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Amenability

Question: Can a bounded function f on a
group G be averaged over the group?

Yes if G is finite (or compact).

An invariant mean p is a linear map f — u(f)
with the property that

g-frulg-f)=nlf).

A group G which admits an invariant mean is
a-mean-able.

Example: Z is amenable.




Let fim(n) = f(m+n). Then
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Theorem: (Fd@lner) G is amenable iff there
exists a sequence of families {An g = g An :
g € G} of non-empty finite subsets of G such
that for all R

| An,gA A, pl/|An,gl — O
uniformly on {(g,h) : d(g,h) < R}.



Property A
Let (X,d) be a metric space.

Definition: (Yu) X has property A iff there
exists a sequence S, > 0 and a sequence of
families {An 2 : z € X} of non-empty finite sets
with An 2 C Bg () x N such that for all R

|An,z D Any|/|Anz| = O
uniformly on {(z,y) : d(z,y) < R}.

A group G is exact is for every exact sequence

O—->J—>A—>A/J—0

of G-C*-algebras, the reduced crossed product
with G preserves exactness.

Theorem: (Higson, Roe, Guentner, Kaminker,
Ozawa, Anantharaman-Delaroche, Renault) A
group G is exact iff its underlying metric space
has property A.



Example: A tree has property A. We use the
following

Reformulation of property A

Let fna2(y) = |Ange N {y} X N|. Then fp s is
supported in a finite subset of Bg (x) and for
all R

| frnz — fayll/|| frellt — O
uniformly on {(z,y) : d(z,y) < R}.

Fix an origin O in the tree T'. For x in T we
define weights f, +(y) to be

e 1 for n steps from x towards O,

e n—d(x,0) at y = O, if the distance is less
than n,

e O everywhere else.

Note that [|fne — fgll < 2d(z,y).



CAT (0) cube complexes

A CAT(0) cube complex is a higher dimen-
sional analogue of a tree. It is a cell com-
plex built out of Euclidean cubes, satisfying
the CAT(0) condition (non-positive curvature.

The edge-path metric sometimes called the I1
metric is the metric on vertices z,y given by
the minimum number of edges on a path from
x 1o y.

Minimal paths are called geodesics.

The convex hull of all geodesics from x to y is
called the interval from x to y, denoted [z, v].

Example: R% is a CAT(0) cube complex. An
interval in R? is a rectangle.



Finite dimensional CAT (0) cube complexes
have property A

Theorem: (Brodzki, Campbell, Guentner, Niblo,
W) The above statement is true.

We will construct explicit weights on a finite
dimensional CAT(0) cube complex.

First case: X = RY.

Fix N > d, and define the deficiency of a point
y in R? to be

6(y) = N — dim([O, y]).

Define weights

) = {<"‘d(x’”+“”‘1> ve 0,

6(y)
0 y & [O, 7]

| N-1
Lemma: ||fY.|l1 = <n+N )



‘Proof’ of Lemma



Almost invariance for R¢

Suppose g and x; are adjacent vertices, with
x1 closer to O.

On a codimension 1 subspace f,?Xxl vanishes.
Restricting £V 'zo £O this subspace gives the same
result as taking f;',.1 for the subspace.

On the interval [O,z1] we have f, (y) =

(n—d(woby()y-;cs(y)—l) — <n—(d(w1,yc)szli;§)+5(y)—1>

S0 fay (1) — Fao @) = ("R T 7). This
IS fi xll (y).



Thus fﬁwo _ fﬁwl is

_fN—l,Rd _ _ _fN—l,Rd _ fN—l,Rd—l
n,T1 S n,T1 n,To
| | |
_fN—l,Rd _ _ _fN—l,Rd _ fN—l,Rd—l
n,T1 <. n,r; n,To
| | |
_fN-LRE _ _fN-LR_ N-LRS
n,T1 ... n,T; n,To
N N o N—1Rd N—-1Rd-1
SO || frwo—favei It = llfnzr ™ it frzg ™ 1 =
> <n+N—2)
N-—1

For general xzg,r1 we deduce that

an,wo - fn,a:1||1 < 2d(£07£1)< N — 1 )
+N-2
1o — Frell1 < 2d(zg, 21) <nN—1 )
[l = 220 e
N
= 2d(:130,:1:1) > 0

n+ N -1



General CAT(0) cube complexes

Let X be a CAT(0) cube complex of dimension
at most d, and pick a basepoint O.

Fix N > d, and define the deficiency of a point
y in X to be

0(y) = N— the dimension of the first normal
cube in the path from y to O. (This is the
number of edges from y pointing towards O.)

Define weights

) = {(nd(w’%a(y”) y €10, 2]
’ 0 y ¢ [O, x]

N, X _
Theorem: ||fn5 |1 = <”‘|‘]]\\; 1)
Theorem: (Brodzki, Niblo) Every interval in a

CAT(0) cube complex of dimension d embeds
into an interval in RY.



Fibring the interval

Let I be the image of an interval of X in an
interval [0, z] of R,

For y € I we define the fibre over y to be those
points in the interval [O, y] which are separated
from O by all hyperplanes crossing the normal
cube from y to O.

The fibres over I partition [O, z].



Lemma: f,,”3 (y) is the sum of f (z) for z
in the fibre of y.

It follows that
SiE@= Y ARe="TT"h

yel z€[0,x] N

We can now proceed as for R<.

If xg and xq1 are adjacent vertices then

1,.X 1,X
H na:o na:llll — ”fna:l ||1+||fn$o 1”

where X1 is a codimension 1 subcomplex of X.

For general zg,r1 we deduce that

N n+N-—-2
Jnig — f N—1
15255 — <2d<wo7w1><n+N_1)
AT (")
N
= 2d(xq, — 0
(zo $1)n_|_N_ I

This proves that X has property A.



