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Abstract
Most generalization bounds in learning theory are based on some measure of the complexity of the
hypothesis class used, independently of any algorithm. In contrast, the notion of algorithmic stabil-
ity can be used to derive tight generalization bounds that are tailored to specific learning algorithms
by exploiting their particular properties. However, as in much of learning theory, existing stability
analyses and bounds apply only in the scenario where the samples are independently and identically
distributed. In many machine learning applications, however, this assumption does not hold. The
observations received by the learning algorithm often havesome inherent temporal dependence.

This paper studies the scenario where the observations are drawn from a stationaryϕ-mixing or
β-mixing sequence, a widely adopted assumption in the study of non-i.i.d. processes that implies a
dependence between observations weakening over time. We prove novel and distinct stability-based
generalization bounds for stationaryϕ-mixing andβ-mixing sequences. These bounds strictly gen-
eralize the bounds given in the i.i.d. case and apply to all stable learning algorithms, thereby ex-
tending the use of stability-bounds to non-i.i.d. scenarios.

We also illustrate the application of ourϕ-mixing generalization bounds to general classes of
learning algorithms, including Support Vector Regression, Kernel Ridge Regression, and Support
Vector Machines, and many other kernel regularization-based and relative entropy-based regular-
ization algorithms. These novel bounds can thus be viewed asthe first theoretical basis for the use
of these algorithms in non-i.i.d. scenarios.

Keywords: learning in non-i.i.d. scenarios, weakly dependent observations, mixing distributions,
algorithmic stability, generalization bounds, learning theory

1. Introduction

Most generalization bounds in learning theory are based on some measureof the complexity of the
hypothesis class used, such as the VC-dimension, covering numbers, orRademacher complexity.
These measures characterize a class of hypotheses, independently ofany algorithm. In contrast,
the notion of algorithmic stability can be used to derive bounds that are tailoredto specific learning
algorithms and exploit their particular properties. A learning algorithm is stableif the hypothesis it
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outputs varies in a limited way in response to small changes made to the training set.Algorithmic
stability has been used effectively in the past to derive tight generalizationbounds (Bousquet and
Elisseeff, 2001, 2002; Kearns and Ron, 1997).

But, as in much of learning theory, existing stability analyses and bounds apply only in the
scenario where the samples are independently and identically distributed (i.i.d.). In many machine
learning applications, this assumption, however, does not hold; in fact, thei.i.d. assumption is not
tested or derived from any data analysis. The observations receivedby the learning algorithm often
have some inherent temporal dependence. This is clear in system diagnosis or time series prediction
problems. Clearly, prices of different stocks on the same day, or of the same stock on different days,
may be dependent. But, a less apparent time dependency may affect data sampled in many other
tasks as well.

This paper studies the scenario where the observations are drawn froma stationaryϕ-mixing
or β-mixing sequence, a widely adopted assumption in the study of non-i.i.d. processes that im-
plies a dependence between observations weakening over time (Yu, 1994;Meir, 2000; Vidyasagar,
2003; Lozano et al., 2006; Mohri and Rostamizadeh, 2007). We provenovel and distinct stability-
based generalization bounds for stationaryϕ-mixing andβ-mixing sequences. These bounds strictly
generalize the bounds given in the i.i.d. case and apply to all stable learning algorithms, thereby
extending the usefulness of stability-bounds to non-i.i.d. scenarios. Our proofs are based on the
independent block technique described by Yu (1994) and attributed to Bernstein (1927), which is
commonly used in such contexts. However, our analysis somewhat differsfrom previous uses of
this technique in that the blocks of points we consider are not necessarily of equal size.

For our analysis of stationaryϕ-mixing sequences, we make use of a generalized version of Mc-
Diarmid’s inequality given by Kontorovich and Ramanan (2008) that holds for ϕ-mixing sequences.
This leads to stability-based generalization bounds with the standard exponential form. Our gen-
eralization bounds for stationaryβ-mixing sequences cover a more general non-i.i.d. scenario and
use the standard McDiarmid’s inequality, however, unlike theϕ-mixing case, theβ-mixing bound
presented here is not a purely exponential bound and contains an additive term depending on the
mixing coefficient.

We also illustrate the application of ourϕ-mixing generalization bounds to general classes of
learning algorithms, including Support Vector Regression (SVR) (Vapnik, 1998), Kernel Ridge Re-
gression (Saunders et al., 1998), and Support Vector Machines (SVMs) (Cortes and Vapnik, 1995).
Algorithms such as SVR have been used in the context of time series predictionin which the i.i.d.
assumption does not hold, some with good experimental results (Müller et al., 1997; Mattera and
Haykin, 1999). However, to our knowledge, the use of these algorithms innon-i.i.d. scenarios has
not been previously supported by any theoretical analysis. The stability bounds we give for SVR,
SVMs, and many other kernel regularization-based and relative entropy-based regularization algo-
rithms can thus be viewed as the first theoretical basis for their use in such scenarios.

The following sections are organized as follows. In Section 2, we introduce the definitions rel-
evant to the non-i.i.d. problems that we are considering and discuss the learning scenarios in that
context. Section 3 gives our main generalization bounds for stationaryϕ-mixing sequences based
on stability, as well as the illustration of its applications to general kernel regularization-based algo-
rithms, including SVR, KRR, and SVMs, as well as to relative entropy-based regularization algo-
rithms. Finally, Section 4 presents the first known stability bounds for the moregeneral stationary
β-mixing scenario.
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2. Preliminaries

We first introduce some standard definitions for dependent observations in mixing theory (Doukhan,
1994) and then briefly discuss the learning scenarios in the non-i.i.d. case.

2.1 Non-i.i.d. Definitions

Definition 1 A sequence of random variablesZ ={Zt}∞
t=−∞ is said to bestationaryif for any t and

non-negative integers m and k, the random vectors(Zt , . . . ,Zt+m) and (Zt+k, . . . ,Zt+m+k) have the
same distribution.

Thus, the indext or time, does not affect the distribution of a variableZt in a stationary sequence.
This does not imply independence however. In particular, fori < j < k, Pr[Z j |Zi ] may not equal
Pr[Zk |Zi ], that is, conditional probabilities may vary at different points in time. The following
is a standard definition giving a measure of the dependence of the randomvariablesZt within a
stationary sequence. There are several equivalent definitions of these quantities, we are adopting
here a version convenient for our analysis, as in Yu (1994).

Definition 2 Let Z = {Zt}∞
t=−∞ be a stationary sequence of random variables. For any i, j ∈Z∪

{−∞,+∞}, let σ j
i denote theσ-algebra generated by the random variables Zk, i≤k≤ j. Then, for

any positive integer k, theβ-mixing andϕ-mixing coefficients of the stochastic processZ are defined
as

β(k) = sup
n

E
B∈σn

−∞

[
sup

A∈σ∞
n+k

∣∣∣Pr[A | B]−Pr[A]
∣∣∣
]

ϕ(k) = sup
n

A∈σ∞
n+k

B∈σn
−∞

∣∣∣Pr[A | B]−Pr[A]
∣∣∣.

Z is said to beβ-mixing (ϕ-mixing) if β(k) → 0 (resp. ϕ(k) → 0) as k→ ∞. It is said to be
algebraicallyβ-mixing (algebraicallyϕ-mixing) if there exist real numbersβ0 > 0 (resp. ϕ0 > 0)
and r> 0 such thatβ(k) ≤ β0/kr (resp.ϕ(k) ≤ ϕ0/kr ) for all k, exponentially mixingif there exist
real numbersβ0 (resp.ϕ0 > 0), β1 (resp.ϕ1 > 0) and r> 0 such thatβ(k) ≤ β0exp(−β1kr) (resp.
ϕ(k) ≤ ϕ0exp(−ϕ1kr)) for all k.

Both β(k) andϕ(k) measure the dependence of an event on those that occurred more thank units
of time in the past.β-mixing is a weaker assumption thanϕ-mixing and thus covers a more general
non-i.i.d. scenario.

This paper gives stability-based generalization bounds both in theϕ-mixing andβ-mixing case.
Theβ-mixing bounds cover a more general case of course, however, theϕ-mixing bounds are sim-
pler and admit the standard exponential form. Theϕ-mixing bounds are based on a concentration
inequality that applies toϕ-mixing processes only. Except for the use of this concentration bound
and two lemmas 5 and 6, all of the intermediate proofs and results to derive aϕ-mixing bound in
Section 3 are given in the more general case ofβ-mixing sequences.

It has been argued by Vidyasagar (2003) thatβ-mixing is “just the right” assumption for the
analysis of weakly-dependent sample points in machine learning, in particular because several PAC-
learning results then carry over to the non-i.i.d. case. Ourβ-mixing generalization bounds further
contribute to the analysis of this scenario.1

1. Some results have also been obtained in the more general context ofα-mixing but they seem to require the stronger
condition of exponential mixing (Modha and Masry, 1998).
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We describe in several instances the application of our bounds in the caseof algebraic mixing.
Algebraic mixing is a standard assumption for mixing coefficients that has beenadopted in previous
studies of learning in the presence of dependent observations (Yu, 1994; Meir, 2000; Vidyasagar,
2003; Lozano et al., 2006). Let us also point out that mixing assumptions can be checked in some
cases such as with Gaussian or Markov processes (Meir, 2000) and that mixing parameters can also
be estimated in such cases.

Most previous studies use a technique originally introduced by Bernstein (1927) based onin-
dependent blocksof equal size (Yu, 1994; Meir, 2000; Lozano et al., 2006). This technique is
particularly relevant when dealing with stationaryβ-mixing. We will need a related but somewhat
different technique since the blocks we consider may not have the same size. The following lemma
is a special case of Corollary 2.7 from Yu (1994).

Lemma 3 (Yu, 1994, Corollary 2.7) Let µ≥ 1 and suppose that h is measurable function, with

absolute value bounded by M, on a product probability space
(

∏µ
j=1 Ω j ,∏

µ
i=1 σsi

r i

)
where ri ≤ si ≤

r i+1 for all i. Let Q be a probability measure on the product space with marginalmeasures Qi on

(Ωi ,σsi
r i
), and let Qi+1 be the marginal measure of Q on

(
∏i+1

j=1 Ω j ,∏i+1
j=1 σsj

r j

)
, i =1, . . . ,µ−1. Let

β(Q) = sup1≤i≤µ−1 β(ki), where ki = r i+1−si , and P= ∏µ
i=1Qi . Then,

|E
Q
[h]−E

P
[h]| ≤ (µ−1)Mβ(Q).

The lemma gives a measure of the difference between the distribution ofµ blocks where the blocks
are independent in one case and dependent in the other case. The distribution within each block
is assumed to be the same in both cases. For a monotonically decreasing function β, we have
β(Q) = β(k∗), wherek∗ = mini(ki) is the smallest gap between blocks.

2.2 Learning Scenarios

We consider the familiar supervised learning setting where the learning algorithm receives a sample
of m labeled pointsS= (z1, . . . ,zm) = ((x1,y1), . . . ,(xm,ym))∈ (X×Y)m, whereX is the input space
andY the set of labels (Y ⊆ R in the regression case), both assumed to be measurable.

For a fixed learning algorithm, we denote byhS the hypothesis it returns when trained on the
sampleS. The error of a hypothesis on a pairz∈ X ×Y is measured in terms of a cost function
c : Y×Y → R+. Thus,c(h(x),y) measures the error of a hypothesish on a pair(x,y), c(h(x),y) =
(h(x)−y)2 in the standard regression cases. We will often use the shorthandc(h,z) := c(h(x),y) for
a hypothesish andz= (x,y) ∈ X×Y and will assume thatc is upper bounded by a constantM >0.
We denote bŷR(h) the empirical error of a hypothesish for a training sampleS=(z1, . . . ,zm):

R̂(h) =
1
m

m

∑
i=1

c(h,zi).

In the standard machine learning scenario, the sample pairsz1, . . . ,zm are assumed to be i.i.d., a
restrictive assumption that does not always hold in practice. We will consider here the more general
case of dependent samples drawn from a stationary mixing sequenceZ overX×Y. As in the i.i.d.
case, the objective of the learning algorithm is to select a hypothesis with smallerror over future
samples. But, here, we must distinguish two versions of this problem.
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In the most general version, future samples depend on the training sampleSand thus the gener-
alization error or true error of the hypothesishS trained onSmust be measured by its expected error
conditioned on the sampleS:

R(hS) = E
z
[c(hS,z) | S]. (1)

This is the most realistic setting in this context, which matches time series prediction problems.
A somewhat less realistic version is one where the samples are dependent, but the test points are
assumed to be independent of the training sampleS. The generalization error of the hypothesishS

trained onS is then:
R(hS) = E

z
[c(hS,z) | S] = E

z
[c(hS,z)].

This setting seems less natural since, if samples are dependent, future testpoints must also depend
on the training points, even if that dependence is relatively weak due to the timeinterval after which
test points are drawn. Nevertheless, it is this somewhat less realistic setting that has been studied
by all previous machine learning studies that we are aware of Yu (1994),Meir (2000), Vidyasagar
(2003) and Lozano et al. (2006), even when examining specifically a time series prediction prob-
lem (Meir, 2000). Thus, the bounds derived in these studies cannot bedirectly applied to the more
general setting. We will consider instead the most general setting with the definition of the general-
ization error based on Equation 1. Clearly, our analysis also applies to the less general setting just
discussed as well.

Let us also briefly discuss the more general scenario ofnon-stationarymixing sequences, that is
one where the distribution may change over time. Within that general case, thegeneralization error
of a hypothesishS, defined straightforwardly by

R(hS, t) = E
zt∼σt

t

[c(hS,zt) | S],

would depend on the timet and it may be the case thatR(hS, t) 6= R(hS, t ′) for t 6= t ′, making the
definition of the generalization error a more subtle issue. To remove the dependence on time, one
could define a weaker notion of the generalization error based on an expected loss over all time:

R(hS) = E
t
[R(hS, t)].

It is not clear however whether this term could be easily computed and be useful. A stronger
condition would be to minimize the generalization error for any particular targettime. Studies of
this type have been conducted for smoothly changing distributions, such asin Zhou et al. (2008),
however, to the best of our knowledge, the scenario of a both non-identical and non-independent
sequences has not yet been studied.

3. ϕ-Mixing Generalization Bounds and Applications

This section gives generalization bounds forβ̂-stable algorithms over a mixing stationary distri-
bution.2 The first two sections present our supporting lemmas which hold for eitherβ-mixing or
ϕ-mixing stationary distributions. In the third section, we will briefly discuss concentration in-
equalities that apply toϕ-mixing processes only. Then, in the final section, we will present our
main results.

2. The standard variable used for the stability coefficient isβ. To avoid the confusion with theβ-mixing coefficient, we
will use β̂ instead.
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The condition ofβ̂-stability is an algorithm-dependent property first introduced by Devroye
and Wagner (1979) and Kearns and Ron (1997). It has been later used successfully by Bousquet
and Elisseeff (2001, 2002) to show algorithm-specific stability bounds fori.i.d. samples. Roughly
speaking, a learning algorithm is said to bestableif small changes to the training set do not cause
large deviations in its output. The following gives the precise technical definition.

Definition 4 A learning algorithm is said to be (uniformly)̂β-stableif the hypotheses it returns for
any two training samples S and S′ that differ by removing a single point satisfy

∀z∈ X×Y, |c(hS,z)−c(hS′ ,z)| ≤ β̂.

We note that âβ-stable algorithm is also stable with respect toreplacinga single point. LetSand
Si be two sequences differing in theith coordinate, andS/i be equivalent toSandSi but with theith

point removed. Then for âβ-stable algorithm we have,

|c(hS,z)−c(hSi ,z)| = |c(hS,z)−c(hS/i
)+c(hS/i

)−c(hSi ,z)|
≤ |c(hS,z)−c(hS/i

)|+ |c(hS/i
)−c(hSi ,z)|

≤ 2β̂ .

The use of stability in conjunction with McDiarmid’s inequality will allow us to derivegeneral-
ization bounds. McDiarmid’s inequality is an exponential concentration bound of the form

Pr[|Φ−E[Φ]| ≥ ε] ≤ exp

(
−mε2

τ2

)
,

where the probability is over a sample of sizem and whereτ
m is the Lipschitz parameter ofΦ, with

τ a function ofm. Unfortunately, this inequality cannot be applied when the sample points are not
distributed in an i.i.d. fashion. We will use instead a result of Kontorovich andRamanan (2008) that
extends McDiarmid’s inequality toϕ-mixing distributions (Theorem 8). To obtain a stability-based
generalization bound, we will apply this theorem to

Φ(S) = R(hS)− R̂(hS) .

To do so, we need to show, as with the standard McDiarmid’s inequality, thatΦ is a Lipschitz
function and, to make it useful, bound E[Φ]. The next two sections describe how we achieve both
of these in this non-i.i.d. scenario.

Let us first take a brief look at the problem faced when attempting to give stability bounds for
dependent sequences and give some idea of our solution for that problem. The stability proofs given
by Bousquet and Elisseeff (2001) assume the i.i.d. property, thus replacing an element in a sequence
with another does not affect the expected value of a random variable defined over that sequence. In
other words, the following equality holds,

E
S
[V(Z1, . . . ,Zi , . . . ,Zm)] = E

S,Z′
[V(Z1, . . . ,Z

′, . . . ,Zm)], (2)

for a random variableV that is a function of the sequence of random variablesS= (Z1, . . . ,Zm).
However, clearly, if the points in that sequenceSare dependent, this equality may not hold anymore.
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(a) (b)

Figure 1: Illustration of dependent (a) and independent (b) blocks. Although there is no dependence
between blocks of points in (b), the distribution within each block remains the same as in
(a) and thus points within a block remain dependent.

The main technique to cope with this problem is based on the so-called “independent block
sequence” originally introduced by Bernstein (1927). This consists of eliminating from the original
dependent sequence several blocks of contiguous points, leaving uswith some remaining blocks of
points. Instead of these dependent blocks, we then consider independent blocks of points, each with
the same size and the same distribution (within each block) as the dependent ones. By Lemma 3,
for a β-mixing distribution, the expected value of a random variable defined over the dependent
blocks is close to the one based on these independent blocks. Working withthese independent
blocks brings us back to a situation similar to the i.i.d. case, with i.i.d. blocks replacing i.i.d. points.
Figure 1 illustrates the two types of blocks just discussed.

Our use of this method somewhat differs from previous ones (see Yu, 1994; Meir, 2000) where
many blocks of equal size are considered. We will be dealing with four blocks and with typically
unequal sizes. More specifically, note that for Equation 2 to hold, we onlyneed that the variable
Zi be independent of the other points in the sequence. To achieve this, roughly speaking, we will
be “discarding” some of the points in the sequence surroundingZi . This results in a sequence
of three blocks of contiguous points. If our algorithm is stable and we do not discard too many
points, the hypothesis returned should not be greatly affected by this operation. In the next step,
we apply the independent block lemma, which then allows us to assume each of these blocks as
independent modulo the addition of a mixing term. In particular,Zi becomes independent of all
other points. Clearly, the number of points discarded is subject to a trade-off: removing too many
points could excessively modify the hypothesis returned; removing too fewwould maintain the
dependency betweenZi and the remaining points, thereby inducing a larger penalty when applying
Lemma 3. This trade-off is made explicit in the following section where an optimal solution is
sought.

3.1 Lipschitz Bound

As discussed in Section 2.2, in the most general scenario, test points depend on the training sam-
ple. We first present a lemma that relates the expected value of the generalization error in that
scenario and the same expectation in the scenario where the test point is independent of the train-
ing sample. We denote byR(hS) = Ez[c(hS,z)|S] the expectation in the dependent case and by
R̃(hSb) = Ez̃[c(hSb, z̃)] the expectation where the test points are assumed independent of the training,
with Sb denoting a sequence similar toSbut with the lastb points removed. Figure 2(a) illustrates
that sequence. The blockSb is assumed to have exactly the same distribution as the corresponding
block of the same size inS.
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Lemma 5 Assume that the learning algorithm iŝβ-stable and that the cost function c is bounded
by M. Then, for any sample S of size m drawn from aϕ-mixing stationary distribution and for any
b∈ {0, . . . ,m}, the following holds:

|R(hS)− R̃(hSb)| ≤ bβ̂+Mϕ(b)

Proof Theβ̂-stability of the learning algorithm implies that

|R(hS)−R(hSb)| = |E
z
[c(hS,z)|S]−E

z
[c(hSb,z)|Sb]| ≤ bβ̂. (3)

Now, in order to remove the dependence onSb we bound the following difference

|E
z
[c(hSb,z)|Sb]−E

z̃
[c(hSb, z̃)]|

=
∣∣∣∑

z∈Z

c(hSb,z)(Pr[z|Sb]−Pr[z])
∣∣∣

=
∣∣∣ ∑

z∈Z+

c(hSb,z)(Pr[z|Sb]−Pr[z])+ ∑
z∈Z−

c(hSb,z)(Pr[z|Sb]−Pr[z])
∣∣∣

=

∣∣∣∣ ∑
z∈Z+

c(hSb,z)
∣∣∣Pr[z|Sb]−Pr[z]

∣∣∣− ∑
z∈Z−

c(hSb,z)
∣∣∣Pr[z|Sb]−Pr[z]

∣∣∣
∣∣∣∣

≤ max
Z∈{Z−,Z+} ∑

z∈Z

c(hSb,z)
∣∣∣Pr[z|Sb]−Pr[z]

∣∣∣

≤ max
Z∈{Z−,Z+}

M ∑
z∈Z

∣∣∣Pr[z|Sb]−Pr[z]
∣∣∣

= max
Z∈{Z−,Z+}

M
∣∣∣∑

z∈Z

Pr[z|Sb]−Pr[z]
∣∣∣

= max
Z∈{Z−,Z+}

M
∣∣∣Pr[Z|Sb]−Pr[Z]

∣∣∣≤ Mϕ(b) ,

(4)

where the sum has been separated over the set ofzs Z+ for which the difference Pr[z|Sb]−Pr[z]
is non-negative, and its complementZ−. Using (3) and (4) and the triangle inequality yields the
statement of the lemma.

Note that we assume thatz immediately follows the sampleS, which is the strongest dependent
scenario. The following bounds can be improved in a straightforward manner if the test pointz is
assumed to be observed sayk units of time after the sampleS. The bound would then contain the
mixing termϕ(k+b) instead ofϕ(b).

We can now prove a Lipschitz bound for the functionΦ.

Lemma 6 Let S= (z1, . . . ,zi , . . . ,zm) and Si = (z1, . . . ,z′i , . . . ,zm) be two sequences drawn from a
ϕ-mixing stationary process that differ only in point zi for some i∈ {1, . . . ,m}, and let hS and hSi be

the hypotheses returned by aβ̂-stable algorithm when trained on each of these samples. Then, for
any i∈ {1, . . . ,m}, the following inequality holds:

|Φ(S)−Φ(Si)| ≤ (b+2)2β̂+2ϕ(b)M +
M
m

.
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Sb

b

z

bb

zi

Si

(a) (b)

z

bbb

Si,b

zi z

bbb

S
i
i,b

z

(c) (d)

Figure 2: Illustration of the sequences derived fromS that are considered in the proofs.

Proof To prove this inequality, we first bound the difference of the empirical errors as in Bousquet
and Elisseeff (2002), then the difference of the generalization errors. Bounding the difference of
costs on agreeing points witĥβ and the one that disagrees withM gives

|R̂(hS)− R̂(hSi )| ≤ 1
m∑

j 6=i

|c(hS,zj)−c(hSi ,zj)|+
1
m
|c(hS,zi)−c(hSi ,z′i)|

≤ 2β̂+
M
m

. (5)

Since bothR(hS) andR(hSi ) are defined with respect to a (different) dependent point, we can ap-
ply Lemma 5 to both generalization error terms and useβ̂-stability. Using this and the triangle
inequality, we can write

|R(hS)−R(hSi )| ≤ |R(hS)− R̃(hSb)+ R̃(hSb)− R̃(hSi
b
)+ R̃(hSi

b
)−R(hSi )|

≤ |R̃(hSb)− R̃(hSi
b
)|+2bβ̂+2ϕ(b)M

= E
z̃
[c(hSb, z̃)−c(hSi

b
, z̃)]+2bβ̂+2ϕ(b)M

≤ 2β̂+2bβ̂+2ϕ(b)M. (6)

The statement of the lemma is obtained by combining inequalities 5 and 6.

3.2 Bound on Expectation

As mentioned earlier, to obtain an explicit bound after application of a generalized McDiarmid’s
inequality, we also need to bound ES[Φ(S)]. This is done by analyzing independent blocks using
Lemma 3.
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Lemma 7 Let hS be the hypothesis returned by aβ̂-stable algorithm trained on a sample S drawn
from aβ-mixing stationary distribution. Then, for all b∈ [1,m], the following inequality holds:

E
S
[|Φ(S)|] ≤ (6b+2)β̂+3β(b)M.

Proof Let Sb be defined as in the proof of Lemma 5. To deal with independent block sequences
defined with respect to the same hypothesis, we will consider the sequenceSi,b = Si ∩Sb, which is
illustrated by Figure 2(a-c). This can result in as many as four blocks. Asbefore, we will consider
a sequencẽSi,b with a similar set of blocks each with the same distribution as the corresponding
blocks inSi,b, but such that the blocks are independent as seen in Figure 2(d).

Since three blocks of at mostb points are removed from each hypothesis, by theβ̂-stability of
the learning algorithm, the following holds:

E
S
[Φ(S)] = E

S
[R̂(hS)−R(hS)]

= E
S,z

[
1
m

m

∑
i=1

c(hS,zi)−c(hS,z)

]

≤ E
Si,b,z

[
1
m

m

∑
i=1

c(hSi,b,zi)−c(hSi,b,z)

]
+6bβ̂.

The application of Lemma 3 to the difference of two cost functions also bounded byM as in the
right-hand side leads to

E
S
[Φ(S)] ≤ E

S̃i,b,z̃

[
1
m

m

∑
i=1

c(hS̃i,b
, z̃i)−c(hS̃i,b

, z̃)

]
+6bβ̂+3β(b)M.

Now, since the points̃z andz̃i are independent and since the distribution is stationary, they have the
same distribution and we can replacez̃i with z̃ in the empirical cost. Thus, we can write

E
S
[Φ(S)] ≤ E

S̃i,b,z̃

[
1
m

m

∑
i=1

c(hS̃i
i,b

, z̃)−c(hS̃i,b
, z̃)

]
+6bβ̂+3β(b)M ≤ 2β̂+6bβ̂+3β(b)M,

whereS̃i
i,b is the sequence derived from̃Si,b by replacingz̃i with z̃. The last inequality holds by

β̂-stability of the learning algorithm. The other side of the inequality in the statement of the lemma
can be shown following the same steps.

3.3 ϕ-Mixing Concentration Bound

We are now prepared to make use of a concentration inequality to provide a generalization bound
in theϕ-mixing scenario. Several concentration inequalities have been shown in theϕ-mixing case,
for example, Marton (1998), Samson (2000), Chazottes et al. (2007) and Kontorovich and Ramanan
(2008). We will use that of Kontorovich and Ramanan (2008), which is very similar to that of
Chazottes et al. (2007), modulo the fact that the latter requires a finite samplespace.
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The following is a concentration inequality derived from that of Kontorovich and Ramanan
(2008).3

Theorem 8 Let Φ : Zm→R be a measurable function that is c-Lipschitz with respect to the Ham-
ming metric for some c> 0 and let Z1, . . . ,Zm be random variables distributed according to aϕ-
mixing distribution. Then, for anyε>0, the following inequality holds:

Pr
[∣∣Φ(Z1, . . . ,Zm)−E[Φ(Z1, . . . ,Zm)]

∣∣≥ ε
]
≤ 2exp

( −2ε2

mc2||∆m||2∞

)
,

where||∆m||∞ ≤ 1+2
m

∑
k=1

ϕ(k).

It should be pointed out that the statement of the theorem in this paper is improved by a factor of
4 in the exponent with respect to that of Kontorovich and Ramanan (2008,Theorem 1.1). This can be
achieved straightforwardly by following the same steps as in the proof of Kontorovich and Ramanan
(2008), but by making use of the following general form of McDiarmid’s inequality (Theorem 9)
instead of Azuma’s inequality. In particular, Theorem 5.1 of Kontorovich and Ramanan (2008)
shows that for aϕ-mixing distribution and a 1-Lipschitz function, the constantsci can be bounded
as follows in Theorem 9:

ci ≤ 1+2
m−i

∑
k=1

ϕ(k).

Theorem 9 (McDiarmid, 1989, 6.10)Let Z1, . . . ,Zm be arbitrary random variables taking values
in Z and letΦ : Zm→R be a measurable function satisfying for all zi ,z′i∈Z, i=1, . . . ,m, the following
inequalities:

∣∣∣E
[
Φ(Z1, . . . ,Zm)

∣∣Z1 = z1, . . . ,Zi = zi

]
−E

[
Φ(Z1, . . . ,Zm)

∣∣Z1 = z1, . . . ,Zi = z′i
]∣∣∣≤ ci ,

where ci >0, i=1, . . . ,m, are constants. Then, for anyε>0, the following inequality holds :

Pr
[∣∣Φ(Z1, . . . ,Zm)−E[Φ(Z1, . . . ,Zm)]

∣∣≥ ε
]
≤ 2exp

( −2ε2

∑m
i=1c2

i

)
.

In the i.i.d. case, McDiarmid’s theorem can be restated in the following simpler form that we
shall use in Section 4.

Theorem 10 (McDiarmid, i.i.d. scenario) Let Z1, . . . ,Zm be independent random variables taking
values in Z and letΦ : Zm→R be a measurable function satisfying for all zi ,z′i ∈Z, i=1, . . . ,m, the
following inequalities:

∣∣Φ(z1, . . . ,zi , . . .zm)−Φ(z1, . . . ,z
′
i , . . .zm)

∣∣≤ ci ,

where ci >0, i=1, . . . ,m, are constants. Then, for anyε>0, the following inequality holds:

Pr
[∣∣Φ(Z1, . . . ,Zm)−E[Φ(Z1, . . . ,Zm)]

∣∣≥ ε
]
≤ 2exp

( −2ε2

∑m
i=1c2

i

)
.

3. We should note that original bound is expressed in terms ofη-mixing coefficients. To simplify presentation, we
are adapting it to the case of stationaryϕ-mixing sequences by using the following straightforward inequality for a
stationary process: 2ϕ( j − i) ≥ ηi j . Furthermore, the bound presented in Kontorovich and Ramanan (2008) holds
when the sample space is countable, it is extended to the continuous case in Kontorovich (2007).
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3.4 ϕ-Mixing Generalization Bounds

This section presents several theorems that constitute the main results of this paper in theϕ-mixing
case. The following theorem is constructed from the bounds shown in the previous three sections.

Theorem 11 (General Non-i.i.d. Stability Bound) Let hS denote the hypothesis returned by aβ̂-
stable algorithm trained on a sample S drawn from aϕ-mixing stationary distribution and let c be
a measurable non-negative cost function upper bounded by M>0, then for any b∈ {0, . . . ,m} and
anyε>0, the following generalization bound holds:

Pr
S

[∣∣∣R(hS)− R̂(hS)
∣∣∣> ε+(6b+2)β̂+6Mϕ(b)

]

≤ 2exp

(
−2ε2(1+2∑m

i=1 ϕ(i))−2

m((b+2)2β̂+2Mϕ(b)+M/m)2

)
.

Proof The theorem follows directly the application of Lemma 6 and Lemma 7 to Theorem 8.

The theorem gives a general stability bound forϕ-mixing stationary sequences. If we further
assume that the sequence is algebraicallyϕ-mixing, that is for allk, ϕ(k) = ϕ0k−r for somer >1,
then we can solve for the value ofb to optimize the bound.

Theorem 12 (Non-i.i.d. Stability Bound for Algebraically Mixing Sequences) Let hS denote the
hypothesis returned by âβ-stable algorithm trained on a sample S drawn from an algebraicallyϕ-
mixing stationary distribution,ϕ(k)=ϕ0k−r with r>1, and let c be a measurable non-negative cost
function upper bounded by M>0, then, for anyε>0, the following generalization bound holds:

Pr
S

[∣∣∣R(hS)− R̂(hS)
∣∣∣> ε+8β̂+(r +1)6Mϕ(b)

]

≤ 2exp

(
−2ε2(1+2ϕ0r/(r −1))−2

m(6β̂+(r +1)2Mϕ(b)+M/m)2

)
,

where b=
(

β̂
rϕ0M

)−1/(r+1)

.

Proof For an algebraically mixing sequence, the value ofb minimizing the bound of Theorem 11
satisfies the equation̂βb∗ = rMϕ(b∗). Sinceb must be an integer, we use the approximationb =
⌈(

β̂
rϕ0M

)−1/(r+1)⌉
when applying Theorem 11. However, observing the inequalitiesϕ(b∗) ≥ ϕ(b)

and(b∗ +1) ≥ b, allows us to write the statement of Theorem 12 in terms of the fractional choice
b∗.

The term in the numerator can be bounded as

1+2
m

∑
i=1

ϕ(i) = 1+2
m

∑
i=1

ϕ0i−r

≤ 1+2ϕ0

(
1+

Z m

1
x−rdx

)

= 1+2ϕ0

(
1+

m1−r −1
1− r

)
.
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Using the assumptionr > 1, we can upper boundm1−r with 1 and obtain

1+2ϕ0

(
1+

m1−r −1
1− r

)
≤ 1+2ϕ0

(
1+

1
r −1

)
= 1+

2ϕ0r
r −1

.

Plugging in this value and the minimizing value ofb in the bound of Theorem 11 yields the state-
ment of the theorem.

In the case of a zero mixing coefficient (ϕ=0 andb=0), the bounds of Theorem 11 coincide
with the i.i.d. stability bound of Bousquet and Elisseeff (2002).

In the general case, in order for the right-hand side of these bounds toconverge, we must have
β̂=o(1/

√
m) andϕ(b)=o(1/

√
m). The first condition holds for several families of algorithms with

β̂≤O(1/m) (Bousquet and Elisseeff, 2002).
In the case of algebraically mixing sequences withr>1, as assumed in Theorem 12,β̂≤O(1/m)

impliesϕ(b) ≈ ϕ0(β̂/(rϕ0M))(r/(r+1)) <O(1/
√

m). More specifically, for the scenario of algebraic
mixing with 1/m-stability, the following bound holds with probability at least 1−δ:

∣∣∣R(hS)− R̂(hS)
∣∣∣≤ O

(√
log(1/δ)

m
r−1
r+1

)
.

This is obtained by setting the right-hand side of Theorem 12 equal toδ and solving forε. Fur-

thermore, if we chooseε =
√

C log(m)

m(r−1)/(r+1) for a large enough constantC> 0, the right-hand side of
Theorem 12 is summable overm and thus, by the Borel-Cantelli lemma, the following inequality
holds almost surely:

∣∣∣R(hS)− R̂(hS)
∣∣∣≤ O

(√
log(m)

m
r−1
r+1

)
.

Similar bounds can be given for the exponential mixing setting (ϕ(k) = ϕ0exp(−ϕ1kr)). If we
chooseb = O(

√
log(m)3/m) and assumêβ = O(1/m), then, with probability at least 1−δ,

∣∣∣R(hS)− R̂(hS)
∣∣∣≤ O



√

log(1/δ) log2(m)

m


 .

If we instead setε = C
√

log3(m)
m for a large enough constantC, the right-hand side of Theorem 12 is

summable and again by the Borel-Cantelli lemma we have

∣∣∣R(hS)− R̂(hS)
∣∣∣≤ O



√

log3(m)

m


 ,

almost surely.

3.5 Applications

We now present the application of our stability bounds for algebraicallyϕ-mixing sequences to sev-
eral algorithms, including the family of kernel-based regularization algorithmsand that of relative
entropy-based regularization algorithms. The application of our learning bounds will benefit from
the previous analysis of the stability of these algorithms by Bousquet and Elisseeff (2002).
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3.5.1 KERNEL-BASED REGULARIZATION ALGORITHMS

We first apply our bounds to a family of algorithms minimizing a regularized objective function
based on the norm‖ · ‖K in a reproducing kernel Hilbert space, whereK is a positive definite sym-
metric kernel:

argmin
h∈H

1
m

m

∑
i=1

c(h,zi)+λ‖h‖2
K . (7)

The application of our bound is possible, under some general conditions,since kernel regularized al-
gorithms are stable witĥβ ≤ O(1/m) (Bousquet and Elisseeff, 2002). For the sake of completeness,
we briefly present the proof of thiŝβ-stability.

We will assume that the cost functionc is σ-admissible, that is there existsσ ∈ R+ such that for
any two hypothesesh,h′ ∈ H and for allz= (x,y) ∈ X×Y,

|c(h,z)−c(h′,z)| ≤ σ|h(x)−h′(x)|.

This assumption holds for the quadratic cost and most other cost functionswhen the hypothesis
set and the set of output labels are bounded by someM ∈ R+: ∀h ∈ H,∀x ∈ X, |h(x)| ≤ M and
∀y∈Y, |y| ≤M. We will also assume thatc is differentiable. This assumption is in fact not necessary
and all of our results hold without it, but it makes the presentation simpler.

We denote byBF the Bregman divergence associated to a convex functionF : BF( f‖g) = F( f )−
F(g)−〈 f −g,∇F(g)〉. In what follows, it will be helpful to defineF as the objective function of a
general regularization based algorithm,

FS(h) = R̂S(h)+λN(h),

whereR̂S is the empirical error as measured on the sampleS, N : H →R
+ is a regularization function

andλ > 0 is the familiar trade-off parameter. Finally, we shall use the shorthand∆h = h′−h.

Lemma 13 (Bousquet and Elisseeff, 2002)A kernel-based regularization algorithm of the form
(7), with bounded kernel K(x,x)≤ κ < ∞ andσ-admissible cost function, iŝβ-stable with coefficient

β̂ ≤ σ2κ2

mλ
.

Proof Let h andh′ be the minimizers ofFS andF ′
S respectively whereS andS′ differ in the first

coordinate (choice of coordinate is without loss of generality), then,

BN(h′‖h)+BN(h‖h′) ≤ 2σ
mλ

sup
x∈S

|∆h(x)|. (8)

To see this, we notice that sinceBF = BR̂+λBN, and since a Bregman divergence is non-negative,

λ
(
BN(h′‖h)+BN(h‖h′)

)
≤ BFS(h

′‖h)+BFS′ (h‖h′).

By the definition ofh andh′ as the minimizers ofFS andFS′ ,

BFS(h
′‖h)+BFS′ (h‖h′) = R̂FS(h

′)− R̂FS(h)+ R̂FS′ (h)− R̂FS′ (h
′).
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Finally, by theσ-admissibility of the cost functionc and the definition ofSandS′,

λ
(
BN(h′‖h)+BN(h‖h′)

)
≤ R̂FS(h

′)− R̂FS(h)+ R̂FS′ (h)− R̂FS′ (h
′)

=
1
m

[
c(h′,z1)−c(h,z1)+c(h,z′1)−c(h′,z′1)

]

≤ 1
m

[
σ|∆h(x1)|+σ|∆h(x′1)|

]

≤ 2σ
m

sup
x∈S

|∆h(x)|,

which establishes (8).
Now, if we considerN(·) = ‖·‖2

K , we haveBN(h′‖h) = ‖h′−h‖2
K , thusBN(h′‖h)+BN(h‖h′) =

2‖∆h‖2
K and by (8) and the reproducing kernel property,

2‖∆h‖2
K ≤ 2σ

mλ
sup
x∈S

|∆h(x)|

≤ 2σ
mλ

κ||∆h||K.

Thus‖∆h‖K ≤ σκ
mλ . And using theσ-admissibility of c and the kernel reproducing property we

obtain
∀z∈ X×Y, |c(h′,z)−c(h,z)| ≤ σ|∆h(x)| ≤ κσ‖∆h‖K .

Therefore,

∀z∈ X×Y, |c(h′,z)−c(h,z)| ≤ σ2κ2

mλ
,

which completes the proof.

Three specific instances of kernel regularization algorithms are SVR, for which the cost function
is based on theε-insensitive cost:

c(h,z) =

{
0 if |h(x)−y| ≤ ε,
|h(x)−y|− ε otherwise.

Kernel Ridge Regression (Saunders et al., 1998), for which

c(h,z) = (h(x)−y)2 ,

and finally Support Vector Machines with the hinge-loss,

c(h,z) =

{
0 if 1−yh(x) ≤ 0,

1−yh(x) if yh(x) < 1,

For kernel regularization algorithms, as pointed out in Bousquet and Elisseeff (2002, Lemma 23),
a bound on the labels immediately implies a bound on the output of the hypothesis returned by the
algorithm. We formally state this lemma below.
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Lemma 14 Let h∗ be the solution of the optimization problem (7), let c be a cost function and let
B(·) be a real-valued function such that for all h∈ H, x∈ X, and y′ ∈Y,

c(h(x),y′) ≤ B(h(x)).

Then, the output of h∗ is bounded as follows,

∀x∈ X, |h∗(x)| ≤ κ
√

B(0)

λ
,

whereλ is the regularization parameter, andκ2 ≥ K(x,x) for all x ∈ X.

Proof Let F(h) = 1
m ∑m

i=1c(h,zi)+λ‖h‖2
K and let0 be the zero hypothesis, then by definition ofF

andh∗,
λ‖h∗‖2

K ≤ F(h∗) ≤ F(0) ≤ B(0).

Then, using the reproducing kernel property and the Cauchy-Schwarz inequality we note,

∀x∈ X, |h∗(x)| = 〈h∗,K(x, ·)〉 ≤ ‖h∗‖K

√
K(x,x) ≤ κ‖h∗‖K .

Combining the two inequalities proves the lemma.

We note that in Bousquet and Elisseeff (2002), the following bound is alsostated:c(h∗(x),y′) ≤
B(κ
√

B(0)/λ). However, when later applied, it seems that the authors use an incorrectupper bound
functionB(·), which we remedy in the following.

Corollary 15 Assume a bounded output Y= [0,B], for some B> 0, and assume that K(x,x) ≤ κ2

for all x for someκ > 0. Let hS denote the hypothesis returned by the algorithm when trained on a
sample S drawn from an algebraicallyϕ-mixing stationary distribution. Let u= r/(r +1) ∈ [1

2,1],
M′ = 2(r +1)ϕ0M/(rϕ0M)u, andϕ′

0 = (1+2ϕ0r/(r −1)). Then, with probability at least1−δ, the
following generalization bounds hold for

a. Support Vector Machines (SVM, with hinge-loss)

R(hS) ≤ R̂(hS)+
8κ2

λm
+

(
2κ2

λ

)u
3M′

mu +ϕ′
0

(
M +

3κ2

λ
+

(
2κ2

λ

)u M′

mu−1

)√
2log(2/δ)

m
,

where M= κ
√

1
λ +B.

b. Support Vector Regression (SVR):

R(hS) ≤ R̂(hS)+
8κ2

λm
+

(
2κ2

λ

)u
3M′

mu +ϕ′
0

(
M +

3κ2

λ
+

(
2κ2

λ

)u M′

mu−1

)√
2log(2/δ)

m
,

where M= κ
√

2B
λ +B.
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c. Kernel Ridge Regression (KRR):

R(hS) ≤ R̂(hS)+
32κ2B2

λm
+

(
8κ2B2

λ

)u
3M′

mu +ϕ′
0

(
M +

12κ2B2

λ
+

(
8κ2B2

λ

)u M′

mu−1

)√
2log(2/δ)

m
,

where M= 2κ2B2/λ+B2.

Proof For SVM, the hinge-loss is 1-admissible givingβ̂≤ κ2/(λm). Using Lemma 14, withB(0) =

1, the loss can be bounded∀x∈ X,y∈Y,1+ |h∗(x)| ≤ κ
√

1
λ +B.

Similarly, SVR has a loss function that is 1-admissible, thus, applying Lemma 13 gives us
β̂ ≤ κ2/(λm). Using Lemma 14, withB(0) = B, we can bound the loss as follows,∀x ∈ X,y ∈
Y, |h∗(x)−y| ≤ κ

√
B
λ +B.

Finally for KRR, we have a loss function that is 2B-admissible and again using Lemma 13
β̂ ≤ 4κ2B2/(λm). Again, applying Lemma 14 withB(0) = B2 and∀x ∈ X,y ∈ Y,(h∗(x)− y)2 ≤
κ2B2/λ+B2.

Plugging these values into the bound of Theorem 12 and setting the right-hand side toδ yields
the statement of the corollary.

3.5.2 RELATIVE ENTROPY-BASED REGULARIZATION ALGORITHMS

In this section, we apply the results of Theorem 12 to a family of learning algorithms based on
relative entropy-regularization. These algorithms learn hypothesesh that are mixtures of base hy-
potheses in{hθ : θ ∈ Θ}, whereΘ is measurable set. The output of these algorithms is a mixture
g: Θ → R, that is a distribution overΘ. Let G denote the set of all such distributions and letg0 ∈ G
be a fixed distribution. Relative entropy based-regularization algorithms output the solution of a
minimization problem of the following form:

argmin
g∈G

1
m

m

∑
i=1

c(g,zi)+λD(g‖g0), (9)

where the cost functionc: G×Z → R is defined in terms of a second internal cost functionc′ : H ×
Z → R:

c(g,z) =
Z

Θ
c′(hθ,z)g(θ)dθ,

and whereD(g‖g0) is the relative entropy betweeng andg0:

D(g‖g0) =
Z

Θ
g(θ) log

g(θ)

g0(θ)
dθ.

As shown by Bousquet and Elisseeff (2002, Theorem 24), a relativeentropy-based regularization
algorithm defined by (9) with bounded lossc′(·) ≤ M, is β̂-stable with the following bound on the
stability coefficient:

β̂ ≤ M2

λm
.

Theorem 12 combined with this inequality immediately yields the following generalization bound.
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Corollary 16 Let hS be the hypothesis solution of the optimization (9) trained on a sample S drawn
from an algebraicallyϕ-mixing stationary distribution with the internal cost function c′ bounded by
M. Then, with probability at least1−δ, the following holds:

R(hS) ≤ R̂(hS)+
8M2

λm
+

3M′

λumu +ϕ′
0

(
M +

3M2

λ
+

2uM′

λumu−1

)√
2log(2/δ)

m
,

where u= r/(r +1) ∈ [1
2,1], M′ = 2(r +1)ϕ0Mu+1/(rϕ0)

u, andϕ′
0 = (1+2ϕ0r/(r −1)).

3.6 Discussion

The results presented here are, to the best of our knowledge, the firststability-based generalization
bounds for the class of algorithms just studied in a non-i.i.d. scenario. These bounds are non-
trivial when the condition on the regularization parameterλ ≫ 1/m1/2−1/r parameter holds for all
large values ofm. This condition coincides with the one obtained in the i.i.d. setting by Bousquet
and Elisseeff (2002), in the limit, asr tends to infinity. The next section gives stability-based
generalization bounds that hold even in the scenario ofβ-mixing sequences.

4. β-Mixing Generalization Bounds

In this section, we prove a stability-based generalization bound that only requires the training se-
quence to be drawn from aβ-mixing stationary distribution. The bound is thus more general and
covers theϕ-mixing case analyzed in the previous section. However, unlike theϕ-mixing case,
theβ-mixing bound presented here is not a purely exponential bound. It contains an additive term,
which depends on the mixing coefficient.

As in the previous section,Φ(S) is defined byΦ(S)=R(hS)−R̂(hS). To simplify the presenta-
tion, here, we define the generalization error ofhS by R(hS)=Ez[c(hS,z)]. Thus, test samples are
assumed independent ofS.4 Note that for any block of pointsZ = z1 . . .zk drawn independently of
S, the following equality holds:

E
Z

[
1
|Z| ∑

z∈Z

c(hS,z)

]
=

1
k

k

∑
i=1

E
Z
[c(hS,zi)] =

1
k

k

∑
i=1

E
zi
[c(hS,zi)] = E

z
[c(hS,z)]

since, by stationarity, Ezi [c(hS,zi)]=Ezj [c(hS,zj)] for all 1≤ i, j≤k. Thus, for any such blockZ, we
can writeR(hS)=EZ

[
1
|Z| ∑z∈Z c(hS,z)

]
. For convenience, we extend the cost functionc to blocks as

follows:

c(h,Z) =
1
|Z| ∑

z∈Z

c(h,z).

With this notation,R(hS) = EZ[c(hS,Z)] for any block drawn independently ofS, regardless of the
size ofZ.

To derive a generalization bound for theβ-mixing scenario, we apply McDiarmid’s inequality
(Theorem 10) toΦ defined over a sequence of independent blocks. The independent blocks we
consider are non-symmetric and thus more general than those consideredby previous authors (Yu,
1994; Meir, 2000).

4. In theβ-mixing scenario, a result similar to that of Lemma 5 can be shown to hold in expectation with respect the
sampleS. Using Markov’s inequality, the inequality can be shown to hold with high probability. Thus, the results
that follow can all be be extended to the case where the test points depend on the training sample, at the expense of
an an additional confidence term.
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Figure 3: Illustration of the sequencesSa andSb derived fromS that are considered in the proofs.
The darkened regions are considered as being removed from the sequence.

From a sampleS made of a sequence ofm points, we construct two sequences of blocksSa

andSb, each containingµ blocks. Each block inSa containsa points and each block inSb contains
b points (see Figure 3).Sa and Sb form a partitioning ofS; for any a,b ∈ {0, . . . ,m} such that
(a+b)µ= m, they are defined precisely as follows:

Sa = (Z(a)
1 , . . . ,Z(a)

µ ), with Z(a)
i = z(i−1)(a+b)+1, . . . ,z(i−1)(a+b)+a

Sb = (Z(b)
1 , . . . ,Z(b)

µ ), with Z(b)
i = z(i−1)(a+b)+a+1, . . . ,z(i−1)(a+b)+a+b,

for all i ∈ {1, . . . ,µ}. We shall consider similarly sequences of i.i.d. blocksZ̃a
i andZ̃b

i , i ∈ {1, . . . ,µ},
such that the points within each block are drawn according to the same original β-mixing distribution

and shall denote bỹSa the block sequence(Z̃(a)
1 , . . . , Z̃(a)

µ ).
In preparation for the application of McDiarmid’s inequality, we give a bound on the expectation

of Φ(S̃a). Since the expectation is taken over a sequence of i.i.d. blocks, this brings us to a situation
similar to the i.i.d. scenario analyzed by Bousquet and Elisseeff (2002), withthe exception that we
are dealing with i.i.d. blocks instead of i.i.d. points.

Lemma 17 Let S̃a be an independent block sequence as defined above, then the following bound
holds for the expectation of|Φ(S̃a)|:

E
S̃a

[|Φ(S̃a)|] ≤ 2aβ̂.

Proof Since the blocks̃Z(a) are independent, we can replace any one of them with any other blockZ
drawn from the same distribution. However, changing the training set also changes the hypothesis,
in a limited way. This is shown precisely below:

E
S̃a

[|Φ(S̃a)|] = E
S̃a

[∣∣∣
1
µ

µ

∑
i=1

c(hS̃a
, Z̃(a)

i )−E
Z
[c(hS̃a

,Z)]
∣∣∣
]

≤ E
S̃a,Z

[∣∣∣
1
µ

µ

∑
i=1

c(hS̃a
, Z̃(a)

i )−c(hS̃a
,Z)
∣∣∣
]

= E
S̃a,Z

[∣∣∣
1
µ

µ

∑
i=1

c(hS̃i
a
,Z)−c(hS̃a

,Z)
∣∣∣
]

,
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whereS̃i
a corresponds to the block sequenceS̃a obtained by replacing theith block with Z. The

β̂-stability of the learning algorithm gives

E
S̃a,Z

[
1
µ

∣∣∣
µ

∑
i=1

c(hS̃i
a
,Z)−c(hS̃a

,Z)
∣∣∣
]
≤ E

S̃a,Z

[
1
µ

µ

∑
i=1

2aβ̂

]
≤ 2aβ̂.

We now relate the non-i.i.d. event Pr[Φ(S) ≥ ε] to an independent block sequence event to which
we can apply McDiarmid’s inequality.

Lemma 18 Assume âβ-stable algorithm. Then, for a sample S drawn from aβ-mixing stationary
distribution, the following bound holds:

Pr
S
[|Φ(S)| ≥ ε] ≤ Pr

S̃a

[
|Φ(S̃a)|−E[|Φ(S̃a)|] ≥ ε′0

]
+(µ−1)β(b),

whereε′0 = ε− µbM
m −2µb̂β−ES̃′a

[|Φ(S̃′a)|].

Proof The proof consists of first rewriting the event in terms ofSa andSb and bounding the error
on the points inSb in a trivial manner. This can be afforded sinceb will be eventually chosen to be
small. Since|EZ′ [c(hS,Z′)]−c(hS,z′)| ≤ M for anyz′ ∈ Sb, we can write

Pr
S
[|Φ(S)| ≥ ε] = Pr

S
[|R(hS)− R̂(hS)| ≥ ε]

= Pr
S

[
1
m

∣∣∣∑
z∈S

E
Z
[c(hS,Z)]−c(hS,z)

∣∣∣≥ ε
]

≤ Pr
S

[
1
m

∣∣∣ ∑
z∈Sa

E
Z
[c(hS,Z)]−c(hS,z)

∣∣∣+
1
m

∣∣∣ ∑
z′∈Sb

E
Z′
[c(hS,Z

′)]−c(hS,z
′)
∣∣∣≥ ε

]

≤ Pr
S

[
1
m

∣∣∣ ∑
z∈Sa

E
Z
[c(hS,Z)]−c(hS,z)

∣∣∣+
µbM

m
≥ ε
]
.

By β̂-stability andµa/m≤ 1, this last term can be bounded as follows

Pr
S

[
1
m

∣∣∣ ∑
z∈Sa

E
Z
[c(hS,Z)]−c(hS,z)

∣∣∣+
µbM

m
≥ ε
]
≤

Pr
Sa

[
1
µa

∣∣∣ ∑
z∈Sa

E
Z
[c(hSa,Z)]−c(hSa,z)

∣∣∣+
µbM

m
+2µb̂β ≥ ε

]
.

The right-hand side can be rewritten in terms ofΦ and bounded in terms of aβ-mixing coefficient:

Pr
Sa

[
1
µa

∣∣∣ ∑
z∈Sa

E
Z
[c(hSa,Z)]−c(hSa,z)

∣∣∣+
µbM

m
+2µb̂β ≥ ε

]

= Pr
Sa

[
|Φ(Sa)|+

µbM
m

+2µb̂β ≥ ε
]

≤ Pr
S̃a

[
|Φ(S̃a)|+

µbM
m

+2µb̂β ≥ ε
]
+(µ−1)β(b),
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by applying Lemma 3 to the indicator function of the event
{
|Φ(Sa)|+ µbM

m +2µb̂β ≥ ε
}

. Since

ES̃′a
[|Φ(S̃′a)|] is a constant, the probability in this last term can be rewritten as

Pr
S̃a

[
|Φ(S̃a)|+

µbM
m

+2µb̂β ≥ ε
]

= Pr
S̃a

[
|Φ(S̃a)|−E

S̃′a

[|Φ(S̃′a)|]+
µbM

m
+2µb̂β ≥ ε−E

S̃′a

[|Φ(S̃′a)|]
]

= Pr
S̃a

[
|Φ(S̃a)|−E

S̃′a

[|Φ(S̃′a)|] ≥ ε′0

]
,

which ends the proof of the lemma.

The last two lemmas will help us prove the main result of this section formulated in thefollowing
theorem.

Theorem 19 Assume âβ-stable algorithm and letε′ denoteε− µbM
m −2µb̂β−2aβ̂ as in Lemma 18.

Then, for any sample S of size m drawn according to aβ-mixing stationary distribution, any choice
of the parameters a,b,µ > 0 such that(a+ b)µ = m, andε ≥ 0 such thatε′ ≥ 0, the following
generalization bound holds:

Pr
S

[
|R(hS)− R̂(hS)| ≥ ε

]
≤ exp

(
−2ε′2m

(
4aβ̂m+(a+b)M

)2

)
+(µ−1)β(b).

Proof To prove the statement of theorem, it suffices to bound the probability term appearing in the
right-hand side of Equation 18, PrS̃a

[
|Φ(S̃a)|−E[|Φ(S̃a)]| ≥ ε′0

]
, which is expressed only in terms

of independent blocks. We can therefore apply McDiarmid’s inequality byviewing the blocks as
i.i.d. “points”.

To do so, we must bound the quantity
∣∣|Φ(S̃a)|− |Φ(S̃i

a)|
∣∣ where the sequenceSa andSi

a differ
in the ith block. We will bound separately the difference between the generalization errors and
empirical errors.5 The difference in empirical errors can be bounded as follows using the bound on
the cost functionc:

|R̂(hSa)− R̂(hSi
a
)| =

∣∣∣∣
1
µ

[
∑
j 6=i

c(hSa,Z j)−c(hSi
a
,Z j)

]
+

1
µ

[
c(hSa,Zi)−c(hSi

a
,Z′

i )
]∣∣∣∣

≤ 2aβ̂+
M
µ

= 2aβ̂+
(a+b)M

m
.

The difference in generalization error can be straightforwardly bounded usinĝβ-stability:

|R(hSa)−R(hSi
a
)| = |E

Z
[c(hSa,Z)]−E

Z
[c(hSi

a
,Z)]| = |E

Z
[c(hSa,Z)−c(hSi

a
,Z)]| ≤ 2aβ̂.

5. We drop the superscripts onZ(a) since we will not be considering the sequenceSb in what follows.
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Using these bounds in conjunction with McDiarmid’s inequality yields

Pr
S̃a

[|Φ(S̃a)|−E
S̃′a

[|Φ(S̃′a)|] ≥ ε′0] ≤ exp

(
−2ε′20 m

(
4aβ̂m+(a+b)M

)2

)

≤ exp

(
−2ε′2m

(
4aβ̂m+(a+b)M

)2

)
.

Note that to show the second inequality we make use of Lemma 17 to establish the fact that

ε′0 = ε− µbM
m

−2µb̂β−E
S̃′a

[|Φ(S̃′a)|] ≥ ε− µbM
m

−2µb̂β−2aβ̂ = ε′.

Finally, we make use of Lemma 18 to establish the proof,

Pr
S
[|Φ(S)| ≥ ε] ≤ Pr

S̃a

[
|Φ(S̃a)|−E[|Φ(S̃a)|] ≥ ε′0

]
+(µ−1)β(b)

≤ exp

(
−2ε′2m

(
4aβ̂m+(a+b)M

)2

)
+(µ−1)β(b).

This concludes the proof of the theorem.

In order to make use of this bound, we must determine the values of parametersb andµ (a is then
equal toµ/m−u). There is a trade-off between selecting a large enough value forb to ensure that
the mixing term decreases and choosing a large enough value ofµ to minimize the remaining terms
of the bound. The exact choice of parameters will depend on the type of mixing that is assumed
(e.g., algebraic or exponential). In order to choose optimal parameters, itwill be useful to view the
bound as it holds with high probability, in the following corollary.

Corollary 20 Assume âβ-stable algorithm and letδ′ denoteδ− (µ−1)β(b). Then, for any sample
S of size m drawn according to aβ-mixing stationary distribution, any choice of the parameters
a,b,µ > 0 such that(a+b)µ = m, andδ ≥ 0 such thatδ′ ≥ 0, the following generalization bound
holds with probability at least(1−δ):

|R(hS)− R̂(hS)| < µb

(
M
m

+2β̂
)

+2aβ̂
(

4aβ̂m+M
m
µ

)√
log(1/δ′)

2m
.

In the case of a fast mixing distribution, it is possible to select the values of theparameters to

retrieve a bound as in the i.i.d. case, that is,|R(hS)− R̂(hS)| = O
(

m− 1
2
√

log1/δ
)

. In particular,

for β(b) ≡ 0, we can choosea = 0, b = 1, andµ = m to retrieve the i.i.d. bound of Bousquet and
Elisseeff (2001).

In the following, we examine slower mixing algebraicβ-mixing distributions, which are thus
not close to the i.i.d. scenario. For algebraic mixing, the mixing parameter is defined asβ(b) = b−r .
In that case, we wish to minimize the following function in terms ofµ andb:

s(µ,b) =
µ
br +

m3/2β̂
µ

+
m1/2

µ
+µb

(
1
m

+ β̂
)

. (10)
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The first term of the function captures the conditionδ > (µ+1)β(b)≈ µ/br and the remaining terms
capture the shape of the bound in Corollary 20.

Setting the derivative with respect to each variableµandb to zero and solving for each parameter
results in the following expressions:

b = Crγ−
1

r+1 µ=
m3/4γ

1
2(r+1)

√
Cr(1+1/r)

,

whereγ = (m−1 + β̂) andCr = r
1

r+1 is a constant defined by the parameterr.

Now, assuminĝβ = O(m−α) for some 0< α ≤ 1, we analyze the convergence behavior of
Corollary 20. First, we observe that the termsb andµ have the following asymptotic behavior,

b = O
(

m
α

r+1

)
µ= O

(
m

3
4− α

2(r+1)

)
.

Next, we consider the conditionδ′ > 0 which is equivalent to,

δ > (µ−1)β(b) = O

(
m

3
4−α
(

1− 1
2(r+1)

))
. (11)

In order for the right-hand side of the inequality to converge, it must be thecase thatα > 3r+3
4r+2. In

particular, ifα = 1, as is the case for several algorithms in Section 3.5, then it suffices thatr >1.
Finally, in order to see how the bound itself converges, we study the asymptotic behavior of the

terms of Equation 10 (without the first term, which corresponds to the quantityalready analyzed in
Equation 11):

m3/2β̂
µ

+µb̂β
︸ ︷︷ ︸

(a)

+
m1/2

µ
+

µb
m︸ ︷︷ ︸

(b)

= O

(
m

3
4−α
(

1− 1
2(r+1)

)
︸ ︷︷ ︸

(a)

+ m
α

2(r+1)−
1
4

︸ ︷︷ ︸
(b)

)
.

This expression can be further simplified by noticing that(b) ≤ (a) for all 0 < α ≤ 1 (with equality
at α = 1). Thus, both the bound and the condition onδ decrease asymptotically as the term in(a),
resulting in the following corollary.

Corollary 21 Assume âβ-stable algorithm witĥβ = O(m−1) and letδ′ = δ−m
1

2(r+1)−
1
4 . Then, for

any sample S of size m drawn according to a algebraicβ-mixing stationary distribution, andδ ≥ 0
such thatδ′ ≥ 0, the following generalization bound holds with probability at least(1−δ):

|R(hS)− R̂(hS)| < O

(
m

1
2(r+1)−

1
4
√

log(1/δ′)
)

.

As in previous boundsr > 1 is required for convergence. Furthermore, as expected, a larger mixing
parameterr leads to a more favorable bound.
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5. Conclusion

We presented stability bounds for bothϕ-mixing andβ-mixing stationary sequences. Our bounds
apply to large classes of algorithms, including common algorithms such as SVR, KRR, and SVMs,
and extend to non-i.i.d. scenarios existing i.i.d. stability bounds. Since they arealgorithm-specific,
these bounds can often be tighter than other generalization bounds basedon general complexity
measures for families of hypotheses. As in the i.i.d. case, weaker notions ofstability might help fur-
ther improve and refine these bounds. These stability bounds complement general data-dependent
learning bounds we have shown elsewhere for stationaryβ-mixing sequences using the notion of
Rademacher complexity (Mohri and Rostamizadeh, 2009).

The stability bounds we presented can be used to analyze the properties ofstable algorithms
when used in the non-i.i.d settings studied. But, more importantly, they can serveas a tool for
the design of novel and accurate learning algorithms. Of course, some mixing properties of the
distributions need to be known to take advantage of the information supplied byour generalization
bounds. In some problems, it is possible to estimate the shape of the mixing coefficients. This
should help devising such algorithms.
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Olivier Bousquet and André Elisseeff. Stability and generalization.Journal of Machine Learning
Research, 2:499–526, 2002.
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