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Let I(k, o, M) be the class of all subsets 4 of R* whose boundaries are given by
functions from the sphere $*-! into R* with derivatives of order < «, all bounded
by M. (The precise definition, for all « > 0, involves Holder conditions.) Let
Ny(e) be the minimum number of sets required to approximate every set in
I(k, o, M) within  for the metric d, which is the Hausdorff metric  or the Lebesgue
measure of the symmetric difference, dj . It is shown that up to factors of lower
order of growth, N,(e) can be approximated by exp(e") as ¢ | 0, where r =
(k —D/aifd=horifd=dyanda > 1. Ford = dyand (k — 1)}k < x <1,
r < (k — 1)/(kae — k + 1). The proof uses results of A. N. Kolmogorov and
V. N. Tikhomirov [4].

1. INTRODUCTION

We consider classes of subsets 4 of R* whose boundaries 04 are defined
by maps of the sphere S*-! into R* with bounded derivatives of order <«
for some « < 00. Using Hélder conditions, such classes are defined for all
o > 0 (not necessarily integral). Given k, a, and a uniform bound M on
derivatives of orders <« (for more detailed definitions see Section 2 below),
we have a class I(k, o, M) of subsets of R*. We ask: given ¢ > 0, how many
sets are needed to form an e-dense set in I(k, o, M), i.e., to approximate
each set within €, for the Hausdorff metric 4 or for the metric d, which is
the Lebesgue measure of the symmetric difference. We find that as ¢ | 0,
the required number N(e), of sets, is approximated by exp(e~) for a suitable
exponent » depending on k, o, M and the choice of metric % or d, ; we write
r=r, or r =r,, respectively. The approximation is proved only in the
sense that given ¢ << r < s, exp(e~) << N(e) < exp(e~*) for e small enough.
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Thus N(e) is asymptotic to exp(e ") with suitable factors of lower order of
growth inserted, but here we do not find these factors precisely.

Theorem 3.1 below relates » to the given k& and ~. This result extends
previously known theorems on metric entropy of classes of functions
(Kolmogorov-Tikhomirov [4. Theorem XV]. Clements [2, Theorem 3]:
Lorentz [6, Theorem 10]). The main difficulty in the extension results from
the fact that boundaries of sets in /{k, «, M) are not restricted except for
differentiability and may intersect themselves in complicated ways. For
example, there is a set in /(2, 17, 1) with infinitely many components. We
have

I‘/,(I(/\", o, M)) - (k — l)‘/"d;
Ik, 0, M)) = (k — D)jx if o=
ik, 2, M)) < (k — Djtka — k + 1) if (k— D)k < x=l1,

where | conjecture that the last inequality for r, is also an equality.

The exponent (k — 1)/« for classes of functions goes back to Kolmogorov
and Tikhomirov [4]. Relations between sets and boundary functions are
developed in the preliminary Section 2. The boundary functions on spheres
need not be one-to-one.

In Section 4 we consider the class C(U) of all convex closed subsets of any
fixed bounded open set U C R*. We find

r(CU)) = r(CU)) = (1/2)(k — 1).

Thus convex sets behave like sets with exactly twice differentiable boundaries,
as is perhaps not surprising. (On R', a convex function f has a second
derivative f” which is a positive Radon measure; even when /" is a function,
it need not satisfy any Holder condition.) The proof in Section 4, however,
uses convexity rather than second derivatives per se.

While the results of this paper were found with probabilistic applications
in view [3, Theorems 4.2 and 4.3], it seemed appropriate to give them a
separate presentation.

2. PRELIMINARIES: BOUNDARIES

Let (S, d) be any metric space. Given € > 0, let N(S, €) be the smallest
number of sets of diameter <(2e¢ which cover S. The exponent of entropy
of S is defined by

r(S) == ry(S) = limus)up[log log N(S, €)]/| log €.

(If r(S) << oo, (S, d) must be totally bounded.)
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For any two subsets 4, B of S, we have the Hausdorff distance h(A, B)
defined as follows:

(4, B) = sup inf d(x, y),

x€d YEB

h(4, B) = max[hy(4, B), (B, A)].

For closed sets, # is a metric. A set 4 CS is called e-dense iff #{(A4, S) < e.

For measurable subsets of a measure space (S, u) modulo null sets, there
1s a metric d, defined by d,(4, B) = (A A B), where A A Bis the symmetric
difference (4 ~ B) U (B ~ A).

In the following, A denotes Lebesgue measure. Exponents of entropy for
d, will be written r, .

Now we define spaces of functions on spheres “with bounded derivatives
of orders <{a” for any a > 0. Let B be the greatest integer < x and
y = « — B > 0. For any open set U C R%, let F(U, «) be the set of all real
functions f on U such that:

(a) the partial derivatives D?f = 0I?If [oxfr -+ OxPr exist for |p| =
Pt e < B
() || flls < oo where

I flle = sup{l D?f(x) — DA (/I x —y ¥ + | D f(X)]:
Iq‘ <|[7‘ :IB,X#’VEU,XEU}

Let $*-1 be the unit sphere in R*:

Sl ={xeR:|xP=x2+ - +x2 =1}

We can cover S$*! by finitely many coordinate patches V; so that there are
C= isomorphisms @;: U — V; where U is the open ball {y: | y | < 1} C R*,
We can assume that @; is actually a C* isomorphism from a neighborhood
W of the closure of U into S**. Then each partial derivative of ®; is uni-
formly bounded and the vectors ¢®;/dx; for i = 1,..., k — 1 are linearly
independent on W.

We define F(V;, a) as the set of all real-valued functions f on V; such that
feo @, e F(U, o). Let F(S*1, o) be the set of all real-valued functions f on
S*1 such that the restriction of f to V; is in F(V;, «) for each j. Then let
| flia = sup; || fo D;|l, . This norm || - [|, depends on the choice of V; and @,
but is topologically equivalent to the norms defined by other allowed choices
of V; and ®; .

Taking the k-fold Cartesian product of copies of F(S*~1, ), we obtain
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a Banach space (FU(S*-1, «), ' -|,) of functions from S*-! into R*, where
(/1 oo fi)hs = max; ' f; 1, . Now for M = 0, let

Gk, % M) = {fe FI(SH 1, o) o f < M.

Here we recall a basic definition from algebraic topology. Let fand g be
two maps from a topological space S into another space 7. Then fand g
are called homotopic iff there is a continuous F from [0, 1] x S into 7 such
that F(0, ) = fand F(l, -) == g. F is called a homotopy of f and g.

Next we shall define an “interior” I(f) for each fe G(k, a, M), so that,
e.g., if fis the identity on S*-1, I(f) is the usual open unit ball. The following
definitton was kindly suggested to me by J. Munkres.

DeriNiTION.  For any continuous map f of a topological space S into
another space T, let I(f) be the set of all x € T~ range(f) such that in
T ~ {x}, fis not homotopic to any constant map of Sintoa point7r e T ~ {x}.

The proof of the following fact was also told me by J. Munkres.

LEMMA 2.1. Suppose Fis a homotopy of fand g. Then I(f)  I{g) C range F.

Proof. Suppose xe I(f) ~ I(g). If x ¢ range(F), then f and g are homo-
topic in T ~ {x}. Clearly homotopy is transitive. Since g is homotopic
to a constant map in T ~{x}, so is f, a contradiction. The proof is
complete.

If f'is the identity map of S*-1 into R*, then I(f) is the usual open unit
ball by well-known theorems of algebraic topology. Also, if /' and g are
homotopic in R* ~ {0}, then 0 € /(g). Thus the above definition seems broad

enough to cover cases of interest.
Let I(k, x, MY - {I(f): fe Gk, x, M)}.

3. THE EXPONENTS OF ENTROPY OF I(k, o, M)

In the following, | conjecture that equality holds in (3.4). It seems that
a proof might require construction of some rather pathological sets.

THEOREM 3.1. Let O < o << o0 and 0 << M << o0, Then

rl(k, oy M)) = (k — 1)/ (3.2)
If x=1,  nlk o M) =(k— 1) (3.3)
If (k—Dik<o<1,  rk, o M) <(—Ditke —k -+ 1). (3.4)
If0 < o < 1, r(tk, o, M)) = (k — Da.

Proof. Let F(U, o, y) ={f€F(U, 2):| fl, < ¥}, using the definitions
in Section 2. Kolmogorov and Tikhomirov [4, Sect. 5, Theorems XIII-XV]
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have shown that for any bounded open U C R* and 0 < { < oo,
rF(U, o, {) = (k — 1)/o where s is the supremum metric, s(f, g) =
sup{] f(x) — g(x)|}. By definition of G(k, a, M) it follows that r .G(k, o, M) <
(k — 1)/a, proving ry(I(k, o, M)) < (k — 1)/

Now suppose f, g€ G(k, o, M) and s(f, g) << ¢, where ¢ > 0. Let
Ft,x)y=(0 —1)f(x) +1g(x) for 0<r <1, xeS*1. By Lemma 2.1,
d(1(f), I(g)) < Arange F).

If «>1, the maps in G(k,«, M) are uniformly Lipschitzian. Thus
Mrange F) = O(e) as ¢ | 0, uniformly for f e G(k, o, M). Hence
rlk, o, M)) < (k — 1)/

Next let (k — 1)k << « < 1. There is a K < oo such that for 0 < § < 1,
there is a set E; C S*-! such that for all x e §*-1, | x — y | <{ §'/* for some
x € E;, where E5 has at most K6'-*/* elements. Then for any f e Gk, o, M)
and z € range f there is an x € E; with | f(x) — z| <C N8 for some N > M.

Let ¢, be the volume of the unit ball in R*, Given € > 0 let

6 = {e/ch4ka]0‘/(kafk+1)-

Then A{x:3y:|f(y) — x| << 3N8} < 4EN*KcdFo—*t/e = ¢ if § < 1, as
is true for € small enough. To obtain a 3Né-dense set in G(k, «, M) it suffices
to approximate functions within N§ at each point of E; . Hence for € small,

NU(k, o, M), €, dy) < exp{K81-P/~log[(2k -+ 1)"/6*]}

< eXp{CRG(l‘k)/(ko‘_k'H) ] IOg € |}

for some constant C; , so (3.4) follows.

To prove = and hence equality in (3.2) and (3.3) we use the following
fact, due to G. F. Clements {2, Theorem 3]. The proof here is different and
seems simpler.

LemMMA 3.5 (Clements). Let V be a bounded open set in R*1, k = 2,
a>0, and 0 <y < oo. Then r(F(V, o, y)) = (k — 1)/a where ry is the
exponent of entropy for the L' metric dy(f,g) = [v | f— g | dA.

Proof. Wecan assume Vistheopencube{x:0 < |x;| <1,j=1,.,k-1}.
Let f be a positive C= function with support in V. Let || f|l, = N < . For
Q=1 and teR*' let g(x) =f(Qx +1t). Then for some Z < oo,
lgll. <ZQ*forall Q = 1.

For each positive integer Q there exist Q%! such functions g; with disjoint
support, j = 1,..., O*L. For each set A C{l,..., O}, let g, =>cag;-
We shall show that there are many such sets A4, different in many places.
This type of result seems to be known, but the following proof seems short
enough to include, and T know no explicit references for the result.
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LeEMMA 3.6. For any positive integer n and any set B with n elements,
there is a collection of sets E; = E({YC B, i = l..., m, such that m > e"/®
and such that for i # j, E; A E; has at least n|5 elements.

Proof. Given any set £ C B, the number of sets F C 4 such that £ A\ F
has at most n/5 elements is 2°B(n/5, n, 1/2) where B(r, n, p) is the probability
of at most r successes in # independent trials with probability p of success in
each trial. According to Kolmogorov’s exponential bound [5, p. 254],

B(n/5, n, 1/2) < exp(—.126n) << exp(—n/8).

Thus we can inductively choose the sets E; with m > /8, proving Lemma 3.6.
Now the functions #h, = yg,/Q*Z all belong to F(V,« y). Let
« == [|f]dA > 0. Then for i +# j,

[ Vs — e | dX = Q-lyu/SZQF1 = yu/SZQ-

Let € = yx/5ZQ°. Then Q is proportional to e1/*. Letting Q — oo and
applying Lemma 3.6 yields, for some constant 8 > 0,

NFWV, a, v), €) = exp{fe'l-0/,

Thus Lemma 3.5 is proved.

There is a one-to-one C* map G = (G, ,..., G;,) of S¥~! into R* with a flat
face. Here “flat face” means there is an open set U C S*1 such that
G,(U) = {0}, and for some 8 > 0 and all ¢ such that | ¢| <& and xe U,
G(x) + (1,0,..,0) e I(G) iff ¢ > 0. Let H= (G, ,..., G;). Then H(U) is an
open set V' C R*1. For some M, < «, G € G(k, o, M,). Given any M > 0,
we can replace G by a smalil multiple of itself and assume M, < M/2. We
can also assume V = «C where « > 0 and C is the open unit cube in R*-1,
Then for some small enough { > 0, with { < §, all the following functions
¢4 Glk, a, M):

p4(x) = G(x) for x¢U
= G(x) + (£h(H(x)/x),0,..., 0) for xeU,

where A, is as in the proof of Lemma 3.5, with y <min (1, M,).
For any sets 4 and B C{1,..., %1},

(1@ H(@n) = L[ 1ha— hyd),

for Q large enough. Thus by Lemma 3.5 and its proof, we have equality
in (3.2) and (3.3) for all M > 0 and Theorem 3.1 is proved.
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4. CONVEX SETS

Let C(U) denote the class of all convex closed subsets of U. It turns out
that the exponent of entropy of C(U), for U bounded, is (1/2)(k — 1)
although second derivatives of boundaries of polyhedra in C(U) are only
measures, not functions.

THEOREM 4.1. Let U be a bounded open set in R*. Then r,(C(U)) =
rn(CU)) = (1/2)(k — 1).

Proof. We choose a fixed point { e U. Let s = (U, {{}). We have for
any C, D e C(U) by {1, p. 41, 5]

di(C, D) < 2¢i[— s + (s + h(C, D))*] < Nh(C, D) 42

where N depends on & and s but not on C, D. Thus to prove r(C(U)) <
(1/2)(k — 1) we need only consider the Hausdorff metric.

LEmMMA 4.3. Suppose given vectors x, ¥, u, v in R¥ such that (x — y, u) >0
and (x — y,v) < 0. Then

(x+u—y—viZzmax((x—yllu—uvi.
Proof.

[ x+u—y—vPP=[x—yPP+lu—v>?+2x—yp,u—0)
Zlx—yPlP+lu—vit Q.E.D.

A convex set C will be called analytic iff there is an entire analytic function
Jfsuch that C = {x e R*: f(x) < 1}, and the gradient of fis nonzero on the
boundary ¢C. It is known that analytic convex sets are A-dense in the class
of all bounded convex sets [1, pp. 36-37]. If C is analytic and p € 4C, let
o(p) = grad f(p)/| grad f(p)|. Then ¢ is a continuous 1-1 map of C onto
S*=1. Let e( p, q) be the (smallest nonnegative) angle between ¢ p) and ¢(q).
Then 0 < e(p, q) <. Letd(p,q) =1p —q|.

LeEMMA 4.4, Given a bounded open U C R, there is an M < oo such that
whenever 0 << 8 < 1, and C is any analytic convex subset of U, there is a set
A C 0C with card(A4) << M8'* such that A is 6-dense in 3C for d - e.

Proof. Let B be a fixed ball such that x 4 y € B whenever x € U and
| y| < 1. Then there is a constant S < oo such that whenever 0 < ¢ < 1
there is an e-dense set B, C 0B with card(B,) < Sel-*,
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Let C be convex and analytic, C C U. Then for every p € ¢B, there is a
unique nearest point n(p) € ¢C, with | p — n(p)} 2= 1. The function a(-)
maps ¢B 1-1 onto éC. Suppose ge ¢Band | p — g | < e. Letu = p — n(p),
v = q — n(q). Then we can apply Lemma 4.3 with x = n(p) and y = n(q)
to conclude | n(p) — n(q)] < eand | u — v << e. Let 0 be the angle between
u and v, so that e(n(p), n(q)) — 0. Letw; == wujjul,v, == v/l vl Since | u | =1
and [v! =1, we have Ju; — v, | < e Also 'y — vy == 2sin(6/2). We
know 8 <z sin(6/2) for 0 << 8 <7 by concavity. Thus e(n(p), n(g)) =<
me/2 << 2e. Hence we can let M = 2%S, A —= {n(p): p € B}, proving Lemma 4.4,

LemMa 4.5. Let C be an analytic convex set and 0 < 6 < mjd4. Let A
be a 8-dense set in 0C for d + e. Let C, be the intersection of all half-spaces
which include C and are bounded by hyperplanes supporting C (tangent to ¢C)
at points of A. Then h(C, C,) < 282

Proof. Clearly C, D C. Conversely let x € dC and choose ye A with
(d + e)x, y) < 6. Let T, be the tangent hyperplane to ¢C at x. Let u be the
unit outward normal vector to ¢C and T, at x. Then x -+ yu e T, for some
y > 0. To maximize y, we may assume y € T, (this particular argument
does not use analyticity). Now y < dtan é <{ 282 since tan ¢ < 20 for
0 <8 <n/4. For every zeC, there is a nearest point x < C, and
|z — x| < 28% Q.E.D.

Proof of Theorem 4.1. First we prove r,(C(U)) << (1/2)(k — 1). We can
assume U is a cube. Let t be the diameter of U. We may assume ¢ = 2,
There is an N <C oo such that N = 1 and whenever 0 << ¢ < /4 there is
an ¢/2-dense set U, C B with card(U,) < Ne % (where B is a fixed large
ball DU as in Lemma 4.4), and such that there is a tan—'(e/37)-dense set
V. C S*1 for the angular metric e with card(V,) < Ne' %

Let W, be the set of all convex polyhedra P C U formed by intersections
of at most Me™-*/2 half-spaces H; (here M is as in Lemma 4.4) such that
each hyperplane ¢H; contains a point of U, and is orthogonal to a vector v
in V., and v is directed outward from H; . Then

card(W,) < exp{[Me*~"/2] log[ N2el-2+]}.

Hence

lirr&l%up(log log card W)/l log e | << (1/2)(k — 1).

Now we show that W, is 12e-dense in C(U) for . To approximate a set
C e C(U), we may assume C is analytic. We take the set 4 C 9C provided
by Lemma 4.4 for 8§ = €'/, At each x € 4 let T, be the tangent hyperplane
to 0C. Let v, be the unit outward normal vector at x. Choose p, € U, with
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| P — x — ev, | < €/2. Let J, be a hyperplane passing through p, , orthogo-
nal to a vector in V., and forming an angle with T, less than tan—'(¢/3t).
Let H, be the half-space on the side of T, containing x. Then H, D C since
h({p.}, C) = €/2 and (t + €/2)(e/3t) < €/2. Let C. = (Ve H. D C.

Now take any y € oC and v, as above. Take x € A such that
(d + e)(x,y) < €/2 Then | y — p, | < 3€/2 while T, and T, form an angle
less than 2¢!/2. We have x € C and y € H, . As in the proof of Lemma 4.5,
it follows that y 4 yv, ¢ C. for y > 12¢, so that A(C, C.) < 12¢. Since
C. € W,, we have proved r(C(U)) < (1/2)(k — 1).

For the converse inequality, by (4.2) it suffices to consider the metric d, .

There is a ¢ > 0 such that whenever 0 < ¢ < 1, there is a set A4, C S#!
with card(4,) == cel~* such that | x — y | = 4e for any distinct x and y in A, .
For each xe A_, let C, be the solid spherical cap cut from the unit ball
B, = {y:]y| < 1} by the hyperplane orthogonal to x and passing through
(1 — €*/2)x. For some constant «; > 0, A(C,) > a,etL,

The caps C, are disjoint. For an arbitrary set EC 4., let

DE:BJNUCQ;.

x€E

Each Dy is convex. We have (Dy, D) = €/2 for E s F so the proof is
easily completed for 4. For d, we apply Lemma 3.6; taking the sets E; = E(i)
for A, , we have

ADrwy A D) = apeFlee#[5 = Bre?
for some constant 8, > 0. Letting 8 = 8,¢%/3 we have
N(C(U), 8) = exp{—y,81~1/%}

for some constant y;, > 0. Letting 6 | 0, Theorem 4.1 is proved.

ACKNOWLEDGMENT

I thank J. Munkres for showing me the relation between sets and boundaries developed
in §2.

REFERENCES

1. T. BonNeSEN aND W. FencHEL, “Theorie der Konvexen Kérper,” Springer Verlag,
Berlin, 1934,

2. G. F. Clements, Entropies of several sets of real valued functions, Pacific J. Math.
13 (1963), 1085-1095.



236 R. M. DUDLEY

3. R. M. DuptEey, “Sample functions of the Gaussian process,” Annals of Probability
1 (1973), 66-103.

4. A. N. KoLMoGorov anD V. M. TIKHOMIROV, e-entropy and e-capacity of sets in func-
tional spaces, Amer. Math. Soc. Transl. (Ser. 2) 17 (1961), 277-364 (from Uspekhi
Mat. Nauk 14 (1959), 3-86).

5. M. Lokvg, ““Probability Theory,” Van Nostrand, Princeton, N.J., 1963.

6. G. G. Lorentz, Metric entropy and approximation, Bull. Amer. Math. Soc. T2 (1966),
903-937.



