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Abstract

This paper presents the first Rademacher complexity-based error bounds for non-
i.i.d. settings, a generalization of similar existing bounds derived for the i.i.d. case.
Our bounds hold in the scenario of dependent samples generated by a stationary
[-mixing process, which is commonly adopted in many previous studies of non-
i.i.d. settings. They benefit from the crucial advantages of Rademacher complexity
over other measures of the complexity of hypothesis classes. In particular, they are
data-dependent and measure the complexity of a class of hypotheses based on the
training sample. The empirical Rademacher complexity can be estimated from
such finite samples and lead to tighter generalization bounds. We also present
the first margin bounds for kernel-based classification in this non-i.i.d. setting and
briefly study their convergence.

1 Introduction

Most learning theory models such as the standard PAC learning framework [13] are based on the as-
sumption that sample points are independently and identically distributed (i.i.d.). The design of most
learning algorithms also relies on this key assumption. In practice, however, the i.i.d. assumption
often does not hold. Sample points have some temporal dependence that can affect the learning pro-
cess. This dependence may appear more clearly in times series prediction or when the samples are
drawn from a Markov chain, but various degrees of time-dependence can also affect other learning
problems.

A natural scenario for the analysis of non-i.i.d. processes in machine learning is that of observations
drawn from a stationary mixing sequence, a standard assumption adopted in most previous studies,
which implies a dependence between observations that diminishes with time [7,9,10,14,15]. The pi-
oneering work of Yu [15] led to VC-dimension bounds for stationary §-mixing sequences. Similarly,
Meir [9] gave bounds based on covering numbers for time series prediction [9]. Vidyasagar [14]
studied the extension of PAC learning algorithms to these non-i.i.d. scenarios and proved that under
some sub-additivity conditions, a PAC learning algorithm continues to be PAC for these settings.
Lozano et al. studied the convergence and consistency of regularized boosting under the same as-
sumptions [7]. Generalization bounds have also been derived for stable algorithms with weakly
dependent observations [10]. The consistency of learning under the more general scenario of a-
mixing with non-stationary sequences has also been studied by Irle [3] and Steinwart et al. [12].

This paper gives data-dependent generalization bounds for stationary [3-mixing sequences. Our
bounds are based on the notion of Rademacher complexity. They extend to the non-i.i.d. case the
Rademacher complexity bounds derived in the i.i.d. setting [2, 4, 5]. To the best of our knowledge,
these are the first Rademacher complexity bounds derived for non-i.i.d. processes. Our proofs make



use of the so-called independent block technique due to Yu [15] and Bernstein and extend the appli-
cability of the notion of Rademacher complexity to non-i.i.d. cases.

Our generalization bounds benefit from all the advantageous properties of Rademacher complexity
as in the i.i.d. case. In particular, since the Rademacher complexity can be bounded in terms of
other complexity measures such as covering numbers and VC-dimension [1], it allows us to derive
generalization bounds in terms of these other complexity measures, and in fact improve on existing
bounds in terms of these other measures, e.g., VC-dimension. But, perhaps the most crucial advan-
tage of bounds based on the empirical Rademacher complexity is that they are data-dependent: they
measure the complexity of a class of hypotheses based on the training sample and thus better capture
the properties of the distribution that has generated the data. The empirical Rademacher complex-
ity can be estimated from finite samples and lead to tighter bounds. Furthermore, the Rademacher
complexity of large hypothesis sets such as kernel-based hypotheses, decision trees, convex neu-
ral networks, can sometimes be bounded in some specific ways [2]. For example, the Rademacher
complexity of kernel-based hypotheses can be bounded in terms of the trace of the kernel matrix.

In Section 2, we present the essential notion of a mixing process for the discussion of learning in
non-i.i.d. cases and define the learning scenario. Section 3 introduces the idea of independent blocks
and proves a bound on the expected deviation of the error from its empirical estimate. In Section 4,
we present our main Rademacher generalization bounds and discuss their properties.

2 Preliminaries

This section introduces the concepts needed to define the non-i.i.d. scenario we will consider, which
coincides with the assumptions made in previous studies [7,9, 10, 14, 15].

2.1 Non-LI.D. Distributions

The non-i.i.d. scenario we will consider is based on stationary [3-mixing processes.

Definition 1 (Stationarity). 4 sequence of random variables Z = {Z,};° is said to be sta-
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tionary if for any t and non-negative integers m and k, the random vectors (Zy, ..., Zyrm) and
(Zisky -y Zivmir) have the same distribution.

———— .
Thus, the index t or time, does not affect the distribution of a variable Z; in a stationary sequence
(note that this does not imply independence).

Definition 2 (3-mixing). Let Z = {Z;},;°
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any i,j € Z U {—o0, 400}, let o] denote the o-algebra generated by the random variables’
1 < k < j. Then, for any positive integer k, the [3-mixing coefficient of the stochastic process Z is

defined as ﬁ
LAk, 5 [ et -peal]. OOBV\) O(te. 02)

Z is said to be 3-mixing if 3(k) — 0. It is said to be algebraically 3-mixing if there exist real —~———————
numbers By > 0 and r > 0 such that 3(k) < Po/k" for all k, and exponentially mixing if there

exist real numbers [y and 31 such that 3(k) < By exp(—F1k") for all k.

be a stationary sequence of random variables. For

Thus, a sequence of random variables is mixing when the dependence of an event on those occurring
k units of time in the past weakens as a function of k.

2.2 Rademacher Complexity

Our generalization bounds will be based on the following measure of the complexity of a class of
functions. TR %4

Definition 3 (Rademacher Complexity). n a sample S & the empirical Rademacher
efined over a set X is defined as follows:

complexity of a set of real-valued function
S’:(;vl,...,xm)} )




The expectation is taken over o = (o1,...,0,) where o;s are independent uniform random vari-
ables taking values in {—1, +1} called Rademacher random variables. The Rademacher complexity

of a hypothesis set H is defined as the expectation of ﬁs(H ) over all samples of size m:

@— Rs(H)||S| = m]. 3)

The definition of the Rademacher complexity depends on the distribution according to which sam-
ples S of size m are drawn, which in general is a dependent 3-mixing distribution D. In the rare

instances where a different distribution ered, typically for an i.i.d. setting, we explicitly

indicate that distribution as a superscript

The Rademacher complexity measures the ability of a class of functions to fit noise. The empirical
Rademacher complexity has the added advantage that it is data-dependent and can be measured from
finite samples. This can lead to tighter bounds than those based on other measures of complexity
such as the VC-dimension [2,4, 5].

We will denote by }A%S(h) the empirical average of a hypothesis h: X — R and by R(h) its expec-
tation over a sample S drawn according to a stationary -mixing distribution:

)

The following proposition shows that this expectation is independent of the size of the sample S, as
in the i.1.d. case.

\/ Proposition 1. For any sample S of size@mwn from a stationary distribution D, the following
holds: Eg~.plm[Rs(h)] = E.p[h(2)].

Proof. Let S = (x1,...,2m). By stationarity, E., wp[h(z;)] = E.,~p[h(z;)] forall 1 <i,j <m,

thus, we can write:
B(Rs(h)] = - > Blh(z0)] = - > Elh(=0)] £ Bh(:)] 0
] i=1

i=1
3 Proof Components

Our proof makes use of McDiarmid’s inequality [8] to show that the empirical average closely
estimates its expectation. To derive a Rademacher generalization bound, we apply McDiarmid’s
inequality to the following random variable, which is the quantity we wish to bound:

(o)~ ggs@(h) ~ Rs(h). ) 5)

McDiarmid’s inequality bounds the deviation of ® from its mean, thus, we must also bound the
expectation E[®]. However, we immediately face two obstacles: both McDiarmid’s inequality and
the standard bound on E[®] hold only for samples drawn in an i.i.d. fashion. The main idea behind
our proof is to analyze the non-i.i.d. setting and transfer it to a close independent setting. The
following sections will describe in detail our solution to these problems. a §\}

(
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We derive Rademacher generalization bounds for the case where training and test points are drawn ‘
from a stationary (3-mixing sequence. As in previous non-ii.d. analyses [7,9, 10, 15], we use a }—u-—\

technique transferring the original problem based on dependent points to one based on a sequence > ;
of independent blocks. The method consists of first splitting a sequence .S into two subsequences Sy @ $h

3.1 Independent Blocks S

and Sy, each made of u blocks of a consecutive points. Given a sequence S = (21, ..., 2,,) With
m = 2au, Sp and S7 are defined as follows:
So = (21,2, ..., Zu)u where Z; = (2(21'71)4»17 e 7Z(2i71)+a)7 (6)
S1=(z",zZ",....ZzV), where Z\" = (20541, . ., 22i4a)- (7)



Instead of the original sequence of odd blocks Sy, we will be working with a sequence §0 of

gndent blocks of equal size a to which standard i.i.d. techniques can be applied: §0 =

z 25 Z #)) wit'h \rzr}‘u_n%all%i@memi)\%?ﬁs, t?ut, the points within each block Zj, follow the

athe distribution as in Zj. As stated by the following result of Yu [15][Corollary 2.7], for a suffi-

ciently large spacing a between blocks and a sufficiently fast mixing distribution, the expectation of
3 ed measurable function £ is essentially unchanged if we work with go instead of \Sy.

P 51. Let h be a HMLMM&’ blz M > 0 defined over the blocks Zy,

~ern the following holds:
Bl Bi < G 1 ®
0 So

—

where Eg, denotes the expectation with respect to So, Eg, the expectation with respect to the §0.
We denote by D the distribution corresponding to the independent block: Zr,. )Also, to work with
block sequences, we extend some of our definiti ve define the extension h,: Z% — R of any

othesis h € H to a block-hypothesis @ for any block B=(z1,...,24) €
7% )and define H, as the set of all block-tasediy ¢nerated from h € H.

It will also be useful to define the subsequenc@which consists| of ;'Los‘ingleton points separated
by a gap of 2a — 1 points. This can be thought 0fas the sequence constructed from Sy, or 57, by
selecting only the jth point from each block, for any fixed j € {1,...,a}.

A5 Qraey
3.2 Concentration Inequality

McDiarmid’s inequality requires the sample to be i.i.d. Thus, we first show that Pr[®(.5)] can be
bounded in terms of independent blocks and then apply McDiarmid’s inequality to the independent
blocks.

Lemma 1. Let H be a set of hypotheses bounded by M. Let S denote a sample, of size rawn
according to a stationary (3-mixing distribution and let Sy denote a sequence of independent blocks.
Then, for all a, 1, e > 0 with 2pua = m a ollowing bound holds:

——

Igr@>~] 2Pr[®(S0) ~ BI®(50)) > €]+ p(u — DB(@), P hc(-)—ﬁ (]( (;))29/]
wherei:i—E\b%[L(go)]. —

< ex Fi )
Proof. We first rewrite the left-hand side probability in terms of even and odd blocks and then apply > C{)’
Corollary 1 as follows:

PH{(S) > d = Prfsup(R(h) ~ Rs(h)) >
h

=Pr [sup(R(h)_fso(h) + R(h)_fsl (h)) > e} (def. of Rg(h))
Sl

< Pr[1 (sup(R(h) — Rg, (h)) + sup(R(h) — Rs, (h))) > e} (convexity of sup)
s L2\ h

= Pr[®(So) + (1) > 2¢] (def. of @)

< PS’r[q)(SO) > €] + lgr[fl)(Sl) > ¢ (union bound)

=2 I;r[Q)(SO) > €] (stationarity)
- %1;}1\5?(80) — E[®(Sy)] >(]] \/ (def. of €')
0 So

N\
The second inequality holds by the union bound and the fact that ®(Sy) or ®(S1) must surpass €
for their sum to surpass 2¢. To complete the proof, we apply Corollary 1 to the expectation of the

indicator variable of the event {®(So) — Eg, [®(Sp)] > €'}, which yields
2Pr{@(S0) — E[0(S)] > €] < <§o> —E[@(S0)] > €] +2(u — D). O

0 0 ——— S

We can now apply McDiarmid’s inequality to the independent blocks of Lemma 1.



Proposition 2. For the same assumptions as in Lemma 1, the following bound holds for all € >

Ego [‘I) 0)|"

Proof. To apply McDiarmid’s inequality, we view each block as an i.i.d. point with respect to hg.
®(Sp) can be written in terms of h as: ®(So) = R(ha) — R, (ha) = R(ha) — 3 >71_; ha (Z).
Thus, changing a block Zj, of the sample Sy can change ®(S) by at most %|h(Zk)| < M/u. By
McDiarmid’s inequality, the following holds for any € > 2(u — 1)M 3(a):

—2¢'? —2p€”?
S Sl > €] < exp oy ) =exo (g )
SU[ (S0) — SU[ (So)] > €] ) i
Plugging in the right-hand side in the statement of Lemma 1 proves the proposition. O

3.3 Bound on the Expectation

Here, we give a bound on Eg [®(.S)] based on the Rademacher complexity, as in the i.i.d. case [2].
But, unlike the standard case, the proof requires an analysis in terms of independent blocks.

Lemma 2. The following inequ olds for the expectation Eg_ [®(Sy)] defined in terms of an

independent block sequence:

Proof. By the convexity of the supremum function and Jensen’s inequality, Eg [® (So)] can be
bounded in terms of empirical averages over two samples:
O[ (So)] = ~0[81€1 E(Rg, ()] — Ry, (W] < _E_[sup Rg, (h) — Rg, (h)].

_ S0.5, heH —
We now proceed with a standard symlgé&%éﬁk ment with the independent blocks thought of

A haix) :%T > ) )/Wj
- —ha(Zg)] - g, T Uhae oS/f\aZ;}

=\
N %b% et M (Rad. var.’s)

g !
S0,8) Lha€Hq M i

~];3 [sup l @ ha(Z;) —

ho€Ha 15

sup — Y oiha(Z; sup — Y ihg( ’] (sub-add. of su
b z B R )

50,5070 [h €H, I

ha EHa

—_—

In the second equality, we introduced the Rademacher random variables o;s. With probability 1/2,
o; = 1 and the difference h,(Z;) — hq(Z]) is left unchanged; and, with probability 1/2, o; = —1
and Z; and Z| are permuted. Since the blocks Z;, or Z! are independent, taking the expectation over
o leaves the expectation unchanged. The inequality follows from the sub-additivity of the supremum

function and the linearity of expectation. The final equality holds because Sy and §(’) are identically
distributed due to the assumption of stationarity.

We now relate the Rademacher block sequence to a sequence over independent points. The right-
hand side of the inequality just presented can be rewritten as

2
2 E = oihi(Z)| = E : o]~ | )
Bo.0 Lsgg uza ] Goe {sgguzg Zh } 0= (>

/—’—/—\
5



where zj(-i) denotes the jth point of the ith block. For j € [1,da], let 53 denote the i.i.d. sample
constructed from the jth point of each independent block Z;, i € [1, u]. By reversing the order of
summations and using the convexity of the supremum function, we obtain the following:

e

@
Il
A

Bl#(3)] < B |suf

aih(z(-i) )} (reversing order of sums)

=N

SU SU,(T

-

@
Il
N

(convexity of sup)

- (marginalization)

TNl

-

s
Il
-

The first equality in this derivation is obtained by marginalizing over the variables that do not appear
within the inner sum. Then, the second equality holds since, by stationarity, the choice of j does
not change the value of the expectation. The remaining quantity, modulo absolute values, is the
Rademacher complexity over p independent points. O

4 Non-i.i.d. Rademacher Generalization Bounds

4.1 General Bounds

This section presents and analyzes our main Rademacher complexity generalization bounds for sta-
tionary -mixing sequences.

Theorem 1 (Rademacher complexity bound). Let H be a set of hypotheses bounded by M > 0.
Then, for any sample S of size m drawn from a stationary 3-mixing distribution, and for any p, a >

0 with 2pa = m and 6 > 2(pn — 1)B(a), with probability at least 1 — 6, the following inequality
holds for all hypotheses h € H :

m =2 01
R(h) < Rs(h) + RD(H) + M,/%, /M

—

——

where §' = 6 — 2(u—1)5(a).

Proof. Setting the right-hand side of Proposition 2 to ¢ and using Lemma 2 to bound E 3, [@(go)]
with the Rademacher complexity R/ (H) shows the result. O

As pointed out earlier, a key advantage of the Rademacher complexity is that it can be measured
from data, assuming that the computation of the minimal empirical error can be done effectively and
efficiently. In particular we can closely estimate R, (H), where S, is a subsample of the sample S
drawn from a -mixing distribution, by considering random samples of ¢. The following theorem

gives a bound precisely with respect to the empirical Rademacher complexity R, .
Theorem 2 (Empirical Rademacher complexity bound). Under the same assumptions as in Theo-

rem 1, for any p,a > 0 with 2pa = m and 6 > 4(p — 1)B(a), with probability at least 1 — §, the
following inequality holds for all hypotheses h € H :

where §' = 6 — 4(u—1)5(a).



Proof. To derive this result from Theorem 1, it suffices to bound 9‘{5’ (H) in terms of E)A‘{sM (H). The
application of Corollary 1 to the indicator variable of the event {9‘{5 (H) — i)A‘{S“ (H) > €} yields

Pr (R0 (H) — Rs, (H) > ¢) < Pr (RD(H) Rz (H) > ¢) + (u—DR2a—~1). (9

Now, we can apply McDiarmid’s inequality to ERE) (H) — E)A‘{gu (H) which is defined over points
drawn in an i.i.d. fashion. Changing a point of S, can affect E)A‘{gu by at most (2M /), thus, McDi-
armid’s inequality gives

2

Pr (R (H) — R, (H) > ¢) < exp (;]’\L;z ) +(u—1)B(2a —1). (10)

Note [ is a decreasing function, which implies 3(2a — 1) < (3(a). Thus, with probability at least

1—-6/2,R,(H) < E)A%SM(H) + M %, with &' = §/2 — (u — 1)5(a), a fortiori with ¢’ =

5/4 — (1 — 1)B(a). The result follows this inequality combined with the statement of Theorem 1
for a confidence parameter 6 /2. O

This theorem can be used to derive generalization bounds for a variety of hypothesis sets and learning
settings. In the next section, we present margin bounds for kernel-based classification.

4.2 Classification

Let X denote the input space, Y ={—1, +1} the target values in classification, and Z=X x Y. For
any hypothesis h and margi e (x) deviates

from p over a sample S: ﬁg(h) s Given a positive definite symmetric
kernel K: X x X —/[/Rylet K SranT matrix for the sample S and H g the kernel-based
hypothesis set {z — >_." | a; K (z;,2): 1}, where o € R™*! denotes the column-vector

with components a;, i = 1,...,m. —

Theorem 3 (Margin bound). Let p>0 and K be a positive definite symmetric kernel. Then, for any
t, a>0with 2pia = m and § >4 b= 1)5(a), with probability at least 1 — § over samples S of size
m drawnfro”nﬁﬁttbqnary “mixing distribution, the following inequality holds for all hypotheses
heHg:

1~ 4 [log &
Prfyh(z) < S;R’S’(h)—F%\/Tr[K]—F?) Oij ,

where §' = § — 4(u—1)5(a).

Proof. For any Qg@ let & denote the corresponding hypothesis defined over Z by: Vz € Z, h(z) =
—yh(z); and Hx the hypothesis set {2 € Z + h(z): h € Hy}. Let L denote the loss function
‘associated to the margin loss R%(h). Then, Prlyh(z) < 0] < Pr[(L o h)(z) < 0] = R(L o h).

SMl/p-Lipsﬂfftz and (L — 1)(0) =0, by Talagrand’s lemma [6], Rs((L — 1) o H) <
2Rs(H i)/ p. The result is then obtained by applying Theorem 2 to R((L —1)oh) = R(Loh) —1
with ﬁ((L —1)oh) = }A%(L o h) — 1, and using the known bound for the empirical Rademacher
complexity of kernel-based classifiers [2,11]: Rg(H i) < o7V Tr[K]. O

In order to show that this bound converges, we must appropriately choose the parameter j, or equiv-
alently a, which will depend on the mixing parameter 3. In the case of algebraic mixing and using
the straightforward bound Tr[K] < mR? for the kernel trace, where R is the radius of the ball that
contains the data, the following corollary holds.

Corollary 2. With the same assumptions as in Theorem 3, if 3 is further algebraically B-mixing,
B(a) = Boa™", then, with probability at least 1 — 0, the following bound holds for all hypotheses

heHg:
1 SRm™ 4
Prlyh(r) < 0] < - R5(h) + ;” +3m flog =,

where y1 = %(% — 1), Yo = %(%_‘_4 — 1) and §' = 6 — 2[Fym.




This bound is obtained by choosing 1 = %mgz—ii, which, modulo a multiplicative constant, is the
minimizer of (v/m/u + pB(a)). Note that for » > 1 we have 1,72 < 0 and thus, it is clear that
the bound converges, while the actual rate will depend on the distribution parameter . A tighter
estimate of the trace of the kernel matrix, possibly derived from data, would provide a better bound,
as would stronger mixing assumptions, e.g., exponential mixing. Finally, we note that as r — oo
and By — 0, that is as the dependence between points vanishes, the right-hand side of the bound

approaches O(ﬁg +1/+/m), which coincides with the asymptotic behavior in the i.i.d. case [2,4,5].

5 Conclusion

We presented the first Rademacher complexity error bounds for dependent samples generated by a
stationary J-mixing process, a generalization of similar existing bounds derived for the i.i.d. case.
We also gave the first margin bounds for kernel-based classification in this non-i.i.d. setting, includ-
ing explicit bounds for algebraic 3-mixing processes. Similar margin bounds can be obtained for
the regression setting by using Theorem 2 and the properties of the empirical Rademacher com-
plexity, as in the i.i.d. case. Many non-i.i.d. bounds based on other complexity measures such as
the VC-dimension or covering numbers can be retrieved from our framework. Our framework and
the bounds presented could serve as the basis for the design of regularization-based algorithms for
dependent samples generated by a stationary §-mixing process.
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