > 0,
/\
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such that for all n > Ny,

1 o 2
—Zei <o”+1, as.
n -
M
For fixed €1,...,€n, iy &G€i(f(xi) — fo(xi)) is a sub-Gaussian process in-
dexed by f € F,,. Suppose that (Z,C, ) is the probability space on which
&1,...,&, are defined and let Y (f,w) = D", &(w)e(f(xi) — fo(z;)) with
f e F,, and w € =. As we have shown above, we r — f and by conti-
nuity, Y (fx,w) — Y (f,w) for any w € Z. This {Y(f,w), f e F,}
f N is a separable sub-Gaussian process. Hence Corollary 2.2.8 in van der Vaart
er (1996) implies that there exis i
with n > Ny,

—

! g 45 frg“ e

. : . onT
E;TIW/ < EI7nl 4, Y galfite) ~ folw)|| + K [ \/1 NG Fd)y,
L i=1 §
% - -
[(fv ff pzi 726162 f()(wz)) +K/2V" \/10gN (%n’]:rn’d) dn
L - O n
[ 1 2Vn IOgN (%nafrna || : ||OO>
~ < E foszez = fo(@))|| + K /O L dn,

where the second equahty follows from Proposition 2.2. For f,g € F;. ,

" /1 1 2]'/?
5.9) = |3 (Sreitrte) - fulw) - =eilo(e) — i)
: n 1/2
= <n26?(f($i) —g(wz‘))2>

so that the last inequality follows by noting that

Lo\ M2
d(f.g) < If —9lles (nze?) .

i=1
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We then evaluate these two terms. For the first term, for n > N7, by Cauchy-
Schwarz inequality, we have

Ee

IN

LS Gl i) - fo(wi))u U Jeill @) — folao)
=1 =1

n

12 1/2
1 1
(n Z%Z) (n > (fulms) - fo(mi))2>

i=1 =1

<V Lsup|fi@) ~ fo(@)), as
xrc

IN

By choosing f = 7., fo and using the mn theorem in-
troduced by Hornik, Stinchcombe and White (1989), we know that sup,cy | foi (i) —
fo(x;)| — 0 as n — oo. Therefore, for any ¢ > 0, there exists Na > 0, such

that for all n > N,

¢
sup | fi(x;) — folx;)| < ———.
sup () = fola)| < =g
By choosing n > N1 V Ny, we get I

Ee [ %Z&Q(f;(i”z) - fo(iBz))u < ( a.s.
=1

- e <
For the second term, we use the same bound from Theorenj 5 in Anthony

and Bartlett (2009) as we did in the proof of Lemma 3. 17—

rn(d+2)+1

8VaT T Tefra(d +2) + 1] (21;)2) "
n(1Vn—1)

(d+2)+1]

1
N ————nFr; || oo | <
(2 el )
//

= B av,n

o (d4+2)+1
) . Let

where B, v, = <2\/ o2+ le[rp(d+2) + 1)V.2/(Vy, — 4)

Brn,d,Vn - 10g Brn,d,Vn - [Tn(d + 2) + 1]
22 +1 d+2)+1]V?2
— [ra(d+2) +1] <log 0"+ lelr(d +2) + 1] )

Vo —4 sl
= [ra(d+2)+1] <log Ira(d ;:EZ I log(2\/m)>

[rn(d +2) + 1]V;2
V, —4

< 2[rp(d+2) + 1]log , for all n > N; V N3,
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where N3 is chosen to satisfy 7,(d + 2) + 1 > 2v/02 4+ 1. The last in-
equality then follows by noting that V2 — V,, +4 > 0 for all V;, so that

log Wﬁi)zlw > log 27‘/02‘217%*4) = log(2v/02 + 1). We also have

1 1
H | —===n,Fr; || oo | =10g N | —===0,Fr,., | - [l
(grmg Pl I ) =108 (g ol
~ 1
=log By, av, + [rn(d+2)+1] log;
1
< By +lrnld+2) + 117

1
< B, dv, <1 + 77> ;

and hence for all n > Ny V N3,

2V,
n 1
H'/? ( s Frns |l - oo)d
/ = Tl )
2V, 1/2
n 1
SB:,{?d,Vn/ <1+> dn
0 n
1 1 1/2 2V, 1 1/2
o[ 2) e [ (3)
A Jo n 1 Ui
1
<B, [ﬂ /0 n~2dn +V2(2V, — 1)]

< 4&357{ ?d,van

which implies that

/wn H (5740 Frs [ 1o
0

—1/2 pl/2
n d77 S 4\/5771 / BrnadaVn Vn

)

N 8\/[7"n(d +2)+ 1V IOS(Vn[rn(d +2)+1))

2
where the last part follows by noting that log VZTL 1 ~ logV,. Under the
assumption given in the Lemma, there exists Ny > 0, such that for all

n > Ny, we have

\/[rn(d +2) +1]V2log(Vy[rn(d + 2) + 1]) _¢<
n 8
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Therefore, by choosing n > N1 V Na V N3V Ny, we get

sup
fG‘FTn

§jee .ﬁ@»4]<24aa

ie. E¢ [supfefm |13 Gei(f (i) — fo(scz))u — 0 a.s.. Moreover, based
on what we have shown, for a sufficiently large n, we have

1
EZﬁiEi(f( @;) — fo(x:) |] <Vo? +1mp, fo — follot
4\/§KB:/2dv n~ 12y, — 0, as..

Since E, [\/ o2 + 1|7, fo — folleo + 4\/§KB:T{,2d,Vnn_1/2Vn} =vo?+ 1|, fo—
folloo + 4[[(31/26”/ n~1/2V, — 0 < oo, by using the Generalized Domi-
nated Convergence Theorem, we know that
1 n
E* | sup [= > ei(f(@) — fo(a:))
\D fefrn n 221

< 2EE¢ | sup
fE€EFr,

Zfzﬁz — folz:))

]—>0,

which completes th{e_m\_—w O

Based on the above lemmas, we are ready to state the theorem on the
ency of neural network sieve estimators.

AEOREM 3.1.  Under the notation given abowve, if

(3.4) [rn(d +2) + 11V,2log(Vy [ra(d + 2) + 1] = o(n), as n — oo,

then

1 = folln 2 0.

PROOF. Since Q is continuous at fo € F and Q(fy) = 0% < oo, for any
€ > 0, we have

in - = in 1 " Y — 12 > (2
g Speaze O )~ Onlo) f:IIffflanEn;(f(w’) Jo(@i))” 2 € > 0.



16 X. SHEN ET AL.

Hence, based on Lemma 2.1, Lemma 3.2 and Corollary 2.6 in White and
Wooldridge (1991), we have —

1 £ = folln = 0.
O

REMARK 3.2.  We discuss the condition (3.4) in Theorem 3.1 via some
simple examples here. If aj = O(1) for j =1,...,ry, then V;, = O(ry,) and

[rn(d + 2) + 1]V2 log(Vy [rn(d + 2) 4+ 1]) = O(r3 log 1,).

Therefore, a possible growth rate for the number of hidden units in a neural
network is r, = o ((n/ logn)l/?’). On the other hand, if we have a slow
growth rate for the number of hidden units in the neural network, such as
rn = log V,,, then we have

[rn(d + 2) + 1]Vn2 log(Vi[rn(d + 2) + 1]) = O((V;, log Vi)?).

Hence, a possible growth rate for the upper bound of the weights from the
hidden layer to the output layer is V,, = o (n1/2/10g n)
/\_/\/_\/\_’

4. Rate of Convergence. To obtain the rate of convergence for neu-
ral network sieves, we apply Theorem 3.4.1 in van der Vaart and Wellner
(1996)van der Vaart and Wellner (1996).

LemMmA 4.1, Let f} = my, fo € Fr,,. Given the above notations, for every
n and § > 8| fx — folln, we have

@ W QufD) - Qulf) S -5
S f=Filln <8, fEFr,

Proor. Note that

n

Qnf2) = Qulf) = = S (i) = o)) +0* = = 3" (Fli) — fo(wi))? — o
=1

= i=1
* 2 2
= |lfn = follz = If = follz-
In order to show the result, we first provide an upper bound for Q,(f}) —

Qn(f) in terms of ||f — fr||,. Due to the fact that || - ||, is a pseudo-norm,
the triangle inequality gives

1f = Falln < A1 = folln + 17 = folln
= If = folln = lfs = folln + 2[5 = folln-
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Therefore, we have
1f = folln = 1f7 = folla > 11 = fall = 211.f5 = folln,

so that for every [ satistying ||f — £l = 16]1f; — follz, ie., [If — filln >

A fx = folln, we have

1F = folla = 1 = folln = 1f = falln = SI1F = falla = 515 = falln = 0.
By squaring both sides, we obtain

il!f — fallz S AF = follz + 115 = Follz = 2I1F = follnll £ — folln

<|\f = follZ + I fr = follz = 201 £ — follZ
=|If = follZ =I5 = follz,

and hence
sup Qn(fn) — Qu(f) < sup £ = follz = IILf = folla
S<lf—£illn <8, fEFr, If—filln>S, fEFm

L
< s (-
IF =13 lln>5 fEFr,
< -5

O

LEMMA 4.2.  For every sufficiently large n and 6 > 8|| £ — folln, we have

5
@E* |: sup \/ﬁ[(Qn - Qn)(f;) - (Qn - Qn)(f)]+] S / \/10g N("%Frn, H . ||oo)d'f]
S<f=Flln <8, fEFr, 0

Proor. Note that

(@ - Q) = 3@ =0 = 23 i) — folar)
=1 =1

(Qn —Qn)(fn) = o 26@2 —o? == e f(@i) — fol@),

we have
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Hence, by using the similar arguments as in the proof of Lemma 3.2 and
applying Corollary 2.2.8 in van der Vaart and Wellner (1996)van der Vaart
and Wellner (1996), we have

E sup Vi l(@n — Qu)(f2) — (@u — Qu)()TF
| S<Ilf~fln <8, fEFr,

n

;ﬁ S el () — fi(@)
i=1

<E* sup
| 3<If =i In<b.fEFr,

<2E[E¢ sup
SN f=FlIn <8, fEF,

1)
< [ Vi NG 7T T)an,
where the last inequality follows since f;; € F,, for a large enough n. O

Now we are ready to apply Theorem 3.4.1 in van der Vaart and Wellner
(1996) to obtain the rate of convergence for neural network sieve estimators.

=Yg (@)~ fi(@)
i=1

THEOREM 4.1. Based on the above notations, if

i = O (min{|7m, fo — folln,mn(d +2)log(rn Va(d + 2)) /1, 7 (d + 2) log n/n})

an_fOHn =0, (max { 17, fo — follms \/Tn(d + 2) log[r, Vi (d + 2)]’ \/rn(d +n2) logn }) '

n

ProOF. Use the same bound from Theorem 14.5 in Anthony and Bartlett
(2009), we have

log N(1, Frps || - In) <log N(n, Frps || - lloo)
1 2\ Tn(d+2)+1
“log <4e[rn(d+ 2) +1] (1) )

n (Ve —1)

C,
= [rn(d+2) + 1] log %,
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e[rn (d+2)+1]V;2

V1 > e. Then from Lemma 3.8 in Mendelson

where C’Tﬂ,,d,vn =
(2003), for 6 < 1,

/ V1og N (0, Fros |- l[n)dn < [rn(d +2) +11/2/ de
V4d+m+uﬂ%vr7g?%

= ¢n(0).

Define h : § — ¢,(8)/6% = [ru(d + 2) + 1]Y/261=/log %. Since for
0<d<landl<a<2

C 1 6 C C
/ — 1/2 o —x Tn,d,Vn - Tn,d, Vi 71/2 Tn,d,Vn
R(0) = [rn(d+2) + 1] ((1 a)d log 5 26, v o log —5 )

CT'n,d,Vn _ 110 —1/2 CTnvd:Vn

_ 1/2 _ —«
[rn(d+2) + 1] (1—a)d log 5 5 5

<0,

§ + ¢, (8)/0% is decreasing on (0,00). Let p, < |7, fo — foll, - Note that

1 -
pid’n (P) = palra(d +2) + 1]1/2 10g1/2 (Pncrn,d,Vn)

=[rn(d+2)+ 1]1/2pn\/log pn + log érn,d,Vn

and
- B [ro(d+2) + 1V _ . [ra(d +2) +1]V;7
log Cy, av, =1+ log V1 S log V1
~ log[r, Vi, (d + 2)],
we have

1
2én (p) < i ra(d + 2)p2 (10g oo + loglraVa(d + 2)]) < n

Therefore, for

pr i { (m(d I ACE) ) " <<d+nz>1gn) 1/2} ’
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we have p2 ¢y, (p%) < y/n. Based on these observation, Lemma 4.1, Lemma

4.2 and Theorem 3.4.1 in van der Vaart and Wellner (1996)van der Vaart
and Wellner (1996) imply that

| fn=7r, folln = Op (max{|]7rrnf0_f0||n’\/7" (d+2) qugr Vil +2)]’\/r ( -I-;)logn})‘

By using the triangle inequality, we can further get

e — folln < 1Fn = 7o folln + 7 fo — folln
=0, <max{|]7r,«nf0 - fOHn,\/T (d+2) ogir ( +2)]’ \/7" (d+2) ogn}) '

n

O]

REMARK 4.1. Recall that a sufficient condition to ensure consistency
is T(d + 2)V.2log[r,Vyu(d + 2)] = o(n). Under such a condition, r,(d +
2) log[ry, Vi (d + 2)] < n, the rate of convergence can be simplified to

.fn = folln = Op (max{nmnfo — folln, W}) ‘

n

If we assume fy € F where F is the space of functions with finite first
absolute moments of the Fourier magnitude distributions, i.e.,

F = {f ‘RIS R: f(x) = /exp {iaTac} dps(a),

(1) gl = [ max(lals, Dalesl(@) < '},

where p1¢ is a complex measure on RZ. | 7| denotes the total variation of py,
ie., |p|(A) =supd> o2 |u(Ayn)| and the supremum is taken over all measur-
able partitions {A,}5°; of A. |la|; = Z?zl la;| for @ = [a1,...,a4)" € RY,
Theorem 3 in Makovoz (1996) shows that 6,, := || fo—7r, folln S rp /2T @D,
Therefore, if we let d fixed and p,, = 6, and V,, = V in the proof of Theorem

4.1, §,, must also satisfy the following inequality:
1 ~
P <p> S pury/ 21082 (pCr, ) SV
n
= pirnlogpn + pirnlogr, Sn
= 6.2 (=rplogd, +rylogr,) <n

1+3
= 1 ‘rylogr, Sn.
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d
One possible choice of 7, to satisfy such condition is r, < (n/logn)2+d. In
such a case, we obtain

i n \ TR
1fn = folln = Op ;

logn

which is the same rate obtained in Chen and Shen (1998). It is interesting to
note that in the case where d = 1, we have || f, — folln = O, ((n/log n)_1/3).
Such rate is close to the Op(nfl/ 3), which is the convergence rate in non-
parametric least square problems when the class of functions considered has
bounded variation in R (see Example 9.3.3 in van de Geer (2000)). As shown
in Proposition 7.3 in the Appendix, F,, is a class of functions with bounded
variation in R. Therfore, the convergence rate we obtained makes sense.

—5 Asymptotic Normality. To establish the asymptotic normality of
sieve estimator for neural network, we follow the idea in Shen (1997) and
start by calculating the Gateaux derivative of the empirical criterion function

Qn(f) = n! Zz 1(Yi (931))2’

Qg [f = fol = lim + lZ(yi — fol) — t(f(@:) — fol@))? — ~ Z — fol@:))

t=0t |n = n
= tim -5 [~ fol@)® — 200 — folwa)(F (@) — fo(w:))
i=1

+2(f (i) — fo(®i))® — (yi — fo(z:))?]

ZZEZ fO mZ))

=1

Then the remainder of first-order functional Taylor series expansion is

Rulf = fol = Qu(f) — Qn(fo) — Q, 4, [f — fol

= S £ Y S 2 Y (e ~ ffe)
i=1 =1

(/ = :ZZ(EZ+fO(wZ> .’Ez %ZG +%Z€z — fo wz))

= — Z — fo( 931))2

= ||f - fOHn'
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As will be seen in the proof of asymptotic normality, the rate of conver-
gence for the empirical process {n /237" e(f(x:) — fo(xi)) : f € Fr,}
plays an important role. Here we establish a lemma, which will be used to
find the desired rate of convergence.

LEMMA 5.1.  Let X1,..., X, be independent random variables with X; ~
P;. Define the empirical process {vn(f)} as

1 n
vn(f) = NG ;[f(Xi) - B f].

: c€>0and a > supper, nt Yo" Varlf(X;)] be
arbitrary. (Define to by H (to, Fn, || - [|oo) = §Y(M,n, o), where (M, n, o) =

(5.1) H(u, Fu, || - [loo) < Apu™",
for some 0 <1 < 2 and u € (0,a], where a is a small positive number, and

there exists a positive constant K; = K;(r,€), i = 1,2 such that

2 2—r 2y

r—2
M > K{ A2V, 220 v Ko AV 20T

we have

P* (sup lun(f)] > M) <5Sexp{—(1—e)p(M,n,a)}.

feFn

ProOOF. The proof of the lemma is similar to the proof of Corollary 2.2
in Alexander (1984) and the proof of Lemma 1 in Shen and Wong (1994).
Since H(u, Fp, | - |loo) < Apu™" for some 0 < r < 2, we have

t 1.,
I(s,t) = / HY2(u, F, | - lloo)du < 2(2 — r)"1A2¢ 73,

Based on the assumption of
_ €
AntOT Z H(to”rﬂ? H : HOO) = Zw(MaTL?a)?
1/
we have to < [44s] " Note that ¢(M,n,a) > M2/(4a) it M < 3\/na/V,

and 2(v/na+ MV, /3) <4MV, /3 if M > 3\/na/V,, and hence (M, n,a) >
3v/nM/(4V,,). In summary,

M?/(4a) if M < 3y/na/Vy,

(M, n,a) > { 3 :
VM /(4Vy,) if M > 3y/na/V,



ASYMPTOTICS FOR NEURAL NETWORKS 23

Therefore, if M > 3y/na/Vy,

28 32T ( M t0> <2022 — )T A2

64y/n
_1 1
< 2% 322 — )71 (4) i Al/r (fﬁM) ’

13 1 11
s

- 1
= K ALYV, 2paT e M2

where K; = 295_3/2(2 —r)! (%)%7% (%)%7

eM . 1_
98¢=3/2] (64f,t0> <M e KAV pima M < M
n
~ 1 1_1 5 9 1,1
& K AY VT in s < Mt
2 2—r r—
= M > K1A777;+2 n"+2n2(7'+22)’

_ 2r
where K7 = K{**. On the other hand, if M < 3y/na/V,,

M _r

M -
28¢73/21 <61\F7t0> <M & KAV M Tar2 < M
n

~ 2—r 2
& KyAY o m < M+

& M > KyAY20™ T,

2—7r 2

~ _2 r—2
where Ky = K;/Q. In conclusion, if M > KA, 7V, 2 n20+2) \/KQA}L/2Q 1,

then 28¢=3/21 (62%,750) < M. By Theorem 2.1 in Alexander (1984), we
have the desired result. O

As a Corollary to Lemma 5.1, we can show that the supremum of the
n

empirical process {n=Y23"" | e;(f(xi) — fo(=xi)) : f € Fp,} converges to 0
in probability.
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COROLLARY 5.5—Tet p, sofisfy pullfn — folln
class of neuralmetwork sieves ds defined in (1.2). Suppose that E[|e|>+?]

= op(1).

sup
If=folln<pn . fEFry

\/lﬁ S 6l — fo) ()
=1

ProoF. To establish the desired resulf, we apply the truncation device.

P* ( sup
If—folln<pn'.fEFr,

<p* ( sup
If=folln<pn,fEFr,

+ P* ( sup
If=folln<pn'.fEFr,

(feq <(/m

>M> (L —

)
)

1 n
7 Z €ilfje; >y (f — fo)(x:)

=1 (\//\
For (I), we can apply Lemma 5.1 directly. Note that [el¢<v, }(f — fo)(x)] <
Voo (Vi + || folloo) < V22 since || folloo < 00 and for 0 < n < 1,

n(d+2)+1
defrn(d+2) + 1] (1V;,)
log N(n, Fr,.; || - loc) < log (
n (V= 1)

fzel f fO CC@)

=1C

\/15 Z €ilfje;1<v,y (f = fo) (i)
=1

=)+ (II)

1
= [rp(d+2) (log rnd, Vi, + 108 — >

< [rn(d+2) + 1] (1 gCrden—F—l)

|
~

Tn,d Vn (1 +

1
<2C,, av,—
77
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2
where C,._ 4 Vi = Wj—iigl]v" and

r
7 n

Crp vy = [rn(d+2) +1]log Cr,, av;, — [ra(d +2) +1]
[ro(d +2) + 1]V,
V,—4
~ rp(d + 2)log[r,V,(d + 2)].
Therefore, equation (5.1) is satisfied with » = 1 and A,, = 2C,,, 4, . Fol-
lowing from Lemma 5.1, for M 2> 02/3 Vi 3n-1/6y 01/2

o Vn AV 041/4, we haie —
(I) <5exp{—(1 —6)1/’(M n,a)} and’ﬁence v % / f (C /
/

€il{le;1<vy (f — fo)(z:)

2/3 2/3
1 —0 Cn{,d,VnV"/ T —
<V T — v nl/6 ; —
c —

= [rn(d+2) + 1] log

sup
Il f=foll<pn',fEFr

7

Since by using (C1),

Vil r(d + 2)Vi loglraVa(d + 2)] 73
nl/6 ~ nl/4 = 0p(1).

>
For (II), by using the Cauchy-Schwarz inequality, we hawi

1/2
- ( Ze H{|51>Vn}) ”f_fOHn

Then it follows from the Markov inequality that

‘ Zﬁzﬂ{\e,pvn (f = fo)(=:)

n

(II) = P* < sup %Zeiﬂ{\eian}(f — fo)(x:)

Il f=folln<pn',fE€Fr

<P (izn:ﬁgﬂﬂeibvn})ln ppt 2 Mn~? GOL cf (t N ==/t ()
i=1 /

Z Mnl/Z)

=1 —_——

1< _
=P (n ngﬂ{mbvn} Z M*n 1[%

< M 2np, ?E[e? [ |>Vn
[le[**Y]

VA ol ) q ([ ( /\(;O'—i(‘)

n
Based on conditi@ we have (I1) — 0, and

61]1{\61|>Vn (f = fo)(=mi)| =

=1

sup
||f—fo||n§p;1,fefm

= op(1).
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Combining the results we obtained above, we get

1 n
sup ﬁ ZZ; &i(f — fo)(xi)| = 0p(1)

Il f=folln<pn',fE€Fr

O]

REMARK 5.1.  Condition (C2) can be further simplified using the results
from Theorem 4.1. If

= O (mind||mr, fo — foll2, ra(d + 2)10g(raVa(d +2)) /. ra(d + 2) log n/n}) |
then

Pt = max {Hﬂ'rnf() — follns V/rn(d + 2) log[r, Vi (d + 2)] /1, /7 (d + 2) log n/n} .

It follows from condition (C1) that

ool = max{Hmnfo — follns V/7n(d +2) 10gn/n} .

For simplicity, we assume that p,* < /rn(d + 2)logn/n, which holds for
functions having finite first absolute moments of the Fourier magnitude dis-
tributions as discussed at the end of section 4.4. Then in this case,

npy? Vit = ru(d +2) logn/ V),
so that condition (C2) becomes r,,(d + 2)logn/V,} — 0.

Now we are going to establish the asymptotic normality for neural network
estimators. For f € {f € F., : |If — folln < p,'}, we consider a local
alternative

(5'2) fn(f) = (1 - 5n)f + 5n(f0 + L)7

where 0 < ¢, = 77,11/2 = o(n~Y?) is chosen such that p,d, = o(1) and
x) = 1.

THEOREM 5.1 (Asymptotic Normality). Suppose that 0 < 0, = o(n™1)
and conditions (C1) and (C2) in Corollary 5.1 hold. We further assume that
the following two conditions hold

(C3) SUP e 7, il f—folln<pn* ||7rrnfn(f) - fn(f)”n = Op(pnégz);
(C4) SUP re 7, |l f—folln<pn* %Z?:1 € <7Trnfn(f)(mz) - fn(f)(ml)> = 0p(57),
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then

3 [t~ sule)] S N0,
=1

Before we proceed to the proof of the theorem, let us focus on the condi-
tions given in the theorem. Note that if (C1) holds, we have

ro(d + 2)V;2 log[r, Vo (d + 2)] < [ra(d + 2)]'V;; (log[r Vo (d + 2)])4 = o(n),

so it is a sufficient condition to ensure the consistency of the neural net-
work sieve estimator. As in Remark 3.2, we consider some simple scenarios
here. If V;, = O(ry,), then r,(d + 2)V;, logr, Vi (d + 2)] = O (r2logry) so
that a possible growth rate for r, is r, = o (n1/8/(10g n)?). On the other
hand, if r, = logV;,, then ry(d + 2)V;, log[r, Va(d + 2)] = O (Vi (log V7,)?)
and a possible growth rate for V, is V,, = o(n'/*/(logn)?). Thus, in both
cases, the growth rate required for the asymptotic normality of neural net-
work sieve estimator is slower than the growth rate required for the consis-
tency as given in Remark 3.2. One explanation is that due to the Universal
Approximation Theorem, a neural network with one hidden layer can ap-
proximate a continuous function on compact support arbitrarily well if the
number of hidden units is sufficiently large. Therefore, if the number of hid-
den units is too large, the neural network sieve estimator fn may be very
close to the best projector of the true function fy in F,,, so that the error
Yoy { fulm;) — fo(wi)} could be close to zero, resulting a small variation.
By allowing slower growth rate of the number of hidden units can increase
the variations of » " [ fn (x;) — fo(mi)}, which makes the asymptotic nor-
mality more reasonable. On the other hand, condition (C3) and condition
(C4) are similar conditions as in Shen (1997), which are known for conditions
on approximation error. These conditions indicate that the approximation
rate of a single layer neural network cannot be too slow, otherwise it may
require a huge number of samples to reach the desired approximation error.

Therefore, the conditions in the theorem can be considered as a trade-off
between bias and variance.

PROOF OF THEOREM 5.1. The main idea of the proof is to use the func-
tional Taylor series expansion for Q,,(f) and then carefully bound each term
in the expansion. For any f € {f € F., : || — folln < p '},

Qn(f) = Qn(fo) +Q, fo[f — fol + Rulf — fol

(5.3) —Ze—fzez — folas) %z F@) — fol@i))2
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Note that

1Fa(f) = folln = 11 = 8n) fo + 8u(fo + ) = folln
= |(1 = 0n)(fn = fo) + bntlln
< (1 - 5n)||fn - fOHn + 5n7
and since 8, = o(n~'/?), we can know that with probability tending to 1,

1 fn(F)=folln < p;t. Then replacing f in (5.3) by fn and m,, fr(f) as defined
in (5.2), we get

ZE - *Zﬁz fn mz fO ml)) + ||fn - fOHi

Qulmr, fal1)) = %Z & =23 almn fal) @) — fol@)) + e, ) = Foll2.
i=1 =1

Subtracting these two equations yields

QulF) = Qulmr, Fal) %Z (T Fa (@)~ Fal@)) + 1= foll2 — Il () — foll2.

Now note that

I FaF) = follo = W Ja(F) = FalF) + FulF) = ol
= 17, Ju(F) = Falf) + (1= 8w fu 4 8u(fo 4 0) = ol
= [0, fu(F) = FalF) + (1= 62) (fu = fo) + Suell
= (71, Falf) = FalF) + (L= 0)(fu = fo) + bt

T Fa(F) = FalF) + (1= 8) (fu = fo) + But)
= e Fall) = Fa(DIR + (U= 8% o = foll2 + 7

+2(1 = 80) (T, JulF) = FalD)s f = o)

o+ 26 (70, falf) = JalF) 1)

+2(1 = 6.)0 (fo = for 1)
< (U= 8% = foll2 + 200 = 60) (Fu = fo. ) +

+2(1 - 5n)~||7frnfn(f) — Fa(O)lInll fn = folln
+ 260|707, fu(f) = Fr(O)lln + ll7r, fu(f) — fn(f)”?w
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where the last inequality follows from the Cauchy-Schwarz inequality. Since

25t (mrn @) — Fu)) = 2 i (7o, Fal 7)) = FolF) @) + Fal F) (@) — Ful)
i=1 =

=25 (mra D)) — Fal ) (@)
=1
— %% En: € (fn(:l:z) - fo(fBz')) - %‘571 En: €is
i=1 =1

by the definition of fn, we have

< Qn(”rnfnwc)) - @n(fn>
= FaF) = Foll = o = Joll = = i (s ) ) — Fu(a))

i=1
< (1= 8021 fa = foll2 = 1 fu = foll2 +2(1 = 803w {for = fo1)
+2(1 = 0) 1 = follallmr, Falf) = Fal Dl
+ 25n||77rnfn(f) - fn(f)Hn + ||7Trnfn(f) - ]?n(f)ng

- izn:@ (Frn FalD @) = Jal ) (@) + %% Zn: i (ful@:) — folw:)
=1 i=1

R )
+ ~0n Z; €+ 0,(62)

= (=200 + &) llfn = foll7
201 = 60)0n { fo = for 1) + 200 = 8)lL fu = Jollallr, FalF) = Fa(F)lln
+ 25n‘|77rnfn(f) - fn(f)Hn + ”Wrnfn(f) - J?n(f)H%

25 (rn D) — FD@) + 26,3 (e — foe)
=1 i=1

2.« 2
+ ~0n Z; ei + Op(67)

< 020 fu = foll2 4201 = 82)8n (fo = for 1) + 200 = )l fa = follallr, FalF) = FalF)ln
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(5.4)

2 n
—OUn 7 0627
+n5 ;eJr 1 (62)

where the last inequality follows by noting that (1—§,)%2—1 = —26,+62 < 62.
From the condition (C1), we can get

[rn(d 4+ 2) + 1]V21log[r, Vi (d + 2) + 1]
< ([rn(d + 2) + 1]V, log[r, Vi (d + 2) + 1])* = o(n).

Combining with Theorem 3.1, we obtain that || f,, — foll, = op(1) and hence
82| fn — foll2 = 0,(62). From condition (C3), we have

2(1 = 6u)|.fn = follnllmr, fo(F) = Fa(Dlln < 20 = Sollnllmr, fu(f) = FalF)ln
= O, (07 0u2) = 0,(82).

Similarly, since p,d, = o(1), we have
25n|‘7rrnfn(f) - fn(f)Hn = Op(dn - Pn(s?zz) = Op(‘sgz)
7 fo(F) = Fa( )17 = Op(pa0n) = 0p(67)-
Based on condition (C4), we know that
2 — . -
=3 e (7 Falf) = FalD) = 04(82),
i=1
and from Corollary 5.1, we also have
2. < s _
00> ¢ (Fal@i) = fo(@)) = 0p(60 - 0712,
i=1
It follows from these observations that

. 20, — _
(1 - 4,) <fn — fo, 5nL> + Y6 S Op(82) + 0,(87) + 06 - 2),

i=1

which implies that

—(1—10p) <fn — fo, L> + %Zez < Op(6n) + 0p(n"V2) = 0,(n71/?).
i=1
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By replacing ¢ with —¢, we can obtain the same result and hence

‘<fn_f07b>_71li€i (1_5n)<fn_f07b>_71li€i

1= =1

< + o

(o)

< Op(nil/Q) + 5n||fn — folln

Therefore,
; 1 Zn . ~1/2
<fn f07L> T £ €z+0p(n )7

and the desired result follows from the classical Central Limit Theorem. O

Theorem 5.1 can be used directly for hypothesis testing of neural network
with one hidden layer if we know the variance of the random error 2. In
practice, this is rarely the case. To perform hypothesis testing when o? is
unknown, it is natural to find a good estimator of o2 and use a “plug-in”

test statistic. A natural estimator for o2 is

A=23 (= ie) =0 (7).

=1

We then need to establish the asymptotic normality for the statistic 6n1\/ﬁ S [ fn(azl) — fo(a:i)] .

THEOREM 5.2 (Asymptotic Normality for Plug-in Statistic). Suppose
that fo € C(X), where X C R? is a compact set and 0 < n, = o (n7}).
Then under the conditions as stated in Theorem 5.1, we have

%Zﬂﬁm%mwﬂﬁN@u
=1

On

Proor. Note that

n

ﬁ=@mm=;fxw—Mmf=12XﬁmHﬂ—ﬁm®2
(

=1

() — fo(ﬂﬂi))2 - %Zez (fn(iﬂi) - fo(wi)) + %Zﬁf
=1 =1 =1
225 e (falws) — folen) + 11— ol
i=1 =1

Eﬂ:
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Based on the rate of convergence of fn we obtained in Theorem 4.1 and
condition (C1), we know that

fo” =0 (maX{llmnfo foll2, T‘n(‘”?)k’g”}).

n

Under (C3), |7, fo — foll2 = 0 (p2d2) = o(n~?) and under (C1), we have

1/4
(rn(d+ 2) logn> <o (n logn>
n n
logn _
=0 <n3/4> =o(n~'/?),

fOH = 0p n~Y 2). Moreover, by the same argu-

which implies that ’

ments as in the proof of Theorem D. 1 we can show that
2 o A _
=3 (Ful@i) = fol@i) = 0pln 2.
i=1
Therefore,
l i 2 —1/2)
n £ ’

Based on the Weak Law of Large Numbers, we know that L Ly e =
02 + 0p(1). Therefore,

67 = Qu(fn) = 0% + 0p(1),

and it follows from the Slutsky’s Theorem and Theorem 5.1, we obtain

5n1\/ﬁ§; [fn(wz) — fo(x;) } = 5 afz [fn x;) — fo :cz)} i>/\/(O, 1).

O

6. Simulation Studies. In this section, simulations were conducted to
check the validity of the theoretical results obtained in the previous sections.
We first used a simple simulation to show that it is hard for the parameter
estimators in a neural network with one hidden layer to reach parametric
consistency. Then the consistency of the neural network sieve estimators
was examined under various simulation scenarios. Finally, we evaluated the
asymptotic normality of the neural network sieve estimators.
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6.1. Parameter Inconsistency. As mentioned in the introduction, due to
the loss of identifiability of the parameters, the parameter estimators ob-
tained from a neural network model are unlikely to be consistent. In this
simulation, we use empirical results to confirm such observations. We simu-
lated the response through the following model:

(61) yi:fg(xi)—l—ei, 1=1,...,n,

where the total sample size n = 500, z1,...,z, ~ 1.1.dN(0,1), €1,..., €, ~
ii.d.N(0,0.1%). The true model is a single-layer neural network with two
hidden units.

(6.2) folxi))==14+02x;+1) —o(—x; + 1),

When we conducted the simulation, we fitted the simulated data with a
single-layer neural network to fit the data by setting the learning rate as
0.1 and performing 3e4 iterations for the back propagation. The cost after
3ed iterations is 0.0106. Table 1 summarizes the estimated values of the
parameters in this model.

Table 1: Comparison of the true parameters and the estimated parameters in a
single-layer neural network with 2 hidden units.

Weight Bi
Estimated Values clgs 14568
Y1 Y2 aq Q2 70,1 70,2 Qp
True Value 2.00 -1.00 1.00 -1.00 1.00 1.00 -1.00
Estimated Value 0.82 1.30 -0.34 -0.58 -0.03 -0.03 -1.04

Based on the results in Table 1, it is clear that the estimators for most of
the weights and biases (except ag) are far from reaching consistency. On the
other hand, if we look at the curve of the true function and the curve of the
fitted function as shown in Figure 1, we can see that most parts are fitted
extremely well except for the tail parts. The approximation error || f— folln
is almost zero as shown in the Figure. This suggests that we should study
the asymptotic properties of the estimated function instead of the estimated
parameters in the neural network.

6.2. Consistency for Neural Network Sieve Estimators. In this simula-
tion, we are going to check the consistency result from Section 3 and the
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HiddenUnits = 2, Sample = 500, Err =0

E— Truth

s Fitted

-1.2

1.4

-1.6

-1.8

-2.0
|

Fig 1: Comparison of the true function and the fitted function under the
simulation model (6.1). The black curve is the true function defined in
(6.2) and the blue dashed curve is the fitted curve obtained after fit-
ting the neural network model. “Err” stands for the sqaure of empirical
{y distance between the esimated function and the true function, that is

Err = (1n) S [uw) = fown)] -
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validity of the assumption made in Theorem 3.1. Based on our construc-
tion of the neural network sieve estimators, in each sieve space F;,, there
is a constraint on the ¢; norm for a: > ." || < V4. So finding the nearly
optimal function in F,. for Q,(f) is in fact a constrained optimization prob-
lem. A classical way to conduct this optimization is through introducing a
Lagrange multiplier for each constraint. Nevertheless, it is usually hard to
find an explicit connection between the Lagrange multiplier and the upper
bound in the inequality constraint. Instead, we use the subgradient method
as discussed in section 7 in Boyd and Mutapcic (2008). The basic idea is to

update the parameter oy, ..., a,, through
agkﬂ) = agk) — 5kg(k), 1=0,...,7n

where ;> 0 is a step size and Jy, is chosen to be 0.1/log(e + k) throughout
the simulation, which is known as a nonsummable diminishing step size rule.
g™ is a subgradient of the objective or the constraint function Z;‘io laj| = Vi

at a®). More specifically, we take

, ¢ { Do Qu(f)  if Y lay| <V
Ot D5 |1 D0 ey > Vi

The updating equations of ~vq,...7,,,7%0,1;---,%,r, Temains the same as
those in the classical gradient descent algorithm.

We still used equation (6.1) to simulate response, but assumed that the
random error ey, ..., e, are i.i.d. N'(0,0.7%). For the true function fo(z), we
considered the following three functions:

(1) A neural network with a single hidden layer and 2 hidden units, which
is the same as in equation (6.2).
(2) A trigonometric function:

(6.3) fo(x) = sin (gx) + %cos (%x + 1)

(3) A continuous function having a non-differential point
-2z ifx <0
Va(z—3) ifz>0

We then trained a neural network using the subgradient method mentioned
above and set the number of iterations used for fitting as 20,000. We chose
the growth rate on the number of hidden units r, = n'/4 and the upper
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bound for ¢; norm of the weights and bias from the hidden layer to the
output layer V,, = 10n*/4. Such choice satisfies the condition mentioned in
Remark 3.2 and hence satisfies the condition in Theorem 3.1. We compared
the errors ||f, — fol|2 and the least square errors Q,(f,) under different
sample sizes. The results are summarized in Table 2.

TABLE 2
Comparison of errors ||fn — foll2 and the least square errors Qn(fn) after 20,000
iterations under different sample sizes.

. Neural Network Sine Piecewise Continuous
Sample Sizes A - - - N e
50 3.33E-2 0.519 6.04E-2 0.513 6.20E-1 1.124
100 2.79E-2 0.552 3.04E-2 0.587 3.20E-1 0.920
200 6.05E-3 0.500 1.05E-2 0.501 2.51E-1 0.786
500 8.15E-3 0.484 1.19E-2 0.499 3.26E-1 0.769
1000 3.02E-3 0.475 1.54E-2 0.480 2.98E-2 0.489
2000 2.88E-3 0.500 9.72E-3 0.506 1.69E-2 0.515

As we can see from Table 2, the errors || f, — fo||2 overall has a decreasing
pattern as the sample size increases. There are some cases where the error
becomes a little bit larger when the sample sizes increases (e.g. the errors
using 500 samples in all scenarios is larger than those errors using 200 sam-
ple). One explanation is that the number of hidden units increase from 3 (for
200 samples) to 4 (for 500 samples) under our simulation setup, which adds
variation to the estimation performance. Overall, the table shows that the es-
timated function f, is indeed consistent in the sense that || f, — folln = o,(1).
Figure 2 plots the fitted functions and the true function, from which we can

straightforwardly visualize the result more and draw the conclusions.

6.3. Asymptotic Normality for Neural Network Sieve Estimators. The
last part of the simulation focuses on the asymptotic normality derived in
Theorem 5.1. We still considered the same types of true functions as de-
scribed in section 6.2 but sampled the random errors from the standard nor-
mal distribution. In this simulation, we still used the subgradient method
to obtain the fitted model. The number of iterations used for fitting was
set at 20,000. What is different from section 6.2 is the growth rates for r,
and V,, set in this simulation. As mentioned in section 5, the growth rates
required for asymptotic normality are slower than those required for consis-
tency. Therefore, we chose 7, = n'/8 and V,, = 10n'/1°. Such choice satisfies
the condition (C1) in Theorem 5.1. In order to get the normal Q-Q plot for
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True Function vs Fitted Functions

—  Tum

100

rrrrr 200

True Function vs Fitted Functions

—  Tum

100
rrrrr 200
500

T T T T T
2 -1 o 1 2

True Function vs Fitted Functions

500

,,,,, 1000

2000

Fig 2: Comparison of the true function and the fitted function for three
different types of non-linear functions. The top panel shows the scenario
when the true function is a single layer neural network; the middle panel
shows the scenario when the true function is a sine function, and the bottom
panel shows the scenario when the true function is a continuous function
having a non-differentiable point. As we can see from all the cases, the
fitted curve becomes closer to the truth as the sample size increases.
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n"l/23n [fn(mz) - fg(.’.l?i)} , we repeated the simulation 200 times.
Figure 3 to Figure 5 are the normal Q-Q plots under different nonlinear
functions and various sample sizes. From the figures, we found that the

statistic n=1/2 3" [fn(mz) - fo(mi)] fit the normal distribution pretty well
under all simulation scenarios. It is also worth to note that the Q-Q plots
looks similar under all simulation scenarios. This is what we would expect

since the limiting distribution for the statistic n=1/2 37" | [fn(:cl) - fo(:ci)}
is N(0,1) under all scenarios. Another implication we can obtain from the
Q-Q plots is that the statistic n=1/2 37" [fn(:cz) — fo(:ci)} is robust to the
choice of fj. Therefore, as long as the true function fy is continuous, N'(0,1)
is a good asymptotic distribution for n=1/2 Yo [ fn(ml) - fo(mi)}, which
facilitates hypothesis testing.

Sample Size = 50 Sample Size = 100 Sample Size = 200

Sample Quantiles

Sample Quantiles
1

Sample Quantiles

T T T T T T T T T T T T T T T

3 2 -1 0 1 2 3 3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles
Sample Size = 300 Sample Size = 400 Sample Size = 500
- o
~ o0 «
o o
2 7 2 2 -
K] 8 - $
z z z
g ] ]
<} <} <}
e ° 2 2 °
| 2 o 3
£ £ £
s 5 5
2] ] 2]
o
B rd '
o o
T T T T T
3 2 1 0 1 2 3 3

Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

Fig 3: Normal Q-Q plot for n= /23" | fu(z;) — fo(wi)} various sample
sizes. The true function fy is a single-layer neural network with 2 hidden
units as defined in (6.2).
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Sample Size = 50

Sample Size = 100
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Sample Size =200
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. .
~ 4
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<} <} <}
2 o4 2 Ky
3 3 3
€ E €
H H 5
] 2] @
*
o 4
. .
T T T T T T T T T T T T T T T
3 2 -1 0 1 2 3 3 2 1 0 1 2 3 2 -1 0 1 2 3
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Fig 4: Normal Q-Q plot for n~1/2 Dy fn(mz) — fo(mi)} various sample
sizes. The true function fj is a trigonometric function as defined in (6.3).
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Sample Size = 100

Sample Size =200

Sample Quantiles

Sample Quantiles

Sample Quantiles

Theoretical Quantiles

Sample Size = 300

T T T T
-1 0 1 2 3

Theoretical Quantiles

Sample Size = 400

T T T T
-1 0 1 2 3

Theoretical Quantiles

Sample Size = 500

Sample Quantiles

Sample Quantiles

Sample Quantiles

Theoretical Quantiles

Theoretical Quantiles

Theoretical Quantiles

Fig 5: Normal Q-Q plot for n=1/2 > fn(wz) — fo(mi)} various sample
sizes. The true function fj is a continuous function having a non-differential

point as defined in (6.4).
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Besides the Q-Q plots, we also conducted the normality tests to check
whether n=1/2 3" | [ Fol;) — fo(a:i)} follows the standard normal distri-
bution. Specifically, we used the Shapiro-Wilks test and the Kolmogorov-

Smirnov test to perform the normality test. Table 3 summarizes the p-values
for both normality tests. As we observed from Table 3, in all cases, we failed

to reject that n=1/237 [fn(wz) — fo (wz)} follows the standard normal dis-
tribution.

TABLE 3
Summary of results from the Shapiro- Wilks test and the Kolmogorov-Smirnov test. We
use “NN”, “TRI” and “ND” to denote a neural network described in (6.2), a
trigonometric function described in (6.3) and a continuous function having a
non-differential point described in (6.4), respectively.

. Shapiro-Wilks Test Kolmogorov-Smirnov Test
Sample Sizes

NN TRI ND NN TRI ND
50 0.878 0.884 0.881 0.584  0.597 0.595
100 0.098 0.095 0.095 0.472  0.508 0.484
200 0.940 0.944 0.944 0.731 0.719 0.708
300 0.884 0.888 0.872 0.976  0.986 0.973
400 0.514 0.525 0.513 0.670 0.754 0.708
500 0.768 0.778 0.768 0.733  0.769 0.733

7. Discussion. We have investigated the asymptotic properties, includ-
ing the consistency, rate of convergence, and asymptotic normality for neural
network sieve estimators with one hidden layer. While in practice, the num-
ber of hidden unites is often chosen ad hoc, it is important to note that
the conditions in the theorems provide theoretical guidelines on choosing
the number of hidden units for a neural network with one hidden layer to
achieve the desired statistical properties. The validity of the conditions made
in the theorems has also been checked through simulation results. Theorem
5.1 and Theorem 5.2 can be served as preliminary work for conducting hy-
pothesis testing on Hy : fo = hg for a fixed function hg. However, there is
currently no simple way to check conditions (C3) and (C4) in the theorem,
which requires further researches on local entropy numbers for classes of
neural networks.

The work conducted in this paper mainly focuses on sieve estimators based
on neural networks with one hidden layer and standard sigmoid activation
function. The work presented in this paper can be extended in several ways.
The main theorems in this paper depend heavily on the covering number
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or the entropy number of the function class consisting of neural network
with one hidden layer. Theorem 14.5 in Anthony and Bartlett (2009) pro-
vides a general upper bound for the covering number of a function class
consisting of deep neural networks with Lipshitz continuous activation func-
tions. Therefore, it is possible to extend our results discussed in this paper
to a deep neural network with Lipshitz continuous activation functions. It
is also worthwhile to investigate asymptotic properties of other commonly
used deep learning models such as convolutional neural networks (CNNs)
and recurrent neural networks (RNNs).

When we train a deep neural network, we usually need to face an overfit-
ting issue. In practice, regularization is frequently used to reduce overfitting.
Another natural extension of the work discussed in this paper is to modify
the loss function by involving some regularization terms. By taking regu-
larization into account, we believe the theories could have a much broader
application in real world scenarios.
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Appendix. In this appendix, we are going to explore some basic prop-
erties of the parameter space (F, || - ||) discussed in the main text.

PROPOSITION 7.1.  The space (F,| - ||n) is a pseudo-normed space.

PROOF. Note that || f]l, = (20, f2(x:)"”.

n
(i) Based on the definition of || - ||,, it is clear that || f||, > 0, for any
ferF.
(ii) For any A € R and f € F,

n 1/2
1
1271l = <nZA2f2<mi>) = ISl
=1
(iii) For any f,g € F,

n 1/2 n
1f +glln = <711 (f(wi)+9(wz‘))2> = ( <1f($z‘) +\/159(wi

i=1

S @ (@ (xi>>2>1/2+ (: <1ng<wz->)2> :

= [[flln +1lglln,
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where we applied the triangle inequality to the classical Euclidean
norm.

Therefore, we showed that (F,| - ||.) is a pseudo-normed space. O

PropoOsSITION 7.2. There is an pseudo-inner product on F such that
|£1I? = (f, f) for any f € F. Moreover, the pseudo-inner product is given
by

(f.0) = -3 flaglws), VfgeF
=1

Proor. Based on the theorem attributed to Fréchet, von Neumann and
Jordan (see for example, Proposition 14.1.2 in Blanchard and Briining (2015)),
to show the existence of the inner product, it suffices to check the parallel-
ogram law of the pseudo-norm and the corresponding pseudo-inner product
can be obtained via the polarization identity. To check to validity of the
parallelogram law, we note that for any f,g € F,

15+ 9l 17 = 9l = 57 (o) + o) + - > (F(a) — gl
i=1 i=1
= S P+ oY fwgle) + > o)
=1 =1 =1

FN P -2 S flagte) + > 6 (@)
=1 i i

2 - 2 2 = 2
Zﬁzf (mi)+EZg €
=1 =1

=2 f]1% + 2llg]17-

Hence, the parallelogram law is satisfied based on the pseudo-norm, and the
pseudo-inner product does exist. By using the polarization identity, for any
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f,9 € F, we have

(o9 =5 (17 +ol2 ~ 11— oll2)
11, 2 & 1 1~ o
-3 (n S P @)+ Y fadg(@) + - > @) = - Y A=)
=1 =1 i=1 i=1
+2 3 Fwg() - f(aa))
i=1 i=1
= )" fegle)
i=1
O
Let

QZ{g:R%R,/‘g'(z)‘dZSM}

be the class of functions of bounded variation in R (see Example 9.3.3 in

van de Geer (2000)). The following proposition shows that F,, C G for a
fixed n.

PROPOSITION 7.3. For a fixed n, F,, CG.
Proor. For any f € F,, , we have

Tn
f(@) = a0+ ajo (vir +70;)
=1

so that

Fl(@) =" ayo (e +70,) [1— o (5@ +70,4)] -
j=1

Without loss of generality, we assume that v; # 0 for j = 1,...,7,. Note
that

[15@ias = [ 13- o (5o + 0 1 =0 (e +20,)] da
j=1

Tn
<3 oyl / o (v 4+ 70)[1 — o(r52 +0,)lde
j=1

-l
<Y g =E [ o (uy)(1 = o (uy))duy,
j=1 "
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where in the last inequality, we let u; = vy;x+79, ;. Clearly, |v;|/v; = sign(y;).
Moreover, since

/J(m)(l ~ o(2))dz = /szzpdx
1

= / mdu (by letting u = )
0

=—(1 —i—u)flroxj
=1,

for a fixed n, we have

/ F@)de <3 Jaglsign(y) < 3 lag] < Vi

=1 =1
Therefore, f € G and the desired result follows. O
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