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Intr oduction and motivation

=

Entanglement of a two qubit system is a non-local
property

Measures of entanglement should be independent of
local transformations

A mixed two qubit system is described by its density
matrix

Non-local entangling properties must be described by
local invariants

A complete set of local invariants is provided by the
polynomial invariants
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Hierar chy of problems

o .

#® Determine number of invariants of given degree
» Count number of invariants of speci ¢ degrees
» Calculate the corresponding generating function -
that is evaluate Molien series
#® Construct invariants explicitly

s ldentify fundamental invariants -
known to be nite by Hilbert's Theorem

» Distinguish between primary and secondary invariants

» Determine complete structure of ring of invariants:
known to be Cohen-Macauley

o -
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Statementof problem

f.o Qubit: a quantum state  with
#® Two-qubit: with

#® Density matrix: with
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Statementof problem

Qubit: a quantum state  with
Two-qubit: with
Density matrix: with

Local transformations of qubits:
> for

Local transformations of the density matrix:

2.

for
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Statementof problem

Qubit: a quantum state  with
Two-qubit: with
Density matrix: with

Local transformations of qubits:
> for

Local transformations of the density matrix:

2.

for

Determine all polynomial functions of the  components
of that are invariant under the local transformations
of , Viewed as a subgroup of
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Group theoretic approach

=

The 16 components, , of the mixed 2-qubit density
matrix form the basis of the de ning irrep  of

The polynomials of degree  form the basis of the th
fold symmetrised power irrep of

In terms of Schur functions , the irreps  and
have characters and
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Group theoretic approach

=

The 16 components, , of the mixed 2-qubit density
matrix form the basis of the de ning irrep  of

The polynomials of degree  form the basis of the th
fold symmetrised power irrep of

In terms of Schur functions , the irreps  and
have characters and

Let  be the number of independent polynomial
-Invariants of degree

Then IS the multiplicity of the identity irrep  in the
restriction of from to

-
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Group-subgroup chain and branching rules

f #® Group-subgroup chain: T



Group-subgroup chain and branching rules

f #® Group-subgroup chain: T

#® Branching rules:



Number  of invariants of degreem

f.o Molien series M Z . T
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Number  of invariants of degreem

f.p Molien series M > . -
. > ( > ) with 3

#® Results obtained using SCHUR (BGW)

M
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Number of invariants in casem

-
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Number of invariants in casem

o .

For each sum coef cients of terms — and then

Lsum sguares to give . J
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Molien's Theorem

o .

#® Molien's Theorem Let be a compact continuous group,
with elements and Haar measure . Then

v
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Molien's Theorem

-

#® Molien's Theorem Let be a compact continuous group, T

with elements and Haar measure . Then
v
® For and realised by matrices:
s Any can be diagonalised

» Eigenvalues
s Measure

s Setting integral is around

o -
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Calculation of Molien series

f.o In our case and isT
realised by the tensor product of two maitrices.

s Any can be diagonalised
s Eigenvalues

o Measure

s Set . Integrate around
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Calculation of Molien series

f.o In our case and isT
realised by the tensor product of two maitrices.

s Any can be diagonalised
s Eigenvalues

o Measure

s Set . Integrate around

#® Molien's Theorem then gives M

/oy

o -
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Generating function for the Molien series

f #® The repeated use of Cauchy's residue theorem yields T
(Grassl et .al):

M
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Generating function for the Molien series

f #® The repeated use of Cauchy's residue theorem yields T
(Grassl et .al):

M

® This can be recast in the form

M
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Generating function for the Molien series

f #® The repeated use of Cauchy's residue theorem yields T
(Grassl et .al):

M

® This can be recast in the form

M

® Its expansion as a power series con r ms (and may be
used to extend) BGW's calculations:

M

o -
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Propertiesof the ring ‘R of invariants

o .

#® Theorem (Hilbert): is generated by a nite set of
fundamental invariants
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Propertiesof the ring ‘R of invariants

o .

#® Theorem (Hilbert): is generated by a nite set of
fundamental invariants

® Theorem (Cohen-Macauley condition): There exist

primary invariants with and
iInvariants  with such that
- with
# An arbitrary invariant: >

with  polynomial in the
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Propertiesof thering  of invariants

=

Theorem (Hilbert): is generated by a nite set of
fundamental invariants

Theorem (Cohen-Macauley condition): There exist
primary invariants with and
iInvariants  with such that
- with

An arbitrary invariant:
with  polynomial in the

Primary invariants are algebraically independent.

Secondary invariants  are , but are
algebraic functions of the . J
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Propertiesof thering  of invariants

f Molien series for : T

M




Propertiesof thering  of invariants

f Molien series for : T

M

However In our case:

M
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Propertiesof the ring

Molien series for

M

of Invariants

However In our case:

=

M

This implies that:

there are  primary invariants with

degrees

and
degrees
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Parametrisation of the density matrix

=

Group-subgroup chain

Two-qubit density matrix

where Isthe unit matrix

and for are the Pauli matrices
and the repeated indices are summed over
Let and

with and
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Parametrisation of the density matrix

=

Group-subgroup chain

Two-qubit density matrix

where Isthe unit matrix

and for are the Pauli matrices
and the repeated indices are summed over
Let and

with and

Aim: to construct scalars as polynomials
In the componentsof , , and .
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Building blocks
f Scalar ®

Vectors and — o—

Matrices and
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Building blocks

Scalar o

Vectors and — —
Matrices and

Symmetric metric tensors and
Antisymmetric tensors and

< =<

OTS-4 Varna. 2005



Building blocks

Scalar o
Vectors and — —
Matrices and
Symmetric metric tensors and
Antisymmetric tensors and
— <
-vectors:
—e o o
-vectors: ,
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Combinationsto be avoided
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Invariants involving no s
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Invariants involving on
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Invariants involving both s
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Invariants involving both s

<>
>

Fundamental invariants and their degrees

Deg Deg

T X <



Elimination of other invariants

-

Note: and

/\ /N

—<
- —<
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Note:

Elimination of other invariants

and

A A
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Diagrams eliminated by explicit calculation

o .

One connected to a pair of particular -chains.
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Diagrams eliminated by explicit calculation

o .

One connected to a pair of particular -chains.
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Syzygies

Elimination of

Elimination of

There exists no similar expansion for , but
can be eliminated using the above.
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Syzygiedl

Elimination of all . Example:
4% 4%
4%
Elimination of all W . Example:
4% 4%
4% 4%

Similarly, all , W and W may be eliminated.
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Syzygiedl!
f Elimination of W/ and . Examples: T

14 14
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Syzygiedl!
f Elimination of W/ and . Examples: T

14 14

Elimination of
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Invariants that cannotbe eliminated

o .

cannot be eliminated for any nite

cannot be eliminated for any nite

cannot be eliminated for any nite
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Invariants that cannotbe eliminated

cannot be e
cannot be e

cannot be e

Iminated for any nite
Iminated for any nite

Iminated for any nite

., W cannot be eliminated
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Invariants that cannotbe eliminated

=

cannot be eliminated for any nite

cannot be eliminated for any nite

cannot be eliminated for any nite
, , W cannot be eliminated
cannot be eliminated
cannot be eliminated
cannot be eliminated

W cannot be eliminated
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Generating function for invariants

o .

De nitions




Generating function for invariants

o .

De nitions

Theorem Every linearly independent invariant appears
once and once only in the formal expansion of

o -
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Algebraic identity linking and
The syzygies imply an identity linking just and T
for . It is about 10 pages long and is of
degree 48. Its dependence on IS illustrated by
setting for
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Algebraic identity linking and
The syzygies imply an identity linking just and T
for . It is about 10 pages long and is of
degree 48. Its dependence on IS illustrated by
setting for
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Implications

o .

cannot both be primary (algebraically
Independent) invariants.

In our ring of invariants we require arbitrarily large powers

of both and

De ne and

Then for are algebraically
Independent.
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Implications

o .

cannot both be primary (algebraically
Independent) invariants.

In our ring of invariants we require arbitrarily large powers

of both  and

De ne and

Then for are algebraically independent.
Moreover with known

to be linear In

Conclude that is linear In . With coef cients
polynomial in , and can be eliminated.

o -
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Primary and secondaryinvariants

-

As the Molien function suggested there are
10 primary and 15 secondary invariants.

10 primaries: and

15 secondaries:

for
W for
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Conclusion

o .

Setting , thering  of invariants takes the
Cohen-Macauley form:
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Conclusion

o .

Setting , thering  of invariants takes the
Cohen-Macauley form:

The Molien series for Is given by

M
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Conclusion

Setting , thering  of invariants takes the
Cohen-Macauley form:

The Molien series for Is given by

M

with  primary invariants of
degrees ,

and iInvariants  of
degrees
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