36-755: Advanced Statistical Theory 1 Fall 2016

Lecture 17: October 31

Lecturer: Alessandro Rinaldo Scribes: Arun Sai Suggala

Note: LaTeX template courtesy of UC Berkeley EECS dept.

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

17.1 Sub Gaussian Processes, Metric Entropy and Chaining

17.1.1 Overview

In this class and the next few classes we will look at techniques to control collection of random variables
indexed by sets with infinite number of elements. This collection of random variables is called a stochastic
process. To be more specific, given random variables { Xy, 0 € T} indexed by T, we are interested in bounding

E [sung} , (17.1)
0T

where T C R™. Lets now look at two important stochastic processes that we often come across:

e When Xy = (0, X), X is rademacher (i.e., X1, X5 ... X, are i.i.d rademacher random variables) then
the expression in (17.1) is called the Rademacher Complezity of T.

Note that, we came across Rademacher Complezity when we discussed Uniform Law of Large Numbers.
When T = F(Z7) = {(f(z1), f(z2),... f(zn)) € R", f € F} and Xp is as defined above then (17.1) is
the conditional Rademacher Complexity of F given Z7'.

o If Xp = (0,X) and X ~ N(0,I) is gaussian, then the expression in (17.1) is called the Gaussian
Complexity of T.

Example 17.1 Let T be the unit euclidean ball in R™. And let R, (T) be the Rademacher Complezity of T
and G, (T) be its Gaussian Complexity. Then

Rn(T) = vV, Gn(T) < V0. (17.2)

Example 17.2 Let T = {0 € R™, |01 < 1}. Then

sup (0, X) = || X||oc = max|X;].
0eT ?

Then Rp(T) =1, G,(T) < 2ylogn.
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17.1.2 Sub-Gaussian Stocahstic Process

Definition 17.3 A zero mean stochastic process {Xy,0 € T} is a sub-gaussian process w.r.t d, a metric on
T, if for every X € R, the following is true:

\2d2(0,0")
2

E [exp A(Xyg — Xo/)] < exp v0,0" € T.

or equivalently (Xg — Xg) € SG(d?(6,0")).

Note that in many cases d(6,60’) = ©(]|0 —€’||). This is the case with Rademacher and Gaussian complexities.
When d?(0,0') = E[(Xy — Xg)?], then d is called the canonical distance.

17.1.3 1-Step Discretization Method

We now present the 1-step discretization method to bound (17.1) when {Xp, 0 € T} is a sub-gaussian process.
This method uses the metric entropy of a set, which is a measure of the size of a set with infinitely many
elements. Before we present the theorem, we review the definition of covering number.

Definition 17.4 (Covering Number) A é-cover of a set T w.r.t metric d is a set {01,05...0n} C T such
that for each 0 € T, there exists some i € {1,2,... N} such that d(6,0;) <. The §-covering number N (6, T)
is the cardinality of the smallest d-cover.

Theorem 17.5 Let {Xy,0 € T} be a sub-gaussian stochastic process w.r.t metric d. Let D = sup d(6,0")
6,6'€T

be the diameter of T w.r.t d (assume D < 0o0). Then V6 € [0, D]

+4D+\/1og N(5,T). (17.3)

E

sup Xy — Xo| <2E sup X, - X,
0,0'€T ¥y €T,d(v,v") <8

Proof: Fix 6 € [0, D]. Let {61,02,...0n} be a d-covering of T where N = N (4, T). For any 0 € T, let 6; be
a point in d—covering such that d(6,6;) < d. Then:

Xo — X91 = Xy — Xgi + Xgi - Xgl < sup )(,y — XV'
¥,y €T,d(v,7) <8

+ [_max | Xo, — Xgl@ .
1€E[N]
For any other point 6’ € T, the same bound applies to Xy, — Xp.. Adding these two, we get:

sup Xy — Xopr <2 sup X, — Xy
6,0’€T v,y €T, d(v,7") <6

+ 2 max | Xy, — Xo, |.
1€[N]

To complete the proof we take expectations on both sides of the above equation and use the fact that
{Xy,0 € T} is a sub-gaussian process:

+4D+\/log N (65, T).

E

sup Xp — Xo | <2E sup X, - X,
6,0’€T vy €T,d(v,7y')<d
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Remark 17.6 Note that (17.3) also gives a bound for E [sup X9:| :
0cT

E {sup Xg] =E [sung — X90:| for any g € T
0cT 0eT

<E
0,0’€T

sup Xb‘—‘Xy]

Remark 17.7 This is the same discretization bound we derived before in the class when we talked about
covering and packing numbers.

Example 17.8 (Gaussian and Rademacher complexities)

Let T C R™ be bounded and let X9 = (0, X) where X is a rademacher or gaussian random vector. Note that
X is a sub-gaussian stochastic process w.r.t ||.||2. We now apply the 1-step discretization theorem to get an
upper bound for Gaussian and Rademacher complezities of T. From to (17.2) we have:

E sup X, =Xy | <dvn.
v,y €T,d(v,7)<d

Then the 1-step discretization bound gives us:

E {sung] < 6H[10h})] 26v/n +4D+/log N (6, T).
€0,

0€T

Example 17.9 (Random Matrices)

Let W € R"™4 be a matriz with i.i.d SG(1) entries. We are interested in bounding ||W|op = sup ||[Wolz.
veSd—1
We can write |W||op as

[Wlop=sup Xe,
eeMm™d(1)
where M™%(1) is the set of all n x d matrices of rank 1 and frobenius norm 1, Xo = (W,0) . Note that
Xo s a zero-mean, SG process w.r.t frobenius distance. So applying 1-step discretization bound we get:

E [HWHO;D] <2E sup Xr — Xt

D€ Mmd(1), [P~ <5

+61/log N (5, (1))

2
< 2V20E[||W | op] + 6\/(n +d) log (1 + 5)'
Setting § = —L- t LE[W|op) <cl1 4) wh 0 i versal constant
etting § = 1=, we get — [[Willop] <c|144/% | where c >0 is a universal constant.

Example 17.10 (Non-parametric Regression)

Let Fr, be the set of lipschitz functions on [0, 1] defined as:

Fr=Af:10,1] = R,[f(z) - f(y)| < Llz —y|, 2,y € [0,1]} .
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Consider the ||.||co metric on Fr, defined as : ||f — glloo = sup|f(x) — g(z)|. Then we have the following
x
bound on covering number of Fr using ||.|| metric: log Noo (6, Fr) < %, V6 < 6.

In non-parametric settings we usually work with %ﬁlﬂ) because in this case ||.||2 on Fr(X7) corresponds

to empirical Ly distance: ||f — g, = ﬁ\/zz(f(xl) —g(x;))?. It is easy to see that ||f — glln < | — 9llco-
So log N ((5, %) < log Noo(d, Fr). So if we are interested in Gaussian complexity of FL(X7)

n

, we get the

following upper bound from 1-step discretization method:

“L(‘KIL) 1 . lL
g o )< f + —.
n( n \/73561(%,50) 5\/ﬁ ¢ 1)

Setting 6 = n~'/3 we get G, (%) < en~ Y3, where ¢ > 0 is a constant.

17.1.4 Chaining Method

In the next class we will look at chaining technique (by Dudley) that provides a better bound for E [sup X9:| .
9€T

Specifically, chaining gives a better bound for m% | X, — Xg,| of the form:
1€

D
| Vg NG T
5/4

If we let § — 0, we will recover Dudley’s result.
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