RADEMACHER PROCESSES AND BOUNDING THE
RISK OF FUNCTION LEARNING

V. KOLTCHINSKII AND D. PANCHENKO

ABSTRACT. We construct data dependent upper bounds on the risk in func-
tion learning problems. The bounds are based on the local norms of the
Rademacher process indexed by the underlying function class and they do not
require prior knowledge about the distribution of training examples or any
specific properties of the function class. Using Talagrand’s type concentration
inequalities for empirical and Rademacher processes, we show that the bounds
hold with high probability that decreases exponentially fast when the sample
size grows. In typical situations that are frequently encountered in the theory
of function learning, the bounds give nearly optimal rate of convergence of the
risk to zero.

1. LocAL RADEMACHER NORMS AND BOUNDS ON THE RISK: MAIN RESULTS

Let (S, A) be a measurable space and let F be a class of A-measurable functions
from S into [0, 1]. Denote P(S) the set of all probability measures on (S,.A). Let
fo € F be an unknown target function. Given a probability measure P € P(S5)
(also unknown), let (Xi,...,X,) be an i.i.d. sample in (S,.4) with common distri-
bution P (defined on a probability space (2, X,P)). In computer learning theory,
the problem of estimating fp, based on the labeled sample (X1,Y1),..., (X, ),
where Y; = fo(X;), j = 1,...,n, is referred to as function learning problem.
The so called concept learning is a special case of function learning. In this case,
F = {Ic : C € C}, where C C A is called a class of concepts (see Vapnik
(1998), Vidyasagar (1996), Devroye, Gyorfi and Lugosi (1996) for the account on
statistical learning theory). The goal of function learning is to find an estimate
fr = fu((X1,Y1),...,(X,,Yy)) of the unknown target function such that the L;-
distance between fn and fy becomes small with high probability as soon as the
sample size becomes large enough. The L;-distance P| fn — fol is often called the
risk (also the generalization, or prediction error) of the estimate fn A class Fis
called probably approzimately correctly (PAC) learnable iff for all € > 0

mn(F;€) ;= sup sup ]P’{P|fn —fol >e} = 0asn — .
PeP(S) foEF
The bounds on the probability m,(F;e) are of importance in the theory. Such
bounds allow one to determine the quantity

Nrx(e; 6) = inf{n : m,(F;e) < d},

which is called the sample complexity of learning. Unfortunately, a bound that is

uniform in the class of all distributions P(S) is not necessarily tight for a particular

distribution P and often such a bound does not provide a reasonable estimate of
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2 Rademacher processes and function learning

the minimal sample size needed to achieve certain accuracy of learning in the case
of a particular P.

A natural approach to the function learning problem (in the case when fy € F)
is to find f, € F such that fn(Xj) =Y, for all j = 1,...,n. In learning theory,
such an estimate f, is called consistent (this notion should not be confused with
consistency in statistical sense).

We construct below a data dependent bound on the risk of a consistent estimate
fn. More precisely, given § > 0, we define a quantity

Bu(F:8) = Bu(F; 65 (X1, 1), -, (X, V)
such that for any consistent estimate fn

(11) sup sup P{P|fu — fol > Bu(F;6)} < 6.

PeP(S) fo€EF
We’ll consider below a couple of important examples in which the bound we suggest
gives nearly optimal rate of convergence of the risk to 0 as the sample size tends to
infinity.

To simplify the notations, we assume without loss of generality that fo = 0
(otherwise, one can consider instead of F the class of functions {|f — fo| : f € F};
note that the values of the functions from this class are known on the sample
(X1,...,Xn)). We also assume for simplicity that Fis a countable class of functions.
This condition can be easily replaced by standard measurability assumptions known
in the theory of empirical processes (see, e.g., [4] or [13]; we do not make countability
assumption in some of the examples below). Estimates fn are supposed to be
¥ x A-measurable. We denote by P,, the empirical measure based on the sample
(Xla"'JXn) :

n
[ |
Pn =n E 5XJ-;
j=1

where 0, is the probability measure concentrated at the point © € S. We also use
the notation || - ||z for the sup-norm of functions from the class F into R :

1Y[] := sup [Y'(f)].
feF

Our approach is based on the following simple idea. Denote B(r) := {f : P|f| <
r} and set ry = 1. It’s clear that for any consistent estimate f, P,f, = 0 and,

hence,
Pfo < Pufu+||Pu = Pllz = ||Pu = Pllz = [|Pa = Pllzapey) = 11

Therefore, f, € F(B(r?). It means that actually
Pfu < Pufu+|1Pu = Pllsng,y = 1Pa = Pllizns,, -

We can repeat this recursive procedure infinitely many times. Namely, if !, | :=

P, — P||;QB(T£L), then, by induction, an < rg for any natural k. It is also clear
that the sequence {r?} is nonincreasing Indeed, by a simple induction argument,
we have that r <rp , implies that

Tg-t-l =||Pn — P||me(r;;) <||P, - P”]—‘ﬂB(r,’;il) =Tk

Thus, the following proposition holds.



V. Koltchinskii and D. Panchenko 3

Proposition 1. The sequence {rj}r>1 is nonincreasing and for any consistent

estimate f, Pf, <infy>o7).

The sequence {r}}r>1 depends not only on the data; it also depends explicitly
on the unknown distribution P, so it can not be used for the purposes of bounding
the risk. However, there is a simple bootstrap type approach that allows one to get
around this difficulty.

The Rademacher process indexed by the function class F is defined as

1
R, = E;Ei(qu
i—

where {¢;} is a Rademacher sequence (an i.i.d. sequence of random variables taking
the values +1 and —1 with probability 1/2 each) independent of {X;}. It has been
used for a long time to obtain the bounds on the sup-norm of the empirical process
indexed by functions (in the so called symmetrization inequalities, see [13]). Re-
cently, Koltchinskii [6] (see also [7]) suggested to use | Ry,||# as data-based measure
of the accuracy of empirical approximation ||P,, — P||# in learning problems and de-
veloped a version of structural risk minimization in which the norms of Rademacher
process play the role of data-dependent penalties. Lozano [8] compared this method
of penalization with the method based on VC-dimensions and the cross-validation
method and found out that in the so called problem of the ”intervals model se-
lection” the Rademacher penalization performs better than other methods. Hush
and Scovel (1999) used Rademacher norms to obtain posterior performance bounds
for machine learning. However, the ”global” norm of Rademacher process does not
allow one to recover the rate of convergence of the risk to 0 in the case when fy € F
(the so called zero error case). To address this problem, we define below a sequence
of localized norms of Rademacher process that majorizes the sequence {r}} defined
above.
Given € > 0, let @ be a (random) function defined by

o(r) == K—1||Rn||me§T + Ko/re + Kse,

where B¢ = {f € F: P,f <r} and K;, K, K3 > 0 are numerical constants.
We introduce the following data-dependent sequence

{F?}kzo = {FZ(XD v 7Xn;617 v ;5n)}k20;

(1.2) =1, T, =) AL, k=0,1,2,...

Since the function ¢ is nondecreasing, a simple induction shows that the sequence
{7¢} is nonincreasing.

Theorem 2. There is a choice of numerical constants K1, Ko, K5 > 0 such that
for all P € P(S), for all N > 1 and for any consistent estimate f,

P{Pf, >y} <2Ne 7.

Thus, if one chooses N > 1 and, for a given 6 > 0, € > (log2N¢)/n, then one
can define 3, (F;d) := 7 to get the bound (1.1). The question to be answered
is how large should be the number of iterations N to achieve a reasonably good
upper bound on the risk in such a way (if it is possible at all). Surprisingly, under
rather general conditions the upper bound becomes sharp after very few iterations
(roughly, the number of iterations N is of the order log, logy(1)).
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In what follows, given a (pseudo)metric space (M;d), we denote Ng(M;e) the
minimial number of balls of radius €, covering M, and Hy(M;e) := log Na(M;e).
Also, for a probability measure @) on (S, A), dg,» denotes the metric of the space
L»(S;dQ).

Given a class of functions JF, assume that

Ee|ln™"/?) " eidx,

i=1

Be(rnF < bn(VT)

for some concave nondecreasing (random) function t,,. Usually the role of t,, will
be played by the random entropy integral

() = K/H;{f (Fru)du
0

or by some further upper bound on the random entropy integral. Let us denote by
On = 0,(X1,...,X,) the solution of the equation

Sn = nil/zrl[}n (\/g) .

The following theorem gives the upper bound on the quantity ;.

Theorem 3. If the number of iteration is equal to N = [log, log, 1]+ 1, then for
some numerical constant ¢ > 0 and for all P € P(S)

P (F}{, > ¢(5, Vv s)) < ([log, logy e 1+ 1)e™ 2.

Example 1. Learning a concept from a VC-class. Consider the case of
the concept learning, when F := {Ic : C € C}. Given a sample (X1,...,Xp)
with unknown common distribution P € P(S), we observe the labels {Y; :=
Ic,(X;) : 1 < j < n} for an unkown target concept Cy € C. An estimate Cn =
Co((X1,Y1),...,(Xn,Y,)) of the target concept Cy is called consistent iff I (X;5) =
Yjforall j=1,...,n. Let

AY(Xy,..., X,) = card({CN{Xy,...,Xn}: C €C}).
Then
(1) := K(log A°(Xy, ..., X)) ?r
is an upper bound on the random entropy integral, which yields the value of on

5o_ KQlogAC(Xl,...,Xn)

n

Thus, with the same choice of N we get for some numerical constant ¢ > 0 the
bound

log A°(Xy,...,Xp,)
n

]P’(rN > ¢

Theorem 2 implies at the same time that for any consistent estimate C,, we have
P(C, ACy) < 7% with probability at least 1 —2Ne~"/2, This shows that for a VC-
class of concepts C with VC-dimension V' (C) the local Rademacher norm 7%, (which,
according to Theorem 2, is an upper bound on the risk of consistent concepts C’n) is
bounded from above by the quantity O(V (C)logn/n). Up to a logarithmic factor,

Y 8)) < ([logy logy e ™ +1)e™ 7.
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this is the optimal (in a minimax sense) convergence rate of the generalization error
to 0 (see, e.g., [3]).

Next we consider the conditions in terms of entropy with bracketing H 1(F,¢) :=
log N[ |(F,e). Here N |(F,¢) denotes the minimal number of ”brackets” [f~, f*] :=
{f:f-<f<fr}withdp2(f~,f") <e (f~,fT being two measurable functions
from S into [0, 1], such that f~ < f1). Let

dr(r) :/Or (Hp y(Fou) + 1) du.

and let dj,) = d[,)(P) be the solution of the equation

8n) = 129 (1/Orm)-

Again, we set for some € > 0 N := [log, log, '] + 1. Then the following theorem
holds.

Theorem 4. There ezists a constant ¢ > 0 such that for all P € P(S)
P (7 2 (3 (P) V<)) < (logs logze ™) + Ve~ ¥

In particular, if Hj(F;u) = O(u™"), where v < 2, then [ 1(r) < r'~7/? and
6[n] = n_% .

Example 2. Learning a concept from a d-dimensional cube. Let S =
[0, 1]%. We consider a problem of estimation of a set (a concept) Cy C [0,1]%, based
on the observations (X;,Y;),  =1,...,n, where X;, j =1,...,n are i.i.d. points
in [0,1]¢ with common distribution P and Y; := I (X;), j = 1,...,n. Such a
model frequently occurs in the problems of edge estimation in image analysis (see
Mammen and Tsybakov (1995)). Assume that the distribution P has a density p
such that for some B > 0

B~ <p(x) < B, x €[0,1].

Let C be a class of Borel subsets in [0, 1]¢ such that C 3 Cp. Let A be the Lebesgue
measure on [0, 1]%. Denote N(C;e) the minimal number of brackets [C~,C7T] :=
{C:C~cCcCt}with A(Ct\C™) <e (C™,C* being two measurable subsets
in [0,1]? such that C~ C C). Let H;(C;¢) := log N;(C;¢). This version of entropy
with bracketing is often called ”entropy with inclusion”. We define

Vi) = /0 (Hi(C,u) + 1) du,

and let 6! = 6 (P) be the solution of the equation
6h = n"2er(y/oh).

Hi(C;u) =0O(u™),
then Theorems 4 easily implies that with some constant ¢ > 0

P (% > (6] Ve)) < ([logylog,e™ ']+ 1)e™ %,

If we have

where 01 < no T By Theorem 2, for any consistent estimate C,, of the set C (i-e.
such that Iy (X;) =Yj, j =1,...,n), the quantity 7} is an upper bound (up to
a constant) on A\(C, A Cp).
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In particular, if C is the class of sets with a-smooth boundary in [0, 1]%, then well
known bounds on the bracketing entropy due to Dudley (see e.g. Dudley (1999))
d-1

imply that v = == and 6L =n~ 7=i+a . Similarly, if C is the class of closed convex

subsets of [0,1]7, the rate becomes 6. = n~71. It was shown by Mammen and
Tsybakov (1995) that both rates are optimal in a minimax sense.

The examples above show that the local Rademacher penalties (defined only
based on the data and using neither prior information about the underlying dis-
tribution, nor the specific properties of the function class) can recover the optimal
convergence rates of the estimates in function learning problems.

2. PROOFS OF THE MAIN RESULTS

The proofs of the results are based on a version of Talagrand’s concentration
inequalities for empirical processes, see [11], [12]. The version of the inequalities we
are using, with explicit numerical values of the constants involved (that determine
the values of the constants in our procedures, such as K1, Ko, K3 above) are due
to Massart (1999). It should be also mentioned that the idea to use Talagrand’s
concentration inequalities to bound the risk in nonparametric estimation and, es-
pecially, in model selection problems goes back to Birgé and Massart (see [2], [1]
and references therein).

We formulate now Massart’s inequality in a form convenient for our purposes.

Theorem 5. Let F be some countable family of real valued measurable functions,
such that || flleo < b < 00 for every f € F. Let Z denote either || P, — P||# or || Ry || #
Let o = nsup Var(f(X1)). Then for any positive real number x and 0 < v < 1

(2.1) P(Z > (1+7)EZ + [0V 2kz + k(v)bz]/n) < e7%,

where k and k() can be taken equal to k = 4 and k(y) = 3.5 + 32y~1. Moreover,
one also has

(2.2) P(Z < (1 - )EZ — [0V2Hz — K (7)ba]/n) < e,
where k' = 5.4 and k'(y) = 3.5+ 43.2y~ L.
Proof of Theorem 2. Let for any fixed real positive number r
e1(r) = 1P — PHme(r)
p2(r) = L+ NEP, — Pllgnp() + 2vre + (LT5+ 167 e

2(1 + _
L,Og(?") = 5_7?7) |:||Rn||]-'ﬁB(r) + V 5.4re + (175 + 216’)/’ 1)6
+ 2y/re + (1.75 + 167 Y)e.
Then, for any r > 0

(2:3) P(1(r) < @2(r) <gpa(r)) > 12 %,

Indeed, in order to apply inequalities (2.1) and (2.2), we notice that for every
f e FN B(r) the sup-norm || f|lcc < b=1 and

0? = sup nVar(f(X)) < sup nPf>< sup nPf <nr.
FNB; FNB(r) FNB(r)
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Moreover, if we set © = ne/2, then (2.1) implies

PP, = Pllzs() > (1+7)EIPy = Pl + 217
F(LT5 + 167_1)5) <e ¥,
and (2.2) implies
P(EllRallrone) > (1= 7)1 Ballsns) +v5dre

ne

+(1.75 + 21.67’*1)5]) <e .
Taking into account the symmetrization inequality
E||P, — Pllrnpry < 2E|| Ryl zB(r),

we get (2.3).
We set
_ 2(1 _ 2v/5.4(1
i o= 2040 g 2V04049)
1—+ 1—+
_ 2(1+ _
K= %(1.75 +21.69' 1) + (L.75 + 16771).
-7
Let us introduce the following sequence: 7y := 1 and #¢,, = @a2(7;) A 1 for
k=0,1,2,.... Since y5 is nondecreasing, it’s easy to prove by induction that the
sequence {7} is nonincreasing.
We will also prove by induction that for all £ > 0
(2.4) ]P{rl" <FTLF i< k} >1 - 2ke ¥,

For k = 0 (2.4) is trivial since ry = 7§ = 7y = 1. We proceed by the induction
argument. Let us introduce the events
Ap =A{ri <7 <, 1 <k} oand By = {p1(Fy) < () < 0s(fF)}
To make the induction step, let us assume that we have already proven that
P(A) >1—2ke™ 2.
Then (2.3) implies
P(B) >1—2e"%.
On the event Ay, () By,
FNB(iy) € FnBe(2ry),
since for f € F( B(})
Pof < Pf+||Py— Pllrpery <7 + |Pa — Plleasr)
= i+ () S P+ ea(FR) = P+ Fiipy <27,
which implies that the inequalities @3 (7)) < ¢(7) < @(Fy) = 7y, hold. Therefore,
on the event Ay, () By,
Tipr = P1(r) < oi(Fg) < @2(ry) = fpn < es(Ff) < T
So, A (B C Ag+1, that completes the proof of the induction step
P(Apg1) >1—2(k+1)e” 7.

It follows that
P(ry > i) < 2Ne™ %,
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and since, by Proposition 1, an < ry, we conclude that

ne

P{Pf, > 7} < 2Ne %,

Proof of Theorem 3. Let ({2.,%.,P.) denote the probability space on which
the Rademacher sequence €1, ... ,&,,... is defined, E. being the expectation with
respect to P.. We introduce the function

2(1+ _
or(r) = 25 o B Rl oy + 2172

+(1.75+ 169" e + V5.4re + (1.75+ 21.6¢' ")e

(2.5) +2v/re + (1.75 + 167 1)e,

where 4" > 0. The inequalities (2.1) and (2.2) also hold for the conditional proba-
bility P. and the process Z = R,, with fixed X, ..., X,,. Therefore, for any r > 0

”li

Pe(p(r) <palr)) 21 —e€”
Define a sequence
fg = (,04(].), 7:;:+1 = (,04(?;:) Al, £E=0,1,2,...

By the induction argument, similar to the one we used in the proof of theorem 2,
we get

N

m(ﬂ{f? < f?}) >1- Ne¥.
i=1

If we prove that 77 < a for a sequence ay, independent of €1,... ,&,, then the

unconditional probability

N
]P(ﬂ{?f < ai}> >1—Ne%.
i=1

By the assumption we have

(2.6) Eclln 1) eidx,|lBe(rnF < Pn(V7).

i=1
Hence, we can choose ¢ > 1, depending on the parameters 7,~',v" in the defini-
tion (2.5) of the function ¢4, in such a way that

i = wal) < (= + (72) 2 40720, (V7))
The above inequality implies by induction that the sequence
ro=1, rpy1 =c (5 + (ree) % + 02, (\/rk)) AL,

majorizes the sequence 7.
It’s clear that in the case when r; < 1 the sequence ry is decreasing and it
converges to the solution § of the equation

d=c (5 + (6e)Y2 + n 2%y (\/5)) .

Let us study the behaviour of the difference dj, := ryp — 6. Since the function zf;n is
concave, we have

b (V8) < 9 (V3) V5.
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The definition of & implies that
¢ (n—l/%z?n(\/g) + \/%) <5
Therefore
Ay = riss =0 = ¢ (02 () =07 20 (V0) + /e - Ve
<c ( “U20) + VE) Vi — 6 < e (nT 2a(V8) + VE2) [VoV/di

I A

We have proven that the sequence dj, satisfies the following inequality

di+1 <\ ddy, k> 0.

Now it’s easy to show by induction that
dy < 52—1+...+2—N _ 6172—1"_
Going back to the sequence r, we get that
rv=0+dy <8 (145727 ),
Since the definition of § implies that =% < ¢~!, then the choice of
N = [log,log,e '] +1

guarantees that 527" < 2 and, hence, ry < (1+42)d = 3d. What remains to do in
order to finish the proof of the theorem, is to bound d by the maximum of ¢ and
the solution 4, of the equation &, = n_l/ 240, (V/65). Actually, we will prove that

§ is bounded dy §" := (3¢)?d’, where §' = (6n v 5.) First of all let us notice that

the fact that i, is concave and 1, (0) = 0 implies that for ¢ > 1 ¥, (cz) < et ().
Also note that, since ¢’ > §,,, the concavity of ¥,, and the definition of d,, imply

w2, (VF) < %ﬁimﬁ _ o <s.

Combining these properties, we get

¢ (8 +(926e)' /2 + n=12, (30\/5)) <c (2@6' + (5') <92 =4".

With necessity it means that § < 6 = 9¢*(§, V ¢). And, hence, o < 8" <
27¢2(6, V €).

The theorem is proven.

Proof of Theorem 4. In order to bound 7, we first construct the bound
on ||RyllznBe (27, in terms of E||P, — P||znp(s,) for properly defined sequence 7.
Afterwards, the expectation can be majorized by the bracketing entropy integral.
We will show that the sequence 7 can be chosen as follows

fo =1, Fry1 = (GE| Py — Pllrnpse) + E2Very +63) A1,

for some large enough constants ¢, ¢, ¢z > 0. One can argue similarly to the proof
of Theorem 3 to show that the following bound holds:

(2.7) ]P(ﬂ{m < fk}) >1 - 2ie” %

k<i
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We will prove even a stronger assertion that for the event
A= (Y ({re <7} {FN B @) C FNBGR)Y)
k<i
we have
(2.8) P(A;) > 1—2ie =

Let us choose the constants ¢}, ch, ¢y > 0 and ¢é;,é,¢3 > 0 in such a way that
for the functions

©5(r) = (1 I1Pn = Pllrnsr) + chVer + cie)
and
@6(r) = (4E||Py — Pllzp(r) + C2Ver + Es¢)
the inequalities of Massart (see Theorem 5) would imply that for any fixed r > 0
w3(r) < ws(r) < pe(r)

ne

with probability at least 1 — 2e~"% (the function 3 was defined in the proof of
Theorem 2). Clearly, we have 711 = g (1) A 1.
First observe that (2.8) holds for i = 0 (since 7o = 79 = 1). Define

B; := {p3(37:) < w5(37;) < pe(7i) }-
Then

ne

]P(Bl) >1—-2e 2.
To make an induction step, we first of all notice that on the event A; N B;, we have
Tit1 = (ﬁ(f;) ANl < @3(37‘1) N1 < (,05(37*1) N1 < 906(37'vz) Al = Tig1-

Also, on the event A; N B;, we have F N B°(2F;41) C F N B(3Fit+1). Indeed, if
f € FN B¢(2;11), then

Pf < 21 + [P — PllznBe2ri41) < 2Tit1 + | Po — PllrBe(2r)
< 27 + [P = Pl < 271 +9s(37) Al
< 21 +pe(3) AL =271 + i1 < 3

(to show that ||P, — Pl|znp(sr) < ¢s5(37:) A1 we used the fact that the costant c}
in the definition of 5 is larger than 1). Thus, A; N B; C A;1+1 and

P(Aig1) >1—2(+1)e” %,

The proof of the induction step and of the bounds (2.8) and (2.7) is complete.

To finish the proof of the theorem one has to bound E||P,, — P||zpg(y)- Since for
all g € FNB(r) we have ||g||p2 < (Pg)*/? < /7 and |g| < 1 then by Theorem
2.14.2 in [13]

B[Py = Pllrnpe) < ¢ (”_1/21/4 | (VF) + {1 > \/ﬁa(\/F)}) :

a(Vr) = Vr/\J1+ H |(F, V7).

where
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We can assume that 7y > d},), otherwise, bound (2.7) immediately implies the
assertion of the theorem. Therefore, 7y > dy, for all & < N, which implies that
1 < v/na(y/37). Indeed, using concavity of ¢y | and the definition of dj,,, we have

(V3 (Vo) _
e = vy [o) < VAV3T,

which implies
3 > 2y (VB = 02 (3:) 2 (14 Hy ) (F,V3)) .
Hence, 1 < \/na(y/37) and

E||P, — Pllrnpeig < on” 2 (V3T .
Finally, with some constant ¢ > 0

Tr+1 < C (n_l/z’l/J[ ](\/ 37‘%) +e+ \/{:‘fk) .

The proof can be completed by the argument we used in Theorem 3.

REFERENCES

[1] Barron, A., Birgé, L. and Massart, P. (1999) Risk Bounds for Model Selection via Penaliza-
tion. Probability Theory and Related Fields, to appear.

[2] Birgé, L. and Massart, P. (1997) From Model Selection to Adaptive Estimation. In: Festschrift
for L. Le Cam. Research Papers in Probability and Statistics. D. Pollard, E. Torgersen and
G. Yang (Eds.), 55-87. Springer, New York.

[3] Devroye, L., Gyorfi, L. and Lugosi, G. (1996) A probabilistic theory of pattern recognition.
Springer-Verlag, New York.

[4] Dudley, R.M. (1999) Uniform Central Limit Theorems. Cambridge University Press.

[5] Hush, D. and Scovel, C. (1999) Posterior Performance Bounds for Machine Learning. Preprint,
Los Alamos National Laboratory.

[6] Koltchinskii, V. (1999) Rademacher penalties and structural risk minimization, preprint.

[7] Koltchinskii, V., Abdallah, C.T., Ariola, M., Dorato, P. and Panchenko, D. (1999) Statistical
Learning Control of Uncertain Systems: It is better than it seems. Preprint, UNM.

[8] Lozano, F. (1999) Model Selection Using Rademacher Penalization. Preprint.

[9] Massart, P. (1998) About the constants in Talagrand’s concentration inequalities for empirical
processes. Preprint, Université Paris-Sud.

[10] Mammen, E. and Tsybakov, A. (1995) Asymptotical minimax recovery of sets with smooth
boundaries. Ann. Statist., 23, 502-524.

[11] Talagrand, M. A new look at independence. Ann. Probab. 24, 1-34.

[12] Talagrand, M. New concentration inequalities in product spaces Invent. Math. 126, 505-563.

[13] van der Vaart, A. and Wellner, J. (1996) Weak convergence and Empirical Processes. With
Applications to Statistics. Springer-Verlag, New York.

[14] Vapnik, V. (1998) Statistical Learning Theory. John Wiley & Sons, New York.

[15] Vidyasagar, M. (1997) A theory of learning and generalization. Springer-Verlag, New York.



