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e - E N T R O P Y  OF C O N V E X  S E T S  AND F U N C T I O N S  

E .  M.  B r o n s h t e i n  UDC 513o873.1 

Definition 1 [I]. Suppose that a minimal e-net of a precompaet metric set K contains NK(E ) points~ 
The e-entropy of the set K is defined by the quanti~y 3~ (e)~log2"V~ (e). 

Definition 2. Let M and N be closed subsets of the Euclidean space E n. The Hausdorff distance be- 
tween M and N is defined by the formula  p (M, V) max , sup d (m. V>. sup d (~,M)}. where d (,n. A') - inf in -- m t ; 

I'1 is the Euclidean norm. 

According to a we11-known theorem of Hausdorff, the set of ali closed subsets of a compact set in E n 

is compact in a Hausdorff metric. 

In w we shall prove the auxiliary Theorem i. 

In w we shall prove that the e-entropy of a compact set of convex closed subsets of the unit sphere in 

Euclidean space E n increases as e(l-n)/2. The same problem has been considered by Dudley [2], but he ob- 

tained a somewhat weaker resu l t .  

In w we shall prove that the e-ent ropy of a compact  set of uniformly bounded and un[for:mly Lipschit-  
zian convex functions with a met r i c  C defined on a cube in E n increases  as e-n/2.  

w 

Let us denote by ~, the class of convex closed subsets of the unit ball T~E". Let M~L,; ~>0. 
Let us introduce the notation 

Translatedfrom SibirskiiMatematicheskH Zhurnal, Vol. 17, Noo 3, pp. 508-514, May-June, 1976. Original 
article submitted October 10, 1974. 

o f  t h i s  p u b l i c a t i o n  m a y  b e  r e p r o d u c e d  s t o r e d  i n  a r e t r i e v a l  s y s t e m  ~ r  * ~ - ~ r  , ; * * ~  :.- - -  ~-- " " - ~  ' " �9 " . . . .  P 
�9 ~. - , ~ , ~ . ,~ , s~  , . z z ~ .  trt u n y  j o r ~ n  o r  o)'  alu.,  t n e a ~ s ,  e t e c t r o n w ,  ~ n e e h a n i e a l .  p h o r o e o p ) , i n g  

r n t c r o I t l m i n g ,  r e c o r d i n g  o r  o t h e r w i s e ,  w i t h o u t  w r i t t e n  p e r m i s s i o n  o f  t t l e  p u b l i s h e r � 9  A c o p 5 ,  o f  t h i s  a r t i c l e  is  a v a i l a b l e  f r o m  t h e  p ~ b l i s h e r  f o e  S 7 . 5 0 .  
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~ (M) = { N ~ ,  :p (M, N) ~,e},  

~,(M) --~ { N ~ , : p ( M ,  N) ~<e; M~N} .  

By M r  we s h a l l  denote  an e x t e r i o r  s e t  tha t  is  p a r a l l e l  to M at a d i s t a n c e  r .  It is  e v ide n t  tha t  p(M, N) = p (Mr ,  

Nr ) .  If NE %(M), then  M 1 ~ Nl+e; p(Mi,  Ni+e) _< p(M1, Mi+e) + p0Vil+e, Nl+e) <_ 2e.  Thus ,  the ma pp ing  ~0i+e: 
N ~ N I +  e wi l l  be  an i s o m e t r y  of the  s p a c e  S~(M) Onto ~2,(M~), i . e . ,  in the  s p a c e  $~(M) the n u m b e r  of po in t s  
in a m i n i m a l  5 - n e t  wi l l  no t  be  l a r g e r  than in the  s p a c e  ~i~(Mt). 

By S(y, r )  [or T(y ,  r ) ]  we sha l l  denote  a s p h e r e  (or  ba l l )  of the  s p a c e  E n of r a d i u s  r c e n t e r e d  at  the  
po in t  y E E  n .  

L e t  us t ake  a po in t  xE M. Since  M ~ T 1, i t  fo l lows  that  M ~ T (x, 2). Thus ,  T (x, 1) ~ M 1 ~ T (x, 3). 
M o r e o v e r ,  we sha l l  r e q u i r e  tha t  f o r  vv~OM ~ t h e r e  e x i s t s  a po in t  o~EE n such  that  T(~, I)~M~..~j~S(c~, 1). 
Wi thout  l o s s  of g e n e r a l i t y  i t  c an  be  a s s u m e d  tha t  x = 0. 

In E n (n _> 2) l e t  us c o n s t r u c t  a cube S c e n t e r e d  at  the po in t  0 and having  a s ide  2 / ( -~ .  E a c h  of the  2n 
f a c e s  of the cube  wil l  be  p a r t i t i o n e d  into s m a l l  c u b e s  wi th  a s ide  c . v ~ / n  [c = 10-4 / ( -~(n- -1) ] .  The  n u m b e r  of 
v e r t i c e s  thus  o b t a i n e d  on e a c h  f ace  wi l l  not  e x c e e d  2 e ( 1 - n ) / 2 / c .  A f t e r  tha t  e a c h  s m a l l  cube wil l  be  d iv ided  in 
a s i m p l i e i a l  m a n n e r  in such  a way that  no new v e r t i c e s  a r e  a d j o i n e d .  Thus  the  b o u n d a r y  0S of the cube S wi l l  
be  d iv ided  into s i m p l e x e s  wi th  a d i a m e t e r  not  e x c e e d i n g  cx/-e', and a n u m b e r  of v e r t i c e s  no t  l a r g e r  than 

a-~4ne(t-")/2/c. (1) 

Le t  us denote  the  v e r t i c e s  of the  s i m p l e x e s  by  z 1 . . . . .  z N, and the  r a y  o r i g i n a t i n g  at  the  poin t  0 and 
p a s s i n g  t h r o u g h  a po in t  zEE  n by  0z . 

The  a i m  of  w is  to p r o v e  the fo l lowing  t h e o r e m .  

THEOREM 1. Let N ' ~ 4 , ( M t ) ,  N be ing  a p o l y h e d r o n  with v e r t i c e s  ON" n Oz~'. F o r  e -< 10-12/(n--1) 

we hence  ob ta in  

o ( N ' , N ) ~ e / 2  (n~>2). 

The  p r o o f  is  p r e c e d e d  b y  s e v e r a l  l e m m a s .  

L E M M A  1. If d ( z , M  1) -< 4a; z(EM 1, then I z - - x ( z ) l -  < 12e.  H e r e  x(z) = 0z N 0M 1. 

P r o o f .  L e t  us  deno te  b y  y(x) (xEaM) a u n i t  v e c t o r  of  the  o u t e r  n o r m a l  to the  convex  se t  M at the poin t  x .  
T h r o u g h  the r a y  0z l e t  us  d r a w  a t w o - d i m e n s i o n a l  p l a n e  p a r a l l e l  to the v e c t o r  v ix(z)].  S ince  M t D T(0, 1), it  
fo l lows  tha t  any  r e f e r e n c e  p l ane  to the s e t  M l does  no t  i n t e r s e c t  the b a l l  T(0, 1). Thus (Fig .  1) we have II } >- 1, 
Ix(z)l  -< 3. Ev iden t l y ,  I z -z t l  -< 4a.  Hence  fo l l ow s  tha t  Ix(z)-z] = Ix(z)l •  -< 12e.  

In j u s t  as  e l e m e n t a r y  a m a n n e r  we can  p r o v e  

L E M M A  2. L e t  xEOM 1, T ( a ,  1) C M l, x E S ( a ,  1). Then  any t w o - d i m e n s i o n a l  p lane  that  p a s s e s  th rough  

the p o i n t s  0 and  x wi l l  i n t e r s e c t  T (~ ,  1) a long  a c i r c l e  of r a d i u s  not  s m a l l e r  than 1 /3 .  

L e t  us p a r t i t i o n  the  s p a c e  E n into s i m p l i c i a l  c o n e s  wi th  a c o m m o n  v e r t e x  0 and b a s e s  c o n s t r u c t e d  by  
the  s i m p l e x e s  of p a r t i t i o n  of the  b o u n d a r y  OS of the  cube  S. T h e s e  c o n e s  wi l l  be deno ted  by  K i. 

L E M M A  3. Suppose  that  the  p o i n t s  z I and  z 2 l i e  in the s a m e  cone  K i of p a r t i t i o n  of the  space  En; p (zi, 
Mr) - 4e, zi{tM l (i = 1, 2). Then  I zl-z21 -< 19~rcx/-n~-for e -< 10-12/(n--1)  [e = 10-4 / f -n(n- -1) ] .  

P r o o f ~  L e t  us p r o j e c t  the  p o i n t s  z 1 and z 2 onto a s p h e r e  S(0, 1/~-n) tha t  l i e s  in the cube S. Le t  z i '  = 
S(0, 1/r IQ0zi, z i"  = 0S n oz i  (i = 1, 2). By v i r t u e  of  o u r  condi t ion  we have I z l " - - z 2 " l  ~ c~f~. Since z i '  is  the 
p r o j e c t i o n  of the poin t  z i "  onto the  s p h e r e  S(0, 1/~-~), and  s i n c e  p r o j e c t i o n  onto a convex  se t  does  not  i n c r e a s e  
the  d i s t a n c e s  in an i n t e r n a l  and  (al l  t_,he m o r e  so) an e x t e r n a l  m e t r i c  ([3], p .  91), it  fo l lows  tha t  z l ' - - z 2 ' l  -< cr 
Thus  the  ang le  0 b e t w e e n  the r a y s  0z I and 0z 2 wi l l  s a t i s f y  the  inequa l i t y  

O~c] /nVe .  (2) 

Now l e t  us  c o n s t r u c t  the  p o i n t s  xi  = 0zi  N 0M 1 (i = 1, 2). By v i r t u e  of L e m m a  1, 

[ z ~ -  z~ I <~ I z~--x, [ + I z2--x21 + t x~ --x21 ~< 24e + ]x~--x2 [. (3) 

L e t  l be  a s t r a i g h t  l i ne  tha t  p a s s e s  t h r o u g h  the p o i n t s  x 1 and x 2. It is  e a s y  to show tha t  fo r  ~ - I0 -12 / (n - -1 )  < 
1 /9nc  2 the  s t r a i g h t  l i ne  l does  not  i n t e r s e c t  the  b a l l  T(0,  1 /2 ) .  Le t  us  denote  by  d the  b a s e  of  the p e r p e n d i c u l a r  
d r o p p e d  f r o m  the po in t  0 onto the s t r a i g h t  l ine  1. T h e r e  can  be  two p o s s i b i l i t i e s :  
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\ / 

Fig .  1 F ig .  2 

a) xl~ [d, x2] (z i and z 2 can be exchanged);  

b) d~ [x~, x2]. 

H e r e  in, b] is a s egm e n t  with ends a and b.  

Case  (a). s in < 0x2d=ldl / Ix21 >_1/6, s i n c e l d l  >_1/2; Ix21_< 3. The length 

l ,v:--  x :  I = ! x :  [. s i nLx :Ox2 / s inZ_Ox2x~  ~ lgsin O. 

F r o m  (2) we find that  Ix~--x2l _< 18~c4"ng-E. 

Case (b ) .  Ixl--x21 = l x l - d l  +[x2- -d l .  F r o m  (2) we obtain 

lx,-dl =-[x, l .  sii3Lx,( d~i3shi 0 ~ 3..,tcl!rt]/~:. 

Hence l xl--x21 -< 67rc~-n~'-~. 

Finally we find from (3) that Izi--z21 _<_ 24~ + 18~e~'n~'-~ -< 197rcv~/~- for ~ ~ 19-12/(n--I). This com- 
pletes the proof of Lemma 3. 

The following two lemmas refer to the case of the plane E2; in them, n >_ 2 serves as a parameter. 

LEMMA 4. In the Euclidean plane E 2 let the set M and the points a and b be such that T(0, I) ~ M ~ T 
(0, 3); 0~M~ ~ ;  d(a, M) ~ 4t; a~M; b~0M; Aft = La0b _< ~cJ-nV~-a. Suppose also that there exists a point c~M 
such that T{c~, 1/3) ~ M; b~S(~, 1/3). Then d[~, T(cz, I/3)] -< 3(5 +450~2c~n)~; zoaczb _< 577~2c~/-~/'~ for t _< 10-8/ 
(n--l) [c = 10-4/J-n(n--1)]. 

Proof. Let us select a coordinate system in E 2 in such a way that the origin coincides with the point 0 
and the x axis is parallel to the reference line Ib to the set M at the point b. Suppose that the point ~ has iu 
this system the coordinates (Xc~, Ya)- Let us denote by f the angle formed by the ray ~ with the x axis. 
Similarly to the proof of Lemma I we find that Isin fl  >-i/3, i .e . ,  for 0 -<- &fi < arcsin I /3 we have 0 < {~• 
~ f  < ~. It is easy to see that for such values of ~ this constraint on Af is satisfied. Let us denote by e the 
point 0-a ~ Ib', where Ib'  denotes a straight line parallel to Ib at a distance 4~ from the latter and located 
outside the set M. Since d(a, M) -< 4~, it follows that d[a, T(c~, i/3)] <__ die, T(c~, 1/3)]. The point e has the co- 

ordinates xe = (Ya + I /3 + 4~) cot (f • Ye =Y~ + i /3 + 4a. 

Let us transform the formula for the coordinates x e. Xe = (Yc~ + 1/3 + 4~) (I ~ tan  f tan A~)/(tanfi +tan 
Aft). Since tanf  = (y~ +1/3)/xc~, we obtain x e = {Ycz + I/3 + 4t)(x~-~y~ tan &~ ~i/3tanAf)/(yc~ + 1/3 • tanAf). 
Now let us estimate IXe-X ~ I: 

Since IXczl_< 3, lyo~i--< 3 and for e-< (20e4"n) -2we have 0-< Af_ ~lfi0, so that 0 -<tanA~ < 2Aft_< 1118, we 
obtain 

l x o - - x ~  ] -~ 30~cVn~ ~- (4) 

Now let  us e s t i m a t e  die, T(~,  1/3)]  = l e - -~  I - - t / 3 .  By v i r tue  of (4) we obtain le--c~ [ = !(Xe--Xc~) 2 + 
(ye--yc~)2] I/2 < 1 /3  + 3(4 + 4507r2c2n)E +24e  2 -< 1/3 + 3(5+450u2c2n)e.  Hence fol lows that din, T(~, 1/3)] -< die, T 
((y, 1/3)] --< 3(5+4507r2e2n)a. Since ta- -b l  -< 197rc~fnn,/F ( L e m m a  3), we obtain by p ro jec t ing  the points  a and b 
onto S(~, 1/3) the f o r m u l a  
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l--nabS3.19nc~n]/e. 

L E M M A  5. L e t  T(0, 1 /3)  be  a c i r c l e  on the E u c l i d e a n  p lane  E2; d ia l ,  T(0, 1/3)]  --<- 3(5 + 450rr2can)e; 
a l g r ( 0 ,  1/3) (i = 1, 2); t - a l 0 a  2 --< 57r2c~'-ng'-e; l a i - - a z l  --< 19vcq-nv~.  L e t  a l s o  S D T ( 0 ,  1/3)  be  a convex  s e t  
such  tha t  a l E S S  (i = 1, 2). F o r  e -< 1 /30 ,  we then have  p(S NK,  S t) _< g / 2 ( n - - 1 ) .  (Here S 1 is a t r i a n g l e  with 
v e r t i c e s  0, a t, and a2; K is an acu te  ang le  with v e r t e x  0 whose  s i d e s  con ta in  the p o i n t s  a t and a 2 [c = 1 0 - 4 /  

~~ ( n - - l ) ] . )  

P r o o f .  It f o l l ows  f r o m  Def in i t ion  2 tha t  s i n c e  S 1 c S N K ,  it s u f f i c e s  to show that  if z0E~S NK, then 

d(z 0, in, bJ) - g / 2 ( n - - 1 ) .  

It is  e v i d e n t  that  the  po in t  z~ l i e s  in the  t r i a n g l e  ala2m (Fig .2) : ,  Oat_-< : l /3  + 3(5 + 450rr2c2n)g, whence 
fo l lows  tha t  L t i0a i _ rr .3q3(5 +4507rZc2n).~-/2 (i = 1, 2 ) , L q 0 t  z-< ( 3 ~ )  + 57rZc~n) ~g'o F r o m e l e -  
m e n t a r y  c o n s i d e r a t i o n s  we can  see  that  z_ m a i a  2 + z. maaa 1 = z_ t l0 t  2. F o r  e -< 1 /30  we have  e_ m a l a  2 + t_ m a 2 a  1 

_ 7r/2, i . e . , d ( z 0 ,  [al, az] ) _< d(m, [al, az]) .  

L e t  e_ m a l a  2 _< z_ ma2a 1. Then  d(m, [al, a2] ) -< lal--a21 s in  t_ ma in  2 _< 197rc~-n. (3v~3(450r2can + 5 ) +  57~Zcq-n)e/2 < 
e /2 (n - -1 ) ,  s i n c e  c = 1 0 - 4 / v ~ ( n - - 1 ) .  

P r o o f  of T h e o r e m  1. It su f f i ce s  to  show that  fo r  any cone  K i of p a r t i t i o n  of the s p a c e  E n we have 

p(N't~IKi,  N N K i ) -  e /2 ,  s i n c e  it is  e v i d e n t  tha t  if fo r  any i we have p(A i, Bi)  _< a,  then p ( IgAt ,  I~ Bt)  -< a .  

L e t  us  f ix  a cone K.  L e t  us denote  by  K(s)  (s = 1, 2 . . . . .  n) an s - d i m e n s i o n a l  hul l  of  a s i m p l i c t a l  cone K.  Le t  
us  p r o v e  by  induct ion on s that  if zEK(s )  n N' ,  then 

d(z, N) ~e(s--t)/2(n--l). (5) 

Since  N o N ' ,  we obta in  for  s = n the  a s s e r t i o n  of the  t h e o r e m .  

F o r  s = 1, the a s s e r t i o n  (5) is  ev iden t ,  s i nce  we s e l e c t e d  in th i s  way the v e r t i c e s  of the  p o l y h e d r o n  N. 
Suppose  that  it  ho lds  fo r  s .  L e t u s  t ake  a po in t  z E N '  i~K ( s + l ) .  L e t  x = 0~ N aN ' .  T h e r e  e x i s t s  a poin t  a ~ E  n 
such  tha t  T (~ ,  1) c M  l, x ~ S ( ~ ,  1). Le t  us deno te  b y  ~rs+ 1 the ( s + l ) - d t m e n s i o n a l  f ace  of the cone K con ta in ing  
the  po in t  z .  T h r o u g h  the p o i n t s  0 and z l e t  us c o n s t r u c t  a t w o - d i m e n s i o n a l  p l ane  ~r 2 such  that  v 2 c ~s+l is  an 
angle  whose  o u t e r  r a y s  l i e  in K(S).  Suppose  that  t h e s e  r a y s  i n t e r s e c t  8N' at the po in t s  a and  b .  The  r a d i u s  
of the c i r c l e  rr2nT((~, 1) i s  not  s m a l l e r  than 1 /3 .  Wi th  the a id  of L e m m a s  4 and 5 we obta in  d(z, [a, b]) _5< e / 2  �9 
( n - - l ) .  But  d(a, N) and d(b, N) do not  e x c e e d  g ( s - - 2 ) / 2 ( n - - 1 )  by  v i r t u e  of the  induct ion h y p o t h e s i s .  Since  N is  
a convex  se t ,  it  f o l l ows  tha t  d(z,  N) -< e ( s - - 1 ) / 2 ( n - - 1 ) .  Thus  we have p r o v e d  the i ne qua l i t y  (5), and  hence  a l s o  

T h e o r e m  1. 

w 

At f i r s t  l e t  us  p r o v e  a t h e o r e m  on the  n u m b e r  of p o i n t s  in an e - n e t  of a 2 e - n e i g h b o r h o o d  of  a se t  ME ~'L. 

THEOREM 2. L e t  MEAL. Then r e -  < 10-12/(n--1)  in the s p a c e  912~(M) t h e r e  e x i s t s  an g - n e t  con ta in ing  

no t  m o r e  than 12T(qT)l-n po in t s ,  T -< 4-104 .n  5/2. 

P r o o f .  The a n a l y s i s  p r e s e n t e d  at  the  b e g i n n i n g  of w 1 shows that  i t  s u f f i c e s  to obta in  an uppe r  bound  
fo r  the  n u m b e r  of p o i n t s  in an g - n e t  of  the  s p a c e  -~4~(M1). As  b e f o r e ,  l e t  the zi  be  v e r t i c e s  of s i m p l e x e s  in the 
c a s e  of a s i m p l i c t a l  p a r t i t i o n  of the  b o u n d a r y  8S of the cube S. L e t  us c o n s t r u c t  the r a y s  0zi .  L e t  N ~ v ( M 1 ) ,  
Yi = 8N N0~i .  It then fo l lows  f r o m  T h e o r e m  1 tha t  p(N, UYi ) _< e / 2  (~, 'being the convex  hull  of the s e t  A) .  If 

the  p o i n t s  Yi'  a r e  such  tha t  y t - - y t ' l  - e /2 ,  then P (U  Yi, U y t ' )  - g / 2 .  Hence  we can  see  tha t  an e - n e t  of the 
i 

s p a c e  ~4~(M1) can be  c o n s t r u c t e d  as  fo l lows :  We d iv ide  the s e c t i o n s  of the  r a y s  0~i of l eng th  12e, beg inn ing  
with the  po in t s  of i n t e r s e c t i o n  with the b o u n d a r y  8M 1 ( L e m m a  1), into s e g m e n t s  of l eng th  g; a f t e r  tha t  we f o r m  
a l l  p o s s i b l e  c o l l e c t i o n s  of  d iv i s ion  po in t s ,  one f r o m  e a c h  r a y  0-~i, and then we c o n s t r u c t  the  convex  hull  of e a c h  
c o l l e c t i o n .  The  to t a l  n u m b e r  of c o l l e c t i o n s  of d iv i s ion  p o i n t s  does  not  e x c e e d  12P, w h e r e  p is  the n u m b e r  of 
r a y s  0z-~i. I t  f o l l ows  f r o m  (1) tha t  p can  be  t aken  equa l  to 4. 104-n'~/2(g-g) 1-n. T h i s  c o m p l e t e s  the p r o o f  of 

T h e o r e m  2. 

T H E O R E M  3. F o r  any p o s i t i v e  e -< 10-12 / (n - - i )  = e 0 t h e r e  e x i s t s  in ~ (n >- 2) an e - n e t  con ta in ing  not  

m o r e  than fl(n). 1247(q'g)l-n p o i n t s  (7 <- 4-104-n5/2) .  

P r o o f .  L e t  us  e x p r e s s  the n u m b e r  s e t  (0, g0] in the  f o r m  (0, g0] = '~ Ak, A k = (g0/2 k, eo /2k-1] .  The  

t h e o r e m  wi l l  be  p r o v e d  b y  induc t ion  on k, i . e . ,  f o r  a l l  gEA k .  
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F o r  k = 1 it s u f f i c e s  to s e l e c t  the  v a l u e  of fT(n). Suppose  tha t  the  a s s e r t i o n  of the t h e o r e m  is t r ue  fo r  
any eEA k. L e t  us  p r o v e  tha t  it is  t r ue  a l s o  for  any  eEAk+ 1. If eEAk+l ,  then 2eEA k.  By  the induct ion hypo th -  
e s i s ,  t h e r e  e x i s t s  in ~'l~ a 2 e - n e t  with a n u m b e r  of p o i n t s  not  e x c e e d i n g  g(n) .124V( 2q~) i -n  It fo l lows  f r o m  
T h e o r e m  2 tha t  VME!I~,, t h e r e  e x i s t s  in the s p a c e  ~2~(M) an e - n e t  c on t a in ing  not  m o r e  than 127(q'-e)l-n 

p o i n t s .  An e - n e t  of  the  s p a c e  ~,, can  be  ob t a ined  f r o m  any of  i t s  2 e - n e t s  by  r e p l a c i n g  e a c h  of i ts  e l e m e n t s  by  
an e - n e t  of i ts  2 e - n e i g h b o r h o o d .  By  t ak ing  the a b o v e - m e n t i o n e d  2 e - n e t  of the  s p a c e  ~ we obta in  aa e - n e t  
con t a in ing  not  m o r e  than  

, -~,; i  ~, ( l + , , 1 - - n  r -  1 - - n  
in)" 12~v(l -~' : ; '  ~" ~ 8 (n). ]2 'v(~ ') 

p o i n t s .  T h i s  c o m p l e t e s  the  p r o o f  of T h e o r e m  3. 

Now l e t  us  ob ta in  a l o w e r  bound  fo r  the  n u m b e r  of p o i n t s  of a m i n i m a l  e - n e t ,  

Def in i t ion  3 [1]. Le t  K be  a c o m p a c t  m e t r i c  s e t .  We sha l l  s ay  that  the po in t s  a 1 . . . . .  aNEK f o r m  an 
e - d i s t i n g u i s h a b l e  s e t  in K if p (a i, a j )  _> e (i ~ j ) .  

It was  p r o v e d  in [1] tha t  the  n u m b e r  of po in t s  in any e - d i s t i n g u i s h a b l e  c o m p a c t  s e t  does  no t  e x c e e d  the 
n u m b e r  of p o i n t s  in any of i ts  e - n e t s .  

T H E O R E M  4. In the  space  ~ ,  t h e r e  e x i s t s  fo r  any p o s i t i v e  e -<- 1 /64  an e - d i s t i n g u i s h a b l e  se t  c o n t a i n -  

ing not  l e s s  than 2s~_~(,_~ (~'~)~-~ po in t s ,  ~ n - t  be ing  the  m e a s u r e  of the  ( n - - 1 ) - d i m e n s i o n a l  unit  b a l l .  

P r o o f .  Le t  us c o n s i d e r  the unit  s p h e r e  S = {xEEn: Ixl = 1} and l e t  K ~ S  be  a 2x /~ -d i s t i ngu l sha b l e  s u b s e t  
of the l a t t e r  in an e x t e r n a l  E u c l i d e a n  m e t r i c .  Le t  x E K .  L e t  us denote  by  (S) x the  t angen t  p l ane  of  the s p h e r e  
at  the po in t  x .  Now we c o n s t r u c t  a p l ane  tha t  is  p a r a l l e l  to (S)x at  a d i s t a n c e  e --< 1 /64  f r o m  the l a t t e r  and tha t  
i n t e r s e c t s  the  s p h e r e  S. It i s  e a s y  to s ee  tha t  t h i s  p l ane  s e p a r a t e s  the po in t  x and the se t  K~,{x}, i . e . ,  the  
p o l y h e d r a  with v e r t i c e s  b e l o n g i n g  to K f o r m  an e - d i s t i n g u i s h a b l e  s e t  in ~ , .  It c o n t a i n s  2 k po in t s ,  w h e r e  k is  
the  n u m b e r  of  po in t s  in the  f in i te  se t  K.  Now l e t  us  e s t i m a t e  the n u m b e r  of p o i n t s  k .  

Le t  us p r o j e c t  the se t  K onto an ( n - - 1 ) - d i m e n s i o n a l  p l a n e .  The p r o j e c t i o n  o p e r a t o r  wil l  be deno t ed  by  
P .  S ince  the  o p e r a t o r  P does  not  i n c r e a s e  d i s t a n c e s  if the s e t  P [K] is e - d i s t i n g u i s h a b l e ,  it f o l l ows  tha t  a s u b -  
s e t  K of  the s p h e r e  wi l l  do l i k e w i s e .  Thus  i t  s u f f i c e s  to f ind a l o w e r  bound  fo r  the n u m b e r  of p o i n t s  in a 2 ~ -  
d i s t i n g u i s h a b l e  se t  of the unit  b a l l  in E n - i .  F r o m  Mikhl in~s r e s u l t  ([4], p .  300) it fo l lows  that  fo r  e -< 1 /64  
t h e r e  e x i s t s  a se t  wi th  the r e q u i r e d  p r o p e r t i e s  and with  a n u m b e r  of p o i n t s  not  s m a l l e r  than ~,n_10/e~)i-n/8 n - i  ~ 
( n - - I ) .  T h i s  c o m p l e t e s  the  p r o o f  of T h e o r e m  4. 

By c o m p a r i n g  T h e o r e m s  3 and 4, we obta in  the  p r i n c i p a l  r e s u l t  of t h i s  p a p e r ,  

T H E O R E M  5. The  e - e n t r o p y  of the s p a c e  ! ~  s a t i s f i e s  fo r  e -< 10- i2 / (n - -1 )  the i n e q u a l i t i e s  

o r ,  in the  no ta t ion  of  [1], 

>~n-, (ls~) ~-" < z  =:(~)4~o,.n~/~.!og t2.(V~) '-'~ 
8 n - I  (n--  t) 

R e m a r k  1. Le t  us denote  by  ~ ( R )  the  t o t a l i t y  of convex  c l o s e d  s u b s e t s  of an n - d i m e n s i o n a l  ba l l  of 
r a d i u s  R.  It then  fo l lows  d i r e c t l y  f r o m  T h e o r e m  5 tha t  

u f ~ k  'n-~)/2 

R e m a r k  2. F o r  n = 2, m o r e  e x a c t  e s t i m a t e s  were  o b t a i n e d  by  Yu, G.  l~eshe tnyak  and A.  P .  Or lov  
(not p u b l i s h e d ) .  

w 

L e t  us denote  by  Fn(M, C) a c o m p a c t  se t  (endowed with  a u n i f o r m  m e t r i c )  of a l l  convex  func t ions  de f ined  
on a cube  S wi th  a s i de  2 in En such tha t  I f (x ) l  ~ M; I f ( x ) - - f ( y )  I -< C I x - - y l  (M, C > 0 ) .  

T H E O R E M  6. ~'u n 
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Proof .  Le t f (x )EFn(M,  C). To the function f (x) let  us ass ign a convex c losed set  V( f )  ~ E n+l acco rd -  
ing to the following rule:  V( f )  = {x 1 . . . . .  Xn+l): (x 1 . . . . .  Xn) ES; f ( x  1 . . . . .  Xn) -< Xn+l -< M}. Byv i r t ue  of the fac t tha t  
through any point of the boundary  of the set  V( f )  of the f o r m  ix 1 . . . . .  Xn, f ( x l  . . . . .  Xn)] it is poss ib le  to con- 
s t ruc t  for  the se t  V i f )  a r e f e r e n c e  plane that f o r m s  with the base  vec to r  en+l an angle not exceeding arc tan  C, 
it is e a sy  to see that 

[][--g[]/]/t +C2~p(V ([), V (g) ) ~ I1]--g]l. (6) 

Here  Ilfll is the uniform n o r m  of the function f .  

All the se t s  V( f )  lie in an (n+l)-dimensional  ball  of rad ius  ~ .  F r o m  (6) we can see that the num-  
b e r  of points in a min imal  a -ne t  of the space Fn(M, C) is not l a r g e r  than the number  of points in a minimal  

e /2  l~rl-~-2-net of the space  ~+,(]/n+M2i. By using T h e o r e m  5 and R e m a r k  1, we hence obtain an upper bound 

:~r,,~M,C)(e)~(+) n/z (the notation has been adopted f r o m  [1]). 

As we can See f r o m  (6), a lower  bound can be obtained by es t imat ing  the number  of points in an a - d i s -  
t inguishable set  of the space  of all  se ts  of the f o r m  V( f ) ,  where f ~ F n ( M ,  C). For  this purpose  it is poss ib le  
to use a construct ion like the one used in the proof  of T h e o r e m  4. In E n+l le t  us cons t ruc t  a sphere  of radius  
R cen te red  at the point (0 . . . . .  0 ,6) .  The number s  R and 5 can be se lec ted  ia such a way that in the cube 
{Ixil  -< 1 (i _< n); Xn+l = 0} pa r t  of the sphere  s e r v e s  as a plot of the function fEFn(M,  C). By construct ing a 
2~/-R-e-distinguishable se t  on this pa r t  ~ the sphere ,  we can obtain ( s imi la r ly  to the proof  of T h e o r e m  4) a n  
a-dis t inguishable  se t  in a space of se t s  of the f o r m  V t f )  i f  E Fn(M, C)]. Hence follows that ~<:~(M,C~ ( l /e)  n/2. 

The author e x p r e s s e s  his grat i tude to Yu. G. Reshetnyak for  posing the p rob lem and for  his interest ,  
to L. D. Ivanov for  valuable advice,  and to V. M. Tikhomirov  (who rev iewed this paper)  for  useful r e m a r k s  
and for  drawing the au thor ' s  attention to the pape r  [2]. 
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