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Symmetric functions

Let x = (x1; x2; : : : ; xn) be a sequence of indeterminates
and let � n be the ring of symmetric polynomials in these
indeterminates.

We have � n = � m� 0� k
n where � k

n consists of the
homogeneous symmetric polynomials of degree k.

For � = (� 1; � 2; : : : ; � n ) 2 Nn let x� = x� 1
1 x� 2

2 � � � x� n
n .

x� is a monomial of weight j� j = � 1 + � 2 + � � � + � n .

� = (� 1; � 2; : : : ; � n ) 2 Nn is a partition of weight j� j and
length `(� ) � n if j� j = � 1 + � 2 + � � � + � n = , � i � � i +1 ,
� n � 0 and � i = 0 for i > `(� ).
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Basesof � k
n

In each case the basis is found by letting � range over the set
of all partitions of weight j� j = k and length `(� ) � n

Monomial symmetric functions m� (x) =
X

f � = � (� ): � 2 Sn g

x�

where the sum is over all distinct permutations � (� ) of � .

Elementary symmetric functions e� (x) = e� 1 (x) � � � e� n (x)

with ek(x) = m1k (x) =
X

1� i 1<i 2< ��� <i k � n

xi 1 xi 2 � � � xi k .

Complete homogeneous symmetric functions
h� (x) = h� 1 (x) � � � h� n (x) with hk(x) =

X

� :j� j= k

m� (x)

=
P

� :j� j= k x� =
P

1� i 1 � i 2 ���� � i n � n xi 1 xi 2 � � � xi n .
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Schur function basisof � k
n

Schur functions:

s� (x) =
a� + � (x)
a� (x)

=
jx� j + n� j

i j

jxn� j
i j

where � = (n � 1; n � 2; : : : ; 1; 0) and

a� + � (x) =
X

� 2 Sn

" (� ) x� (� + � )

for all partitions � with j� j = k and `(� ) � n.

This de�nition implies that s� (x) is a homogeneous
symmetric function of x1; x2; : : : ; xn of total degree j� j.
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De�nitions of K and LR coef�cients

Kostka coef�cients K ��

s� (x) =
X

�

K �� x� =
X

�

K �� m� (x)

Alternatively,

h� (x) =
X

�

K �� s� (x):

Note: K �� = K �� for any permutation � of a partition �

Littlewood-Richardson coef�cients c�
��

s� (x) s� (x) =
X

�

c�
�� s� (x):
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Youngdiagramsand tableaux

Each partition � speci�es a Young diagram F � consisting
of j� j boxes arranged in left-adjusted rows of lengths � i .

A semistandard Young tableaux T of shape � and weight
� (T) is a numbering of the boxes F � with � i (T) entries i
for i = 1; 2; : : : ; n that are weakly increasing across rows
and strictly increasing down columns.

Example: n = 5, � = (5; 4; 4; 3; 0) and � (T) = (2; 3; 4; 4; 3).

F � = and T =

1 1 2 3 4
2 2 3 4
3 3 4 5
4 5 5
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Calculation of Kostkacoef�cients

Theorem s� (x) =
X

T

x� (T ) where the sum is over all

semistandard Young tableaux of shape � .

Corollary K �� is the number of semistandard Young
tableaux of shape � and weight � .

Example n = 3, � = (3; 2; 0), � = (2; 1; 2).

1 1 2
3 3

1 1 3
2 3

Hence K �� = 2.
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Calculation of LR coef�cients

An LR tableau is formed by adding to F � , with all
entries 0, the boxes of F � , with entries equal to their
original row number, to give a diagram of shape F � in
which the non-zero numbers

are weakly increasing across rows
are strictly increasing down columns
and #( i ) � #( i + 1) for all i
when read from right to left and top to bottom.

Theorem c�
�� is the number of such LR tableaux.

Example: n = 3, � = (210), � = (320) and � = (431).

0 0 1 1
0 1 2
2

0 0 1 1
0 2 2
1

hence c�
�� = 2:
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Character theoretic approach

Theorem Weyl's character formula:
Let V � be an irreducible representation of gl(n) of highest
weight � , and let � = (n � 1; n � 2; : : : ; 1; 0). Then

ch V � =

P
w2 Sn

(� 1)`(w)ew(� + � )

P
w2 Sn

(� 1)`(w)ew(� ) :

Observation ch V � = s� (x) where e� = x� for all � .

Kostka coef�cients are determined by the weight space
decomposition ch V � =

P
� K �� e� .

Littlewood-Richardson coef�cients are determined by the
tensor product decomposition V � 
 V � =

P
� c�

�� V � .
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Character theoretic formulae

Kostant's partition function:

P(� ) = # f (k� )� 2 � + j � =
X

� 2 � +

k� � ; k� 2 Zg:

Kostant's weight multiplicity formula:

K �� =
X

w2 Sn

(� 1)`(w)P(� + � � w(� + � )) :

Steinberg's formula:

c�
�� =

X

w;w02 Sn

(� 1)`(w)+ `(w0)P(w(� + � ) + w0(� + � ) � � � 2� ):
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K-polynomials

Kostka coef�cients K �� , indexed by a partition � and a
composition � .

Partitions: � = (� 1; � 2; : : : ; � n ) with
� 1 � � 2 � � � � � � n � 0, length `(� ) � n, weight j� j.

Composition: � = (� 1; � 2; : : : ; � n ) with � i � 0 for
i = 1; : : : ; n, weight j� j.

Stretched Kostka coef�cients K t�;t� .

Theorem P�;� (t) = K t�;t� is polynomial in t.

Example: n = 9, � = (95222100), � = (115355111):
P�� (t) = (t + 1)2(t + 2)(5t + 2)(t2 + 3t + 6)=24.

Tianjin, September 2005 – p. 11



K-polynomials

Kostka coef�cients K �� , indexed by a partition � and a
composition � .

Partitions: � = (� 1; � 2; : : : ; � n ) with
� 1 � � 2 � � � � � � n � 0, length `(� ) � n, weight j� j.

Composition: � = (� 1; � 2; : : : ; � n ) with � i � 0 for
i = 1; : : : ; n, weight j� j.

Stretched Kostka coef�cients K t�;t� .

Theorem P�;� (t) = K t�;t� is polynomial in t.

Example: n = 9, � = (95222100), � = (115355111):
P�� (t) = (t + 1)2(t + 2)(5t + 2)(t2 + 3t + 6)=24.

Tianjin, September 2005 – p. 11



LR-polynomials

Littlewood-Richardson coef�cients c�
�� , indexed by

partitions �; �; � .

Partitions: � = (� 1; � 2; : : : ; � n ) with � i 2 Z for all i ,
� 1 � � 2 � � � � � � n � 0, length `(� ) � n, weight j� j.

Stretched Littlewood-Richardson coef�cients ct�
t�;t� .

Stretching parameter t 2 N.

Theorem P�
�;� (t) = ct�

t�;t� is polynomial in t.

Ex: n = 7; � = (433210); � = (432210); � = (7444321), c�
�� = 13

and P�
�� (t) =

(t + 1)(t + 2)(t + 3)(t + 4)(t + 5)(5t + 21)(t2 + 2t + 4)=10080
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Integer hives

n-hive with vertex labels aij 2 Z for 0 � i; j; i + j � n.
Ex: n = 4

a13

a22

a00 a10 a20 a30
a40

a31

a03

a02

a01

a04

a12

a11 a21

Vertex labels increase from left to right

Edge labels non-negative differences between
neighbouring vertex labels
� = ai;j +1 � aij , � = ai +1 ;j � 1 � aij , 
 = ai +1 ;j � aij .
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Hive conditions

Distinct types of rhombi, with vertex and edge labels:

�

c

�


 �

a

b

d

b d

c

�




a �

�

�

�

ba


 d

�

c

R1: R2: R3:

Note: � ; � ; 
 ; � � 0 and � + � = � + 
 .

Hive conditions in terms of vertex labels:

b+ c � a + d:

Hive conditions in terms of edge labels:

� � 
 and � � � :
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K-hi vesvertex labels
De�nition A K-hive is an integer n-hive for which

all rhombi of type R1 and R2 (but not R3) satisfy the hive
conditions;

boundaries determined by 0 = (0; : : : ; 0), � = (� 1; : : : ; � n ),
� = (� 1; : : : ; � n ) with j� j = j� j;

boundary vertex labels
0

0

0

j� j = j� j

� � �

� 1 � 1 + � 2

� 1 + � 2

� 1

0

� � �
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K-hi vesedgelabels

De�nition A K-hive is an integer n-hive for which

all rhombi of type R1 and R2 (but not R3) satisfy the hive
conditions;

boundaries determined by 0 = (0; : : : ; 0), � = (� 1; : : : ; � n ),
� = (� 1; : : : ; � n ) with j� j = j� j;

boundary edge labels

� � �

0

0

0

� n� � �� 2� 1

� 1

� 2

� � �

� n
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LR-hi vesvertex labels
De�nition An LR-hive is an integer n-hive for which

all rhombi of type R1, R2 and R3 satisfy the hive
conditions;

boundaries determined by partitions �; �; � with
`(� ); `(� ); `(� ) � n and j� j + j� j = j� j;

boundary vertex labels
j� j

0

j� j = j� j + j� j

� � �� 1

� 1 � 1 + � 2

j� j + � 1 + � 2

j� j + � 1

� � �

� 1 + � 2

� � �
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LR-hi vesedgelabels

De�nition An LR-hive is an integer n-hive for which

all rhombi of type R1, R2 and R3 satisfy the hive
conditions;

boundaries determined by partitions �; �; � with
`(� ); `(� ); `(� ) � n and j� j + j� j = j� j;

boundary edge labels

� n� � �� 1

� 1

� 2

� � �

� n

� 2

� � �

� n

� 2

� 1
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Bijection betweentableauxand K-hi ves

Example: n = 3, � = (320) and � = (212).

T = Semistandard Young tableau;

G = Gelfand-Zetlin pattern;

Z = Zeros and cumulative row sums of G;

H = K-hive = reorientation of Z .

T = 1 1 3
2 3

( ) G =
3 2 0

2 1
2

( ) Z =
0 3 5 5

0 2 3
0 2

0

( ) H =
0

0 3
0 2 5

0 2 3 5
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Bijection betweenLR-diagrams and LR-hi ves

Example: n = 3, � = (320), � = (210) and � = (431).

D = Littlewood-Richardson diagram;

G = Generalised Gelfand-Zetlin pattern;

Z = Zeros and cumulative row sums of G;

H = LR-hive = reorientation of lower triangular part of Z .

D =
0 0 0 1
0 0 2
1

( ) G =
4 3 1

4 3 1
4 2 1

3 2 0

( ) Z =
0 4 7 8

0 4 7 8
0 4 6 7

0 3 5 5

( ) H =
5

5 7
3 6 8

0 4 7 8
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Theorems

Theorem The K-coef�cient K �� is the number of K-hives
with boundary labels speci�ed by � and � .

Theorem The LR-coef�cient c�
�� is the number of

LR-hives with boundary labels determined by � , � and � .

Corollary Both the K-polynomial P�� (t) and the
LR-polynomial P �

�� (t) can be identi�ed as the Ehrhart
quasi-polynomial i (P; t), of a rational convex polytope P
de�ned by the sets of K-hive and LR-hive inequalities.

Note For both K-kives and LR-hives, even though P may
be rational but not integer the Ehrhart quasi-polynomial
i (P; t) is polynomial.
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Partial sums

Let N = f 1; 2; : : : ; ng, R = f 1; 2; : : : ; r g with 1 � r < n,
I = f i 1; i 2; : : : ; i r g � N and I = N nI .

If i 1 < i 2 < � � � < i r then let
part (I ) = (i r � r; : : : ; i 2 � 2; i 1 � 1).

For any partition or composition � let:
ps(� )I = � i 1 + � i 2 + � � � + � i r .

Let Tn
r be the set of triples (I ; J; K ) with I ; J; K � N and

# I = # J = # K = r with cpart (K )
part (I )part (J ) > 0.

Let Rn
r be the set of triples (I ; J; K ) with I ; J; K � N and

# I = # J = # K = r with cpart (K )
part (I )part (J ) = 1.
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Non-zero conditions

Theorem: K �� > 0 if and only if j� j = j� j and, for all
r = 1; 2; : : : ; n � 1,

ps(� )I � ps(� )R for all I � N with # I = r .

Theorem: c�
�� > 0 if and only if j� j = j� j + j� j and, for all

r = 1; 2; : : : ; n � 1,
ps(� )K � ps(� )I + ps(� )J for all (I ; J; K ) 2 Tn

r .

Not all of Horn's inequalities are essential.
Tn

r may be replaced by Rn
r .

Saturation Corollaries:
K �� > 0 , K t�;t� > 0 and c�

�� > 0 , ct�
t�;t� > 0.
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Factorisation

Theorem: If K �� > 0 and ps(� )I = ps(� )R then:

K �� = K � I � R K � I � R
;

P�� (t) = P� I � R (t) P� I � R
(t);

K �� (q) = K � I � R (q) K � I � R
(q);

P�� (q; t) = P� I � R (q; t) P� I � R
(q; t),

where K �� (q) is a Kostka-Foulkes polynomial and P�� (q; t) is
its stretched version.

Conjecture: If c�
�� > 0 and ps(� )K = ps(� )I + ps(� )J for some

(I ; J; K ) 2 Rn
r , then:

c�
�� = c� K

� I � J
c� K

� I � J
and P�

�� (t) = P� K
� I � J

(t) P � K
� I � J

(t):
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K factorisation example

Ex: n = 6, r = 3, � = (964420), � = (263761), I = f 2; 4; 5g.
� R = (964), � I = (676), � R = (420), � I = (231),

Kostka coef�cients : K �� = 6, K � I � R = 3, K � I � R
= 2.

K-polynomials: P�� (t) = (t + 1)(2t + 1)
P� I � R (t) = (2t + 1) P� I � R

(t) = (t + 1).
Kostka-Foulkes polynomials: K �� (q) = q3(q+ 1)(q2 + q+ 1)

K � I � R = q2(q2 + q+ 1) K � I � R
= q(q+ 1).

Stretched Kostka-Foulkes polynomials:

P�� (q; t) = q3t qt+1 � 1
q � 1

q2t+1 � 1
q � 1

P� I � R (q; t) = q2t q2t+1 � 1
q � 1

P� I � R
(q; t) = qt qt+1 � 1

q � 1
.
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LR factorisation example

Ex: n = 5, r = 3, n � r = 2:

� = (9; 7; 6; 2; 0), � = (13; 5; 3; 1; 0), � = (14; 12; 11; 5; 4).

I = f 1; 2; 4g, J = f 2; 3; 4g, K = f 2; 3; 5g.

cpart (K )
part (I ) part (J ) = c211

1;111 = 1 so that (I ; J; K ) 2 Rn
r .

LR-coef�cient :
c(14;12;11;5;4)

(9;7;6;2;0);(13;5;3;1;0) = c(12;11;4)
(9;7;2);(5;3;1) c(14;5)

(6;0);(13;0) = 2 � 1 = 2.

LR-polynomial:
P(14;12;11;5;4)

(9;7;6;2;0);(13;5;3;1;0)(t) = P(12;11;4)
(9;7;2);(5;3;1)(t) P(14;5)

(6;0);(13;0)(t)

= (t + 1) � 1 = (t + 1).
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Non-essentialHorn equality

Ex: n = 6, r = 3, n � r = 3:

� = (221100), � = (221100), � = (332211).

I = f 1; 3; 5g, J = f 1; 3; 5g, K = f 2; 4; 6g.

cpart (K )
part (I ) part (J ) = c321

21;21 = 2 so that (I ; J; K ) =2 Rn
r

LR-coef�cients :
c(332211)

(221100);(221100) = 3 but c(321)
(210);(210) c(321)

(210);(210) = 2 � 2 = 4.

LR-polynomials:
P(332211)

(221100);(221100)(t) = 1
2(t + 1)(t + 2) but

P(321)
(210);(210) (t) P(321)

(210);(210) (t) = (t + 1) � (t + 1) = (t + 1)2.

No factorisation.
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Degreesof LR-polynomials

For c�
�� > 0 the LR-rule implies `(� ); `(� ) � `(� ).

c�
�� is the number of LR n-hives with n = `(� ),

boundary labels linear in the parts of �; �; � ,
interior vertex labels subject to linear inequalities (HCs).

For t 2 N, P�
�� (t) is the number of scaled LR n-hives

with boundary labels scaled by t and interior vertex
labels subject to the same linear inequalities.

The range of each vertex label is at most linear in t.

An n-hive has (n � 1)(n � 2)=2 interior vertices.

Degree bound degP�
�� (t) � (n � 1)(n � 2)=2 with n = `(� ).
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First example

Ex: n = 5, degree bound (n � 1)(n � 2)=2 = 6.

� = (9; 7; 6; 2; 0), � = (13; 5; 3; 1; 0), � = (14; 12; 11; 5; 4).

P�
�� (t) = (t + 1) so that degP�

�� (t) = 1.

Origin of mismatch - factorisation

P�
�� (t) = P� K

� I � J
(t) P � K

� I � J
(t).

LR-hives for n = 5, r = 3, n � r = 2.

Factorised degree bound 1 + 0 = 1 is saturated.
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Secondexample

Ex: n = 6, degree bound (n � 1)(n � 2)=2 = 10.

� = (4; 3; 3; 1; 0; 0), � = (4; 2; 1; 1; 1; 0), � = (6; 5; 4; 2; 2; 1).

P�
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)=24.

degP�
�� (t) = 4.

All essential Horn inequalities are strict.

The LR-polynomial does not factorise.

The factorised degree bound is not saturated.

Origin of mismatch - partitions have equal parts.
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Five-vertex equaledgeconstraints

Equal edge constraints on 5-vertex subdiagrams

In each case � � � � � so that � = � .

�

�

�

�

�

�

�

�

�

Consecutive equal edges force neighbouring equal edge.

Retain skeleton consisting of only equal edges.

�

�

�

�

�

�

�

�

�
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Skeletonof an LR-hi ve

Apply 5-vertex equal edge procedure to LR n-hive.

Work inwards from boundaries speci�ed by �; �� .

Result is skeletal graph Gn;��� of hive.

Let d(Gn;��� ) be number of components of Gn;��� not
connected to the boundary.

Ex: n = 6, � = (433100), � = (421110), � = (654221)

4

3

3

1

0

0

6 5 24 2 1

4

2

1

1

1

0

d(Gn;��� ) = 4.
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Skeletongraph degreebound

Theorem degP�
�� (t) � d(Gn;��� ).

Ex: n = 6, � = (433100), � = (421110), � = (654221).

4

3

3

1

0

0

6 5 24 2 1

4

2

1

1

1

0

P �
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)=24.

degP�
�� (t) = 4 = d(Gn;��� ).

Skeleton graph degree bound is saturated.
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Primiti veand simpleLR-polynomials

De�nition : An LR-coef�cient c�
�� and the LR-polynomial P �

�� (t)
are said to be:

primitive if all essential Horn inequalities are strict.

simple if all Horn inequalities are strict

Corollary of Factorisation Conjecture: All LR-coef�cients and
LR-polynomials may be expressed as products of primitive
LR-coef�cients and LR-polynomials, respectively.

Conjecture: If Pn
�� u(t) is simple then degP�

�� (t) = d(Gn;��� ).

Note: Not all primitive LR-polynomials are simple.
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Degreeof simpleLR-polynomial

Ex: n = 7, � = (433210), � = (432210), � = (7444321).

P�
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)(t + 5)

� (5t + 21)(t2 + 2t + 4)=10080.
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Degreeof primiti venon-simpleLR-polynomial

Ex: n = 6, � = (221100), � = (221100), � = (332211).

P�
�� (t) = 1

2(t + 1)(t + 2).
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degP�
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Linear factors

Origin of linear factors in LR-polynomials.

Let P be an LR hive polytope, and P its interior.

For t 2 N: P�
�� (t) = i (P; t) = # f tP \ Zdg.

Ehrhart reciprocity: i (P; � t) = (� 1)d# f tP \ Zdg.

For m 2 N: P�
�� (� m) = i (P; � m) = (� 1)d# f mP \ Zdg.

Hence P�
�� (� m) = 0 and P�

�� (t) must contain a linear
factor (t + m) if mP contains no interior integer points.

Anticipate: P�
�� (t) may contain (t + 1)(t + 2) � � � (t + M ).

Problem: Determine M .
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Possiblecontinuation in t

For x = (x1; x2; : : : ; xn) let x = (x1; x2; : : : ; xn)
with xi = x� 1

i for i = 1; 2; : : : ; n.

For � = (� 1; � 2; : : : ; � n ) let ~� = (� n ; : : : ; � 2; � 1).

st� (x) =

�
�
�x

t� j + n� j
i

�
�
�

�
�xn� j

i

�
� =) s� m� (x) =

�
�
�x

� m� j + n� j
i

�
�
�

�
�xn� j

i

�
� .

This gives s� m� (x) =

�
�
�x

m� n � k +1 + n� k
i

�
�
�

�
�xn� k

i

�
� = sm ~� (x).

De�nition For c�
�� > 0 and any positive integer m, let

c� m�
� m�; � m� = cm ~�

m ~� ;m ~� :
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LR polynomials for negative t

Conjecture: Let c�
�� > 0 be simple, all Horn inequalities strict,

then P�
�� (� m) = cm ~�

m ~� ;m ~�
,

where sm ~� (x) sm ~� (x) =
P

� cm ~�
m ~� ;m ~�

sm ~� (x).

Standardization:

sm ~� (x) = 0 or � s� (x) for some partition � .

sm ~� (x) = 0 or � s� (x) for some partition � .

sm ~� (x) = 0 or � s� (x) for some partition � .

Two types of zero:

sm ~� (x) = 0, sm ~� (x) = 0, sm ~� (x) = 0.

c�
�� = 0.
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Simpleexample

Ex: n = 7, � = (433210), � = (432210), � = (7444321).

P�
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)(t + 5)

� (5t + 21)(t2 + 2t + 4)=10080.

Type one zeros for m = 1; 2; 3 since:

sm ~� (x) = sm ~� (x) = 0 for m = 1; 2.

sm ~� (x) = 0 for m = 1; 2; 3.

Type two zeros for m = 4; 5 since:

c�
�� = 0 for m = 4; 5.

No more zeros for m > 5 since for m = 6: c�
�� = 3.
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Simpleand non-simpleexamples

Simple: n = 7, � = (433210), � = (432210), � = (7444321).

P�
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)(t + 5)

� (5t + 21)(t2 + 2t + 4)=10080.

cm ~�
m ~� ;m ~�

= 0; 0; 0; 0; 0; 3; 39; 247for m = 1; 2; 3; 4; 5; 6; 7; 8.

P�
�� (� m) = 0; 0; 0; 0; 0; 3; 39; 247for m = 1; 2; 3; 4; 5; 6; 7; 8.

Non-simple: n = 6, � = (221100), � = (221100), � = (332211).

P�
�� (t) = (t + 1)(t + 2)=2.

cm ~�
m ~� ;m ~�

= 0; 0; 0; 3; 6; for m = 1; 2; 3; 4; 5.

P�
�� (� m) = 0; 0; 3; 6; 10 for m = 1; 2; 3; 4; 5.

Tianjin, September 2005 – p. 41



Simpleand non-simpleexamples

Simple: n = 7, � = (433210), � = (432210), � = (7444321).

P�
�� (t) = (t + 1)(t + 2)(t + 3)(t + 4)(t + 5)

� (5t + 21)(t2 + 2t + 4)=10080.

cm ~�
m ~� ;m ~�

= 0; 0; 0; 0; 0; 3; 39; 247for m = 1; 2; 3; 4; 5; 6; 7; 8.

P�
�� (� m) = 0; 0; 0; 0; 0; 3; 39; 247for m = 1; 2; 3; 4; 5; 6; 7; 8.

Non-simple: n = 6, � = (221100), � = (221100), � = (332211).

P�
�� (t) = (t + 1)(t + 2)=2.

cm ~�
m ~� ;m ~�

= 0; 0; 0; 3; 6; for m = 1; 2; 3; 4; 5.

P�
�� (� m) = 0; 0; 3; 6; 10 for m = 1; 2; 3; 4; 5.

Tianjin, September 2005 – p. 41



Non-primiti veexamples

Non-primitive: n = 5, � = (9; 7; 6; 2; 0), � = (13; 5; 3; 1; 0),
� = (14; 12; 11; 5; 4).

P�
�� (t) = (t + 1).

cm ~�
m ~� ;m ~�

= 0; 0; 0; 0; 0 for m = 1; 2; 3; 4; 5.

P�
�� (� m) = 0; 1; 2; 3; 4 for m = 1; 2; 3; 4; 5.

In fact cm ~�
m ~� ;m ~�

= 0 for all m 2 N.

Conjecture: c�
�� > 0 is primitive, all essential Horn inequalities

strict, if and only if cm ~�
m ~� ;m ~�

6= 0 for some positive integer m.
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LR factorisation example

Ex: n = 5, r = 3, n � r = 2:

� = (9; 7; 6; 2; 0), � = (13; 5; 3; 1; 0), � = (14; 12; 11; 5; 4).

I = f 1; 2; 4g, J = f 2; 3; 4g, K = f 2; 3; 5g.

cpart (K )
part (I ) part (J ) = c211

1;111 = 1 so that (I ; J; K ) 2 Rn
r .

LR-coef�cient :
c(14;12;11;5;4)

(9;7;6;2;0);(13;5;3;1;0) = c(12;11;4)
(9;7;2);(5;3;1) c(14;5)

(6;0);(13;0) = 2 � 1 = 2.

LR-polynomial:
P(14;12;11;5;4)

(9;7;6;2;0);(13;5;3;1;0)(t) = P(12;11;4)
(9;7;2);(5;3;1)(t) P(14;5)

(6;0);(13;0)(t)

= (t + 1) � 1 = (t + 1).

Need to explain origin of Horn inequalities and factorisation
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Puzzles

De�nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to �t:
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Puzzles

De�nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to �t:
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Puzzles

De�nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to �t:
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Hiveplan

De�nition A hive plan is made up of corridors, dark rooms and
light rooms obtained by deleting interior edges of a puzzle:

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

Tianjin, September 2005 – p. 47



Hiveplan

De�nition A hive plan is made up of shaded corridors, dark
rooms and light rooms obtained by deleting interior edges of
a puzzle:
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Hiveplan

De�nition A hive plan is made up of corridors, blue rooms and
red rooms obtained by deleting interior edges of a puzzle:
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Link betweenHorn triples and puzzles

Theorem To each triple (I ; J; K ) in Tn
r there correponds a

puzzle. For (I ; J; K ) in Rn
r the puzzle is unique (rigid).

In each case (I ; J; K ) speci�es the positions of the thick
edges on the boundary. For I = (1; 2; 4), J = (2; 3; 4) and
K = (2; 3; 5) we have:
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Origin of Horn inequality
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� 3
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 1


 2


 4


 3

� 1 � 2 � 5 � 5

� 1� 2

� 2 + � 3 + � 5 � (� 2 + � 3) + 
 4 = (� 1 + � 2 + � 1 + � 2) + 
 4

� � 1 + � 2 + � 1 + � 2 + 
 4 � � 1 + � 2 + � 1 + � 2 + 
 4

� � 1 + � 2 + � 3 + � 2 + 
 4 � � 1 + � 2 + (� 3 + � 4 + 
 4)
= � 1 + � 2 + (� 4 + � 2 + � 3 + � 4) � � 1 + � 2 + � 4 + � 2 + � 3 + � 4
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Origin of Horn inequality
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LR-coef�cient factorisation

Conjecture If c�
�� > 0 and an essential Horn inequality is

saturated then c�
�� factorises. More precisely,

if ps(� )K = ps(� )I + ps(� )J for (I ; J; K ) 2 Rn
r

then c�
�� = c� K

� I � J
c� K

� I � J
, where I = N nI , etc.

Ex: n = 5, � = (97620), � = (13; 5310), � = (14; 12; 11; 54).

I = f 1; 2; 4g, J = f 2; 3; 4g, K = f 2; 3; 5g.

� 2 + � 3 + � 5 = � 1 + � 2 + � 4 + � 2 + � 3 + � 4.

12+ 11+ 4 = 9 + 7 + 2 + 5 + 3 + 1 .

Need to explain role of Horn equality.
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Consequencesof Horn equality
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� 1 � 2 � 5 � 5

� 1� 2

All sequences of inequalities become equalities.

� 2 + � 3 + � 5 = (� 2 + � 3) + 
 4 = (� 1 + � 2 + � 1 + � 2) + 
 4

= � 1 + � 2 + � 1 + � 2 + 
 4 = � 1 + � 2 + � 1 + � 2 + 
 4

= � 1 + � 2 + � 3 + � 2 + 
 4 = � 1 + � 2 + (� 3 + � 4 + 
 4)
= � 1 + � 2 + (� 4 + � 2 + � 3 + � 4) = � 1 + � 2 + � 4 + � 2 + � 3 + � 4.
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Edgelabel equalities
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 3

� 1 � 2 � 5 � 5

� 1� 2

Equalities imply: � 5 = 
 4, � 1 = � 1, � 2 = � 2,
� 1 = � 3, � 2 = � 4, � 4 = � 4.

In addition: � 5 + � 5 = 
 4 + � 5,
� 1 + � 1 + � 2 = � 1 + � 2 + 
 1, 
 2 + � 4 = � 4 + 
 3.

These then imply: � 5 = � 5, � 1 = 
 1, 
 2 = 
 3.
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Factorisation of LR-hi ves
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Factorisation of LR-hi ves
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Exampleof Hn and subhivesHr ,Hn� r
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Proof of factorisation

To be shown:

the corridors Rn of Hn are redundant;

the dark rooms constitute an LR-hive Hr ;

the light rooms constitute an LR-hive Hn� r ;

any LR hives Hr ,Hn� r joined by Rn gives an LR-hive Hn.

To be checked that the Horn equality implies:

all corridor edge labels �x ed;

LR hive conditions for any rhombus split by corridor;

LR hive conditions across corridor/dark room boundary;

LR hive conditions across corridor/light room boundary.
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Corridor edges�xed

Hive conditions: 
 1 � � 1 � � 1 � � 1, 
 2 � � 2 � � 2 � � 2.

Horn inequality: 
 1 + 
 2 � � 1 + � 2.
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Corridor edges�xed

Hive conditions: 
 1 � � 1 � � 1 � � 1, 
 2 � � 2 � � 2 � � 2.

Horn equality: 
 1 + 
 2 = � 1 + � 2.

Implies: 
 1 = � 1 and 
 2 = � 2.

Implies: 
 1 = � 1 = � 1 = � 1 and 
 2 = � 2 = � 2 = � 2.
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Deletionof corridor

Initial hive conditions: 
 � � , � � � , � � � .

Implies �nal hive condition: 
 � � .

�

�
�







�

�

�

�

��

�
� �

Horn equality � � � = � = 
 � � implies � + � = � + 
 .
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Paths - gentleand good

Path: sequence of connected corridor walls
with dark rooms on left and light rooms on right.

Gentle path: at each vertex deviation 0 or � � =3.

Good path: gentle path from boundary with hive condition
satis�ed across each edge.

Theorem If each edge of every internal corridor wall of a hive
plan is on a good path then the insertion of the corridors
between the two LR subhives gives an LR hive.
Corollary If each edge of every internal corridor wall of a hive
plan is on a good path then the hive plan speci�es a
factorisation of both c�

�� and P�
�� (t).
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Start of goodpaths

Each good path starts on the hive boundary.

Each boundary has edges speci�ed by a partition: � � 
 .

Horn equality applied to corridors: � = � or � = 
 .

Hence required hive conditions across path edges are
satis�ed: � = � � 
 or � = 
 � � .
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Continuation of goodpaths

Initial hive conditions: � � 
 � � or 
 � � � � .

Horn equality applied to corridors: � = � or � = 
 .

Hence required hive conditions across path edges are
satis�ed: � = � � 
 � � or � = 
 � � � � .
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Continuation of goodpaths

Initial hive conditions: � � 
 � � or 
 � � � � .

Horn equality applied to corridors: � = � or � = 
 .

Hence required hive conditions across path edges are
satis�ed: � = � � 
 � � or � = 
 � � � � .
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Extending goodpaths

Initial hive conditions: � � � , � � 
 .

Horn equality 
 = � implies new hive condition � � � .

0 on right extends with 1 on left:
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Extending goodpaths

Initial hive conditions: � � � , � � 
 .

Horn equality 
 = � implies new hive condition � � � .

0 on right extends with 1 on left:
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Extending goodpaths

Initial hive conditions: � � � , � � 
 .

Horn equality 
 = � implies new hive condition � � � .

0 on right extends with 1 on left:
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1 on left extends with 0 on right:
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Intersecting paths

Initial hive conditions: � � � , � � 
 .

Horn equality 
 = � implies new hive condition � � � .

2nd path no deviation 1 on left to 0 on right:
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2nd path no deviation 0 on right to 1 on left:
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Intersecting paths

Initial hive conditions: � � � , � � 
 .

Horn equality 
 = � implies new hive condition � � � .

2nd path no deviation 1 on left to 0 on right:
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2nd path no deviation 0 on right to 1 on left:
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Generationof goodpaths
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Generationof goodpaths
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Generationof goodpaths
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Generationof goodpaths
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Generationof goodpaths
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Generationof goodpaths
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Generationof goodpaths

- - - - - - - -

- - - - - - - -

- - - - - - - -

- - - - - - - -

- - - - - - - -

- - - - - - - -

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

/ / / / / / / /

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3

4 4 4 4 4 4 4 4

4 4 4 4 4 4 4 4

4 4 4 4 4 4 4 4

4 4 4 4 4 4 4 4

4 4 4 4 4 4 4 4
1

1

1
0

0

Tianjin, September 2005 – p. 66



Union of goodpaths
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Good paths cover all interior corridor walls

All LR hive conditions satis�ed

Hence we have factorisation
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Union of goodpaths
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Non-rigid puzzle

n = 10, r = 5.

I = (1; 2; 4; 6; 8); J = (1; 3; 4; 7; 9); K = (2; 4; 6; 8; 10).

part (I ) = (3; 2; 1); part (J ) = (4; 3; 2); part (K ) = (54321).

c54321
321;432 = 6 so that (I ; J; K ) =2 Rn

r
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Gentle loop

Gentle loop is any closed interior gentle path.

Existence of a gentle loop implies puzzle is not rigid.

More than one puzzle with same boundary.
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Goodpaths

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.
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Obstruction to goodpaths

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.
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Obstruction to goodpaths

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.
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Gentle loop is the impediment to factorisation.
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