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Abstract. We study the problem of dynamic batch learning in high-dimensional sparse
linear contextual bandits, where a decision maker, under a given maximum-number-of-
batch constraint and only able to observe rewards at the end of each batch, can dynamically
decide how many individuals to include in the next batch (at the end of the current batch)
and what personalized action-selection scheme to adopt within each batch. Such batch con-
straints are ubiquitous in a variety of practical contexts, including personalized product
offerings in marketing and medical treatment selection in clinical trials. We characterize
the fundamental learning limit in this problem via a regret lower bound and provide a
matching upper bound (up to log factors), thus prescribing an optimal scheme for this
problem. To the best of our knowledge, our work provides the first inroad into a theoretical
understanding of dynamic batch learning in high-dimensional sparse linear contextual
bandits. Notably, even a special case of our result—when no batch constraint is present—
yields that the simple exploration-free algorithm using the LASSO estimator already
achieves the minimax optimal O(v/50T) regret bound (s is the sparsity parameter or an
upper bound thereof and T is the learning horizon) for standard online learning in high-
dimensional linear contextual bandits (for the no-margin case), a result that appears

unknown in the emerging literature of high-dimensional contextual bandits.
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1. Introduction

With the growing abundance of user-specific data, ser-
vice personalization—tailoring service decisions based
on each individual’s own characteristics—has emerged
to be a predominant paradigm in data-driven decision
making. This is because through personalization, a deci-
sion maker can exploit the heterogeneity in a given pop-
ulation by selecting the best decisions on a fine-grained
individual level, thereby improving the outcomes. Such
heterogeneity is ubiquitous; and intelligently capturing
its benefits through personalization has found immense
benefits across a wide range of applications in operations
management, including medical treatment selection in
clinical trials, product recommendation in marketing,
ads selection in online advertising and nurse staffing in
hospital operating rooms (Bertsimas and Mersereau
2007, Kim et al. 2011, Bastani et al. 2017, Mintz et al. 2017,
Schwartz et al. 2017, Ferreira et al. 2018, Hopp et al. 2018,
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Zhou et al. 2018, Ban and Rudin 2019, Miao and Chao
2019).

In the current era, such data-driven personalized
decision-making problems often exhibit both high-
dimensionality and sparsity (Naik et al. 2008, Belloni
and Chernozhukov 2011, Kim et al. 2011, Bayati et al.
2014, Belloni et al. 2014, Razavian et al. 2015, Zhou et al.
2018). High-dimensionality refers to the fact that, as a
result of modern data collection technologies, a large
number of features about individuals are collected and
recorded in the data sets, hence making the covariate
vector high-dimensional. At the same time, the under-
lying reward response model is often sparse, where
only a few of those covariates actually influence the
rewards. To capture these two aspects, and to take
into account the sequential decision making nature of
personalization, such problems have been formalized
in the framework of high-dimensional sparse linear
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contextual bandits, where the contexts are indepen-
dently and identically distributed (i.i.d.) drawn from
an underlying distribution and the context dimension
d is comparable or even exceeds the learning horizon T,
whereas at most sy (< d) context variables influence
the (random) reward, which in expectation is a linear
function of the context vector.

Driven by a pressing need to achieve effective person-
alization in this challenging regime, an emerging line of
work (Wang et al. 2018, Kim and Paik 2019, Bastani and
Bayati 2020) has developed algorithms and established
regret guarantees, where regret measures the perfor-
mance difference between the cumulative reward gener-
ated by the algorithm and that achieved by an optimal
policy (if the underlying model were known). This line
of work has exploited the fact that the underlying linear
model is sparse to achieve regret bounds that scale grace-
fully with sy (much smaller than the ambient dimension
d). For instance, under further margin conditions (where
a gap between the optimal action and suboptimal actions
can be identified with positive probability and where
regret logarithmic in T is thus possible), Bastani and
Bayati (2020) have developed a forced-sampling explora-
tion scheme that is used jointly with the least absolute
shrinkage and selection operator (LASSO) estimator and
established a O(s? - (log d + log T)?) regret bound. Build-
ing on Bastani and Bayati (2020), Wang et al. (2018) then
subsequently' used the same forced-sampling ex-
ploration scheme, but with a different minimax concave
penalty weighted LASSO estimator and obtained the
O(s3 - (logd + sp) - log T) regret bound, an improvement
if sy is not much larger compared with logT and/or
logd. When no margin condition exists (in which case
dependence on T is at best Q(VT)), Kim and Paik (2019)
constructed a doubly robust LASSO estimator based al-
gorithm (with uniform sampling exploration) that achi-
eves O(soVT) regret. Additionally, several earlier works
(Abbasi-Yadkori 2012, Carpentier and Munos 2012) also
studied high-dimensional linear contextual bandits but
did not use LASSO based methods: These methods are
either restricted to specialized settings—special action set
structure and nonstandard noise in Carpentier and Munos
(2012)—or obtained regret bounds that are worse” than
©(VdT). Taken together, these developments represent
fruitful inroads into the high-dimensional regimes that
intelligently exploited sparsity for practical benefits.

Despite these fruitful studies, an important aspect is
missing in this line of work that limits their applicability
in practice. The standard online learning model adopted
in the literature—where a decision is made on the cur-
rent individual, yielding an outcome that is immediately
observed and incorporated to make the next decision—
is simply impractical in many applications. In practice,
although decision makers are able to perform active
learning and incorporate feedback from the past to adapt
their decisions in the future, such adaptation is often

limited to a fixed number of rounds of interaction due to
physical, cost, or regulatory constraints. We refer to this
constraint as the batch constraint in this paper. For
instance, when running a personalized product marketing
campaign—a prime example where high-dimensional
customer data are available (Bertsimas and Mersereau
2007, Schwartz et al. 2017)—a company often needs to mail
personalized product offers to its (existing and/or poten-
tial) customers. Here, the marketer will not (and cannot
afford to) make a product offer to one customer, wait to
receive feedback and then move on to the next customer
(the standard online learning model). Instead, the marketer
in practice will batch mail a set of customers, receive their
feedback collectively and then design the next batch of
offerings accordingly. The marketer typically has a tar-
geted customer population at hand (selected from the
entire customer base) and, working with a time and mone-
tary budget that dictates the maximum number of batches,
needs to design how to optimally partition the customer
population into different batches and what product to offer
to each customer in a given batch.

Another example where such a batch constraint exists
is adaptive clinical trials (Robbins 1952, Chow and Chang
2008, Pallmann et al. 2018), where a fixed number of
medical treatments (e.g. different drugs or same drug
but different dosages or both) are applied to a group of
patients based on the patients’ medical characteristics
during a phase of the trial, with the medical outcomes
collected for the entire group at the end of the phase. The
data collected from previous phases are then analyzed to
design the next phase, including how many patients to
include for the next phase and the medical treatment
assignment to the patients. Here, each phase corresponds
to a batch of participating patients. As pointed out in Pal-
Imann et al. (2018, pp. 1-15), “adaptive designs can make
clinical trials more flexible by utilizing results accumulat-
ing in the trial to modify the trial’s course in accordance
with pre-specified rules.” Despite being offered such
flexibility in adaptive clinical trials (compared with tradi-
tional nonadaptive trials), medical decision makers have
limited adaptivity here because the medical outcome for
a patient can only be observed after a sufficient amount
of time has passed; as such, the trials must proceed in
batches (phases). The current U.S. Food and Drug
Administration (FDA) regulation requires four phases
for a standard clinical trial. Thus, the trial patients need
to be partitioned into four batches, and incorporation of
new information only occurs at the end of each batch,
thereby rendering the standard online learning model
and hence the standard online bandits/contextual ban-
dits algorithms inapplicable. We do point out that phar-
maceutical companies that conduct clinical trials often
have the sole objective of obtaining FDA approval and
hence do not have the objective of maximizing the total
welfare (measured by regret) of the trial patients. In con-
trast, our paper’s focus is on maximizing total welfare
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(equivalently minimizing regret),and hence would shed
light for adaptive clinical trials under this criterion.

From the previous statements, we see that the key
challenge imposed by the batch constraint is the limited
adaptability: The adaptation can only occur at a batch
level rather than at an individual level. Such limited adapt-
ability forces the decision maker to carefully select the
batches, based on available information from the past,
so that the inability to adapt (and hence the inferior per-
formance resulted therefrom) does not cause much degra-
dation to the overall performance. Motivated by these
considerations, we study the problem of dynamic batch
learning, where a decision maker dynamically decides the
next batch’s size (at the end of the current batch) and what
personalization scheme to adopt within each batch under
a given maximum-number-of-batch constraint.

1.1. Main Results

Our main contributions are twofold. First, we study the
fundamental limits of dynamic batch learning in high-
dimensional sparse linear contextual bandits. By an
information-theoretical argument that carefully selects

a sequence of Bayesian priors, we establish an () (max

{M*42_%M\/TSO(T/50)2@}’*1), \/TSO}) regret lower bound

(Theorem 1), where M is the maximum number of
batches allowed. This lower bound—which holds even
for the simple standard Guassian contexts—indicates
that regardless of how one dynamically makes partitions
and/or performs action selection within each batch, the
regret can never be made any smaller. For instance, if
M=4 (as is the case for clinical trials), then no scheme
can achieve better regret than Q(T#s%). The second
term Q(+/Tsg) in the max is a lower bound® for the stan-
dard online learning setting, which is automatically a
lower bound for dynamic batch learning since the pres-
ence of a batch constraint only makes the problem
harder. Furthermore, the break-even point (up to log fac-
tors) between these two terms is M = ©(loglog(T/s¢)),
suggesting that—if the lower bound is tight—only
O(loglog(T/sp)) (practically a constant number) batches
are needed to achieve the optimal performance of stan-
dard online learning, where no batch constraint exists.
Second, we establish that this lower bound is indeed
tight (up to log factors) by providing a matching upper
bound. In particular, through a simple LASSO batch
greedy learning algorithm (Algorithm 1), we establish in
Theorem F.2 and Theorem 2 that the regret is upper
bounded by O(v/Tso(T/s)2@ ) when the number of
batches does not exceed O(loglog(T'/sp)), hence validat-
ing that only ®(loglog(T/sg)) batches are needed to
achieve O(4/Tsg) regret. It suffices to look at M that is
O(loglog(T/sg)), because the regret will not get worse
and hence will stay at O(+/Tsy) when M gets larger. In
particular, a special case of this result (Corollary 1) is that

in the standard online learning setting where no-margin
exists, we can achieve the minimax optimal regret
©(V/Ts) using an exploration-free and computationally
efficient algorithm, improving on the O(syVT) regret
bound given in Kim and Paik (2019).

Notably, the algorithm that achieves such strong guar-
antees is simple: it uses a static grid and is exploration-free.
By the lower bound, using a static grid is not a limitation of
the algorithm, but an attestation to its strength (easy imple-
mentability in practice). That exploration-free suffices is
yet another important message, both for dynamic batch
learning and standard online learning. For the latter, the
existing state-of-the-art algorithms (Kim and Paik 2019,
Bastani and Bayati 2020) all use contrived forced-sampling
exploration schemes, which is burdensome to imple-
ment in practice. However, our results show that forced-
sampling exploration is not necessary, thus echoing in
high dimensions a similar message advocated in Bastani
etal. (2021) for low-dimensional linear contextual bandits.

1.2. Managerial Insights
Our results provide insights on how to prescribe the optimal
personalization scheme when limited adaptivity is present
in practice and the resulting performance gap (or the
absence thereof) when compared with the ideal fully on-
line setting. These insights can help managerial decision
makers in different ways, depending on the context. First,
when the adaptivity constraint M is fixed a priori, such as
in the clinical trials setting with M =4, our work provides
prescriptive solutions for how to design the trials to achieve
optimal performance. Furthermore, this optimal perfor-
mance is Q(T#s055), whereas the infeasible fully online opti-
mal performance is v/Tso, a quantity that is quite close.
Second, when the limited adaptivity constraint M is not
as rigid and can hence be thought as a variable subject to
certain budget limit, our results contribute meaningfully
to the larger cost/benefit discussions facing the manage-
rial decision makers. For instance, in the personalized
product recommendation application, our results indicate
that loglog(T/sp) rounds of campaigns are needed to
achieve the (practically infeasible) fully online perfor-
mance (Where T here corresponds to the number of custo-
mers). This is usually a very small number and the result
makes it clear that the decision maker should never need
to budget for more than that. On the other hand, if under a
tight budget constraint (and hence unable to finance
loglog(T /sp) rounds), the decision maker would be clearly
informed by the particular benefits under a range of feasi-
ble M’s and how to execute it optimally once such an M is
decided on. Taken together, we believe our results pro-
vide valuable prescriptive insights in the area of adaptive
personalization when limited adaptivity is present.

1.3. Other Related Work
The bandits literature is extensive and much of the exist-
ing work in that space study low-dimensional contextual
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bandits (see Bubeck et al. (2012), Lattimore and Sze-
pesvari (2020), and Slivkins et al. (2019) for three books
on this research area), where the dimension d of the con-
texts is small compared with the learning horizon T and
where many well-performing algorithms have been
developed and strong theoretical guarantees have been
established (see Filippi et al. (2010); Rigollet and Zeevi
(2010); Chu et al. (2011); Goldenshluger and Zeevi (2013);
Agrawal and Goyal (2013a, b); Russo and Van Roy
(2016); and Mintz et al. (2020) for a highly incomplete
list). Low-dimensional contextual bandits are not our
focus here, and we simply mention in passing that apply-
ing (state-of-the-art) results from the low-dimensional
contextual bandits literature to the high-dimensional set-
ting often yields results that are not useful. For instance,
in linear contextual bandits with no-margin, one obtains
the ©(VdT) regret by applying the result in Chu et al.
(2011). Even if such regret bounds continue to hold in
high dimensions,* such performance guarantees are not
meaningful anymore, because when d = Q(T) (d could
also be a lot larger than T), at least linear regret Q(T) is
incurred, thus yielding completely ineffective learning.
Additionally, we point out that batch-constrained
learning in bandits has been studied before in the litera-
ture. In two-armed multiarmed bandits (MABs), Perchet
et al. (2016) studied static batch learning where the batch
sizes must be decided a prior and established that
O(loglog T) batches are needed (via a successive elimina-
tion algorithm during each batch) to achieve the same
regret bound as in standard online learning. Gao et al.
(2019) then generalized the result to K-armed bandits
(using the same algorithm) and obtained a tight
O(loglog T') regret bound even when the batch sizes can
be chosen dynamically. However, since MABs do not
capture individuals’ characteristics, these initial efforts
(Perchet et al. 2016, Gao et al. 2019) only operate on a
population level and do not address the problem of per-
sonalized decision making, which severely limits their
practical applicability. More recently, Han et al. (2020)
has studied this problem in low-dimensional linear con-
textual bandits, and provides the first characterization of
batch learning that incorporates personalized decision
making. In particular, a greedy ordinary least squares
based algorithm is shown to achieve optimal regret (up
to log factors). Despite these strong guarantees, the results
in Han et al. (2020) are insufficient for several reasons.
First, importantly, the setting in Han et al. (2020) is limited
to the low-dimensional regime where d = O(VT). Second,
Han et al. (2020) studied static batch learning where the
batch partitions must be chosen prior to the start of the
decision-making process and cannot be changed thereaf-
ter. Consequently, this raises the critical issue of whether
one can do better if dynamic batch learning (where the
decision maker can decide the next partition based on the
data observed thus far) is allowed, a question whose
answer is not at all obvious. Third, Han et al. (2020) works

exclusively with Guassian contexts, and its proofs rely on
such Guassianity, which thus limits its applicability. In
contrast, our goal in this paper is to delineate—in the
high-dimensional sparse setting—the performance of
dynamic batch learning by providing theoretical charac-
terizations. Additionally, when restricted to the low-
dimensional setting (by taking d=s;) with batch con-
straints, our results provide a strict generalization of Han
et al. (2020) on several fronts when the underlying con-
texts are stochastically generated (Han et al. (2020) also
investigated adversarially generated contexts, which we
do not study here): We study dynamic batch learning and
we deal with general sub-Gaussian contexts (with diver-
sity condition). Consequently, although our goal lies in
understanding dynamic batch learning under high-
dimensional sparsity, our results are also state-of-the-art
inlow dimensions as well.

2. Problem Formulation

We start with some useful notation that will be used
throughout the paper. For a positive integer 1, [11] denotes
the set {1,2,...,n}; S" ! denotes the (1 — 1)-dimensional
unit sphere; AS""! denotes the (1 — 1)-dimensional
sphere with radius A, for a given A > 0; and |S| denotes
the cardinality of the set S and S denotes the complement
of S. For a vector v and a nonnegative integer 4, |||,
denotes the £; norm of v. For any positive semidefinite
matrix A, Amin(A) denotes its smallest eigenvalue, and
Amax(A) its largest eigenvalue. We now move on to the
formulation of the problem.

2.1. High-Dimensional Sparse Linear
Contextual Bandits

Let T denote the time horizon, d the feature dimension
and K the number of arms. At t € [T], the decision maker
first observes a set of K d-dimensional feature vectors
(ie., contexts) {x;},e[x)- If the decision maker selects
action a € [K], then a reward r;, € R is incurred: 7, =
x[,0" +&, where 0" € R? is the underlying unknown
parameter vector and {&,;},-, is a sequence of i.i.d. zero-
mean 1-sub-Gaussian random variables: E[e’é] < eT, V
A € R (the constant 1 is without loss of generality). Here-
after, we shall call this model Model-C.

In the contextual bandit literature, an alternative model
with a set of underlying unknown d-dimensional para-
meters {0 },¢[x is sometimes considered. In the alterna-
tive model, at time t € [T], the decision maker observes a
d-dimensional context x;, and if action a € [K] is chosen,
theincurred regretisr; , = x[ 0 + &;, where {&;};7; is sim-
ilarly a sequence of ii.d. zero-mean 1-sub-Gaussin ran-
dom variables. We refer to this alternative model as
Model-P.

Both models have been widely used in previous litera-
ture. For example, Model-C is adopted in Han et al. (2020)
and Oh et al. (2021) and Model-P in Bastani et al. (2021)
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and Bastani and Bayati (2020). The two models are in fact
equivalent in the following sense: given Model C, one can
write X; = (x;1,...,% k) and 9 =(0,.. .,0), and
equivalently express r;, = X, 6 + &4 Conversely, given

Model-P, we can let %, =(0,...,x,...,0) and 0 = (67,

,0%). Then we haver; , = izué* + &;. In this paper, we
mainly focus on Model-C, while we shall also state paral-
lel results under Model-P in Appendix F.

2.2. Assumptions

Without loss of generality (via normalization), we
assume [|0"||, < 1; the contexts {x; 4 },¢[x] are random vec-
tors i.i.d. drawn from a (Kd-dimensional) joint distribu-
tion each time: The independence is across time, but for
each t, x; 4,5 can be arbitrarily correlated across different
as. We denote by a; and r; ,, the (random) action chosen
and the (random) reward incurred at time f: a; is random
because either it is randomly selected or the contexts
{xt,a}4e[x) themselves are random, or both. We impose the
following mild conditions on the context distribution.

Assumption 1 (Sub-Guassianity). For Va € [K], the mar-
ginal distribution of x; , is 1-sub-Gaussian, that is, E[X] =
and Elexp(v™X)] < exp([0]|%/2), for Yo e $71,

Remark 1. Because bounded contexts are automatically
sub-Gaussian, this assumption is more general than the
bounded contexts assumption commonly adopted in the
contextual bandits literature (Wang et al. 2018, Kim and
Paik 2019, Bastani and Bayati 2020, Bastani et al. 2021).

Assumption 2 (Diverse Covariate). There are (possibly K-
dependent) positive constants y(K) and p(K), such that for
any 0 € RY and any unit vector v € R?, there is P(v" x; o+ )?
> y(K)) 2 p(K), where a* = arg max,e[x] x; ,0.

Remark 2. The previous assumption ensures there is
sufficient explaration even with a greedy algorithm (it
is also the key condition used in Han et al. (2020) for
the greedy algorithm there). We shall provide a thor-
ough discussion on sufficient conditions for Assump-
tion 2 in Section 2.3.

In low dimensions (Auer 2002, Chu et al. 2011), regret
bounds of @(VdT)—which are minimax optimal up to
log factors—have been obtained under upper confi-
dence bound based algorithms such as LinREL in Auer
(2002) or LinUCB in Chu et al. (2011). However, these
algorithms and their Thompson sampling counterpart
LinTS in Agrawal and Goyal (2013b) (which performs
well empirically but often exhibit slightly worse regret
bounds) cease to be effective in the high-dimensional
regime as mentioned in the introduction. Of course, it’s
important to point out that absence of any further struc-
ture, ©(VdT) is the optimal regret bound and hence the
best one can hope for even when 4 is very large. In this
paper, we tackle this problem in the presence of sparsity,

where only a few covariates influence rewards despite a
large number of ambient covariates. In particular, we
study the linear contextual bandits problem in the high-
dimensional sparse regime: high-dimensional in the sense
that d is large compared with T (the number of samples
available in the entire learning horizon is small compared
with the context dimension) and sparse in the sense that
the underlying linear model is sparse: ||0"[|y < d. We
quantify them next.

Assumption 3 (Sparsity in High Dimension). The dimen-
sion d = Poly(T) with sparse parameters: there exists some
e > 0 such that ||0*]|, < so = O(T'~¢).

Remark 3. In statistical learning, a regime is considered
high-dimensional if the dimension of the model is larger
than the number of samples (Wainwright 2019). In our
setting, this would translate to 4> T. Consequently, our
assumption that d can be any polynomial of T covers
very high-dimensional regimes. Furthermore, learning
becomes infeasible when d becomes even larger to, say,
exponential in T, because a logd factor is present in the
estimation accuracy even in the simple i.i.d. supervised
learning setting (Hastie et al. 2015), which translates to a
linear dependence on T. The sparsity requirement forma-
lizes the precise requirement of ||6||, < d. One can view
6]y (or its upper bound sy) as the “intrinsic dimension”
of the linear contextual bandits; consequently, s, should
certainly be sublinear in T for learning to be effective. A
typical regime of sparsity in statistical learning is sp =
O(logd) (Wainwright 2019), which certainly meets the
so = O(T'~¢) requirement because d = Poly(T). Finally, in
the previous assumption, we posit that an upper bound
so on the sparsity level is known to the decision maker.
This assumption is standard and adopted for all the exist-
ing high-dimensional sparse linear contextual bandits
(Wang et al. 2018, Kim and Paik 2019, Bastani and Bayati
2020) in their algorithm designs.

Finally, we work in the regime where the action set
size Kisnot too large.

Assumption 4 (Not Many Actions). The number of

actions K satisfy the following two upper bounds: T pI(<K)

O(d/so) and (11<0)%3K(1<) = O(\/T"F/sy) for some B > 0.

In our motivating applications, K is small (e.g., a con-
stant number of actions) and easily satisfies this require-
ment, although this assumption can tolerate a much
larger number of actions because sy < d. In practice, this
regime typically suffices unless the number of actions is
combinatorially large or when the action set is continu-
ous, which would require a separate treatment.

2.3. Covariate Diversity Condition
In this section, we expand on Assumption 2 and provide
a list of sufficient conditions for it.
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Lemma 1. The following are sufficient conditions for
Assumption 2.
1. If for each a € [K], x;, ~ N(0,X) marginally, where
Amin(Z) > 0 then Assumption 2 holds with y(K) = “““(Z)
and p(K) =
2. If there exists constants a,c > 0 such that for each a €
[K] and any unit vector v € R?,

Elexp(—6- (07x;,)")] <c-67%, 1)

forany 6> 0, then y(K) =4- (2cK)"Y* and p(K) =3.
3. If there exists a constant A > 0, such that for each a €
[K] and any unit vector v € R, vTE[x, axtTa]v > A and

Var((v"x;, a) )< 8K’ > then y(K)=% L and p(K) =

4. When K =2, if there exists a constant A > O such that
for any a € [K], any unit vector v € RY, v Elxt 0x] Jo > A,
and if there exists a constant v > 0 such that the joint distri-
bution of (xt1,x 2) satisfies p(x1,%t2) =V -p(—xp1, — Xt2),
then y(K) =4 and p(K) = "AZ

5. When I( >2, suppose the following three conditions
hold:

(@) There exists a constant A > 0, such that for any
a € [K], any unit vector v € RY, 0 Elx 0x] Jo > A;

(b) There exists a constant vy > 0 such that the joint
distribution of (x41,...,x: k) satisfies p(x¢ 1, ..., X K)
vy p(=X41,..., = XK);

(c) There exists a (possibly K-dependent) constant
vo(K) > 0 such that for any 6 € R?, any permutation
of [K] denoted by {m,...,mix} and any unit vector
v € RY, we have for any a € [K]

)z 2’

A
v2(K) - ]P’((UTxmn X CESRE S n,ﬁ)

< ]P’<(v Xt m)

A
5 ¥ 0 s xZnK9>

A
+IP’<(UTxt,nK)2 > E,xznlﬁ << xtTnK8>.

=2 and p(K) = L2 @A°

Then Assumption 2 holds with y(K) 8

The proof of Lemma 1 can be found in Appendix B.
Broadly speaking, the previous sufficient conditions
can be categorized into two groups: Conditions 1-3
are assumptions on the marginal distribution of x;,,
whereas Conditions 4 and 5 are on the joint distribution
of {xt,a}e[x)- More specifically, Condition 1 is adopted
from Han et al. (2020) and uses the property of the Gauss-
ian distribution; Condition 2 characterizes a large class
of distributions: In particular, if there exists a constant
C > 0, such that for any unit vector v and any a € [K], the
distribution of v " x; , is bounded by (, then this condition
holds witha = 1/2 and ¢ = {y/7t/2. The bounded density
condition is similarly considered in Li et al. (2021) and is
quite flexible: For example, when the coordinates x;
are mutually independent across j, and the density of
Xt,q,; is bounded by C, the density of v x4 is bounded by

V2C for any unit vector v (Rudelson and Vershynin 2015,
theorem 1.2). Condition 3 requires the population covari-
ance matrix of xt « to be well conditioned, and the vari-
ance of (v"x;, u) to be relatively small. Condition 4 is
inspired by the diversity condition considered in Bastani
et al. (2021, lemma 1) and Condition 5 by Oh et al. (2021,
assumption 6).

These assumptions are on the covariates (as opposed
to those on the underlying model), which are always
testable (the covariates {x; ;},¢[x; can be fully observed).
This fact is particularly appealing to practitioners.

2.4. Dynamic Batch Learning

In the standard online learning setting, the decision
maker immediately observes the reward r; ,, after select-
ing action a; at time t. After observing r; ,,, the decision
maker can immediately incorporate this information in
adapting her decision for action-selection at t + 1. In par-
ticular, the decision maker can use all the historical
information—including contexts {x,a};< .e[x) and re-
wards {r+,4, }.<_1—in deciding what action 4, to take at
current time £.

In contrast, we consider a dynamic batch learning set-
ting, where the decision maker is only allowed to parti-
tion the T units into (at most) M batches, and the reward
corresponding to each unit in a batch can only be
observed at the end of the batch. The decision maker can
provision the partition dynamically: The decision maker
can decide on how large the next batch is based on what
has been observed in all previous batches, which in-
cludes all the contexts, the selected actions, and the
corresponding rewards. The initial batch size is chosen
without observing anything.

Formalizing the previous statement, given a maximum
number of batches M, a dynamic batch learning algorithm
Alg = (7, nt) has the following two components:

1. A dynamic grid T ={t1,t,...,tm}, with 0=ty <t
<--<ty =T, where each t; is dynamically chosen at
the end of f;_1 based on all the historical information
available up to and including t; 1. More specifically,
prior to starting the decision making process, the deci-
sion maker decides on t;, which indicates the length
of the first batch. Having selected actions for each
time in the first batch, the decision maker observes all
the corresponding rewards at the end of t;. Based on
such 1nformat10n—1nclud1ng (@i e ox kil
and {r;,}/L,—the decision maker then decides on
what t, is. This dynamic grid partitioning process con-
tinues, and the decision maker always selects where
the next batch ends at the end of current batch.

2. A sequence of policies 7 = (my,m2,...,7ir) such
that each 7t; can only use reward information from all
the prior batches and the contexts that can be observed
up to f. That is, for a given {, if it lies in the ith batch
(ti-1 <t <), then the policy to be used at f can use
all the observed rewards from 7=1 to 7 =t;_4, all the
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selected actions from =1 to 7 =t — 1 and all the con-
texts information fromt=1tot =t

Remark 4. Two special cases of a dynamic batch
learning algorithm are worth mentioning. First, when
the grid is fixed in advance—a static 7 is chosen
completely at the beginning and not adapted during
the learning process—we obtain a static batch learning
algorithm, which is the class of algorithms considered
in Han et al. (2020). Second, a further special case is
the fixed grid 7 ={1,2,...,T} (i.e., M=T). This corre-
sponds to the standard online learning setting where
the decision maker need not select a grid. We also
point out that M=1 is the other end of the spectrum,
where no adaptation is allowed. In this case, irrespec-
tive of what one does, worst-case regret is always lin-
ear in T and regret (as defined next in Definition 1) is
a meaningless (and thus the wrong) metric. Instead,
one should adopt an offline learning viewpoint and
adopt generalization error as the metric. This (offline
learning in contextual bandits) would be an entirely
new topic, and it has been well studied by a growing
literature (see Zhao et al. (2014), Swaminathan and
Joachims (2015), Joachims et al. (2018), Kitagawa and
Tetenov (2018), and Kallus and Zhou (2018), and refer-
ences therein).

To measure the performance of a dynamic batch learn-
ing algorithm Alg, we compare the cumulative reward
obtained by Alg to that obtained by an optimal policy
(an oracle that knows 6%). This is formalized by regret, as
defined next.

Definition 1. Let Alg =(7,7) be a dynamic batch
learning algorithm. The regret of Alg is:

T

Rr(Alg) & x; 0 —x' 0% |, 2
7(Alg) ; (rurel[a;gf ra0" = x4, @
where a1,a,, ...,ar are actions generated by Alg in the
online decision-making process.

Remark 5. The regret defined previously is the same
as used in standard online learning, but the feedback
in our setting is much more restricted: Batches induce
delays in obtaining reward feedback, and hence the
decision maker cannot immediately incorporate the
feedback into his subsequent decision making process.
Consequently, all else equal, the regret will be a priori
much larger when the decision maker is constrained
to work with only a small number of batches.

3. Fundamental Limits: Regret

Lower Bound
In this section, we present the minimax regret lower
bound that characterizes the fundamental learning limits
of dynamic batch learning in high-dimensional sparse
linear contextual bandits.

Theorem 1. Fix any so,d and T. Let K =1og(T/sg) and
consider the problem x,~N(0,1;), Vae[K], Vte[T],
where the contexts are independence across t. Then for any
M < T and any dynamic batch learning algorithm Alg, we
have

sup Eo-[Rr(Alg)]
07101121, 107 lg<s0

T
Zc-maX<M427M/2- Tsg - <SZ)2(2 1)/ e >’
0
3)

where g+ denotes taking expectation w.r.t. the distribution
based on the parameter 6%, and ¢ >0 is a numerical constant
independent of (T, M, d, sp).

We shall present the main steps in the proof Theorem
1 here and defer the details to Appendix C.

Remark 6. There are two terms on the right-hand side
of Equation (3): The first term characterizes the depen-
dence on M and the second term corresponds to the
regret lower bound for the standard online learning
setting. We have mentioned in the previous section
that standard online learning (corresponding to M =T)
is a simple special case of dynamic batch learning.
Because a larger M provides better opportunities for
adapting the decision-making process, a dynamic batch
learning problem will only have worse regret com-
pared with standard online learning setting. Conse-
quently, a lower bound to standard online learning is
immediately a lower bound to dynamic batch learning.
Of course, the lower bound to dynamic batch learning
will get worse, particularly when M is small (corre-
sponding to limited chances to adapt one’s decisions),
and hence the first term on the right-hand side of Equa-
tion (3). We see that the break-even point—where the
two lower bound terms equalize (up to log factors)—
occurs at M = O(loglog(T/sp)). Consequently, taking
into account the log terms, we see that when M < O(log
log(T/sp)), the first term dominates the lower bound,
whereas the second term dominates the lower bound
once M gets larger than ©(loglog(T/sp)).

Remark 7. In Theorem 1, the example used to show the
lower bound satisfies Assumption 2 with y(K) = p(K) =
O(1) and also satisfies Assumption 1. Furthermore,
because the lower bound is established for any (so,d,T),
it obviously holds for the regime given in Assumption 3
(because taking the supremum in a bigger set only
results in a no-smaller lower bound). If in addition

so loglog (%) = O(d) (a regime where d is slightly larger

than sp), then Assumption 4 is also satisfied for the prob-
lem construction in Theorem 1. Consequently, the lower
bound holds under all four assumptions, under which
the upper bound is subsequently established to match
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the lower bound (up to log factors). Additionally, when
so = d (the standard low-dimensional regime), our lower
bound still holds, hence providing a fundamental limit
that is not known even in that important special case.
We do point out that in the low-dimensional regime
where sy =d, unless K= 0O(1), Assumption 4 does not
hold, in which case the subsequent upper bound does
not apply. Of course, this is not an issue at all because
Han et al. (2020) already provided an upper bound for
the low-dimensional setting under static batch design
and matches the dynamic batch lower bound here,
thereby completing the picture that even in the low-
dimensional case and even when dynamic batch is
allowed, one cannot do better than the static batch learn-
ing characterized in Han et al. (2020).

3.0.1. Main Proof Outline of Theorem 1. A key diffi-
culty of the proof is that the grid is determined adap-
tively based on the observations from the previous
batches. We briefly highlight the main proof steps here,
each of which will be elaborated and rigorously formal-
ized in a subsequent section.

We start from the regime of small M. Suppose M =
O(loglog(T/sp)). Define for any m € [M],

T 172*32 1 ™ - 1721*;'/'1

1-2- 2(1-2-M)
T = cl — , A = [ — .
m \\SO (50) J m 24 M2 23M <SO>

Considering K = 2" arms, we shall construct a prior Q
for 6* and examine the regret under Q. Here, the prior is
carefully designed such that for any m € [M], we can
divide the 2™ arms into 2! pairs such that the diffr-
ence between each pair of arms is approximately the
scale of A,,,; the values of T,,, and A, are chosen such that
the number of observations up to T}, is simply too few
for the decision maker to distinguish the two arms in a
pair (and learn a effective policy). Consequently, when
the decision maker deploys this (ineffective) policy to
this batch (from T, 1 + 1 to T,,), even when restricted to
the portion from T,_1 + 1 to T}, the total expected regret
incurred—(T,;, — Tyy—1) - Ay—is still large. Section 3.1
details the construction of the prior, and Section 3.2 con-
nects the worst-case regret to that under Q.

Given an Alg, of course its grid design {t1, ..., tm} can
be different from our “ideal” design {T4, ..., Tam}. How-
ever, we now define for each m € [M] the “bad” event
Bu={tw1<Tu1<Ty<ty}: B, is a “bad” event be-
cause, when B,, occurs, the number of observations up
to f,,_1 is too few (because t,,_1 < Tj,_1) to distinguish
pairs of arms that are A, apart and learn an effective pol-
icy; when this (ineffective) policy is applied to this batch
(from t,,_1 + 1 to t,,), the total expected regret incurred is
still large (because t,, > T);). In fact, we do not need a
bad event to happen surely to guarantee that the total
expected regret incurred is large: a bad event need only

happen with a large enough probability to meet this
purpose (with the probability taken over the random-
ness of the observations and the that of the parameters
0"). Section 3.3 formalizes and establishes this step: If at
least one B,, occurs with a large enough probability,
then we obtain the desired final regret lower bound.

Section 3.4 is devoted to establishing that “if” is true.
By a simple combinatorial argument, at least one of
the B,, events will happen (under the convention that
to =0, and since t);=T, we are throwing M —1 points
ti,ty,...,tm-1 into the M intervals partitioned by 0,
T1,T5,...,Ty-1, T, and hence the conclusion). In other
words, {Bi} e constitute a (nondisjoint) partition of
the whole probability space. Hence, at least one bad
event will happen with probability greater than 1/M.

Finally, Section 3.5 establishes the lower bound for stan-
dard (fully) online learning (M =T): Because M < T in
dynamic batch learning, this is clearly always a lower
bound to the regret, which corresponds to the second term
of the right-hand side of Equation (3). Taken together, these
three steps complete the picture. We next dive into more
details and begin with some useful notation.

3.1. Construction of the Prior

Let 5o=s0-27M]-2M, and we have sy—3§o<2M=
O(log(T/sp)). Next, we divide [5¢] into consecutive sub-
groups at different levels of “resolution.” At the first
level of resolution, we divide [3(] into two consecutive
group of equal sizes, denoted by I, and I;, respectively,
where

1 1
Iy= {1,...,250}, I = {2§0+1,...,§0},‘

at the second level of resolution, we further divide I, into
two equal subgroups Iy and Iy, and I; into Iy and I3,
where

1 1 1
Ipo=<1,...,-5 Iy =<-50+1,...,=5
00 {, ,450}, 01 {450 ’ ,250},

1. 3. 3. -
110: {5504—1,...,‘—150}, It = {A—LS()+1,...,S()}.

Repeating the previous steps, at the Mth level of resolu-
tion we obtain 2M subgroups of equal sizes:
1

1. 1. -
IO...()()z{l,...,ziMS(]}, IO...(n:{ziMSO"‘l,...,WsO},"‘,
I <
L= SO_Z_MSO+1""’SO .

To summarize, for any m € [M], a subgroup at the mth
level of resolution is represented by a m-dimensional
vector o inT1(m) := {0,1}".

Next, we construct the prior Q on the true parameter
6. Generate 60y, ...,0) independently from Unif(S").
For each m € [M], we define 0,, € R% in the following
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way: for each o € TI(M),

~ Qm Om = 0/
Qm(la) = 0. 5. =1

where o,, refers to the mth coordinate of 0. As a concrete
example, form=1and 2,

élz(elr---rel/ _61/“-/ _61)
——

oM-1 2M-1 jtems

—02,...,—02,0,...,0,,
—_—— —

ZM—Z

items
62 = (621---162/
—_——

2M—2

—0s,...,—02).
—_—

ZM—Z 2M—2

items items items items

Setting 6= Z A0y, we construct 0 :=f(01,0,,...,
Om) € RY by letting its first §) coordinates be O and the
others zero. It can checked that ||0]|, = [|0]], < Zﬁf:l A
18,ll, < 1 and [161], = 5o.

We now proceed to specify the joint distribution of the
K =2M arms. For each t € [T], we first draw x; ~ A/(0,1,).
To simplify the notation, we let S={1,2,...,50} and
S¢={50+1,...,d}. For each a € [K], we first let x; ,(5°)
= x4(S5°). It remains to specify the first 5y coordinates of
Xt,.. To do so, we again divide S into 2M consecutive
groups, each represented by ¢ € I1(M), and will specify
the value of each group. Given an arm a4, we can uniquely
write a =1+ 3" a,,-2""' where a,, €{0,1} for each
m € [M]; define a mapping M, : II(M) +— I1(M), where
for any m € [M], Mu(0),, =1 —am) - 0m+am- (1 —0m).
We then let x; ,(0) = x;(M,(0)), for any ¢ € II(M). For
example, when M =2, we have four arms, where

X1 =Xt X2 = (x¢(I1), x¢(Io), x¢(5°)),
x¢,3 = (x¢(Io1), x¢(Ioo), X¢(I11), x¢(I10), X¢(S°)),
xt,4 = (x¢(In1), x¢(Iho), x¢(Io1), x¢(Ioo), x:(5°)).

By construction, for any a € [K], x,, ~ NV(0,;) margin-
ally, thus satisfying Assumption 2.

m=1

3.2. Notation for Regret Decomposition
We streamline the notation for a regret decomposition
that will be used throughout:

sup Eg* [RT(Alg)] > ]EQ]EQ [RT(Alg)]

0":110"112<1, 110" lo=so
T
= ZEQ (E Ept [max x;,0—x/, GD,
- < aelK] -

where Eq denotes taking expectation with respect to the
prior Q of 0, E; denotes taking expectation with respect
to all the random contexts at all times (note that it is both
equivalent and conceptually simpler to imagine all the
contexts x = {Xt, 4 }4e[7],0¢[x) have been drawn once for all
ahead of time before the decision-making process starts),
and Py,  denotes the distribution of all observed rewards
before time t (and hence before the start of the current
batch that contains f) conditional on the parameter 6 and
the contexts x. Per its definition, the distributions P}, ,

and Py} are the same if t and t+1 belong to the same
batch.

Recall that for each j € [2], we write j =1+ M j,-
21 Then foreacht € [T] and any m € [M],

max(xtuﬂ x;,0)= Zl{at j} max(xtaG x;,0)

jelK]
(a) , —
T > Ua=j} max(xf,0 = x7,0) + Uay = j+2""1}
[K]']m:()
{zrel[e}()]((xf ﬂe xt ]+2m 1 9)

> Z Ha;=j}- max : (x/,0 xz].G)
jelKT: =0 aelj,j+2" )

+1a;=j+2""}. max (x[,0 — xt j+2m- 10)

aefj, j+2" 1}

= Y Ya=j} () 1,10 —x1,0), + Har =] + 2m=1)
]’E[KJZ]',,,:O

. (ijJrz,,,,1 0— xgje)_, (4)

where in step (a) we categorize the arms into two groups
by the value of ,,,. For a j such that j,,, = 0, we can write

SPNRICRSENCE D % (1) T0(,) = x1,4(1,) " O(1,)

o€ll(M)
= >

xt,]‘+2m*1 (IU)T G(Io) - xt,j(Io)T 9(16)

o€ll(M):0,,=0
+ Z xt,]q-z”’*1 (IU)TG(IU) - xt,j(IO)TQ(IU)
o€ll(M):0,,=1
=2A,- 9;1 ( Z xt(lrr) - Z xt(la)) .
o€ll(M):0,,=1 o€ll(M):0,,=0
To simplify the notation, we define
d
A= > wl) = > o), =gt
Gell(M):0y=2 Gell(M):0,=1 m, 12

and A, ={j €[K]:j, =0}. With the previous expres-

sions, we continue decomposing the regret

@=20, > UHar=j}-(dy), ,0,), +Uar=j+2"""}-(dy, ,6m)
fEAHI

=2Am'1{7€An1}'(d;;,tem)Jr‘*'l{/e-A } (dmt m)—'

As aresult, we have
EQEPt max(xgge —-x;,0)
> ZAm ]EQ[(dm t m)+ : EP‘O [l{at € -Am}] + (dm t m)—
Ep, [1a € A} )

where we note that conditioned on 0 and x, a; depends
on the distribution of observed rewards Pt@, . (hence the
inner expectation is taken with respect to this distribu-
tion). Through a change of measure, we define two new
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probability measures via
dQ,, (A, Om)s dQ,, (dy,10m)
H0) =S, SO =S
dQ Zm(dm t) dQ Zm(dm,t)

where Zm(dm 1) = EQ[(dm t m)+] = ]EQ[(d;;,tG
common normalizing factor. Then,

m)_] is a

EQEp {%%(x;ae -x{, 6)]
> 20 Z(,) - (B oy, [1ar € Au)]

+Epy oo, [ = A }),

where P}, .o Qy , (respectively, P . ©Q,, ) is a mixed
distribution: 6 is drawn from Q; ; (respectively, Q,, )
and observed rewards are then drawn from P}, .. Note
that Z,,(-) is a function and Z,,(d, ;) emphasizes that the
common normalizing factor depends ond,, ;.

Reparametrizing of the regret in terms of the two newly
defined priors allows us to connect the regret with the dis-
tance between measures, from which lower bounds can be
established with information-theoretic tools.

3.3. Regret Lower Bound When a “Bad” Event
Happens with Large Probability

When a “bad” event B, is likely to happen under prior

Q, large regret follows.

Lemma 2. If there exists m € [M], such that
T,
m T 1
X m(dm t) Ep ,x°Q,, ,[1{Bm}] 7’%/
t=;+1 [ ’ 8-27M2
(6)

then there eixsts a numerical constant ¢> 0, independent of
(T,M,d,sy), such that,

c T\ 295
sup E@* [RT(Alg)] > W V TSO (—) .

0":110" <1, 16" lly<so 50

Using the decomposition of the reget, we have for any
m e [M],

sup  Eg[Rr(Alg)]
0%16%[,<1, 116" [lo<so

T

= ZAm Z Ex [Zm(dm,t) : (EPB YoQ; I[l{at € Am}]

=Ty +1 T
+Epy o, [Hare A1) ]

@ a ’ ¢

> 2Am Z Ex [Zm(dm,t) ' (1 - TV(PQ,x O m, t'PG x© Qm t))]
t=Tp_1+1

®) ot T T

> 2Am Z Ex[ ( m, t) (1 TV(P ¥ m t/PBmx ° Qm f))]
t=Ty1+1

where step (a) is because P(A) +Q(A°) =21 —-TV(P,Q),

and step (b) follows from the data processing inequality
of the total variation distance (Lemma A.2). For the total
variation,

LTV (PE 00l Pl 003)
T T -
/mm Peonm tr PQ,xOQm,t)

Z/ min (dPTm ° Qm ts dpg,nx © Q;l,f)
B

1 _
ZE/B (dpgmonJr t+dPTm ° Qs

— 1Py, 0 Qy, — APy 0 ;i)

1

BWI

_ |dp£in9;1 ° Q+ dpgmxl o Qm tl) (7)

where the last equality uses the fact that on the event
B, dPT”’ '= dPT”‘ Using the property that TV(P,Q) =
2fllJlP dQl and |P(A) Q(A)| <TV(P,Q), wehave
7)= - (EPTM o [HB+ B [1{A4}])
7TV< Pgmx1 on tr Pgt"x’l OQ;l,t)
> Bp, 0y, [1B}] 5 TV(PEyt 00}, Pl 0 Q. )-
Applying Pinsker’s inequality (Lemma A.3), we have

TV<PT"' o Qm t,pgt";l ° Q:Zt)

1
<\ D (P o QL IPE 0 0s). ®

To simplify the right-hand side of Equation (8), we use the
rotational invariance of the uniform distribution. First, let
01,02, ., Vym, be an orthonormal basis of RTM?O, where
U1 = Uy, +; define two rotational matrices Ry = (01,0, ...,
vymg, | and Ry =[—0v1,0,...,0,u; |; letting 0, =0,

—2(v] O,)v1 = R1R; 6,,, we have 0’ 4 O, and 0]'d,,
= _G;;dm,t- Furthermore, let 6" denote the parameter in-
duced by 61,...,0u,...,0n—that is, 0" :=f(0, ..

., 0p)—we then have 6’ 4 gand

4
'Ieml

= /10 (Pl 0 QLI 0 i)

<78 [P (70

where the inequality is due to the joint convexity of
the Kullback-Leibler (KL) divergence (Lemma A 4). The
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KL divergence can then be explicitly computed:

EQ; [DKL(PT"I 1||PTm 1 :|

ml

ZZEQM (F(O1,....0m . .0M)—f(B1,....0m,....00)) X0 ]

-1
:ZAfn IEQ" [lumte | ] umt(zh"ruT 7,00 )um,t

=1

m—1
<2A}Eqy [luy, 0ml*]- umt(Zthh”>umt,

=1 je[K]

where ;= ZJEH(M):am=OxTJ(IU) - EUEH(M):U,,,zleJ(IU)'
Note that

2 _ Ml 3
EQ;I [|u;,t6m| ]:m'EQ[lu;,teml ]
_Eql16m11°] _ Eql|6m1]’]
27 (thn, 1) Eo[|0m,11]
@ 2 2M+1

oM +17 B ]
where step (a) follows from Lemma E.1. We then can
lower bound the regret as

sup Eg-[Rr(Alg)]
07:110%1,<1,110*lg<s0

T
>2Ay Z E Zm(dm,t)' <IEI7MOQ;1 [[l{Bm}]
t=Ty1+1 ’
3 2M+1A2 Ton-1
_E$ 3 mt Zzh’f]hr]
=1 je[K]
(a) Tm
2200 Y Ei|Zu(dno)- | Epyogr [1{Bu}]
t=Tp1+1
_§ 23M+1 Afn Tm—l
2 S0
® at 1
> 2Am Z E Zm(dm,t) . EPg YOQ; t[l{Bm}] W ’
t=Ty1+1

©)

where step (a) uses the independence between (x;,1, x1,2)
and {(xr,1,%7,2)} <7, , and the concavity of x — v/x; step
(b) is due to the choice of A, and T,,,_1. Note also that

B2 )] =B [ ] ghaTe

|, tH @ 2%
—Ex[—' Eo[|61]] 2 2E,

[”dm,t”z]

I\
RS

2z,

where step (a) follows from Lemma E.1. Consequently,

T

©) zm( >

t=Tp 1+1

Ex [Zm (dm, t)'

1
Erouo0s, MBI =2 )
Finally, letting m be the batch that satisfies Equation (6),
we have

(Tm - Tmfl)Am

sup Eg- - [Rr(Alg)] > LTy

0":110"11<1, 110" lo=so

Vo () =
50

>
- M427M/2

3.4. Bad Event Happens with Large Enough
Probability

Our main result here is that a bad event occurs with suffi-

ciently high probability that (6) holds.

Lemma 3. There exists some m € [M], such that

i Ex[Zu(d,) - Ep,, o0r [1{Bu}]] > %
t=Ty 1+1 ’ 27 M2

Because the union of {B,,},,c[u is the whole space, by a
union bound, we have >"M  P(B,)>P(UM_ B,)=1,
where P is any probability measure. Hence P(B,,) > 1/M
for at least one m. For any m € [M],

T"l
Z B Zyn(dm, ) - Epy,.00;, ,[1{Bm}]]
t=Tp_1+1 !
Z E EQ (dmt m)+ 'PG,x(Bm)]-
t= Tm 1+1

Conditional on {xt,s}<1,, , se[k
{xt,a}es1,, 1, 0e[x)- Hence,

1 1{By,} is independent of

PG,x(Bm) = IP)G(t‘mfl STyt <Tp <ty |{x1,a}ue[K]
AxT,abaerxy)

=Po(tm-1 < Tm-1 < T <t {x1,0}aerx]
4 {me—l/a}aE[K])'

Consequently, using the independence between context
x across f, we have

E+[Eql(d, :0m) s Po,+(Bu)l] = Eq[Ex[(dy, 61), Po,x(Bu)]]
=Eo[Ex[(d,, :0m) s ]-Ex[Po,x(Bw)]] = Eq[Ex[(dy;, 70m), ]
“Ex[Po,x(Bm)]]
= Eo[Ex[(dyy,10m): Po,x(Bw)|] = Ex[Eq[(dy, 70m) s+ Po,x(Bu)]].
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Using the previous result, we obtain that

T
> Ea|Zuld) Ep, ogr [1{Bu}]

=Ty 1+1
TWI
= Z EX]EQ {(d;\—/LTemh : Pe,x(Bm)}
t*Tm 1+1
2 Z E EQ|: mln {(d 6m’)+} : PQ,X(BM):|
t=Tp_1+1

@ Y 5
= > Z-Bp, pl1{Bu}]

=T, 1+1
= (Tm - Tm—l)z . EPH,XOQ [1{Bm}]/

where in step (a) we define the measure Q via %
_ minm'e[M] (d/\TA,Tem’L

(x,0) = "l

O,r),]is anormalizing constant.

and Z = E.Eq[mincpu(dy 1

2 = Exllld, rlh - EQ[ (1], 10 mm}

= Exlllda 1l EQ{ (O, M]

where the last equality is due the fact that 0, ..., Oy are
independent of each other and the rotational invariance
of the uniform distribution. Note also

Eo|min (@),

=/0mp(ny;n(em,l)+ >t)dt:/OMIED((Gl,l)+ >t)Mdt

1 1 *

- L P<|el,1|>t)Mdt:—M / P(1611 |2 > P)Mdt
2 2" Jo

3 M

1 [BeE 2t

oM, sy ) &
B(j/ 2 )
1 5027 M1
_B(, Y 1

COMH (M 1) T2 M+ 1)V

where B(a, f) denotes the beta function with parameters
a and . With the previous result,

~ 1
22 g
2 (M +1)
Because EM Poyod [1{B;}] = 1, there exists m € [M],
suchthatEp OQ[l{Bm}] #-and hence,
z_ 1

Z By, B2 132 s
Finally for this m, ZZ"’T’H +1 ]Ex[Zm(dm,t)~IEpH,XOQ;1/t

(T]’ll Tm )
(1B, 111 > Tyl

3.5. Lower Bound for Fully Online
Learning Setting

Thus far, we have established the left-hand side of (3) is
greater or equal to the first term on the right-hand side
when M = O(loglog(T/so)). When M = Q(loglog(T /so)),
the first term is dominated by the second term, so it suf-
fices to show that the regret is lower bounded by the sec-
ond term. Lemma 4 completes the picture by showing
the second part of the inequality.

Lemma 4. When M =T, there exists a two-arm setting
with independent Guassian contexts, for which we have (for
some numerical constant ¢ independent of T, M, d, s):

sup Eg:[Rr(Alg)] = ¢ +/Tso.

0110 [1<1, 110" llp=so

The proof is a simple variant of the first part, and the proof
isin Appendix C.1. Our online regret lower bound recovers
the lower bound obtained in Chu et al. (2011)—Their lower
bound is stated in the dense and low-dimensional setting,
but the adaptation is straightforward.

4. Achievable Guarantees: Regret

Upper Bound
In this section, we propose the LASSO batch greedy learn-
ing (LBGL) algorithm, similar in spirit to the (low-dimen-
sional) greedy bandit algorithm (Bastani et al. 2021), to
tackle the high-dimensional dynamic batch learning
problem. This simple algorithm is minimax optimal (up
to log factors).

4.1. LASSO Batch Greedy Learning

LBGL has two important features: (1) at each time f, it
exploits the current estimate of the true parameter 6*
without further exploration; and (2) it uses a static grid
that is not adaptive (of course, a static grid is a particular
type of dynamic grid). As it turns out, this already
achieves the optimal regret bound. Concretely, given a
grid choice 7 = {#1, ..., tm}, at the beginning of batch m,
the algorithm constructs a Lasso estimate 0,,_1 of the
true parameter using the data in the previous batches;
then it selects the action a € [K] that maximizes the esti-
mated reward xguém_l for any t e {ty—1+1,...,t,}; at
the end of the mth batch, the algorithm updates the esti-
mate of the underlying parameters with the new obser-
vations in the current batch. Finally, regarding the grid
choice: Inspired by the grid choice in Han et al. (2020),
we adopt a similar but somewhat different static grid for
our setting:

151 =b\/%, t = | bVEn_1], me{2,3,...,M},
where b = @(VT - (T/ 50)2@“}’ -1) is chosen such that t);=T.
The complete algorithm is described in Algorithm 1. We
emphasize again this static grid choice, rather than a
dynamic one, is not a limitation of our algorithm: As we
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discuss next, it is sufficient to achieve the optimal regret
bound (up to log factors) for the class of dynamic batch
learning algorithms.

Algorithm 1 (LBGL Under Model-C)
Input Time horizon T; context dimension d; number
of batches M; sparsity bound s,
Initialize b = @(x/T : (T/so)m) 0y =0eR;
Static grid 7 = {t;,...,tm}, with t; =b+/so and t,, =
bty 1 forte{2,...,M};
Partition each batch into M intervals evenly, that is,
(tm—1, tm] =Uff1 TV forme [M].
form < 1toMdo
fort«t,_1tot,do .
(a) Choose a; = arg maqu[K]xIaem,l (break
ties with lower action index).
(b) Incur reward r; 4.

end
T —ym,_ T,
2logK(logd +2logT).
/\m — 10\/ |T(m) | 7
Update 0, < arg miNgepi sy Sreron (Mo — X7,
0)" + AullOll.
end

Theorem 2 characterizes the performance of the LBGL
algorithm. In this section, we present the main steps in
proving Theorem 2, leaving the details to Appendix D.

Theorem 2. Under Model-C, Assumptions 1-4 and M =
O(loglog(T/so)), we have

sup Eg-[Rr(Alg)]
0":16*(,<1, 10 [ly<s0
MB2 P
SC M \/logKlog(KT)log(dT).\/T—so(T> oM )/
y(K)p(K) S0

(10)

where Alg is LBGL and C > 0 is a numerical constant indepen-
dent of (T,d, M, K, sp).

Remark 8. This regret upper bound matches the lower
bound proved in Theorem 1 (up to logarithmic factors).
That we only stated the theorem for M = O(loglog(T/s))
is not a restriction, but instead a merit of our result: With
the number of batches M = O(loglog(T/sy)), we are
already able to achieve the fully online optimal regret (up
to log factors) O(+/Tsp). Lemma 4 established the Q(+/Tsp)
lower bound for fully online learning (under K=2) and
hence a matching O(+/Tso) regret bound indicates that it
is minimax optimal. Consequently, for any larger M, the
achievable regret, which a priori will not get worse, can-
not get better.

The regret of any dynamic batch learning algorithm can
be achieved by a fully online learning algorithm—in the

online setting you can always divide the observations into
batches and run the corresponding batch algorithm—and
this observation immediately yields Corollary 1.

Corollary 1. In the fully online learning setting (M =T)
and under Assumptions 1-4:

sup Eg-[R7(Alg)]
0™:10"1,<1, 16" [lp<so

3
Cy/ (loglog(T/s0)) log K log(KT)log(dT
3 \/ (10g108(T/s0)) log K log(KT)log( )

: YE)p(EK) Tso,

(11)

where C >0 is a numerical constant independent of (T,d, M,
K, So).

4.2. Regret Analysis

In this section, we present the main steps of proving Theo-
rem 2. We start by showing that the empirical covariance
matrices are well conditioned even when the arms are
adaptively chosen: In particular, although unlike in the
low-dimensional settings the empirical covariance matri-
ces are rank-deficient (as a result of high-dimensional fea-
tures), the restricted eigenvalues are well behaved. Then
we leverage standard Lasso results to show that with
“well-behaved” empirical covariance matrices, the Lasso
estimates of 6" is reasonably close to the true parameters.
Finally we translate the above results into the regret analy-
sis, and establish the desired regret upper bound.

4.2.1. Establishing the Restricted Eigenvalue Condi-
tion. Given a sparsity parameter s and a matrix A, we
define the key quantity restricted eigenvalues:

) v Av
(z)min (S’ A) £ I}lm 2 (7
veR%[olly<s | [[o]l;

vT Av
‘Pmax(s’ A) 4 max — -
veR%poly<s | [|oll5

Following the notation in Algorithm 1, Tyn) denotes the
jth interval of the mth batch (where the mth batch has
been divided evenly into M intervals). We then define
for any j, m € [M] the empirical covariance matrix: Dy, ; =
Y Xea Xy, and Ay, = 21 Dj,m- Lemma 5 shows that
the restricted eigenvalues are bounded from both above
and below with high probabilities.

Lemma 5. Suppose Assumptions 1-4 hold. Given a spar-
sity parameter s, with probability at least 1—2M?*exp

(O(slogd) — Q(p*(K) - VTso/M)), for any j,m € [M],

D .
(Pmax <S’ 13;]> <16 IOg K,
[T |

Du,j \ _ 7(K)p(K)
(Pmin <S’ |Tf1j1)|> 2 4 ’
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The detailed proof of Lemma 5 is deferred to Appendix
D.1, and we provide the high-level steps here. For a
given v € R? such that |||, <'s and |jt]l, = 1, we prove
the upper bound of v"D,, jv using standard concentra-
tion inequalities. We then generalize the upper bound to
an e-net of the set of all s-sparse v by taking a union
bound. Finally, we extend the result to any s-sparse v by
utilizing the property of the e-net. The proof of the lower
bound is similar to that of the upper bound, except that
we apply Assumption 2 when proving the lower bound
for a single vector.

4.2.2. Bounding Lasso Estimation Error. With well-
behaved restricted eigenvalues, Lemma 6 leverages stan-
dard Lasso results to prove an estimation error bound
for H@m 0 ”2

Lemma 6. Under Assumptions 1-4, with probability at least
1 —Mexp(logd — log K - Q(v/Tsy/M)) — 2M? - exp (O (so
LS ) — Q(pA(K)VTS0) ) = M -T2, for any m & [M],

) 800v2 logK - (210gT+logd)
16 — 6", < = SK)p(K) “\/So \/

The proof uses classical Lasso theory (Bickel et al. 2009)
and is given in Appendix D.2.

4.2.3. Analyzing Regret Upper Bound. With Lemmas 5
and 6, we are now ready to bound the regret of Algo-
rithm 1. Given m € [M], consider t € {t,, 1 +1,...,tn},
the instantaneous regret can be bounded as maxX,¢[k; (1,4
*xt,m)TQ* § mMaXge[K] (xf,a - xt,af)T(e* - émfl) < 2Inaxue[l(]
|x/ (0" — 011)|, where the first inequality is from the
definition of a;. A .

For a fixed a € [K], x[ (0" — 0,,1) is [|0" — (9",,1||§-
sub-Gaussian. Thus, applying a sub-Gaussian maximal
inequality, we get that given a t € [T], with probability at
least1 — T3

2max ], (6" - Om-1)] < 64/10g(TK) - 10" — O,

Applying a union bound over the batch m with m >2
and invoking Lemma 6, we have with probability at least

1—(1+M)-T2—M-exp(logd — log K- Q(y/Tso/M)) —
2M2.exp( (so lg(gK’j;‘;g) QP (K) - Tso /M))

T n*
max (X, — Xtq,) O
a€[K]

logK(2 log T +1logd)
so Mlog(TK) - ,
< VMo ¢ bt

Vt € [ m—1 + 1/ tm]/

where C>0 is a numerical constant. Summing over the

regret incurred in the m > 2 batches yields
Mt

Z Z max (xy,q — xt,a,)Te*

=at=t, 5+1 2€IK]
C
<—-bM
y(K)p(K)
CI
<—— M2
y(K)p(K)

-\ /log Klog(TK)(log d + 2log T)/Tso (SZ) ,
0

solog Klog(TK)(logd +2logT)

whereb = © (\/T (T/ 50)2(2&*”) is from the choice of grids.

Finally for the first batch, because no rewards are observed,
it suffices for us to adopt a crude bound:

t h

T n* T o*
Emaxx — X GSZE max x, 0" |.
£ ae[K] (Xt,0 = %10 - <a€[K] b )

Applying a sub-Gaussian maximal inequality and a
union bound over all t € [1], we have with probability at
least1 —T72,

Z{zrglax (Xt — X, at) 0" <64/log(KT) - t;
—®<‘/log(KT )v/Tsp - ( )2(2 D)

Putting everything together, we then have that with
probability at least 1—(2+M)-T~2 —2M?-exp (O (so

I;Z%(l,(zg) —Q(p*(K) - VTSO/M)) —M-exp(logd —log K-
Q(VTso/M)),

Rr(Alg) <

7

<<
yK)p(K)

50

where C” >0 is a numerical constant resulting from
merging the constant corresponding to the first batch
and the constant C’ (corresponding to all subsequent
batches). Because M = O(loglog(T/sp)), the previous
high-probability regret bound immediately implies the
expected regret bound:

EolRr(Alg)) s

1
T\ 22M—1)
V()T

where C””” > 0is anumerical constant.

M3/2. \/ log Klog(KT)log(dT)

MR \/ log Klog(KT)log(dT)

5. Discussion
Through matching lower and upper regret bounds, our
work completes (up to certain log factors) the picture of
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dynamic batch learning in high-dimensional sparse linear
contextual bandits. Furthermore, the algorithm provided is
very simple to implement in practice, an important merit
from a practical standpoint. We close the paper by discuss-
ing possible extensions of our work.

5.1. Extension to Subexponential Reward
Distribution

In this paper, we focused on sub-Gaussian reward dis-

tribution. It would be interesting to consider the high-

dimensional dynamic batch learning problem with

subexponential reward distribution (although this is a

hard task even in the fully online setting).

5.2. Extension to Sparsity-Agnostic Algorithm

It would be desirable to have a dynamic batch learning
algorithm that would not require any knowledge of a
sparsity upper bound. In the fully online decision-making
setting, Oh et al. (2021) propose such an algorithm. Adapt-
ing it the batched setting, however, is challenging because
the grid design critically depends on s,

5.3. Other Extensions

It would be interesting to explore the continuous action
set case and understand whether learning guarantees in
this regime are materially worse. Finally, going beyond
to the nonparametric contextual bandits setting would
also be useful.

Appendix A. Definitions and Auxiliary Results
We collect in this section all the known results in the
existing literature that will be useful for us.

Definition A.1. Let (X, F) be a measurable space and P, Q
be two probability measures on (X, F).
(a) The total-variation distance between P and Q is defined as

V(P,Q) = sup |P(A) — Q(A)].

Ae
(b) The KL divergence between P and Q is

dp )
Dy (P||Q) = {/longdP if P<Q

+oco  otherwise

Lemma A.1 (Paley-Zygmund Inequality). If X >0 is a ran-
dom variable whose variance is finite, Then for any 0 € (0,1),

LE[Z) )
E[Z2]’
(1- 0 E[X]
Var(Z) + (1 — 6)*E[X]*

(1) P(X > OE[X]) > (1 — 6)

(2) B(X > OE[X]) >

Lemma A.2 (Data-Processing Inequality (Cover and Tho-
mas 2006)). Let X, Y, Z denote random variables drawn from a
Markov chain in the order (denoted by X — Y — Z) that the con-
ditional distribution of Z depends only on Y and is conditionally
independent of X. Then if X =Y — Z, we have I(X;Y) > I(X; Z),
where I(X;Y) is the mutual information between X and Y.

Lemma A.3 (Pinsker’s Inequality). Let P and Q be any two
probability measures on the same measurable space. Then

TV(P,Q) < /3 Dxi(PlIQ).

Lemma A.4 (Joint Convexity of the KL divergence (Cover
and Thomas 2006)). The KL divergence Dk (P||Q) is jointly
convex in its arqument P and Q: let P1,P>,Q1,Q> be distribu-
tions on X, then for any A € [0,1],

DxL(AP1 + (1 = A)Po[|AQq + (1 = 1)Q2)

< ADx(P1]|Q1) + (1 — M)Dxw(P2[|Q2)-
Lemma A.5 (Sub-Gaussian Maximal Inequality (Rigollet
2015)). Let Xy, ...,Xx be K centered o*-sub-Gaussian random vari-

2
ables, then for any t > 0, P(maxye ) Xi > ) < Ke a7,

Appendix B. Proof of Lemma 1

1. The proof follows directly from Han et al. (2020, lemma
4).

2. Given a unit vector v € R?, for any 6 >0,

]P’((vTxt,a,)z < % (ZCK)’%> = ]P’(—(zﬁxf,m)2 > _%. (2cK)’%)
= P(exp(—(0"x1,0,)" - 0) 2 exp (f% (2cK)*-0))

(2 exp <%~ 5- (ZCK)_%> -Elexp(—(0"x1,4,)* - 6)]
g- 6+ (20K) ¥) - 3 Elexp(~(0"x10)" - 0)]

a€|K]

< exp(
(b) o 1 “a
ScK~exp<;5~(20K) ) -0,
where step (a) is due to Markov’s inequality and step (b) follows
from Equation (1). Taking 6 =e- (2cK)"* (the minimizer of the

upper bound), we arrive at IP)((Z)TJCW,)2 >4 (2cK) "My > 1
3. Letv € RY be an arbitrary unit vector. For eacha € [K],

P ((Uwa)z > %-E[(vTx,,u)z])

@ LE[(0Tx,0) ]
>
~ Var((vTx,0)%) + L E[(07x0)

® LE[(wTx0)] © 2K

® eyl R K

Previously, step (a) is due to the Paley-Zygmund inequality
(Lemma A.1); steps (b) and (c) follow from the assumption. As
a consequence, we have P((vx; ,)* < %) < 5. Finally,

A
P ((Z)Txm,)2 > E)

A A
>P B T 2>_ —1—-P . T 2 o
= (iﬁ‘[‘é}(v *a)" 2 2) ! (i’éﬁ%}(v ¥ <5

A K 1
>1— PlvTx V<= )>1lo— >
= aez[;] ((v *1,0) <2)— 2K+1-2

completing the proof.
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4. Without loss of generality, we assume v < 1. For an arbi-
trary unit vector v € RY,

P((UTxta, > 2) Z]P’(ut—a (0 x0) > 2)

By symmetry, we only need to focus on a=1, for which we
have

A A
IP’(at = 1,(vTxt,1)2 > E) = /l{xlﬁ > xZZQ, (vTxt,l)2 > E}

(X1, X 2)dxy 10X 2

(@)1 A v A
> E.P(m =1,(0"x1,4) 2§> +§/1{x216 >x/,0, (0 x; 1) ZE}

p(=2x1,1, = X4,2)dx; 1dx;
1 A v A
= Z[P’(tzt = 1,(z;Txt,1)2 > 5) +§-P<at = 2,(7JTJC;,1)2 > 5)

T 2
= %'P((vTxm)z > %) zg-P <(UTXt,u)2 > Bl )] th,l) ]>

© v E[@’ xa)* T (C)VA2
-8 E[(07xt,0)*] 128’

where step (a) is by the assumption; step (a) is due to the Paley-
Zygmund inequality; and step (c) is because of the assumption
and v"x; , is 1-sub-Gaussian. Combining the case of a=1 and
a=2,wehave

5. Without loss of generality, we assume vq,v,(K) < 1. Fix
an arbitrary unit vector v, and 0 € RY.

To start, we focus on a=1. We decompose all the permu-
tations of [K] into three subsets: Zmin, Zmax and Zmq, where
Tin :={m:11 =1}, Tipax := {n:mg =1} and Zyq ={m:m #
1, tg # 1}. We then have

A A
P((’UTX,},])Z 27> = Z P((UTXH)Z 2—,xzn19§---§x;w9>
2 TCTEL min 2
T 2 A T T
+ Z P{ (0" x¢,1) ZE,xt'n19S~~~Sx,,nK9

TETEL max

A
+ Z IP’((vTxt,l)zzz,meQS

TETEL mid
By the assumption, for any permutation 7,

VoK) - P (07x, 1) 2 A X0 <<x] 6)

2’
A
((U xt 171) 2 xt n19< <x;|,—n;<6)

2 A T
+IP>((vTxt,nK) > 5%, L0 << xmke).
As a consequence,

A 1
P T 2>7 <_ -
(507 23) <550
T 2 A T T
E Pl (v xt,) Zz,xtrmﬂs--éxt,nke

+]P’((v Xt ) > A X0 < <xtTan6>.

2’

Previously, by the relaxed symmetry condition,

IP((UTxL‘,TH )2 = /2\ xt el 0 <=2 x;l,—nke)

1 , A
< a-/l{(zﬁxt’m) ZE,xImQSmetT,nKQ}

'P(*xt,lf s, = X)X 1 dXy
1 2 A
= V—I-P((vTxt,m) >3 X 0> >x;nK6>.

We then have

A
P((vTxt,l)z > —)
2
A . )
S ® D (P@ ) 25 622 17,6

+P ((vTxt,,l, 2>

2 A
- P (07 2522,
via(K) ((U Xa)" 2 2)

Finally, we arrive at

IE"((ZJTXM,)2 > %) > %(K) . IP’((vTxt,l)z > %)

v E[x1x] Jv
]P)(('UTXtJ)Z > %)

(;) v1va(K) A2 B v1va(K)A2
- 8 16 128 '

5 vva(K)
2

where step (a) is due to the Paley-Zygmund (Lemma A.1)
inequality and the assumption.

Appendix C. Proof of Main Lemmas in Section 3
C.1. Proof of Lemma 4

As in the batched case (and with the same notation), we con-
struct a prior Q for 6, where 0(S) ~ Unif(AS* ') and 6*(5°)

=0, and A = /so/32T. Then,

sup Eq-[Rr(Alg)]
06" <1, 16 lo<so

T
> EgEg[Rr(Alg)] = ZEQEXEP’O _ { max (x/,0 —x]  0)
P} x| ae{l,2}
T
=>E <EoEp [Har=1}-(d]6), +1{a; =2}-(d]6)_],

t=1

C1)

where d; = x; 2 — x;,1. Define two new measures via: %(6) =
o). g 99 470)_ _ _ .

G and 95(0) = U Z(dy) = Eol(d] 0),]1 =Eol(d 0) ] is
a common normahzmg constant. Using this representation, we
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have

T
(C1) =D EulZ(dr) - (Bpy o0 [Uar = 1} + Ep,, o0, [1ar = 2}])]

t=1

@ &
> > ElZ(d)- (1-TV(PG {0 QP Y 0 Q)))]
t=1
Z(d) 1_\/1DKL<PtflOQ+ ”pt—l o OQ+)
t 2 0,x t 0-2(i1| O)ity, x t

0 &
I3,
t=1
1
Z(df) . <1 - \/EEQI' [DKL (P ” PH 2(i1 ] 0)ity, x)]):|’

(C2)

t=1

where step (a) follows from P(A)+Q(A°)<1—-TV(P,Q);
step (b) is due to a change of measure and Lemma A.3; and
step (c) is because of the joint convexity of the KL diver-
gence. Previously,

t—1
Dxv (P AP 27 0)i, x) :%Z (Z(flfTQ)'(ﬁthr,aT)>2
=1

=2(i170)* - ii] (ZxT X, )

where ii; € R satisfies ii,(S) = \;,((ss)u and 14(5°) = 0. Plugging

in the expression of the KL divergence, we have

VACHE <1 -

x| Z(dy) - (1 -

(C2)

v
-~
H

t—1
Eq (@] 0)%)-ii] <2x1u7x1,a1>ﬁ,) }

t—1
Eg [ 0)]-i1] (ZxT,lxgl +x1,2x{2> ut):l

=1

I
_

v
B
A

Il
—_

01 _\Ts
EZEX[Z(dt)]_ 10 " 20v2"

t=1

VE
-
=

=

N

=

)
/=

-

|
mT&‘
< | B

N

\—/
—_—

I\

where step (a) is by taking expectation w.r.t. {(x;,1,%:,2)} <15
and step (b) follows from the choice of A. The proof is
completed.

Appendix D. Proof of Main Lemmas in Section 4

D.1. Proof of Lemma 5

Consider the mth batch, for any j € [M], by definition a; =
arg maxe[k|X; a@,n 1 for any te T,(Z,, where Qm 1 depends
only on the observations from batch 1 to m—1. Hence
{x, a{}teT/) are mutually independent and follow the same
distribufion conditional on the previous batches. Consider
now a fixed sparsity upper bound s.

D.1.1. Upper Bound. Given a vector v € R, such that llolly <
sand ||7]|, = 1. Let supp(v) denote the support of v, where with-
out loss of generality we assume |supp(v)| =s (otherwise we
can include extra zero coordinates in supp(v)), and let N ()
denote the e-net of $*!. For notational simplicity, denote Y; , =

(UTxt,u)z. For any 0, uu > 0, one has
]P’<Z Yig > (4+06)-|TV|| ém1>
teT?)
exp (y . Z > | érm1:|
teTd Yy o

(a)
<exp(—pu@d+0)-|TV|)-E

(b) : ~
=exp(—u@+0)-1TV1) - [T lexp(p-Yia) [0m]
teT,(,’;)]E
<exp(—pu+90)- |T1(j;) ) H (Z E[exp(‘uYt,a)]>
teT? \a€[K]

where step (a) follows from the Markov’s inequality, and step
(b) is due to the (conditional) independence across t. Because
Xtq is 1-sub-Gaussian, v'x, , is as well 1-sub-Gaussian. As a
result, Yy , — E[Y} 4] is subexponential with parameter (4\/2, 4),
and E[Y/ ,] < 4. With this, we obtain a Bernstein-type bound:

P(Zmz(ué)"m)')

teTf{,’
5 6 ;
Sexp(( (64 8)+logK)-|T£{l)|).

Combining everything previously and letting 6 =9logK,
we arrive at

IP’( 1 Z(vTxt,a,)224+9logK>Sexp< logK |TU)|)

| m teTV)

Taking a union bound, we get that w1th probability at
least 1 —exp(slogd +slog(1+1/¢) — |Tm |log K/8), for any v
such that ||v||0 <s,|lvll, =1 and v(supp(v)) € N(e),

> (07x10)* <4+9logK < 1510gK.

| Tr(r/1 | tET(”

Let ueR? be an arbitrary vector such that |jull, <s and
|lull, = 1. By the definition of the e-net, there exists vy € N'(¢),
such that [[u(supp(i)) — vg|l, < €. Let v € R be a vector such
that v(supp(u)) =vp and ov(supp(u)’) =0. By construction
|lu — ||, < e. Consequently,

uTDm il vTDm 0 U Dy (1 —0) (1 —0) Dy 0
T 1T 77| 77|

Dm,]*
< 2€¢max <S’ M) :

Note that |T(n/,) | =Q(VTsy/M), for any j,me[M]. Taking
the supreme over u and rearranging yields that with prob-
ability at least 1 — exp(slogd +slog(1 +1/¢) — Q(Tso/M)),

D, 15logK
— | <. D.1
¢max<s,|T%)|> $T (D.1)

D.1.2. Lower Bound. We now proceed to prove a lower
bound for the restricted eigenvalues. By Assumption 2,
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P(Yq = 7(K)|0,,-1) = p(K). We then have that

v,,, <1000 )
(IT% |gq;n tas [ 01
_IP(1_21{YM >y(1<)}<”(K) | O 1)

0
Tl et

<P (|T1(])| > Y14 2 y(K)} = P(Yyq, = y(K)| 01 1)

m teTf[,)
. p(K)wm 1>Sexp( P(K) 19 |),

where the last inequality is due to the Chernoff bound.

Taking a union bound over all s-sparse unit vector v
whose support is in V' (¢), we conclude that with probability
atleast 1 — exp(slogd +slog(1+1/¢) — p*(K)|T| /2), for any
v whose support isin NV(e),

Z (0 xp ) > y(K)p(K) (D.2)

|TV>| =
We now condition on Events (D.1) and (D.2) and turn our
attention to an arbitrary vector u € R? such that [Jul|, < s and
[lull, =1. By the definition of e-nets, there exists vy € N(¢)
such that [lu(supp(u)) —voll, <e. Let veR? be the vector

such that v(supp(u)) = vy and v(supp(u)°) = 0. Then

(/ Z( Txpa )2 _|T |(Z(v Xpa ) +2(u — 0)X4,0,] 5,0 )

|T

m tGT") fETm
yK)pEK) D,j
> M,
S Y(K)p(K) 30elogK
- 2 1-2¢ °
1 y(KpK

Finally letting & = min(s;, T8 log K) and taking a union bound
over j,m & [M], we conclude that with probablhty at least
1 —2M?2exp(slogd + slog(1 + ;f%gglg) — Q(p*(K) - \Tso/M)),

for any j,m € [M],

Du ) _ y(K)p(K)
) e

D (s D(])|> <1l6logK. O (D.3)
T

D.2. Proof of Lemma 6
To start, we work on an upper bound on the magnitude of x; ,, ;
(the Ith coodinate of x; 4,). Given any m € [M] and [ € [d], define

My, = 4 /ﬁzteﬂn,)xﬁahl.lzoranyé >0and0 < u<1/4,

IP’(Mm ;= 16log K +0)

(a)
<P 2 _E 2 > T(m) .5
< (/;) (rarel%xt ol [gﬁg{xt,a,zb > [T

(b)
<E [exP (# > (m[%x, o —E hrel%x%a,/} ))} exp(—po| T™1)

teT0

(c) H { Z E[exp(,u(x%,a,z _

Elx; )] }exp(—yé |T0))
teT(m \a€[K]

(d)
<exp((logK+16p2 — ud) - | TM™)), (D4)

where step (a) is because E[maxﬂe[K]xg 1] £ 16log K; step (b)
follows from the Markov’s inequality; step (c) is due to the
independence of x;,; across t; and step (d) is because xfl ol

- E[xf o] 18 (4V2,4)-sub-exponential. Optimizing the right-
hand side of (D.4) over 0 < u < 1/4 and taking a union bound
over | € [d], we obtain that

P(maxM >16logK + b)

le[d

<dexp((10g1< mm((52 6)) |T(m)|)
B 64”8

Taking 6 =9logK, one has that with probability at least
1—exp(logd —logK- |T™|/8), for all I € [d].
M? <25 log K. (D.5)

m,l =

For any m € [M], any s <d and any v e R? such that |[v]|, <
s and [foll, = 1,

TA v= Z |T(nl)| UTD]‘,mU
oY An =t )’
and consequently,

Am D] m
(Pmax (S’ |T(m) |) = %}?n)l( (Pmax ( T(m
Am ) . D} m
1S, —— | =2min
qb“““( 700 ) = i P |T('”’|

By Lemma 5, with probability at least 1 —2M? -exp (O(slog

<ﬂc))%)> — Q(p*(K) - VTs9/M)), for any j,m € [M],

An An ) S ¥K)pK)
(Pmax (S, W) < 1610gK, (P (S |T(m |> = 4

(D.6)

By the definition of O,

Z (rtm xta[ m) +Am||9m||1

teTm)
<1
= 2]T0]|

z|T<m>|

> (rha =%, 077 + Al

feTm)

Rearranging yields

* A \2 A
2|T(",)| > 00" = x7,00)" + AullOnll

teTim

< Aol + Tmlz(x”" m =X, 0")er.

teT0m

By the construction of T, {¢;};cron are mutually indepen-
dent conditional on the selected contexts, we obtain that
with probability at least 1 — T-2 — exp(logd — log K- |T™] /2),

|T(7n | Z (xt ap 2 m xt ’119*)&

teTom

d
2(10gd+210gT) A * Am A *
< ;Mn,lﬂwwm,l —0r| < 7”9m — 07|y
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With the previous two inequalities together, we obtain that

Z (xt ﬂfe* - xt a ﬂl) +_||9m - 9*”1

teTm)
< A6y = 10mlly + 116 — 6111). (D.7)
Define Sy = supp(0”). An immediate result of (D.7) is that

2|Tm>|

1 A * * A A *
1Em = 0%l <116 (So)lly —18m(So)lh +110:(So0) = 6*(So)lh
= 110,(S5) — 0*(Sy)lly < 3[10.m(So) — 0*(So)ll;-

Before proving the final result, we state the following lemma
from Bickel et al. (2009) that links the restricted eigenvalues
to the condition for recovering sparse signals, where we
slightly modify the notation in our presentation.

Lemma D.1 (Bickel et al. 2009). Fix a matrix A. Assume that
there exists an integer v, such that r>sy and sy+r <d, such

that
A _ So(PmaX(Y,A)
KE /P in(s0+1,4) (1 34 /7@““(50 T, A) > 0.

Then

) v Ao
min 5! Sc
lo(S)Il2

. { o' Av
min = 2:SC
llo(S)Il;
(D.9)

where S is the union of S and the set of r largest in absolute
value coordinates of v outside S.

[d], 1S] < s0,0# 0, [[0(S)ly < 3l[(S)llx } >0

(D.8)

[d], 1] <s0,0%#0,[[v(S)lx S3||v(5)||1} =K*>0,

Now take r = 11,5(%01?%1( By construction, 7 > so and Assump-

tion 4 ensures s, +r<d Using Lemma 5 with s =5y +7, we
have with probability at least 1 —2M? - exp(O(so 25582 _ ()

Y @p(K)
(p*(K)- VTso/M)),

A, A, K)p(K
P (SOH |T<m)|) 16log(K), qb““’“(SO” |T<"')|)> : )4p( |

On the previous event, we have

950 man (7, Au/ IT™ ) _ 576s0log K _ 1
"Pmin(50 + 7, A/ IT™]) = ry(K)p(K) 27

_ Am S0P (1, Am / | T 1)
K—\/¢mm<50+7’, |T('")|)( 3\/7‘(]j (So-‘rT’Am/lT(m)l))

LW(IQO

B 2
By Lemma D.1, both (D.8) and (D.9) hold, and consequently

>, 07— 2], 00) 2 €16°(S0) — Ou(So)ll5-

teT(m)

o
(D.10)

Additionally by (D.7),

2|T(m | Z (), 0" —x1,0 0,)’

teT

A« (a) A
<2410m(S0) — 67 (So)lly < 24 V/50l|0m(So) — 6" (So)ll»
S2/\7;1‘/%”@"1(*?0) - 9*(30)”2'
(D.11)

where step (a) is due to the Cauchy-Schwarz inequality.
Combining (D.10) and (D.11) yields

160°Go) 0Bl <20

Observe that the kth largest coordmates of |0*(S5) — m(S )|
isbounded by [|6*(S5) — 0,,(S5)Il; /k, and consequently,

16*(50) = (Sl <116"(S5) = O (SO Z 2 ||9*(S )= 0 (SHIT

k=r+1

* 9s kd
*”6 (SO) Gm(SO)”%SJHG (SO) em(SO)”z/

where the last inequality follows from the Cauchy-Schwarz
inequality. A result of the previously inequality is that

16" — Bl (1+3\/7>||9*(50) 0G0l < (1+3\/7>4A1”<’2‘F,

Finally taking a union bound, we conclude that with probability
at least 1—MT2— Mexp(logd —log K- Q(+Tso/M)) — 2M?

exp(O(so l;ﬁfj;‘gg Q(p2(K) - \/Ts0/M)), for any m € [M],

log K(logd +21og T)

tm

800v2
10 — 01l <~ SRp) “\/5oM

Appendix E. Auxiliary Lemmas
Lemma E.1. Suppose that 0 ~ Unif(S©~1), then the moment of
|61 can be computed:

AT(2+1)

— = 1,
Ve (53
! =2
E|6;] ={ % e
! AT(2+1) 3
\/ﬁSé)(S() + 1)T(%) !
— =4
oo +2 b
Moreover, we have that === S E|6:] <%

Proof of Lemma E.1. The density of 9 1sf(6) =f(0s,...,05)
(352, 07 < 1), whereT'(x) = [{°s*

— (507750/2) -1 2
I(2+1) \/1,95,...,
e~°ds is the Gamma funchon To compute the integrals, we
leverage the spherical coordinates
02 =rcos¢,,

03 = rsing,cos ¢,,

O, 1 = rsing,sing, -

0s, = rsing;sing, -

sin ¢5073COS (Pso -2/

sin ¢so -3 sin ¢so -2
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Then by direct calculation,

-1
soTr%0/2 /

E|6:] = (—= 2d6,. . .d6,

[61] (r(%o +1)) S g d6,...d6,,

s0/2 2n
) [ e

- singg _adrdp dd, - dp, ,

( sT/2 )1 1 (A redr)
=2 . . . .
G+1)/) so-1 T(ah)  T(%2)

r(1)r(i
IO
I'(3)
1 So — 1
A1 , if Sp is Odd,
2 T(e2) |27 \lo—1)/2
\/—S 1"(50”) oso+l S0 -1
p— / , if sp is even.
0 \'sp/2

From the Sterling’s formula, we arrive at z— =< E|6]| <
2

‘/—S_O Similarly, we can compute the hlgher moments of
|61]. As for the second moment,

gyt oa( ) TEATQ) w2 1
I(Z+1) 2C(2+1) r(so—l) S0

For the third moment,
s0/2 \ ! > s0—1/2
E|61I3=4<S°szz ) "3 'T(sfl
r+1) sg—1 F(OT)
R
\/HS()(SO + 1)1—‘(%) '
For the fourth moment,
~1
SoT[sO/z
E|6,|* = 4
o1t =4(7g 4 )
B 3
so(so+2)

BYRI(Y w2
40 +2T(F+1) ()

Appendix F. Parallel Results Under Model-P

In this section, we collect parallel results under Model-P. In
what follows, Section F.1 formulates the problem, stating the
conditions and assumptions. Section F.2 establishes the

regret lower bound of Q(C . max{M*ZZ’M . \/TSO(T/SO)Z(Z”}LN,

VTs0}). Section F.3 presents a matching upper bound of the
regret under the set of (generic) assumptions stated in Sec-
tion F.1. In particular, we verify the assumptions in the case
of two arms, whereas that of K>2 needs more delicate
analysis—we leave that for future work.

F.1. Problem Formulation

Recall that under Model-P, we have a set of K parameters
{67,...,0%}; when action a € [K] is chosen, a reward r;, =
x[ 0F + &, is incurred, where {&,},2, is a sequence of i.i.d. zero-
mean 1-sub-Gaussian random variables. We assume ||0;||, <

1 for all a € [K], and the contexts x; are i.i.d. drawn. Assump-
tions F.1-F.4 are parallel to Assumptions 1-4 under Model-C.

Assumption F.1 (Sub-Guassianity). The marginal distribu-
tion of x; is 1-sub-Gaussian.

Assumption F.2 (Diverse Covariate). There are (possibly K-
dependent) positive constants y(K) and p(K), such that for any
{4} aerxq, any unit vector v € R? and any a € [K], there is P(v”
xix; v-Ha* = a} > y(K)) = p(K), where a* = arg maX,e(x] x{ O,

Assumption F.3 (Sparsity in High Dimension). The linear
contextual bandits have high-dimensional contexts d = Poly(T)
and sparse parameters: There exists some & >0 such that
16:1ly < s0 = O(T'¢) for all a € [K].

Assumptlon 1|<: .4 (Not Many ActlonKs) The number of actions
K satisfies y(li’g;)(K) O(d/sp) and J/(KO)%(K) =O(/T ¢ /sp).

The following lemma establishes the sufficient condition
for Assumption F.2 for K=2.

Lemma F.1. When K =2, suppose both of the following condi-
tions hold:

1. There exists a constant A > 0 such that Apin(E[xx]]) > A;
for any unit vector v € RY there is v E[xix[Jo>T;

2. There exists a constant v > 0 such that the distribution of x,
satisfies p(x¢) > v - p(—x;).

Then Assumption F.2 holds with y(K)=A/2 and p(K)=
vA?/128.

Proof of Lemma F.1. For any unit vector veR?, and
a€{1,2}, we have

]P’<(2)Txt)2 ‘Ha' =a}> %) >v- ]P’((vTxt)2 ‘Ya"=3—a}> %) .

]P((UTxt)z > %)

((v x;) >;vTIE[x,x ]v)

As a result,
A
]P((UTxt)z ‘Ha =a} > E) >

>

NI< NI <

vA?
2 PYY-Y4
128

where the last inequality is due to the Paley-Zygmund
inequality. O

F.2. Regret Lower Bound

Theorem F.1. Under Model-P, consider the setting where K =
log(T/so) and the context x; ~ N(0,1;) for any t € [T]. For any
M <T and for any dynamic batch learning algorithm Alg, we
have

sup Eo: Yactki [Rr(Alg)]
{0 aci 10 1221, 1107 1 <s0

o
Zc-maX(MZZM-\/TSO‘(ST)Z(Z ”,\/Ts>, (F.1)
0

where Eqg:y ., denotes taking expectation w.r.t. the distribution
based on the set of parameters {6} ,c(x), and c>0 is a numeri-
cal constant independent of (T,M,d,sp).
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The proof of Theorem F.1 is similar to that of Theorem write
1. We define for any m € [M],
o (F2) =20 Ex [Zu(x) - (B, oq, [1ar € Au}]
A= 1 T 2<12M> T - T\12M . !
" m e \s o T s (o : +Epy, gy [ Am}])], (F.3)

We consider K=2M arms and construct a . prior Q for
{6 }aE[K] in the following way: draw 04,...,0m indepen-
dently from Unlf(SS" ). Given a€[K], we can uniquely
write a =1 +Zm 10m 2" !, where a, €{0,1}. We then let
0,=>M (~1)"-A,0,, and 6, be a d-dimensional vector
whose first s coordinates C01nc1de with 6, and the
remaining zeros. Moving on, we let u; = x,(S)/[x:(S)|.

For notational simplicity, we let ® = (0, ...,0k) and cor-
respondingly ©* = (67, ...,6%). Then

sup Ee:[Rr(Alg)] > EqEe[Rr(Alg)]
0%:16;11,<1,16; llp <so, a€[K]

—ZEQE Ep, {maxx,@ xf@ul}.
t=1 €lK]

Given any m € [M] and any f € {T,,—1 +1,...,Ty}, define

={a€[K]:a, =0} and

EQEXEPQ_)M {%ﬁgfx;rea - x;reaf:|

=EgE, EP, Z 1a; =a}- (maxxt v — xtTG,I)}
a€(K]
=EQEEp ﬂg Hay =a}- <Zﬂ%xt Ow —x; 0 )

+1a;=a+2"'}- (maxxt Op —x] O pom 1)]
a’€[K]

> BQEEp

Z 1{a; =a}- ( max

’ m—1
acA, a'e{a,a+2" "}

x{ 0y —x; 6,1)
+1{a; =a+2""1}. ( max  x/ Oy — x?@aﬂm,l)
a'e{a,a+2"1}

> 20 BQEEp:

> Har=a} (x(8)0n)

acAy,

+1{a; =a+2""'}- (xt(S)T§m> J

=2y - EqE,Ep;

Yar e Ay} (4(9)0n)

+1{a e A} (x(3)70,) J . (F2)
We define two new measures © via

dQ (X[(S) 9m)+ dQ;l,t
O T2

where Z,,(x;) :EQ[(xt(S)Tém)+] :EQ[(xf(S)Tém)—] is the com-
mon normalizing constant. With the new notation, we can

(x:(8)"Om)
Zm(xt)

©) =

7

where Pg, o Qy, , (respectively, PG , 0 Q,, ;) is amixed distribu-
tion: © is drawn from Qy, ¢ (respectively, Q,, ;) and observed
rewards are then drawn from Pg .

F.2.1. Regret Lower Bound When a Bad Event Happens
with Large Probability. As before, the regret is large when
a bad event B, (fy—1 < Tpy—1 < Ty <ty) is likely to happen
under the prior.

Lemma F.2. If there exists m € [M], such that

T,
- Tm 1
t:T”’ZIH Ex [Zm (Xt) . EP@,XOQ,*” [l{Am}]] m, (F4)

then there eixsts a numerical constant c>0, independent of
(T,M,d,sy), such that,

sup K- [Rr(Alg)]
616" 1,<1, 16"l <50

1
c T 22"
> ./ - .
=AMz oM Tso (So)
For any m € [M]

(F.3) = 2Ay - Ei[Zy(xp) - (1 — TV(P® x©° Qm tIP@),x o Q;z,t))]l
(F.5)

where the inequality is due to P(A)+ Q(A°) >1—-TV(P,Q).
Previously,

1- TV(PfG) x ° Q;z,t'PfG),x ° Q;@t)

> 1- TV(PT”, © Qm t/PTm Qm t

/ min(dPg’, 0 Q,, ,, APy © Q, ;
/ min(dPg, o Q,;/,,dpgjx ° Q)

o / in(@Ply 0 Qy P 0 Q% ), (F6)
By

where step (a) is due to the data-processing inequality, and
step (b) follows from the fact that on the event B,,, there is
Py, = P& Next,

(F 6) / dPT"’ 1o Q+ +dPT"’ 1o Qm ,

|dPTm 1o Q dPTm 10Q

m,t mt|

1 _
=2 (PG 0 Q1B + P 0 Q,, (B
_ TV(dPT’” 1o Q dpg;’l;l ° Q;l,f)

m,t’

>PgtoQr (Bu) — TV(dPT”’l Py ©Q,, ).

mt'

By Pinsker’s inequality,

TV(dPg', o Q;,

Q,x m,tr

gt o Q)

1
< |/ D Pl 03 P o Q)
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Recall that u; = x;(S)/||x:(S)||, and under Q,

(61/ . m/ . /§M) g <§1/~~~/§m _Z(u[jrgm)u[/~"/§1\/l)~

Let ©" = {@(m)},ZE (k] denote the set of 2M arms induced
by (61/ .. m - 2(”?6m)uf/ . 'IEM):

m)

=(=1)"A1- 01+ -
.. +(—1)aMAM'6M.

+(_1)amAm : (Em - z(ungm) Up)+

(m)

Then © ~ Q;, ; if and only if 0" ~ Q;, +- Consequently,

DKL(PT"' 1 m . ” PTm 1o Qr; f)

T, T, +
=D (PG 0 Q) 1P 00,0)

<Eq;, [DKL (PT”‘ PG )] (F.7)

where the last inequality is due to the joint convexity of the
KL divergence (see Lemma A.4). By direct computation,

1 Ty (m) :|
(F.7) = =Eo- 76, —x10)

2 Qm,l |:; (x )

T

zzA;Z(xT(S)Tu,) ‘Eg [ 0,,)°]

=1

Ax |xi(S)ll
<4 3/2 Zu(x1) Z( x(5) ”f> '
The last inequality is because

Eql(xt(S)"0m), - (1] 8)*]
Zm(xt)

_ 1 (Sl S BE
2 Zm(xt) E [|ut 9m|]

Eq; [(40,)°] =

1 ”xf(S)HZ ) [|§ |3]<2||xf(s)||2 *3/2.

2 Zm(xt) Zm(xt) 0

Using the previous expressions,

(E.3) > 2A,, - ( [ Zon () - PTm ! m t(Am)
3 A, le(S)ll, 2
7§Ex |:Zm(xt)\J ngﬁ Z:—,,(.X )2 Z T(S) ut )
(2) ZAm : ( x[ m(xt) PTm ! ;,,t(Am)]
3 2 A ||xt(5)|| 1 2

= ZAm' ( x[ m(xt) PTMI [(Am) U m 1)

> 2\, - ( [ Zon () - PT"’ ! t(Am)]

16-M2-2M)

where step (a) is due to Jensen’s inequality and the concavity

of x — +/x. Thus far, we established for any m € [M] that

max Z Eo {max x[ 6, —x] E)m}

a€(K]

T

> 2, Z( AZ()- Pt 0 Ql (Au)] —

—il-
=Ty 16-M?-2 )

Taking m to be the batch satisfying Condition (F.4), we
finish the proof.

F.2.2. Bad Event Happens with Large Enough Proba-
bility. It remains to show that with sufficiently high prob-
ability, (6) holds.

Lemma F.3. There exists some m € [M], such that

S B2 Bry o (1B ] > 21
it m\ Xt Pe,<°Q;, m 8- M2- ZM

For any m € [M], and any t € {T),_1 +1,...,Ty}, we have

wc[ m(xt) PT’" ! ;,f(Bm)] = EXIEQ[<xt(S)T§ ) PTm 1(Bm)]-

(F.8)

Because B, ={ty_1 <Ty_1<Tyu<ty} is determined by

T .
{xi,a1,m1,... 1, 01, 11, 1}, Pgly!(By) is independent of

{x:}s>7, ,- Consequently,

(F.8) = ok, {(xT(S)Tgm) PGy (Bm)}
= EQE.Ep, {(xT(S)Tém)}{Bm}}
ZEQE;;EPQ, { m%n <xT(S) Qm’) 1{Bm}}

= EgE, { min (x7(S)70,), ] -IEQ]EPB,X[I{Bm}},
m’e[M]

where the new measure Q is defined via the change of
measure:

min,, e <XT(S)T§W>+

Efminy e (xr(S) B ) ]

dQ

a0 xap, &%=

By the definition of u;, there is
EqE, Lﬁ%ﬁ] (xf(sfém,)J >E, {||xt(s>||2 Eq [mrgghu? 54 ] .
We can then directly compute

o i 7701 2] g 0.

'e[M m'

:/ P( mm (Gm’ 1)+ > S)ds
0 m’'e[M

= [ P(@0, > ) s =y [ BB > s
JO JO

® 1 184, 2s Md
2M 1- (1 So— 1) 8

B(1, %5 1
> .
T (M+ 1)2M+1 T (M +1)2M 5,
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Previously, B(a, ) is the beta function with parameters «
and B: Step (a) is because 01,...,0 are mutually indepen-
dent; and step (b) follows from the fact that 6 ; follows the
beta distribution with parameters 1/2 and (sp — 1) /2. Taking
expectation over x, we then have

— 1
EoE, | mi ) 0w, | 2
QiLx mr}’el%ﬂ] (xT( ) m )+ (M+1)2M+2
Furthermore, because the union of {Bm}mE M] is the

whole space, by a union bound, we have SV EsEpe,,
[1{By}] = E5Ep,, [1{UM_, B,,}] = 1. Hence, there must exist
m € [M] such that E5Ep, ,(B7) > 1/M and

m=1

T—

m T _T
Z—(xt) - Epo o0: [1{B >_om T Tl
3; s [0 Brg e, 1B 12
ZTW_TW—ll
8- M2.2M

completing the proof.

F.2.3. Lower Bound for Fully Online Learning Setting.
It suffices now to show that the regret is lower bounded by the
second term in (3). This is established in the following lemma.

Lemma F.4. When M =T, under the setting of two indepen-
dent Guassian contexts, we have (for some numerical constant
c independent of T, M, d,s):
sup Eg-[Rr(Alg)] > ¢ +/Tsp.
016711 <1, 1167 llo<so,a€{1, 2}

As in the batched case (and with the same notation), we
construct a prior Q for ®": sample 0 from Unif(S*~!); we
then construct 6; € R? such that 6;(S) = A9 and 01(5°) =0,
where A = 51—5\/? Finally, we let 6, = —0;. Then,

sup ]E@* [RT(Alg)] > EQE@ [RT(Alg)]
©"[16;1,<1,116; llo<s0,a€{1, 2}

T
= ZEQEXIE% { max (xt —x{6,,)
-1 o

ae{l

T
=2AY E, {Z(xt) : (JEPQ,XOQ; [1(a; = )]+ Epy o0 [1(a: = 2)])} ,
t=1

(F.9)

where we similarly define two measures via dQ’ (@) L2 (ZS(); )9)’ ,

th (@) ("’(ZS();)@)*, with Z(x;) = lIEQ[|xt(S) 6|] being a com-

mon normalizing constant. Note that 6 = 49— 2(u] O)uy. Let
© ={01,0,} be the set of vectors induced by 0 — 2(u:9)ut.
Then ® ~ Q; if and only if ® ~ Q;. Using this representation,
we have

(F9)>2AZIE [Z(xt) (1 TV(P, o QP Lo Qf ))} (F.10)

T
zzA IEIX[Z(xt)~< \/1DKL(P yoQrliPy OQt))]

t=1

©_
220 E,
t=1

where step (a) follows from P(A) + Q(A°) > 1 — TV(P, Q); step

Z(x,)- (1 - \/%EQ; [Diw (P 21IPS ! )])} . (F11)

(b) is by Pinsker’s inequality; and step (c) is because of the joint
convexity of the KL divergence. The KL divergence is then

D (P 1 IIPg ) = %Zi (2(uj§) : <uthT(S)>)2

:2A2(u, 9) Uy <ZXT(S)XT(S) >

Plugging in the expression of the KL divergence, we
have

(F.11) = ZAiEx[Z(xt)
t=1

.(1 \JA Eo [ 0)] - 1] (r 1x7(5)TxT(5))ut)}
=1

@) T [5tA?

> 2AY E.|Z(x)- | 1= /=—
= ; X |: (xt) ( S0 :|
© TA _ VTso

= 57 407

where step (a) is by taking expectation w.r.t. {x;},;_; and
Lemma E.1, and step (b) is the choice of A.

F.3. Regret Upper Bound

Algorithm F.1 describes a variant of the LBGL algorithm
under Model-P; Theorem F.2 establishes a corresponding
regret upper bound under Assumptions F.1-F.4, and Corollary
F.1 gives an upper bound for the online learning problem.

Algorithm F.1 (LBGL Under Model-P)
Input Time horizon T; context dimension d; number of
batches M; sparsity bound sy.
Initialize b = ©(VT - (T/s0)@0); 0y = 0 € RY;
Static grid 7 = {t1,...,tm}, with t1 = b+/so and t,,, = b/t
forte{2,...,M};
Partition each batch into M intervals evenly, that is,
(Fn—1,tm] UM Ti(vjz)/ for m € [M].
form«1 to M do

fort«t, 1 tot, do

(a) Choose a; = arg maX,e(jx; O u—1,4 (break ties with

lower action index).

(b) Incur reward r; ,,.
end
T —ym,_ T,

logT ,
A H 18 : W,
Update 6, , < arg min g 2\T<m>| S e (Fray — X7 0)* 1
{a; = a} + ;-
end

Theorem F.2. Under Model-P, Assumptions F.1-F.4 and
M = O(loglog(T/so)), we have

C-M?*72,/logTlog(TK)
sup Ee[Rr(Alg)] < S (K)p(K)

1
T M
V/Tso (%) e (F.12)

0%10;11<1,116llo<so
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where Alg is LBGL and C>0 is a numerical constant indepen-
dent of (T,d, M, K,sp).

Corollary F.1. In the fully online learning setting (M =T) and
under Assumptions F.1-F.4:

sup Eo-[Rr(Alg)]
©™:(16712<1, 1107 llh<s0
3
c\/ (loglog(T/s0) ) - log T - 10g(TK)
< .
y(K)p(K)

where C > 01is a numerical constant independent of (T, d, M, K, s).

(F.13)

V TSO/

F.3.1. Eigenvalue Conditions. We define for any j, m € [M]
and a € [K] the empirical covariance matrix: Dy, j, = > teT%)xtxtT
Ha; =a}and Ay o => v _; Diw,m,o- Lemma F.5 shows that the
restricted eigenvalues are bounded from both above and below
with high probabilities.

Lemma F.5. Suppose Assumptions F.1-F.4 hold. Given a spar-
sity parameter s, for any j,m € [M] and a € [K], with probability

at least 1 — 2exp <O(s -log (m)) — Q(p*(K)VTso/M)),

quax S, Dm(/'])',g SZE, ¢mm s, Dm])u (K) V(K)
Ty ) "~ 2 T | 4

Proof of Lemma F.5. Given a sparsity parameter s, let
N(e) denote the e-net of $*1.

Upper bound. Fixing an arbitrary s-sparse vector v € R?,
we let Y; =0"x;. For any o, >0,

P () SOV Ua=apz4+0
I ]|teT
exp(Z‘u-Yfl{at :a})}

teT?)

m

Sexp(—(4+6)y- |T%)|) -E[exp(Zy-Yf)

feT(,f,)

Lexp(—+o)p-TY)) -E

Zexp(—ou-1T1)- HE{exp(u(Y&—ﬁL))} (F.14)

teTY)

where the step (a) is a result of Markov’s inequality, and
step (b) is due to the independence between {xf}reni)
Because x; is 1-sub-Gaussian, v x; is 1-sub-Gaussian. Hence,
Y? —E[Y?] is (4V2,4)-subexponential and E[Y?] <4. Using
this result, we have

(F.14) < exp( —opu- |Tg3|) JIE {exp <y (Y2 E[Y?]))}

feT‘,f,)

o 62
< —mi - — - l(])
_exp( mln(s, ) | |)

Letting 6=8 and taking a union bound over all the d-
dimensional vectors whose support is in A/ (¢), we obtain that
with probablhty atleast 1 —exp(slogd + slog(1 +2/¢) — IT9)),

> @) Ha=ay<12,

teT?

| T,Sf) |

for all v whose support is in N (¢). For an arbitrary s-sparse

vector v, let supp(v) denote its support. Without loss of
generality, suppose |supp(v)| =s. By the definition of the
e-net, we can find ug € N(¢) such that |[supp(v) — uol|, < ¢.
We then construct the d-dimensional vector u such that
u(supp(v)) =1y and u(supp(v)) = 0. Then,

> @) e = i (])lz(u x)* - Ha, = a}

teT(’ teT?

T(] )

Zv xix) (0 —u) - 1{a; = a}

teT?)

ITI

Z u xx] (u—v) - a, =a}

teT,(,f,)

< 2 (P Dm,j,n
max |T£,/,) | :

Taking the supremum over all s-sparse vectors v and rear-
ranging the previous expression, we conclude that with proba-
bility at least 1 — exp(slogd + slog(1 +2/¢)— |T 1,

Dm,j,ﬂ 12
<—.
(Pmax (S’ |T,(41)| - 1-2¢

Lower bound. We again fix a s-sparse vector v € R? and
let Yy =v"x;. For any a € [K],

( STV t{a=ap < UOV(K))

| m | teT/)

||

p(K)
(T(’)Z g H=s )
m et
(le{Yz y(K),a; = a} < (K)>
m tETif,)

( GO U 2 y(K), 0 = a} — u»(yf > y(K),a; = a)

m teT”

S@—P(Yﬁ > y(K),a =a>)

1
<P <W Z 1{Y? > y(K),a; = a}
" e

- IP(Y% > 9(K),a; = a) < —@), (F.15)

where the last inequality is due to Assumption 2. Applying
Hoeffding’s inequality, we obtain that

0.
(39) <exp ( | T | 2PZ(K)> .

Taking a union bound over all the d-dimensional vectors
whose support is in NV (¢), we have with probability at least

1— exp(slogd +slog(1+2/¢) — IT%] - 2(K)/2),
T (/)| Z (0" X,) -1{a; = a} 2%/

teT(”
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for all v whose support is in N(¢). Conditional on the previ-
ous event, for an arbitrary s-sparse d-dimensional vector v,
by the definition of an e-net, we can find 1y € N'(¢) such
that [|ug — supp(@)|l, < €. Let u € R* such that u(supp(v)) = ug
and u(supp(v)c) =0. We then have

Z (0" xt) -Ya; =a}

|T£r/1 | teT")
>— Z ((uTxt)2 +2(v — u)Txtx:u) a; =a}
T
m | tery)
> p(Ky(K) 26 (s, DM(;])',u ‘
2 T |

p(K)y(K)
100

bility at least 1 — 2exp (O(Slogm) — Q(p*(K)yTsg /M)),

Duja) 25 Duja)  p(K)-y(K)
<= ’ min S
¢max< |T°)|> 7 ¢ < |T,Un|) 4

Finally, taking & = min(g;,

), we have with proba-

F.3.2. Lasso Estimation Error With well-behaved restricted
eigenvalues, Lemma F.6 leverages §tandard Lasso results to
prove an estimation error bound for [|60,,,, — 6|,

Lemma F.6. Suppose Assumptions F.1-F.4 hold. Given any a €
[K] and m > 2, with probability at least 1 — 2Mexp(O<

log (W) -

10, — 0] 2,048 MsologT
o= Omall2 < p(K)y(K) tn

By the definition of ém,a,

p(K)( K))
Q(WTsg/M)) — 2T~2 — 2exp(logd — Q(VTso/M)),

Z (rt ag Xt ma) 1{at —ll}+/\ ”6ma”1

teTm

z|T<m>|

D (ha =7 02) - Har = a} + AullOll

teTm

2|T(m)|

Rearranging yields

2|T(m)| > (x76,

feTm)

x;rém,a)z ~Uay = a} + /\m”ém,anl

Z (x;rem a xt 6 ) [ 1{”1 - a} + /\mHQ ”1

|T(’” &

Because of the construction of T, conditional on
{xt,a:}1erom, {€t}eron are mutually independent:

m)| Z x:(em a—0 ) Et- 1{at -{,Z}

teT("‘)
|T(m)| D Onaj=0u)) 3 xijeitia =a}
jeld] teTim

(F.16)

Zlema] a,]’|'

jeld]

E xt,jetl{at = {Z} .

teTm

IT(’“) |

For a given j € [d] and 6,61 >0,

<| T(m) |
<|T(’"

@ 70252
9 g x| - TR
2 Z xp Hay = a}

teT(m)

(b) |T(m)|62
<2 — >4
< exp( 2(4+61)) |Tm)|2xt]_ + 01

Z xi,{a; = a}e;

teT(m)

:

Z Xt ]l{ﬂt = ﬂ}é‘t >0 | {xf]}tET(”’ ):|

teT(m)

=E

teT(m)

where step (a) uses Hoeffding’s inequality, and step (b) applies
a union bound. By the assumptlon x; is 1-sub-Gaussian, and
hence x; ; is also 1-sub-Gaussian; x7 g —E[x? ]] is (4V/2,4)-subex-
ponential and IE[xt ;] < 4. Consequently,

]P)<|T(m)| th124+61><P<|T(m)| th] xf] 61)
teTm) teTm)
67 6
Sexp<fmin<6—i,§1> . |T(’”)|).

Letting 6=94/logT/|T™| and 6;=8 and taking a
union bound over j € [d], we have with probability at least
1-2T72 —2exp(logd — | T™]),

logT Ay

<9
[Te] ~ 2 (F.17)

Z xijerl{ar = a}

teT(m)

ok

for all je[d].
On Event (F.17), (40) <2 ||6m 2 — 04]l;. Consequently,

.
2|T<m>| D (6,

x;rém,a)z ‘Hay =a} + 7m||ém,a — Oully
teTm)
< A (10,0 = Oally +16ally = 16 ally)-
Denote S, = supp(6,). The previous inequality yields
%”ém,a = Bully < 110m,a(Sa) = Bu(So)l +116a(Slly = 101m,a(Sa)l
= [16m,a(S5) — 6a (Pl < 316m,a(Sa) — Ba(Sa)lls-

Define B, , = Zt\l " yxix] - 1{a; = t}. For any unit vector
vE ]R

(J)
] m,a
T(m) Z |T<m>| |T<]>| v
j<m

Combining the previous expressions and Lemma F.5, we
have with probability at least 1 —2M-exp (O(slog

~Q(p*(K) - VTso/M)),

Bu,a\ _25 Bua \  pK) - y(K)
(Pmax (S’ W) < 2’ (pmin (S |T(m |) = 4

p(K)y( K))
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;(I?g?(sK“) and s = s + r. With probability at

least 1 — 2Mexp(O(p(K)y(K) logW) — Q(p*(K) - \Tso/M)),

Bu,a
95O(pmax (1" | Tm) |> 1
_/
Bi,a 4
r¢mm (SO +7, \T(m) |>

We now let r =

and hence

Bu,a
S0P max (r, [T0 \)

Bﬂlﬂ )
K= ¢mm<50+7, - -11-3
\/ [T | r¢max<50+r ma)

[T |
o VPK)y(K) .

- 4

We now make use of Lemma D.1:

2|T(m)| Z (x;rg x:ém,a)z -Ha; = a}
teTm
K(K) ~ - i
> 2O 5, (50 - 050 E18)
Conversely,
m Z (x x:ém,a)z . 1{ﬂt = 11}
le( )| teT(m

< ZAm : ”6a(sa) - ém,a(su)nl
< 24,50 - 10a(S0) — ém,a(sa)llz
< 2/\m\/_‘ ”6 (S ) m a(Su)”z (F18)

Combining (F.17) and (F.18), we have

. . 641,50
101,a(Sa) = Oa(Sall> < W

Observe that the kth largest coordinate of |9m a(S5) —
0,(S5)| is bounded by ||6,,, a(S5) — 04(SH)|l; /k. Then,

d—sg
A = = A 1
1600(85) = BaS)IE <110ma(S) = Ou(SHIE >
{=r+1
1 A
< 10m,a(S9) = Ou(S)IR
9 A 950 2
<= 10m,a(Sa) = Ba(Sa)ll; < == 10m,a(Sa) — Oa(Sa)l

95
2 1101,0(54) — 0a(Sa)ll-

Combining everything previously stated, we have with
probability at least 1—2M-exp (O(WlogW) —Q(p?
(K) - VTso /M)) — 272 — 2exp(logd — Q(\Tse/M)),

A 9 A ~ ~
160 = Oally < /14 =2 101,0(50) ~ Bu(So)l
B 1+% 641,y50 _ 4,608 MsologT
i} p(K)(K) = p(K)y(K) |

F.3.3. Regret Analysis Given me[M] and te{t, 1+1,

,tn}, the instantaneous regret can be bounded as
max x/ 0, —x; 0, Qm—l,at +x; 01,0,
a€[K]
@ .
<maxx; 0,—x/ 0

a€[K]

=maxx; 0, —x; 0,, —
a€[K]

A TA
ar 7xt emfl/a +xt em—l,at

<2-max |x] (6, — 0, 14)],
a€[K]

where step (a) is due to the defmltlon of a;. Condlhonal on
the previous batches, x[ (0, — Oy_1,4) 18 ||6, — Op1, a”z -sub-
Gaussian for a given ae [K]. Letting H; = {x1,a1,71,...,%,

a;,1:}, we have
Ouicr.)] 2 6,/ log(TK) - max 10; — Orvr.ally 1 7, )

SZ P( X; (Qa — Qm—l,a)l >34/ log(TK) : %&’f 16, — Qm—l,a”z I H“m—l)

a€lK]

]P’(Z max [x] (6, —

1

< P18 (00— Bur-1,01 23\108(TK) 10, ~ O 1.l | 7, ) < 7,

a€[K]
where the last inequality is due to the Chernoff bound.
Applying Lemma F.6 and a union bound over t € {t,,_1 +1,
,tm} and a € [K], for m >2, with probability at least 1—

T3 - 2MKexp<O< YOI log<p(K)v )) Q(\/F/M))

KT-2 — 2Kexp(logd — Q(y/Tso/M)), we bound the regret in-
curred in the mth batch as

< / MlogTlog(TK) S0
2- x; (6, — Qm )| <12,288-
Zl g ol Ty ® Vi
\/ MlOngOg(TK /— ( >2(2M 1)
pK)y(K)

where the last inequality follows from the choice of the grids
and ¢; > 0 is a numerical constant. Next, for the first batch,

E max Xt

ae[

x; 6, <22max|xt O4].

Applying a maximal sub-Gaussian inequality and tak-
ing a union bound over t € [t;], we have with probability
atleast 1 — T2,

ng{ax x[ 6, —x] 0,, < 6,/10g(TK) - 1
c21/10g(TK) - \/Tsp - ( )MMl

where ¢, > 0 is a numerical constant. Combining everything pre-
viously stated, we have with probability at least 1 — (1 + M+

2MK) - T~2 — 2M Kexp(logd — Q(+Tsg/M)) —
2M?K exp (O (W ‘log (m > ) — Q(\Ts0/M)),

\/_—3—————- zzM 1
Re(Alg) < cs - M3logTlog(TK o ( ) M)

p(K)y(K)

where ¢3 > 0 is a numerical constant independent of (T,d, M,
K, ;S0 ) .
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Endnotes

T A preprint of Bastani and Bayati (2020) occurred prior to Wang
etal. (2018).

2In Abbasi-Yadkori (2012), a O(VsodT) regret bound is obtained,
although the contexts there can be arbitrary rather than stochastic.

3 This result follows directly from the lower bound given in Chu
et al. (2011), although our lower bound argument provides an alter-
native proof.

* This may not be the case since the various low-dimensional regime
assumptions are often required to obtain the ©(VdT) regret bounds.
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