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Abstract

We estimate the mean function and the conditional variance (the volatility function) of a nonlinear first-order auto-
regressive model nonparametrically. Minimax rates of convergence are established over a scale of Besov bodies Bgpq and
a range of global L, error measurements, for 1< p’ < co. We propose an estimating procedure based on a martingale
regression approximation scheme. This enables us to implement wavelet thresholding and obtain adaptation results with
respect to an unknown degree of smoothness. (©) 1999 Published by Elsevier Science B.V. All rights reserved

Keywords: Minimax estimation; Adaptive estimation; Weak dependence; Time series; Nonparametric regression; Wavelet
thresholding

1. Introduction
1.1. Motivation

A vast literature is devoted to the study of nonlinear time series models, especially for financial economics
purposes. From a statistical point of view, a nonparametric approach seems appropriate for estimating the
conditional mean and variance (the volatility function) of nonlinear AR(1) models. This allows to consider
a wide range of models, specified by smoothness properties on the coefficients only. Several authors dealts
with the estimation of the mean function using Nadaraya—Watson estimators (Robinson, 1983; Tjeostheim,
1994; Masry and Tjostheim, 1995). In Hardle and Tsybakov (1995), the pointwise estimation of the volatility
function was proposed by local polynomial fits. The method they proposed consider the case when both the
mean and the variance belong to the same smoothness class.

On the other side, nonparametric estimation in signal analysis has known over the last few years a significant
development in the so-called adaptive estimation (among many others: Efromovitch, 1985; Lepski, 1990). The
introduction of wavelet thresholding in the work of Donoho et al. (1995, 1996) — DJKP for abbreviation —
has provided with computationaly fast adaptive procedures in density estimation and nonparametric regression.
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In this paper, we study the global estimation of the mean and the variance function, when both parameters
are subject to different functional constraints, within a range of Besov smoothness classes. Our study is taken
from a theoretical angle, and we compute the minimax rates of convergence for L, losses (1< p’ < 00),
when the unknown parameter has a smoothness s measured in L, norm (without assuming p = p’). This
naturally leads to the use of nonlinear procedures (see DJKP 1995, 1996). By thresholding the empirical
wavelets coefficients, we investigate adaptive estimation, in the sense that our estimators achieve the optimal
rates of convergence (to within a logarithmic term in some cases) without the need to specify s or p. Thus,
the smoothness properties of the unknown parameter can be unknown, which is more realistic if practical
considerations are taken into account.

To our knowledge, our study provides with the first adaptation results in this area (in the sense defined
above), in parallel to a recent work of Barraud et al. (1997) for the case of the mean function via a model
selection approach. See also Dahlhaus et al. (1995) for time-varying autoregressive processes.

We make use of a systematic time evolving signal plus noise analogy. This emphasises the closeness of
AR(1) models to more tractable models such as nonparametric regression (see also Neumann, 1996; Neumann
and Kreiss, 1996).

1.2. Outline

We consider the observation X = (X;,...,X,) defined by the one-dimensional first-order autoregressive
process

Ath+1:m(‘th)+6(‘th)8t+l9 X():.X(), t:()a"':”il’ (l'l)
where the mean function m(-) and the variance ¢?(-) are unknown parameters belonging to some Besov
smoothness class (see Assumption Al in Section 2 below). The innovation terms (g, ¢t =1,...,n) are i.i.d.

variables, with a common (unknown) density g such that
E(e)=0 and E(¢2)=1.

We assume that X is ergodic in a strong sense (Assumption A2 below). Note that the initial condition
Xo = xp 1s not restrictive, and can be replaced by an arbitrary initial law with some additional technical
assumptions.

Let f =m or ¢ be the unknown parameter of interest. Consider a compactly supported pair (¢,1) of
scaling function and wavelet. For a function 4 and integers ( j, k), define & jk(x):2j/ 2h(2/x — k). The classical
wavelet threshold estimator f, of f has the form

J1
Fa0) =D G () + 3 Bl g o Y 0), (1.2)
k J=Jo

where 4; = 2,(n) is the threshold level and &, = &, (X™) and f = B (X)) are estimates of the wavelet
coefficients o x = (f, @jox) and B = (f, ) for the usual L, inner product. Thus, by specifying jo = jo(n)
and jj(n), we estimate f by a low-frequency approximation at level jy (in a dyadic scale) and add relevant
details B i for j=jo to jo only if they exceed the threshold level 4;. The theoretical and practical advantages
of the multiscale structure along with thresholding has been extensively discussed in the literature (e.g. DJKP,
1995). Going back to time series, our statistical problems reduce to the estimation of the integrals o and
Bjr. For this, we use a martingale regression approach, in which we embed the two estimation problems (i.e.
f =m and ¢?). For the mean function m, we consider the model

Yi=mX)+ &, 1=0,....n—1, (1.3)

where Y; =X;.1, and &, =0(X;)e can be viewed as a noise term. Considering the process (X;) subsampled
at proper stopping times enables us to get rid of the spatial inhomogeneity of the design process (X;),
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while preserving the martingale structure of the noise (&,). For the variance function ¢?
algorithm to

Yl:o-z()(l)—"_nl—i—ila t:()a"'sn_l: (14)

where Y, = {X,.1 — m,(X;)}* and s,(x) is a preliminary estimator of m(x) constructed using only data up to
time ¢ (see Section 3.2). The term 1, = {X,.; — m,(X;)}* is a small-noise component. The martingale noise
term is now

& =2{m(X,) — (X))} o(X)err1 + > (X)) (2, — 1)

Our method will prove to be optimal in the minimax sense w.r.t. rates of convergence (up to a logarithmic
factor in some cases). From a practical point of view however, it has the drawback of discarding data (via the
homogeneization subsampling procedure, see below). This can be healed by using a correction algorithm, and
the estimators proposed here should be viewed as pilot estimators in a first step procedure. Since we mainly
focus on asymptotical results here, we will no longer consider the problem of practical implementation.

, we apply a similar

1.3. Contents

In Section 2, we discuss our assumptions on the model. Section 3 is devoted to the construction of estimators.
We present a general framework of a time-evolving signal plus noise model which embodies AR(1) models.
The results and proofs are given in Sections 4 and 5, respectively.

2. Assumptions

We write Py, for the law of the chain ()X;) with initial condition Xy =x¢. Let D be a compact interval. We
denote by K a real-valued Lipschitz continuous function satisfying [ K(x)dx=1 and set Ky(x)=h""K(h™'x).
Let Bypq denotes the Besov space Bgq(R) restricted to D, with norm || - [|spq (e.g. Meyer, 1990), for s > 0,
1< p,g <oo. Given M > 0, put

Bspq(M) ={f € Bspq : || fllspg <M}

We consider the statistical model defined by (1.1) and make the following assumptions:

Al. local assumptions on m(-) and o(-)
(m, 02) S BSlqul(Ml) X BSszqz(MZ)-

A2. global assumptions on m(-) and o(-). The process (X;, t>=>0) has a unique stationary measure with
density u w.r.t. the Lebesgue measure on D, satisfying

VxeD:ux)=v>0 (2.5)

for an explicitly computable v > 0. Moreover, the density p can be estimated at some polynomial rate uni-
formly on D: there exists I' > 0 s.t.

Vy=1: SugE{lun(X) — p()'} <Ms(y)n~ ", (2.6)
xe
where
l n
)= ;Khn(xt —x) (2.7)

for a suitable bandwidth #,,.
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A3. assumptions on the innovation terms. For some constant My and for all y € [1,00)

+o0
/ x|7g(x) dx <My (2.8)

— 00

Remarks.

1. The constant I needs not be known and can be arbitrarily small.

2. The moment condition A3 is satisfied for bounded Gaussian-type errors. The exponential bound can actually
be relaxed to some polynomial moment growth, at the cost of a (significantly more technical) improvement
of Lemma 7 below, thanks to Fuk and Nagaev inequality (Fuk and Nagaev, 1971).

3. The Besov indices need not be equal for m and 2. In particular, the smoothness of ¢> may differ from
that of m to within the range (1,00).

4. Whereas Al is classical in the minimax theory as well as A3 in the framework of time series, we need to
elaborate on assumption A2. It describes the minimal features needed to perform our estimating procedure.
Denote by 7m(x, y) the transition density of the chain (X;), given by

1 y —m(x)
n(x, y) = a(x)g ( o) )

and set, for any test function f

70 = [ 7t ) ().
Consider the following assumptions:

Bl. The function V(x) = |x| is (Cy,Cy)- Lyapunov for z, with Cy < 1, i.e. nV(x)=Colx| + C; for all
real x.

B2. |m(x)|V |o(x)| <Cy(1 + |x|) for all real x.

B3. inf,a(x)=>C5 > 0.

B4. For all compact K : inf,cx g(x) > 0.

Remarks.

1. Assumption Bl plays the role of a (the so-called) drift condition, enabling the strong ergodicity of the
process (X;).

2. Assumption B4 is satisfied for standard Gaussian errors.

3. Let us give classical examples of functions m and ¢ satisfying B1 and B2. Consider the space of Lipschitz
continuous functions

Lip(M) ={/ : [/ (x) = fFOWI<M|x — y[}.
Provided m € Lip(M;) and ¢ € Lip(M,), B1 holds if

M, +M2/|x|g(x)dx<C0
and B2 holds if |m(0)| V |6(0)| <Ms, with M, vV M, V M5 <C).
Lemma 1. Assumptions B1, B2, B3 and B4 imply A2.

Proof of Lemma 1. Under Bl, B2, B3 and B4, the chain is geometrically ergodic, with exponentially fast
decay mixing coefficients (Doukhan, 1995, pp. 105—-106 and the references therein). This implies inequality
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(2.6) by classical density kernel estimation for weakly dependent variables (see for instances Neumann, 1996).
We now compute an explicit lower bound for y on D. The invariant density satisfies

[l (xmm)
9= [ e (s e

We assume, without loss of generality, that D = [—cg,co] for some ¢y > 0. Let ¢; > 0. For any (x,y) €
[—co,co] X [—c1,c1], we have, from assumptions Bl and B3

x —m(y)
a(y)
say. Hence

<C5 Y eo + Co(1 +e1)) =,

1= inf g(NC (1 +ep)! / () dy.

|t‘$cz —cy
Applying Chebyshev’s inequality yields
c
[ umazi-at [veoumar=1 - etai - c,
e

The last inequality is obtained by assumption Bl (see for instance Duflo, 1990). Finally, we can take
v=inf g()Cy (1 +c1)"'(1 — c1Ci/(1 = Co)).

[t]<e2

We check that v > 0 by taking c¢; large enough. This proves Lemma 1. [J

In the following, we will denote by X = X(M) for M = (M3,M4) the functional constraint imposed by
assumptions A2 and A3. Note that (M) can be replaced by 2X(C,My), C = (Cy,...,Cs3) if one prefers to
consider the more familiar framework of assumptions B1-B4. We denote by

Zp=2N BSI P1q1 (Ml) X B-Vzpzqz(Mz )’ (29)

the global functional constraint on the parameter (m,c?).

3. The estimating procedure
3.1. General setting

For n>0 let (¥}, 0<i<n) be a triangular array of sigma-fields such that 7 C 7 C-.-C Z. Suppose
one wants to recover the signal f defined on a compact interval D from data (X;,Y;, i=0,...,n— 1) in the
model

Yi=fX)+n/+&, i=0,...,n—1, (3.10)
where
e the random process (X;, i=0,...,n— 1) is (F") adapted,
. i—1 . gn .
o the noise process Zj:O is a (#") martingale,
e the term 7} is a small noise component which is (#") adapted.

This model contains usual regression frameworks, including regression with random design. Note that we
do not assume that the design points (X;) are independent nor independent from the noise terms (& ;). Assume

that the empirical measure 1/n};_, dx, weakly converges to a measure with density u w.r.t. the Lebesgue
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measure on D and that u(x)=v >0 on D for an explicitly known v. The problem of estimating the mean
m and the variance ¢? of the autoregression model defined by (1.1) is embedded in this framework via the
transformations (1.3) and (1.4) of Section 1.

3.2. Algorithm

Following (1.2) our problem reduces to estimate the wavelet coefficients o+ and S of f. Two specific
difficulties appear here

1. the limiting density u has unknown smoothness. Even worse, its smoothness may differ from that of f
due to the influence of nuisance parameters.
2. the estimation procedure should be adapted to the filtration (%#") so that the noise terms remain uncorrelated.

Assuming that u is bounded below by v > 0, the convergence of the empirical sampling measure ensures
that |nh,v| observation points (at least) lie in a neighbourhood of size 4, of any given point in D with high
probability. We can then construct an estimator by subsampling |nv]| observation points as follows.

Assume (without loss of generality) that D =[0,1]. Given h, > 0, we divide D into |4, '] small intervals
of size h, each, denoted by C;, A= 1,...,|h;']. Put

]Vil — (Z 1X,~€C,;> A\ \_nthJ,

i<j

7y =0 and fori>2:Tiinf{j>Ti_1 :Z(N;“N%I)zl} An.
2

Note that the T7; are increasing stopping times of the filtration (#"). We extract from (Xp,...,X,—1) the
subsampling (XTI,...,XTW | ) and compute the empirical wavelet coefficients from data (xr, Y7, i=1,..., |nv])
on the coarse grid (xr, i =1,...,|nv]) defined by

X7, = (/17'1 — 1)]1” + ZT[/I_}’IVJ,

where /7, is the index of the interval C; in which falls the observation X7, and Ir, = #{Xr, € Chj, Jj<i}.

Note that the x7, are a reordering of a regular grid at coarse scale |1/nv| needed for technical reason (see the
proof of Theorem 2 below).

Definition 1. The (subsampled) wavelet coefficient estimates at accuracy level v are

Lnv] [nv)
. 1 A 1
%k = D] > Yrouler), By = v > Yrvu(xr).

i=1 i=1

Definition 2. The threshold wavelet estimator fn of f specified by 4; = 4;(n), jo=jo(n), j1 =ji(n) and v is
given by the formula

J
5= i)+ YD Bl o i)
k

J=jo k

where the &, and i jx are given in Definition 1.
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Remarks.

1. For sake of simplicity, we omit the boundary conditions on the edges of D, provided by wavelets on the
interval (Cohen et al., 1994).

2. The above subsampling method has the major drawback that it discards data after the random time 77,
The reason to introduce this subsampling procedure is mainly technical, and has no effect since only rates of
convergence are studied in this paper. The next level of accuracy should be to look for minimax efficiency
(i.e. optimal asymptotic constants). Such a task is beyond the techniques used in this paper.

For f =m of ¢?, we consider f,, of Definition 2 at accuracy level v = v/2 (this will be explained in the
proof of Theorem 2 below). For f =m, we use data

YI:)(I+1: t:()s,n_l
and for f = o2, we use data
Y ={X1 — (X))}, t=0,...,n—1,

where 71, is the Nadaraya—Watson estimator of m, given by

X Ly
= () D K (X =)
i=0

and y, is defined by (2.7) using the bandwith p,. The proper choice of p, will be specified in Theorem 2
below.

4. Results
We prove upper and lower bounds for the following minimax risk:

Definition 3. Let 1< p’ < oo and D be a compact interval of R. The L, -minimax over D of an estimator
fn of f=m or ¢? is

A . , 1/p
R(f,)= sup {Exo(/D|f,,(X)f(X)|p dX>} . (4.11)

(m,c2)€Zo

For sake of clarity, we will denote by R, the risk associated to m and R, the risk associated to o2,

respectively.

4.1. Lower bounds

For i=1 or 2, put

i i—1pi+1/p
Si_ S /pi+1/p

_ P —pi
1+2S,‘ 1+2S,—2/p, '

2

o and & =S8ipi —

Theorem 1. For i=1o0r2,lets; > 1, 1< p;< p' < 00, 1 <q;<00. Assume the innovation terms are Gaussian,
ie. g(x)=1/V2mexp(—x*/2). (In particular, A3 is satisfied.) Under Assumptions Al and A2, there exists
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an explicitly computable Ki = Ki(M,s;, pi,qi, p') or Ki(C,Ma,s:, pi»qi, p') such that

Lo~ Al &
inf R(f,)=>K] ( °g”) . 4<0,
" n

n

inf R'(f ) =Kin™", & >0, (4.12)

n

where the infimum is taken over all estimators.

Remark. Under assumption A3 Theorem 1 can be extended to the case of nonGaussian innovation terms,
under additional technical conditions on the smoothness of g.

4.2. Upper bounds

Define
(s, p,q, p') = (logn) 1 =P =2 & >0,
w(s, p.q, p') = (logm)2= 74" (log /Y, & =0,
tu(s, p.g, p') = (logn/n)*, & <0,
where x, = max(x,0). In the following, for two real-valued sequences u, and v,, we will write u, =< v, if

there exists C > 0 independent of » such that C —lu, <v,<Cu,.

Theorem 2. Assume Al, A2 and A3. For i=1or 2, let s;>1+4+ 1/p;, 1< p; <oo, 1<g;<c0. If the
parameters of the threshold wavelet estimator f, are specified by

hn ~ nfso/(1+250)’ 5; <80 < 00, /{](l’l) :KO‘ /j/}’l,

2Jo(n) — (n(logn)(p/_pi)/(pi)lxigo)12‘11', 251 — (n/logn)“i/si_l/p:,

and for the case f = a2,

Pt = t_l/:;a
then, there exist explicitly computable constants Ky and K5 = Ky\(M,s;, pi,qi, p') or Ki(C,Ma,si, pi,qis p')
such that

Ri(fn)gKé’El’l(si’ Pi4qi, p/) (413)

Remarks.

1. The rates obtained are the same as in density estimation or nonparametric regression, with fixed design
(see DJKP, 1995, 1996), and, in view of Theorem 1, are sharp up to a logarithmic factor in some cases.

2. The rates of convergence for m do not depend on the characteristics of o> an vice versa. Note that the
considered smoothness classes contain at least the Lipschitz class (since s; > 141/ p;, see assumption A2).
This avoids the effect of estimating the mean for recovering the variance (see Hall and Caroll, 1989, for
the specific case of nonparametric regression).

We now show how a slight modification of fn makes it adaptive w.r.t. an unknown degree of smoothness,
in the sense that the rates of Theorem 2 are achieved (possibly to within a logarithmic term in some cases)
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without the requirement to specify (s;, p;,q;). In particular, the smoothness of the estimated function can be
unknown. Fix an integer ro>1 and define

S ={(s,p,q): 1+1/p<s<ry1<p<oo,1<g<oo}.

Definition 4. Let D be a given compact interval of R. Let Xy = Xy(s, p,g) be the smoothness class defined

in Section 2. The estimator /¥ of f =m or o is called adaptive w.r.t. & is there exists K3 such that

1/p'
V(s, p.q) € S sup {EXO </D fE) — f) dx)} <Ks3tu(s, P, q)-

(m,62)EZ)

For f =m or ¢%, we construct an estimator fn* from the threshold wavelet estimator by specifying the

following parameters: the pair (¢, ) generates a ro-regular and compactly supported multiresolution analysis
and

Ai(n) =Ko/ j/n, 27" =< pV/AF20) 20 — yilogn, by, = /0720 and 55 > 2rg + 1.

Theorem 3. Assume that f =m or o> belongs to some class Xy, as specified in Section 2. Then fn* is
adaptive over &, up to logarithmic terms.

5. Proofs
5.1. Proof of Theorem 1

We go along a classical route, following classical ideas (Bretagnolle and Huber, 1979; Keryacharian and
Picard, 1992; Neumann and Spokoiny, 1995). For a review of the likelihood method we use here, see Ko-
rostelev and Tsybakov (1993). We break the proof in two parts, the so-called sparse case (¢; < 0) and the
dense case (¢;=0). In the following, P, ,» will denote the law on R” of the vector X " =(X,,...,X,) driven
by the parameters (m, ¢2), with initial condition xo.

5.1.1. The dense case ¢ =0
For the mean function m, we evaluate a minimax lower bound over X, =%;, x {a3}, where aj(x) =1 for
all x € R and

Cj, = L) =7 Y vkl v =%1 . (5.14)

keKj,

The function ¥ is a wavelet of regularity » > 51 V s, with compact support in [ — A4, 4], where A4 is an integer
(for instance a Daubechies wavelet), and

K, ={-Q7" =14 +2i4,1=0,...,2" — 1},
so that #%, —22" and the functions W« and ¥, have disjoint support for k # k’. We impose 2/» < 1/(1525)
and y, =< 1/y/n so that X C Z.

For the variance function 62, we evaluate a lower bound over X, = {mg} x 4;,, where my =0 and %, is
defined following (5.14). The choice 2/ =< n'/(1+2%2) and y, =< 1/4/n ensures that X, C Xo.

Lemma 2. For given k € K, denote by f. = f (k) and f_ = f_(k) any pair of functions in €;, such that
J+(x) = f=(x) = 2905, (x).
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Under the assumptions of Theorem 1, there exist 1; > 0 and z; > 0, i = 1,2, independent of n such that for
large enough n

Pf,,aé(/ll(flh_fer(n))>e_)~l)221 >0 and Pmo,ff(AZ(/[‘H_f*?X(n))>e_)~2)>ZZ >0,

where

02 dp
S () and Ao oK) = St
J-. (' mo, f—

Ai(fos [ X)) = x™).

Proof of Theorem 1, dense case. The lower bound is a consequence of Lemma 2, as follows from Korostelev
and Tsybakov (1993, Ch. 2). [

5.1.2. The sparse case ¢ <0
For the mean function m, we now consider the parametric family X = 2;, x {03}, where

25, ={/0(x), f16(x) = fo(x) + mu¥ji(x), k € K, } (5.15)

with the same notation as for the dense case. Here, fo = g2 and we choose 2/» =< (n/logn)"/(1¥21=2/P1) and
7n = (logn/n)'/? so that X; C .

For the variance function 62, we consider the subfamily X, = {m} x 2;, with 2;, defined by (5.15), with
now fo=mg=0. Again, we choose 2/ = (n/logn)"/1¥22=2/P2) and y, < (logn/n)l/2 so that X, C .

Lemma 3. With the notation of Lemma 2, for any k € K;,, the following representation holds:
A fo [0 X)) = exp( — 147 log 2/) (5.16)
where )v,(f) < <1 and (Kfj),k € K;,) are random variables such that for large enough n

(1> — XN 22D >0 and Py, (k7> — 2P)22@ >0

f/ﬂ o
for some ID and z) > 0 independent of n.

Proof of Theorem 1, sparse case. The lower bound follows from Lemma 3, as it follows from Korostelev
and Tsybakov (1993, Ch. 2). [

5.1.3. Proof of Lemma 2
The mean function m. For clarity, we abbreviate Pmﬂgé by P,_ and we substitute f by mi. For my,
the transition density of the chain is given by

T (x, ) = ﬁexp[fé(y Sl

Under P,,_, direct computation shows that

Ar(my,m_ X"y =exp (2 > (X —7; ,ik(X»}) :

i=0
Assuming y, = 1//n without any loss of generality, we obtain the following inclusion:

</11>-

. 1 n 1 n
(A (meym_, X")y=e ")D (‘ NG > kX — - > W)
i=0 i=0
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Using Chebyshev and Schwarz inequalities together with the fact that the v« (X;)e;+1 are zero-mean uncorre-
lated, we derive that the probability (under P,,_) of the last event is greater than

1 1 &
=5 (e i uSvan})

2 1 &
>1- = LEn_ = > WX .
Mmax( - {I’l i=0 J"k( )}>

It remains to show that the term within the expectation is bounded, and the conclusion follows by taking 4,
large enough. Clearly, for i>1

Emf [sz k()(l )]

n

:/ 1 T_(x0,x1) - T_(Xi_2,Xi_1) </ n(xil,xi)l//ik(x[)dx,) dxg---dxo 1 <
Ri—

1 n
—= > bi(Xeis
\/ﬁ i=0

1
V2r
since  is orthonormal in L, and sup, , 7 (x,y)<1/v2r. For i=0, we simply use the fact that n-! fnk(xo)é

sup, [2(x)|2"n~!, which converges to 0 as n — oo. The proof for the mean function is complete. [

The variance function o*. For clarity, we abbreviate P, , by P, and substitute f1 by ¢Z. For o3, the
transition density of the chain over X is now given by

1 1
= 3 AP 55
V2m 03.(x) 2 05.(x)

Straightforward computation shows that, under P,

T (X, y) =

n

— 1 o’
Moot 02, X =TT 2= Kexp — 5 —X) = 1),
2(0%, 0% ) 0'+( i )exp 22 Gi( i) €it1

Assuming y, = 1/y/n with no loss of generality, taking logarithm and using a second-order Taylor expansion,
it is easily checked that

1 n 1 n
log Ay(a7, 0%, X)) = 7 Z Yik(X )y — 1) — p Z Vi r (X1 + Ra,
i=0 i~0

where R, is a remainder term, uniformly bounded thanks to the fact that 2%+/2/,/n is bounded (from the
choice of j,). To complete the proof, we use similar arguments as for the mean function, using now that
812+1 — 1 is zero-mean. The proof of Lemma 2 is complete. [

5.1.4. Proof of Lemma 3
The mean function m. We abbreviate P,, , by P; . By elementary computation, we have, under P;
/Hv(fU

n 1 n
Ay (mo,mj e, X) = exp (Vn > Wik(Xi)eisr — Eyi Z{; jznk()(i)> :

i=0
Set, for Ly > 0

lo

- 7 — 1 &
A — 1 jﬁ > WX ei1, Zy = / VOue) dx = — 3 (X))
i=0 i=0
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and
1 n o L§
K,({ ) = 155{ ) 70(logn)22n.

Assume for simplicity that y, = Lo logn/y/n. Denote by r, a real-valued sequence converging to 0. We write
log 2/ = Blogn(1 +r,), for some f > 0, say. Define

(1)7(1+,1)—ﬁ /ik(x)u(x)dx.

Thus we formally obtain the decomposition required by (5.16). Since the choice of Ly is free and | [ t//jznk(x)
p(x)dx| <sup,cplu(x)l, it suffices to take n large enough so that

(1 [Wemedr <1,

to have the condition on the A\’ fulfilled. It remains to prove that P; (k! = — 21)>z{" > 0. From Cheby-
shev’s inequality

Py = = i) =Py u(R >0) — (1)(logn>2E-nk(|zn\>.

The function ? satisfies the kernel condition of assumption A2. It follows from the choice of j, that
(log n)*E;,x(1Z,|) <Li(log n)*n~"

for some constant L; and is asymptotically negligible. Therefore, it is enough to prove that P; k(;cgfl) >0)=>z0),
or, equivalently

l n
Pk {ﬁ > Wk (Xoeis >0} >z >0 (5.17)
=0

for some z(1) which does not depend on 7. For this, we use the following elementary lemma (proof of which
we omit).

Lemma 4. Let U, be a sequence of random variables such that E(U,)=0, E(U,)*>zy > 0 for large enough
n and such that U? is uniformly integrable. Then, there exists zy > 0 such that for large enough n

P(U,=0)>z > 0. (5.18)

We turn to (5.18). We apply Lemma 4 to U, = 1/y/n > ¥;k(X;)ei1. Clearly, E; 4(U,) = 0. To prove
that £ i( U?) is bounded from below, we use assumption A2 and the fact that inf,cpu(x)=v > 0. Likewise,
one easily checks the uniform integrability of U2 This completes the case of the mean function m.

The variance function ¢>. We abbreviate P by .k~ Routine computation yields, under P

n n
n 1
Mx(03, 77, X ) = [ [ /1 + 2t Xdexp = 5 D vl (XK1
‘ i=0
Taking the logarithm and using a Taylor expansion, we derive

n
Y ¥2
log Aa(05. 07, X)) = T Y s (X1 = &y) = 7 Z 2 (X)) + Ry,
i=0
where R, is a remainder term. We procede analogously as for the mean function and we obtain the same
conclusion. We omit the details of the computations, which are similar to the case of m. The proof of Lemma 2
is complete. [
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5.2. Proof of Theorems 2 and 3

Theorems 2 and 3 follow from moment bounds and moderate deviation inequalities. Let g € L,,(R) be
continuous, bounded, compactly supported, and such that [ g*(x)dx = 1. For f =m or ¢2, define

[nv]
. 1
= [ F@pd and 9= S guten)t.
i=0

The Yy, are the transformations on the observation scheme (X;,¢=1,...,n), following the regression approx-
imation defined by (1.3) for m and (1.4) for ¢°.

Lemma 5 (moment bounds). Let 2/ <n. Under the assumptions of Theorem 2, for all r =2, there exists an
explicitly computable K4(r) such that

Ex {175 — sl } <Ka(rn™"2. (5.19)

Lemma 6 (moderate deviations). Let 2/ <n. Under the assumptions of Theorem 2, for all r=2, there exist
explicitly computable Ks(r) and Ko(r) such that

Po{|By — Bl =Ko(r)\/j/n} <Ks(r)2™". (5.20)

Proof of Theorems 2 and 3. Using Lemmas 5 and 6, we readily follow the proof of Theorems 3 and 4 in
DJKP (1996).

5.3. Proof of Lemma 5

We will follow the method we previously used in Hoffmann (1999). We recall however all the technical
steps in order to give a self-containing exposition. Without loss of generality, we assume that D =[0,1]. We
will denote by C a generic constant, possibly varying from line to line. We will not distinguish between m
and ¢?, taking advantage of the general framework defined in Section 3.1, with

f=m, =0, &i=0(Xi)ei
or
f=0% ni={mX)—m(X)}, &i=2{mX)—m(X)}o(X)eis1 + o> (Xi)(el, — 1)
We use the following decomposition:
Tk — k=01 +02+ 03
with
I
] S auten) = [ 1) d
i
|nv]
Or=—— ) nrgu(xr),
7] 219

0=

|nv]
1
|nv] Z ¢ rgi(xr,)
i=j

Os =
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Clearly, it is enough to prove moment bounds for each term Q;, i = 1,2,3. Let us first study Q;. For u > 0,
we introduce the following penalty event:

%k: H 1/¢,,(x,;)2m

;LEC//(

where Cjx={A: C,N[k27/),(k+1)27/ #} and x; is the midpoint of the interval C,. Recall that the empirical
sampling measure defined in Assumption A2 depends on a kernel K. In the following, we will choose K such
that

K(x)=K@x)(1/K(v)dv) with 0<K(x)<I{_i212(x) and / K(x)dx,

a choice which is obviously possible. First, remark that |Q1|<Csup,cp | f(x)g(x)[27//2. Therefore,
Ex(101") S CLE(|Q1]" ) + C27P2Py () (5.21)
Next,

PalAi)< 32 Palin(h) < w)<Chy 1277 sup P (pa(x) < ).

XEka

The choice of u=v/(2 [ K) together with the properties of K entails

Eo(|01[)<C |Eo(|O1]s ) + Chy 1277 Supro<|:un(x) — p(x)[ > v (1 - ;~>>
xeb ZfK

The choice of K ensures that 1 —1/(2 Ik K) > 0. By Assumption A2 and Chebyshev’s inequality, the last term
in the previous inequality is arbitrary small in power of n hence asymptotically negligible. In order to bound
the first term in the right-hand side, we use the following decomposition:

O1=01+0On
with
|l
011 = T DL ) = e lguten) (5.22)
i
and
| [n7]
00 = 57 2 lrmanr) ~ [ s as (5.23)

For u=v/2 [ K), we have the following inclusion:

(ta(x) Zu) = (n—il > R, '(X: —x>)>v/2> < <Z Lt <, = (0 + 1)hnv'J> :
i=0

i=0
The condition s; > 1+ 1/p; implies that f is Lipschitz continuous (by classical Sobolev embeddings in Besov
spaces), therefore

|f(X7,) — f(xr)| < CXT, — 73] (5.24)
Moreover, the 7; are all distinct on the event .oZj. It follows from the construction of the 7; and the xz, that

X7, — x1,| < Ch,. (5.25)
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Likewise, on .oZj

7]
0= i > A a5~ [ rmgunax

Using again that the number of term involved in the sums in (5.22) is ((n27/) and using (5.24) and(5.25),
we derive

Eq(|On], ) <C27h, (5.26)
and for Qj,, by Riemann’s approximation
Eo(|Qul, /) <CQ2 72 /n). (5.27)

From the choice of 4, and 2/, these terms have the right order. We now turn to the term Q,, which only
appears in the case of the estimation of the variance function. We will use the following bound, for 1 <i<n

sup |m(x) — m;(x)? <C/Vi, as. (5.28)
xeD
which is valid since m is Lipschitz continuous, for a random constant C such that E,CO(|C~’ ") is finite for all
r>1. This bound is a classical result for Nadaraya—Watson estimators in nonparametric regression with random
design. The extension for estimating the mean function in a AR(1) model in our context is straightforward.

In fact, the rate in (5.28) can be improved, but is sufficient for our purpose. Using successively that T;>1,
inequality (5.28) and the same arguments on j as for Q;, we obtain

Eq (|0 )< Cn 2, (5.29)

To bound O3, we use Rosenthal inequality for martingales (Hall and Heyde, 1980, p. 23). Indeed, the process
(ngl.gjk(xfi)é 1, i=1,...,|nV]) is a (F7 )-martingale. By Assumption A3, straightforward computation
shows that E,,(|¢ .|") is bounded, therefore

Ey(|0s)<Cn (5.30)

and the conclusion follows. The proof of Lemma 5 is complete.
5.4. Proof of Lemma 6

We use the decomposition

ﬁjk_ﬁik:Ql + O+ 05
as in Lemma 5, replacing g by . Clearly,

3
5 . Ko = -
Po(IB = Bl > Kov/iim)< ZPM<|Q,-| > 200 - |Ql>\/1/n> ,
i=2
where O, = (Kov/J»)~' Q1. Recall that on the event (Tjiy) <n—1), we have
01| <C27(hy +n71).
Hence, using the same penalty argument as for the moment bounds, we derive

3
Pl — bl > Koiim <€ 3o (101> 52V ). (s31)

i=2
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plus a negligible term coming from the probability of the event .</;, which we can insert in the constant C.
For the first term in the right-hand side of (5.31), using Chebyshev’s inequality and similar arguments as for
Lemma 5 yield

K .
Pxo(|Q2 > j/n) <C2P, (532)
For O3, we use a Bernstein-type inequality for unbounded martingales.

Lemma 7. Let (S, =) ,d;,n>0) be a (F,)-martingale such that
Vrzl:  E(ldi|"|7i-1)<CCir’
for two constants Cy and Cy. Then
2
Vi=0: P(|S)|=t)<2exp | ——=———=—
2(CoC2n+ Cit)
with Cy = 4eCy and C, = 2eC;.

The proof is obtained in the same lines as the classical Bernstein inequality, so we omit it. By Assumption
A3, the term ¢ 7. satisfies the moment condition of Lemma 7 in both cases (m and ¢?). The verification is
straightforward. We then apply Lemma 7 to the (#7,)-martingale

1 k
k)= d;
(k)= 1 ;

with
di = Yu(xr,)¢ 1,

Hence, for any >0

nt?
Py (|05 Zt)geXp<_C(1+2//2t)) .

Since j2/ <n for jo(n)<j<2'™, the choice of the threshold Ky+/j/n entails, for sufficiently large Ky=Ko(r)

Py (103 =Ko(r)/j/m) <277 (5.33)
Putting together (5.32) and (5.33), we obtain (5.29). The proof of Lemma 6 is complete. [
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