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Introduction

fBackground: A uniform setting for dealing with:
# characters of classical subgroups of GL(V)
® group-subgroup branching rules

#® evaluation of tensor products
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Introduction
fBackground: A uniform setting for dealing with: T

# characters of classical subgroups of GL(V)
® group-subgroup branching rules

#® evaluation of tensor products
Aim: To identify characters of some non-classical subgroups

#® Dby exploiting the Hopf algebra of symmetric functions

#® and evaluating plethysms of Schur function series

#® new modification, branching and tensor product rules
# identification of non-semisimple non-reductive subgroups

L #® problems with indecomposability and irreducibility J
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Symmetric functions

fThe ring of symmetric functions A. T

® A = Z[x]°~ polynomial symmetric functions

of indeterminates x = (xy,x2,...,2N).
A = &, A, graded by degree.

Basis of A,, provided by Schur functions s, (x) with
partitions \ of weight |A\| = n and length /(\) < N.

Outer product sy(x) s.(x) =, &, s.(x)
Littlewood-Richardson coefficients ¢, € Zxo.

For any countably infinite set of indeterminates (z, x», . . .)
sx(x1,...,xn) = sx(x1,...,2Nn,0,0,...).

cX, is independent of N for all N > £(v). J
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Hopf algebra of symmetric functions

Hopf algebra (A, -, A, ¢, ¢, 9).

Indeterminates x = (x1,22,...), Y = (Y1, Y2, - - .)-

Product -: sx(x) - su(x) =), ¢, s.(x)
Littlewood-Richardson coefficients ¢, € Zxo.

ldentity ¢ so(x) = 1.
Coproduct A: s,(X,y) = >, , &, 5x(X) su(y).
Counit € €(sx(x)) = dx0-

Antipode S: S(s\(x)) = (—=1)* sy (x)
where )\’ is the conjugate of .
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Connection with classical groups

fGeneraI linear group GL(N) T

# Covariant tensor irreducible representations VQL( 1N
with A\ a partition of length /(\) < N.

® Character ch Vg, ) = sa(x) where zy, ..., zy are the
eigenvalues of A € GL(N)
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Connection with classical groups

fGeneraI linear group GL(N)
A

» Covariant tensor irreducible representations Vi,
with A\ a partition of length /(\) < N.

® Character ch Vg, ) = sa(x) where zy, ..., zy are the
eigenvalues of A € GL(N)

» Tensor product representation Vi3, vy ® Vi, -

» Decomposition into irreducibles: @, ¢}, Vi -
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Connection with classical groups

fGeneraI linear group GL(N) T

# Covariant tensor irreducible representations VQL( 1N
with A\ a partition of length /(\) < N.

® Character ch Vg, ) = sa(x) where zy, ..., zy are the
eigenvalues of A € GL(N)

» Tensor product representation Vi3, vy ® Vi, -

» Decomposition into irreducibles: @, ¢}, Vi -

® Restriction GL(N + M) — GL(N) x GL(M).

» Branching rule: Vi vy — Oau X, Vara © Vioa:

o |
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Hopf algebraic properties

- Scalar product (- | -) such that (sx[s,) = dx, o

® (sy]sx-su)= (5] ):Ciu:( | 5u) = (su/5x1]5,)
® (A(s))|sx®s,)=(s,|sx-5u) Since

ZO‘,T CZT (SU & S7 ’ S\ & SM) — ZO‘,T (35'7'50'>\57'/L — CKM
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Hopf algebraic properties
fScaIar product (- | -) such that (sy | s,) = dx,

® (sy]sxn-su) = (su]50 ) =K, = (500 |s) = (s0/5x]5,)
® (A(s))|sx®s,)=(s,|sx-5u) Since

Za,T Cor (50 @ 87|52 @ 5,) = Z(;T CorOa\0ry = €5,
Bialgebraic properties
o Commutative: sy - s, = s, - sy
» Cocommutative: A(s,) =), Sx®@ Sy =D, Su/p © 8,
® Associative: s, (sy-8;) =(5,°80) S =2, . Cror S
# Coassociative: (I ® A)(A(sy)) = (A®I)(A(sy)) since

Zp,/,b C;\M Sp & (Z o,T CgT So ® ST) T Zp)gﬂ' CZ\O'T S\
L ZI/,T Cl>/\7' (Zpo’ 0,0 Sp & SO‘) QR S = Zp,U,T C;\O.T S\
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Hopf algebraic properties

-

Antipode identity - (S®I)A=1e=-(I®S)A
® (SRI)Asy) =22, - (S®T) (5, @ sxp)

= ZM S(Su) = Saju = ZM (_1)|M|Su’ * Sx/u = 020 S0

9 LG(S)\) = L(S)\O = 5)\0 S0
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Hopf algebraic properties

-

Antipode identity - (S®I)A=1e=-(I®S)A
® (SRI)Asy) =22, - (S®T) (5, @ sxp)

= ZM S(Su) = Saju = ZM (_1)|M|5u’ * Sx/u = 020 S0

9 LG(S)\) = L5A0 = 5)\0 S0

Counitarity - (e®I)A=1=-(I®e¢)A
® (e@I)Alsy) =2, (€ 1) (54 @ sa/p)

= ZM (00 ® Sx/p) = S
9o ](S)\) = S).

o
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Hopf algebraic properties

-

Product and coproduct compatibility:
AM)=(®@)Ioswel)(A®A)
) (53 @ 5) = Alsap) = 22, o @ S0/

(
I @SWRI) (AR A)(sA®s,) =

VI RSWRI) Y . 50 @ Sr/o @Sy @ Syyr) =

(- ®+) (56 ®Sr @ 8xj6 @ Spsr) = Do r (Sor @ S(A/0)- (/7))
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Hopf algebraic properties

-

Product and coproduct compatibility:
A)=(®@)leoswel) (A A)

) (51 ®5,) = A(sap) = Z Sp & S(xp)/p

NI OSWRI) (ARA)(s\®s,) =

I RSWRI) Y, S5 @Sxjo® Sy & Suyr) =
(- @) (86 @ 87 @ 8xj0 @ Spsr) = D6 r (Sour @ S /o)-(u/7)

o A
® (-®

(- ®
ZO‘T
Implications:

® S0w/p = 2oy Cor Shjo " Su/r
® A(sy-s,) =A(sn) - A(sy)
L.l AX-Y)=A(X) -A(Y) forany XY € A. J
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Characters of classical groups

-

fCharacters of irreps VV* with \ a partition

GL(N) : {A}HX) = sa(x)
O(N): M) (x) where C(x)=][c;(1—z;)
Sp(N): (M) (x) (x) where A(x) 1 —z;z,)

1 ..z'<j(

S\/C
S)\/A
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Characters of classical groups

fCharacters of irreps VV* with \ a partition T

GL(N): {A}x) = s\(x)

OWN):  [A(x) =syc(x) where C(x)=]],.;(1—ziz))

Sp(N): (AN)(x) =srua(x) where A(x)
Generating functions

[0 =zwa)™ = D (M) (AHy)

1,a A

Llic (1 — zix;)

[[O = ziwa) ™ []O —va) = D ) {A}y)

1,0 a<b A

O = zig)™ ] = vate) = D _(N(x) {AHy)
\_ 1,a a<b A J
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Group-subgroup restrictions

fBranching rules
® GL(N)DGL(N-1): {A} — {N/ M}
® GL(N)DO(N): A= VD)
® GL(N) D Sp(N): A} — (A/B)

o M(x)=T[,(1 )" =3, sm(x)
o D(x)=]],,(1 —z425)"" sOthat D(x)C(x)=1=
s B(x)=1]],.;(1 —z,x;)"" sothat B(x)A(x)

]
—_
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Group-subgroup restrictions

fBranching rules
® GL(N)DGL(N-1): {A} — {N/ M}
® GL(N)DO(N): A= VD)
® GL(N) D Sp(N): A} — (A/B)
o M(x)=][,(1-za)"" =3, smn(x)

o D(x)=]],,(1 —z425)"" sOthat D(x)C(x)=1=
s B(x)=1]],.;(1 —z,x;) " sothat B(x)A(x)=1=

Proof

® s)\(%,1) =2, $xu(x)su(l) = 2., Saym(X) = sa/m(x)
® 55(x) = sr0(X) = sa/pc(X) = s0y/py/c(X)

8 5(%) = sy0(%) = s/5a(X) = s0/my(X)
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Coproducts of Schur function series

-

Coproducts

8 AM)=MexM

® A(D)=(D®D)-A"(D) with A”(D)=3_5,® s,
® A(B)=(B®B)-A"(B) with A"(B)=>__5,® s,

-
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Coproducts of Schur function series

-

Coproducts

8 AM)y=MexM

® A(D)=(D®D)-A"(D) with A”(D)=3_5,® s,
® A(B)=(B®B)-A"(B) with A"(B)=>__5,® s,

-

Proof
® M(x,y)=[[1-z)"" [[,(A—w)™" = M(x) M(y)

® D(x,y) = [Lic;(1=22;) 7 [L o (1 =2i%a) ™" [Ta<p (L= Yabs) ™"
= D(x) >, $0(x) so(y) D(y)

® B(x,y)= Hz‘<j(1_xixj)_1 Hi,a(l_xiya)_l Ha<b(1_yayb)_1

= B(x Sy(X) S, B
- (X) >y So(x)s6(y) B(y) |
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Tensor product rule for GL(N —1)

fUnder restriction from GL(N) to GL(N —1): T
o DNMn={NM}y_1and {\}y_1={N/ L}y with L =M1
® (N1 v [ {Vin-1) = ¢,

Leipzig: Hopf Algebras



Tensor product rule for GL(N —1)

fUnder restriction from GL(N) to GL(N —1): T
® My={\M}y_sand {\}ny_1={\/L}ywith L =M1
® ({AfNv—1- N [ WiN-1) = &5,
Proof Note that {A\}y_1-{p}nv_1={((N/L) - (u/L))/M}n_1
Hence ({A}n-1-{ntnv—1 [{v}n-1)
WA/L) - (p/ L)/ M} | 1v})
LA/L) - (u/L)} [ M- qv})

(
(
ALy @ /Ly | A(M - {v}))
MLy @ /Ly | (M@ M) - A({v}))
(

(

W LM} @ {u/LM} | Av}))
W@y [AGQrE) = QAT - [v)) = &, N

f|| | | | | |
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Tensor products of irreps

-

Tensor product rule for O(N): (M| - [u] =>__ [(Ao) - (u/0o)]

-
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Tensor products of irreps

-

Tensor product rule for O(N): (M| - [u] =>__ [(Ao) - (u/0o)]
Proof Note that [A| - [u] = [(A/C) - (n/C))/D].

Hence ([A]-[u] | [v])
{(A/C) - (u/C))/ D} | {v})
{AC) - (u/C)} [ D - qv})

(A Cr@{u/Cr [ AD - {r}))

(

(

(

-

Wy ep/Cr [ (D@ D) - A"(D) - A({v}))
A/ CD} @ {p/CD} [ A(D) - A(iv}))
W@y | 2101 @101 - A(iv}))

Aoy @ /oy | AQv}))

Ao} /ot [ {v])

f|| [ T TR T
][]
|
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Tensor products of irreps

-

Tensor product rule for Sp(N): (A\) - (u) =>__((No)-(u/0))

-
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Tensor products of irreps

-

Tensor product rule for Sp(N): (A\) - (u) =>__((No)-(u/0))
Proof Note that (\) - (u) = ((A/A) - (u/A))/B).

Hence ((A)- () | ()

UAA) - (u/A)/ B} | {v})

AA) - (w/A)} | B - 1))

WAL @ /AL A(B - {r}))

WA @ u/Ay [ (B® B) - A"(B) - A(v}))
VA/AB} @ {p/AB} [ A"(B) - A({r}))
W@y | 2101 @101 - A(iv}))
AN oy @ /oy | AQv}))

LA o} /ot [ v}

-

/N 77N 7N /N /N /N

f|| [ T TR T |
][]
|
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Tensorial approach

fBasic subgroup invariants T
® GL(IN—-1)={Ae€ GL(N)| A v, = v;}
® O(N)={Ae GL(N)|A¢ AL go, = gi; with g;; = g;i}
® Sp(N)={Ae GL(N)|AL AL fo = fij with fi; = —f}i}
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Tensorial approach

fBasic subgroup invariants T
® GL(IN—-1)={Ae€ GL(N)| A v, = v;}
® O(N)={AecGL(N)|A¢ A% gap = gi; With g;; = g;; }
® Sp(N) ={A€ GL(N)| A} A] fap = fiy With fi; = —f;i}
Polynomial invariants
o Mx) =TI —2)" =%, su(x) =Y, smls1(x))
® D(x) = [ocp(L = zams) ™ = 22, sm(s2(x))
2_m Sm(512(X))

® B(x) = [ocp(l = zazs)™

o |
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Tensorial approach

fBasic subgroup invariants
® GL(IN—-1)={Ae€ GL(N)| A v, = v;}
® O(N)={AecGL(N)|A¢ A% gap = gi; With g;; = g;; }
® Sp(N)={Ae GL(N)|AL AL fo = fij with fi; = —f}i}
Polynomial invariants
® M(x)=T[,(1—za)" =3, sm(x) =3, sm(s1(x))
® D(x) = [ocp(L = zams) ™ = 22, sm(s2(x))

® B(x) = [Tocp(1 = mame) ™" = 32, sm(s12(x))

sx(sx(x)) = sx(y) withy = (y1,92...)

Lwhere s-(X) = >, yx IS the monomial expansion of s, (x). J
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Generalisation to other subgroups

flnvariant 1.1 Of rank n.and symmetry = T

® 7 Is a partition of n with corresponding Young
symmetrizer Y™ an idempotent in the algebra of 5,,.

® 5, acts naturally by permuting the n indices of 7;,...x.

o Y™ Nijk = Nigook

Leipzig: Hopf Algebras -p.16



Generalisation to other subgroups

flnvariant 1., Of rank n and symmetry 7 T

® 7 Is a partition of n with corresponding Young
symmetrizer Y™ an idempotent in the algebra of 5,,.

® 5, acts naturally by permuting the n indices of 7;,...x.
® Y7 Nk P Nigek

Subgroup H,.(N) of GL(N) leaving n invariant

® H. (N)={AecGL(N)|A} A’ A{ Napoo.c = Nijookc )

o |
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Generalisation to other subgroups

flnvariant 1.1 Of rank n.and symmetry = T

® 7 Is a partition of n with corresponding Young
symmetrizer Y™ an idempotent in the algebra of 5,,.

® 5, acts naturally by permuting the n indices of 7;,...x.
® Y7 Nk P Nigek

Subgroup H,.(N) of GL(N) leaving n invariant

® H. (N)={AecGL(N)|A} A’ A{ Napoo.c = Nijookc )

® M (x)=M(s:(x)) => sm(s:(x)) =[], (1 —wx)™*
L’ Ex: M(x)=M(x), Msy(x)=D(x), Mp(x)= B(x).

|
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Branching rule and tensor products

fBranching rule T

® GL(N)D H(N): {\} — [N M,]
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Branching rule and tensor products

fBranching rule
® GL(N)DH,(N): {A} = [N M,]
Under restriction from GL(N) to H,(N):
® (A} =[)/M,]and [A\] = {\/L,} with L, = M
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Branching rule and tensor products

fBranching rule
® GL(N)D H.(N): {A} = [N/M,]
Under restriction from GL(N) to H,(N):
® {\}=[)/M,]and [\] ={)\/L,} with L, = M
Tensor product rule for H,(N)
® [A]- L4
= Y e en iV Tecar [Ti1 € ® 0(6,C. 1))
i/ Heen T € @1 06, G R

where for each &, ¢ and k£ the summation is over all o(&, (, k).
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Proof of tensor product rule

fNotation for plethysms T
® s\(sr) = {m}W™ = {1} @ {A} = {7 ®p A} = srg,00

Leipzig: Hopf Algebras -p.18



Proof of tensor product rule

fNotation for plethysms T
® sx(sp) = {m}oN = {1} @y {A} = {7 @p A} = Sre,1
Some properties of plethysms with M
® A{r}®u M)=(A({r})®, M since both = M (s,(x,y))
® ({A}+1{ny) @ M = ({A} @p M) - ({1} @p M)
® ({A;@{p}) @ M =) ,({A} @pic}) ® ({u) Op{c})
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Proof of tensor product rule

fNotation for plethysms T
® s5)(sx) = {m} N = {r} @u {A} = {7 @ A} = sre,00
Some properties of plethysms with M
® A{r}®u M) =(A({r})®,; M since both = M (s,(x,y))
® ({A;+{n}) @u M = ({A} @pu M) - ({1} Op M)
o ((N} @ {i}) ®u M =Y, ({A} @ {o}) @ ({u} © {0})
c Let sy =)y, and s, =) 2,
® M(satsy) =IL(1=w) " TI.(1—2a)7" = M(sx) M(sy)
® M(5x®s,) =[[;,(1 —viza) ™' =D, 50 ® 56
L.l Note: M(sx®1)=][.(1 —y; 1)t = M(s)) ® 1. J
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Proof of tensor product rule

-

Proper cut coproduct definitions
® Als;) =5, R1+1R® s, + A'(s:)
® AM)= (M, M) - A"(M,)
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Proof of tensor product rule

- N

Proper cut coproduct definitions

® Als;) =5, R1+1R® s, + A'(s:)
® A(My) = (My® My) - A" (M)
Relation between cut coproducts

o A'(M;)=M(A(s:))

A(M,) = A(M(sy)) = M(A(s
= M(s, ®1) - M(1® s;)- M(
= (M(s;)®1)- (1 ® M(s,
= (M(s7) ® M(sr)) - M(A
= My My) - M(A(s,))

Leipzig: Hopf Algebras
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Proof of tensor product rule

-

Proof Note that [A] - [u] = [((\/Lx) - (/L)) /M,]

Hence ([A] - [ [[~])

LA/ Lz) - (/L)) [ Mz} | {})

-

(AL @t [ A(Mz) - A({v}))
(A} @ (g | M(A'(s2)) - A(1v}))

Leipzig: Hopf Algebras



Proof of tensor product rule

o N

Proof Note that [A] - [u] = [((A/Lx) - (1/Lx))/Mx]

Hence ([A] - [ [[~])
LA/ Lz) - (/L)) [ Mz} | {})

(AL @t [ A(Mz) - A({v}))
(A} @ (g | M(A'(s2)) - A(1v}))

Now use

T

O AN(85) =D e canCleSe @S¢ =D cran D pey 5S¢ @ 8¢
® M(A'(sy)) = Llec<n lf:Cl M(se ® s¢)
> M(S§ & SC) — Zo‘ Sa(8§> & SJ(SC) — Zg{€ ®pl U} & {C ®pl U}'

o |
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-

Examples: plethysms of the seried/

M, = M(s,) up to weight 6

0+1+2+3+4+5+6+--
0+2+4+2°+6+42+2°+---
0+ 17 +22 + 14 4324221 +1°- -
0+3+6+42+--
0+21+42+321 +313+23 + ...
0+1%+2°+21% + ...

Leipzig: Hopf Algebras
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Examples: branching rules

ﬁ?estrictions from GL(N)to H(N): {\} — [N/ M,] T
m |1 2 1° 3 21 1
A | GL(N-1) O(N)  Sp(N) H3(N) Hxn(N) His(N)
0 |0 0 0 0 0 0
I 1140 1 1 1 1 1
2 124+1+4+0 2+0 2 2 2 2
12 |12 +1 1° 12+0 1° 1° 1°
3 |3+2+1+0 3+1 3 3+0 3 3
21 |21 +24 1241 21+1 21+1 21 21+0 21
ng 13 + 12 1 1°+1 13 13 13 +0 J

Leipzig: Hopf Algebras -p.22



Examples: coproducts ofs,

7T A(s;) and A’(s;)
1,04+0,1
2 2,0+0,2+1,1
12 |12,0+0,1°+ 1,1
3 3,04+0,34+2,1+1,2
21 [21,040,21+2,1+1%21+1,2+1,17
1 |1%,04+0,1°+1%,24 1,12

Leipzig: Hopf Algebras -p.23



Examples: proper cut coproducts of)M

- .
T A" (M) = M(A'(s,))
0®0
2 >, 0R0
12 |Y o®0

3 | 2or(0(2)-T) @ (0 - 7(2))
21 1D 60(0(2) - 7(1%) - ¢ 4h) @ (0 7+ §(2) - 1p(17))
112, (0(1%) - 7)® (0 7(1%))

Leipzig: Hopf Algebras



Examples: tensor products for classical groups

- N

GL(N) {2%}.{21}
= {43} + {421} + {371} + {322} + {321%} + {2°1}
o) [27]-[21]
= [43] + [421] + [3%1] + [327] + [3217%] + [2°1]
+[41] + 2[32] + 2[317%] + 2[2%1] + [217]
+[3] + 2[21] + [1°] + [1]
Sp(N)  (2%) - (21)
= (43) + (421) + (3°1) + (32%) + (321%) + (2°1)
+(41) + 2(32) + 2(31%) + 2(2%1) + (21°)
L +(3) + 2(21) + (1°) + (1) J
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Examples: tensor products forH (N )

-

Evaluation of [22] - [21]

H3(N) [43] + [421] + [3%1] + [32?] + [321%] + [2°1]
+[4] + 3[31] + 2[2%] + 2[217] + 2[1]

Hy (N) [43] + [421] + [3%1] + [32?] + [3212] + [2°1]
+[4] + 5[31] + 4[2°] + 5[212] + [1*] + 6]1]

Hyis(N) [43] + [421] + [3%1] + [322] + [321%] + [2°1]
+2[31] + 2[2%] + 3[217] + [1*] + 2[1]

Leipzig: Hopf Algebras



Young diagrams and boundary strip removal

-

f ® Each partition ) define a Young diagram £

® Transposition gives F" where ) is the conjugate of A

® Ex:A=(221), N =(32) F¥!'=

F32 _

® [ "is obtained from F* by removing strip of length A
starting at foot of 1st column extending over ¢ columns.

Leipzig: Hopf Algebras
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Modification rules

-

Standard characters

® GL(N): {\} with \] < N.

® O(N): [ with A} + X, < N.
® Sp(N): (A with 2)] < N.
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Modification rules

-

Standard characters

® GL(N): {\} with \] < N.

® O(N): [ with A} + X, < N.

® Sp(N): (A) with 2)] < N.

Modification rules for non-standard characters

® GL(N): {\}=0if \] > N.

® ON): N=(=D'N=n ifh=2\—N>0.
® Sp(N): N)=(-1)\—h) fh=2\,—N—-22>0.
with [\ — h] and (A — h) both = 0 if F*~" is not regular

o |
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Application of modification rules for GL(N)

-

G L(N) modifications: {A} =0 if /(\) > N.

-

» Examples:
s N < 4: {321} ={2°1} =0
s N <3 {421} = {3%1} = {32%} =0

Leipzig: Hopf Algebras



Application of modification rules for GL(N)

-

G L(N) modifications: {A} =0 if /(\) > N.

-

» Examples:
s N < 4: {321°} = {2°1} =0
s N < 3: {421} = {3°1} = {32%} =0

® For GL(N) the product {24} - {21} modifies to give

N >4 {43} + {421} + {31} + {32} + {321°} + {2°1}
N =3 {43} + {421} + {321} + {322}
N =2 {43}

Leipzig: Hopf Algebras



Examples of modifications forO( V)

. N

O(N) madifications: [A] = (—=1)“"'[A — h]* with h =2{(\) — N

® N=6 A= (2%1),h=2

= [2°1] =0

Leipzig: Hopf Algebras



-

O(N) modifications: [\

o

Examples of modifications forO( V)

(—1)* [\ — h]* with h = 2¢()\) — N

® N=6 A= (2%1),h=2

® N=5 A=(2°1),h=3 and A= (2°1),h=1

X | >k

= [2°1] =0

and

—

*

= [281] = —[2] and [221] = [2%* = [2°1]

Leipzig: Hopf Algebras
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O(N) tensor product [27] - [21]

N > 7 [43] + [421] + [3%1] + [32%] + [3217%] + [2°1]
+[41] + 2[32] + 2[317] + 2[2%1] + [217]
+[3] + 2[21] + [1°] + [1]

N =6 [43] + [421] + [3%1] + [32%] + [3217]
+[41] + 2[32] + 2[317] + 2[2%1] + [21°]
+[3] + 2[21] + [1°] + [1]

N =5 [43] + [421] 4 [3°1] + [41] + 2[32] + 2[317]
+[221] + [21°%] + [3] + 2[21] + [1°] + [1]

N =4 [43] + [41] + [32] + [31%] + [3] + [21] + [1°] + [1]

Leipzig: Hopf Algebras
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Examples of modifications forSp(N)

Sp(NY): (A) = (—1)%(\ — h) with k= 20(\) — N — 2

® Ex: InSp(6) (321%) = (2°1) = (21°) =0 since h =0
and c =1 (strip of length 0 removed from the 1st column)

Leipzig: Hopf Algebras
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Examples of modifications forSp(N)

-

Sp(NY): (A) = (—1)%(\ — h) with k= 20(\) — N — 2

® Ex: InSp(6) (321%) = (2°1) = (21°) =0 since h =0
and c =1 (strip of length 0 removed from the 1st column)

® Ex: (\)=(321%), h=6— N.

s N=6: (3212) = —(321%2) =0
s N=5: (3212) = —(321)

- o N=4: (3212) = —(32) |




Sp(N) tensor product (24) - (21)
- -
N >T7 (43) + (421) + (321) + (322) + (321%) + (2°1)
+(41) + 2(32) 4+ 2(31%) + 2(2°1) +
+(3) + 2(21) 4 (1°) + (1)
N =6 (43) + (421) + (321) + (32?)
+(41) + 2(32) + 2(31%) + 2(2°1)
+(3) + 2(21) 4 (1°) + (1)
N =5 (43) + (421) + (3?1) + (322) — (321) — (27)
+(41) + 2(32) 4+ 2(31%) + 2(2°1) —
+(3) + 2(21) + (1°) + (1)
L N =4 (43) + (41) + (32) + (3) + + (1) J
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Odd symplectic groups

fldentification of group  Hi2(2k+ 1) = Sp(2k + 1) T
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Odd symplectic groups

fldentification of group  Hi2(2k+ 1) = Sp(2k + 1) T

# Canonical form of second rank antisymmetric tensor 7;;

v=anel( ) (Ge) @)
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Odd symplectic groups

fldentification of group  Hi2(2k+ 1) = Sp(2k + 1) T

# Canonical form of second rank antisymmetric tensor 7;;

v=anel( ) (Ge) @)

® Sp(2k + 1) neither semisimple nor reductive (Proctor)

>k

Sp(2k+1) = Sp(2k) )

Leipzig: Hopf Algebras -p.34



Odd symplectic groups

fldentification of characters of H2(2k 4+ 1) = Sp(2k + 1) T

#® The defining representation is indecomposable but
reducible: (1) =ch Vg, |, =ch Vi, +ch Vi),

# Each ()\) is the character of an indecomposable
representation (Proctor)
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Odd symplectic groups

fldentification of characters of H2(2k 4+ 1) = Sp(2k + 1) T
#® The defining representation is indecomposable but
reducible: (1) =ch Vg, |, =ch Vi, +ch Vi),

# Each ()\) is the character of an indecomposable
representation (Proctor)

Tensor products are not fully reducible

® Ex: In Sp(3) V< ®V , is not fully reducible.

® (2)-(1%) = (31) + <212>+<2>+ (1%) = (31) = (21) +(2) + (1%)
o V 31 )+ VSp(S + V , must contain all the irreducible

L components of V ) J



The group H,3(3)

fldentification of group H;is(3) T

# Canonical form of third rank antisymmetric invariant
In 3 dimensions: 7, = €.

® For A€ His(3)we have A : ¢ — A} Aff Al €pgr = €ijk
® In 3-dimensions this implies and is implied by det A = 1.

® Hence H3(3)=SL13)={A € GL(3)| det A =1}.
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The group H,3(3)

fldentification of group H;is(3) T

# Canonical form of third rank antisymmetric invariant
In 3 dimensions: 7, = €.

® For A€ His(3)we have A : ¢ — A} Aff Al €pgr = €ijk
® In 3-dimensions this implies and is implied by det A = 1.
® Hence H3(3)=SL13)={A € GL(3)| det A =1}.
|dentification of characters of H;s(3)

® S[L(3)is semisimple

o All its representations are fully reducible

L # [n particular each ngﬂ(g) IS irreducible with [A\] = ch ngﬂ(g) J

Leipzig: Hopf Algebras -p. 36



Branching rule for GL(3) D Hy3(3)

ﬁ{)\}—> [A/Mis] = [A/(0+ 1% +2° +21* + 33 + -+ )] T

Leipzig: Hopf Algebras



Branching rule for GL(3) D Hy3(3)

ﬁ{)\} — [N/ Mp] =[N0+ 1°+2° +21* + 33 4 -+ )]

-

{AMaim | [MMis]aim | {Aaim | [A/Mi3]dim

{04 | [0y {21%}0 | [21°] -9 + [2]6 + [1%]5

{1ts |15 {2} | [2%]6

{15 {2°1}5 | [2*1]0 + [1%]5

{h [ [Plo+ 0] | {2°1%}0 | [2°1°] s + [21]s + [1°]o

{o | []-s+ 115 | {2°h | [2°]0 + [1%]0 + [O]

{2te | [2]6 {2°1}o | [2°1]0 + [21%]0 + [1*] -5 + [1]5

{21}s | [21]s {20 | [2%]5 + [21°] o + [2]6
L{212}3 [21%]o + [1]5

Leipzig: Hopf Alg

eeeee

—p.37



Modification rules and revised branchings

f ((AN)=3 |4(N) =4 T
[1?lo=0 | [1*]-5=—[1]3

[21%]o = 0 | [21°] -9 = —[2]6 — [1°]5
[2°1]o = 0 | [2°1°] s = —[21]s
[2)]o=0 |[2°1]o =0, [2']:=[1"]3

Leipzig: Hopf Algebras



-

Modification rules and revised branchings

(N =3 | =4

[1?lo=0 | [1*]-5=—[1]3

[21%]o = 0 | [21°] -9 = —[2]6 — [1°]5

[2°1]o = 0 | [2°1°] s = —[21]s

2’lo=0 |[2°1]o =0, [2']3=[1"]3
{A [ IA/Mas] [ {AY [ A/ Mas] [ {A | [A/Mas]
{031 | [O]4 {2} | [2]6 {2%}6 | [2%]6
{1}s | [1]s {21}s | [21]s {2°1}5 | [
{1} ] [1%]5 {21%}5 | [1]5 {2} | [0],
{1} | [O]

Leipzig: Hopf Algebras
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Modification rules and revised branchings

f A1, Ao, Az, Aq] with Ay > A > A3 > A >0 T
A1, Ao, A5, 0] = 0 if Ay > 1

A1, A, 1, 1) = —[A, A — 1]

A, Ao, 1LA] = —[A A = 1] = A = 1] = 0 0f A > X
A1, A2,2,1] =0

A, 22,2,2] = [M — 1, A — 1]

A1, A2, A3, A =0 if A3 >3
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Modification rules and revised branchings

f A1, Ao, Az, Aq] with Ay > A > A3 > A >0 T
A1, Ao, A5, 0] = 0 if Ay > 1

A1, A, 1, 1) = —[A, A — 1]

A, Ao, 1LA] = —[A A = 1] = A = 1] = 0 0f A > X
A1, A2,2,1] =0

A, 22,2,2] = [M — 1, A — 1]

A1, A2, A3, A =0 if A3 >3

{A} [\/Ms]
{A1, A2} [ A1, Az for Ay > Ay >0
\— {A, A2, A3} | [AM1 — Ag, Aa — As] | for Ay > Aa > A5 >0 J
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Tensor products for H,3(3)

-

General

rule: [A] - [u] = 22, [(A/(o-7(1%))) - (u/(c(1%) - 7))]

-
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Tensor products for H,3(3)

-

General

rule: [A] - [u] = 22, [(A/(o-7(1%))) - (u/(c(1%) - 7))]

Example: Evaluation of [22] - [21] in H;3(3)

-

His(N) [43] + [421] + [3%1] + [322] + [321%] + [2°1]
+ 2[31] + 2[2%] + 3[21%] + [1*] + 2[1]
Hi3(3)  [43] + [31] + [22] + [1]
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Tensor products for H,3(3)

-

General

rule: [A] - [u] = 22, [(A/(o-7(1%))) - (u/(c(1%) - 7))]

Example: Evaluation of [22] - [21] in H;3(3)

-

His(N) [43] + [421] + [3%1] + [322] + [321%] + [2°1]
+ 2[31] + 2[2%] + 3[21%] + [1*] + 2[1]
Hi3(3)  [43] + [31] + [22] + [1]

[ e— |

Check: Direct evaluation of {22} - {21} in SL(3)

SL(N) {43} + {421} + {321} + {322} + {3212} + {231}
 SL(3) {43} + {31} + {22} + {1} o

Leipzig: Hopf Algebras
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The group H,3(4)

Canonical form of third rank antisymmetric invariant T

in 4 dimensions: 7;;, = <

.
€ijk If iajak S {17273}

0 otherwise

\

For A € Hys(4) we have A : nj, — AV AT AL €pr = miji

B D
0 C

= A=

where Bis3x 3and CiIs1 x 1,

with det B =1, D arbitrary and det C # 0.

Hence Hi:(4) =

SL(3) *
0 GL(1)
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The group H,3(4)

Fa H,s(4) is neither semisimple nor reductive T

# [n general its representations are not fully reducible
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Fa H,s(4) is neither semisimple nor reductive

The group H,3(4)

# [n general its representations are not fully reducible

-

{AMaim | [MMislaim | {Aaim | [N Mis]dim
{0} 0] {21} | [20°] 12 + [2]h0 + [1°]6
{1}a [1]4 {2%}20 | [2%]20
{P}e | [1°]6 {2°1}90 | [2°1]14 + [1%]6
{ha | [Pl + 1000 | {221%}6 | [221%] 17 + [21]20 + [1°]5
{h | [+ s | {2°h0 | [2°T6 + [1°]5 + [O]y
{2ho | [2]10 {21}y [ [2°1]) s + [20%]12 + [1*] 5 + [1]4
{21}20 | [21]20 {2} [ 120 + [21°] -1z + [2]10
| {212}15 | [21%]42 + [1]4 ]

Leipzig: Hopf Algebras
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Modification rules for H,3(4)

 InGL(4) -
< {)\17 >\27 )\37 )\4} — €>\4 {)\1 _ >\47 >\2 _ )\47 )\3 _ )\47 O}

® ¢ = {1*} is the character of the determinant rep of GL(4).

® Ex. {213} =¢{1}
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Modification rules for H,3(4)

fln GL(4): T
® (A, A, A3, A =M A — A, Ao — Ay, A3 — Ay, 0}
® ¢ = {1*} is the character of the determinant rep of GL(4).
® Ex. {21°} =¢e{1}
Under restriction from GL(4) to Hys(4):
® {1} [1]4
® {1*}1 = {0} — €[0]y
o {21°} — [21%]-12 + [2]10 + [1%]6

o |
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Modification rules for H,3(4)

fln GL(4): T
® (A, A, A3, A =M A — A, Ao — Ay, A3 — Ay, 0}
® ¢ = {1*} is the character of the determinant rep of GL(4).
® Ex. {21°} =¢e{1}
Under restriction from GL(4) to Hys(4):
® {1} [1]4
® {1*}1 = {0} — €[0]y
o {21°} — [21%]-12 + [2]10 + [1%]6
Hence in Hy3(4) we have the modification rule:

L_’ [21°] _12 = € [1]4 — [2]10 — [1%]6 _J
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Tensor products for H3(4)

fGeneraI rule for His(N):
[AD - [l = >0r [N/ (o - 7(1%))) - (1/((1%) - 7))]

Leipzig: Hopf Algebras



Tensor products for H3(4)

fGeneraI rule for His(N):
[AD - [l = >0r [N/ (o - 7(1%))) - (1/((1%) - 7))]

Example of product evaluated in Hys(N):

[2] - [17] = [31°] + [21°] + [2] + [1°]
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Tensor products for H3(4)

fGeneraI rule for His(N):
[AD - [l = >0r [N/ (o - 7(1%))) - (1/((1%) - 7))]

Example of product evaluated in Hys(N):

[2] - [1°] = [31%]) + [21°] + [2] + [17]
Example of product evaluated in Hs(4):
[2]10 - [1%]s = [31%]26 + [21°] 12 + [2]10 + [1%]6
= [31%]26 + (€ [1]4 — [2%]10 — [1]6) +

= [31%] 26 + € [1]4

Leipzig: Hopf Algebras
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Tensor products for H3(4)

fGeneraI rule for His(N): T
[AD - [l = >0r [N/ (o - 7(1%))) - (1/((1%) - 7))]

Example of product evaluated in Hys(N):

[2] - [°] = [31°] + [21°] + [2] + [17]
Example of product evaluated in Hs(4):
[2]10 - [1P]3 = [31%]26 + [21°]-12 + [2]10 + [1°]6
= [31%]26 + (e [1]4 — [2°]10 — [1]6) + [2°]10 + [1]6
= [31%]26 + €[1]4
. In general [)\] is the character of an indecomposable
but reducible representation.

o

|
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Variety of groups H,3(N)

fCanonicaI forms for 7;;, of symmetry = = 1°

® Let p,q,r, s,t,... belinearly independent vectors.

® Let [pgr| be the tri-vector with components py;g;ry;

where |[---] indicates antisymmetrisation of indices.

#® Canonical forms for n (Gurevich)

Leipzig: Hopf Algebras
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Variety of groups H,3(N)

fCanonicaI forms for 7;;, of symmetry = = 1° T
® Let p,q,r, s,t,... belinearly independent vectors.

® Let [pgr| be the tri-vector with components py;g;ry;
where |[---] indicates antisymmetrisation of indices.

#® Canonical forms for n (Gurevich)

N n N n
3 | [par] 6 | [par]
4 | [pgr] pgr| + |pst]
5 | [pgr| pqr] + [stu]
- pqr] + [pst] pqr] + [pst] + [gsu] »
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Variety of groups H,3(N)

A
fCandidate groups: [

*

] with x arbitrary

0 B

N | n Ax B

3 | lpar SL(3)

4 | [pqr] SL(3) * GL(1)

5 | [pgr SL(3) * GL(2)
pqr] + [pst] [

6 | [pgr] SL(3) * GL(3)
pqr] + [pst] 77+ GL(1)
pqr] + [stul SL(3) x SL(3)

B pqr] + [pst] + [gsu] | 77

Leipzig: Hopf Algebras
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The caser = 3

flmplications of Invariance of 7,y T

#® Third rank symmetric invariant in 3 dimensions:
1 ifi=7=k

Nijk = Oijk = _
! ! 0 otherwise

® For A € H3(N)wehave A:d— Aj A7 AL Opgr = Oijin
» 25:1 (A?;)S =1
s >0 (AD)ZAP =0 for i j
o S0 AVAP AR =0 for i £ j#k#£.
® For N <3wefind A? € Zs = {1,w,w?} with w = /3 for
all 7, p.

o |
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The groups H3(N) and their characters

H3(N) T

N

2 | Z3 159
3 | Z3 1S3
4
N

-

10D 23Sy
17 D Zs3 U SN
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The groups H3(N) and their characters

H3(N) T

N
2 | Z3 159
3
4

-

Zi3 1S3
77 D L3Sy
N | 77D 7Z3! Sy

Branching rule for GL(N) D H3(N)
® (A} = [NM]=[NO0+34+6+42+---)]

o |
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The groups H;

VR

N') and their characters

H3(N) T

Z:3 1 Ss
Z3 1 53
10D 23Sy
17 D Zs3 U SN

-

Zﬂkwwz

Branching rule for GL(N) D H3(N)
® (A} = [NM]=[NO0+34+6+42+---)]

® A} - ul =226 AN (o - 7(2))) - (n/(0(2) - 7))]
- = [\ )+ 1OV - (/2)] + [(A/2) - (/1] + - B

Leipzig: Hopf Algebras



Examples in the cased;(3)

nypical restrictions from G'L(3) to Hs(3)

{ A aim | [N/ M3] dim

{5}a1 | [B]15 + [2]6

{41}24 | [41]1s + [2]6 + [17]5
{32415 | [32]0 + [2]6

Leipzig: Hopf Algebras



Examples in the cased;(3)

nypical restrictions from G'L(3) to Hs(3)

{ A aim | [N/ M3] dim

{5}a1 | [B]15 + [2]6

{41}24 | [41]1s + [2]6 + [17]5

{32415 | [32]9 + [2]6

Typical tensor product decomposition for Hs(3)
[319 - [2]6 = [5]15 + [41]15 + [32]o + 2[2]6 + [1°]5
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Examples in the cased;(3)

nypical restrictions from G'L(3) to Hs(3)

{ A aim | [N/ M3] dim

{5}a1 | [B]15 + [2]6

{41}24 | [41]1s + [2]6 + [17]5

{32415 | [32]0 + [2]6

Typical tensor product decomposition for Hs(3)
[319 - [2]6 = [5]15 + [41]15 + [32]o + 2[2]6 + [1°]5

® H;(3) = Z3 .55 is finite
# All its representations are fully reducible

L #® The dimensions of the irreducible reps are all 1 or 2

Leipzig: Hopf Algebras
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More than one invariant

fSubgroup H, ,(N) D GL(N) leaving invariant T
both 7;;.. and (.. of symmetry 7 and p.
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More than one invariant

fSubgroup H, ,(N) D GL(N) leaving invariant
both 7;;.. and (.. of symmetry 7 and p.

® Example: 7 =2 and p=1%"

® 1 =g;; symmetric, rank2 and
¢ = €., antisymmetric, rank N

9 H271N(N) = SO(N)
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More than one invariant

fSubgroup H, ,(N) D GL(N) leaving invariant
both 7;;.. and (.. of symmetry 7 and p.

® Example: 7 =2 and p=1%"

® 1 =g;; symmetric, rank2 and
¢ = €., antisymmetric, rank N

® Hyn(N)=SO(N)

Characters

# Branching rule {\} — [A\/M,]

» Tensor product [A]- [u] = Y,[(\/0) - (/o)

# Additional modification rule [A| = [A]. + [A-
L if N =2k and /(\) =k

Leipzig: Hopf Algebras
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Subgroup H;3(N) of GL(N)

flnvariants: Nij = 0ij, Cijk = 045k Of symmetry = =2, p=3 T

® Further invariants
Ok = D _; ;0ij Oije @nd  Oijer = D, Oijm Omii, €LC.
® H,3(N) =Sy (Littlewood)
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Subgroup H;3(N) of GL(N)

flnvariants: Nij = 0ij, Cijk = 045k Of symmetry = =2, p=3
#® Further invariants
0 = Zi,j 0ij O0ij. AN Oijpr = D Oijm Omit, €LC.
® H,3(N) =Sy (Littlewood)
Characters of Sy In reduced notation

# Branching rule for GL(N) D Sy

{A}— Zm«)\/(M My -0(2)-Mz-7(3)---)-(0-7-+))
® Tensor product rule for Sy

A () =22 (N (v 0)) - /(v - 7)) - (0 07))

® Modification rule for Sy:

-

) = (S0 = hY) with b= (A4 A = N~ 1 »

Leipzig: Hopf Algebras
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Some references

f ® B Fauser and P D Jarvis, A Hopf laboratory for symmetric T
functions, J Phys A 37 (2004) 1633-63

® B Fauser, P D Jarvis, R C King and B G Wybourne New
branching rules induced by pletnysm J Phys A 39 (2006)
2611-55
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Some references

f ® B Fauser and P D Jarvis, A Hopf laboratory for symmetric
functions, J Phys A 37 (2004) 1633-63

® B Fauser, P D Jarvis, R C King and B G Wybourne New
branching rules induced by pletnysm J Phys A 39 (2006)
2611-55

Plethysms, Schur function series and classical groups

#® D E Littlewood, Theory of Group Characters, 2nd Ed. Oxford:
Clarendon Press, 1958 & Can J Math 10 (1958) 17-32

#® R C King, In Invariant theory and tableaux, Ed. D. Stanton,
New York: Springer Verlag, 1989, pp226-261.

® | G Macdonald, Symmetric Functions and Hall Polynomials, 2nd
L Ed. Oxford: Clarendon Press, 1995
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More references

ded symplectic groups T

® R A Proctor, 0dd symplectic groups, Invent Math 93 (1988)
307-32

Canonical forms

® G B Gurevich, Foundations of the Theory of Algebraic Invariants,
Groningen: Noordhoff, 1964
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More references

ded symplectic groups T

® R A Proctor, 0dd symplectic groups, Invent Math 93 (1988)
307-32

Canonical forms

® G B Gurevich, Foundations of the Theory of Algebraic Invariants,
Groningen: Noordhoff, 1964

® R CKing,JPhys A12(1971) 1588-98
# P H Butler and R C King, J Math Phys 14 (1973) 1176-83
#® G R E Black, R C King and B G Wybourne, J Phys A 16

. (1983) 1555-89 o
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