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Symmetric functions

and let , be the ring of symmetric polynomials in these
Indeterminates.

We have ,= . o ¢ where K consists of the
homogeneous symmetric polynomials of degree k.

For = ( 1; 2;::0; n) 2 NV letx = X;'X,?  X,".
X Isamonomial of weight)] j= 1+ >+ + .

length () nifj j= 1+ -+ t on =, i+1
n Oand ;=0fori> ().
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Basesof ¥

=

fIn each case the basis is found by letting range over the set
of all partitions of weight] j= kandlength () n

X
# Monomial symmetric functions m (x) = X

f = () 2Sng
where the sum is over all distinct permutations ( ) of
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Basesof ¥

=

fIn each case the basis is found by letting range over the set
of all partitions of weight] j= kandlength () n

X
# Monomial symmetric functions m (x) = X

f = () 2Sng
where the sum is over all distinct permutations ( ) of

#» Elementary symmetric func;’kons e(xX)=e,(x) e_(x)
with e((X) = m«(X) = Xi Xi, X

1 i1<i 2< <ik n

K
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Basesof ¥

fIn each case the basis is found by letting range over the setT

of all partitions of weight] j= kandlength () n

X

# Monomial symmetric functions m (x) = X
f = () 2Sng

where the sum is over all distinct permutations ( ) of
#» Elementary symmetric func;’kons e(xX)=e,(x) e_(x)
with e((X) = m«(X) = XiiXi,  Xip-
1 i1<i2< <ig n
® X
h (X)=h_ (x) h _(x)withhg(x) = m (X)
P P 1=k

= iizk X T 10y i in nXitXiz Xig-
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Schur function basisof X

-

® Schur functions:

Cas () '
MY ) R T

where =(n 1,n 2;:::;1,0) and

X
a.+ (x)= ()x )

2 Sn

for all partitions withj j=kand () n.

#® This de nition implies that s (x) iIs a homogeneous

.
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De nitions of K and LR coef cients

o .

® Kostka coef cients K

X X
S (X) = K X = K m (x)
#® Alternatively, X
h (X) = K s (X):
#® Note: K = K forany permutation of a partition
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De nitions of K and LR coef cients

-

® Kostka coef cients K

X X
S (X) = K X = K m (x)
#® Alternatively, X
h (X) = K s (X):
#® Note: K = K forany permutation of a partition

® Littlewood-Richardson coef cients ¢

X
S (X)s (x) = c S (X):

.
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Young diagrams and tableaux

-

#® Each partition species a Young diagram F consisting
of | | boxes arranged in left-adjusted rows of lengths ;.

#® A semistandard Young tableaux T of shape and weight
(T) i1s a numbering of the boxes F with ;(T) entries |
fori = 1;2;:::;n that are weakly increasing across rows
and strictly increasing down columns.

® Example:n=5 = (5/4,4,3;0)and (T) = (2;3;4;4;3).

111|234
B 1212134
F = andT—3345

4/ 5|5
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Calculation of Kostka coef cients

-

® Theorems (x) = x (T where the sum is over all

.
semistandard Young tableaux of shape

#® Corollary K Is the number of semistandard Young
tableaux of shape and weight

9 n=3 =(3;20), =(21,2).
1(1]2 1113
3|3 2|3

Hence K = 2
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Calculation of LR coef cients

=

# An LR tableau is formed by adding to F , with all
entries O, the boxes of F , with entries equal to their

original row number, to give a diagram of shape F In
which the non-zero numbers

are weakly increasing across rows

are strictly increasing down columns

and #(i1) #(i+ 1)foralli

when read from right to left and top to bottom.

® Theorem c¢ Isthe number of such LR tableaux.

® Example:n=3, = (210), = (3200and = (431).

0011 0011
0|12 0122 hence ¢ = 2

| 2 L o
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Character theoretic approach

fTheorem Weyl's character formula: T

Let V Dbe an irreducible representation of gl(n) of highest
weight ,andlet = (n 1,n 2;:::;1,0). Then

Ty Dwzsn( 1) Wgw( +)
o w2s, 1) Wew():

® Observation chV = s (x) wheree = x for all

#® Kostka coef cients are dlgtermined by the weight space
decomposition chV = K e.

# Littlewood-Richardson coef cients are det%mined by the
tensor product decomposition V.V = c V.

o -
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Character theoretic formulae

Kostant's partition function:
X

2 +

Kostant's weight multiplicity formula:

X \
K = (D™P(+  w( + )
W2 Sp

Steinberg's formula:

X -
c = (DWTWPW + )+w( + )
ww®2 S,
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K-polynomials

Kostka coef cients K

composition

Partitions: = ( 1; 2;:::
1 2 n 0
Composition: = ( q;

| = 1;:::;n, weight | j.

, Indexed by a partition

and a

length () n,weightj j.

, oriiiy pywith  Ofor

Stretched Kostka coef cients Ky

Theorem P. (t) = Ky

IS polynomial in t.
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.

K-polynomials

=

Kostka coef cients K , indexed by a partition and a
composition

Partitions: = ( 1; 2;:::; n) with

1 2 n O, length () n,weightj j.
Composition: = ( 1; 2;:::; n)with §  Ofor

| = 1;:::;n, weight | j.

Stretched Kostka coef cients Ky
Theorem P. (t) = K Is polynomialint.

Example:n =9, = (95222100) = (115355111)
P (t)= (t+ 1)%(t+ 2) =24,

-
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LR-polynomials

Littlewood-Richardson coef cients ¢ , indexed by
partitions ; ;

Partitions: = ( 1; 2;:::; n)ywith ;2 Zforalli,

1 2 n O/length () n,weightj j.

Stretched Littlewood-Richardson coef cients ¢,
Stretching parametert 2 N.

Theorem P. (t) = ¢, is polynomialin t.
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LR-polynomials

f Littlewood-Richardson coef cients ¢ , indexed by T
partitions ; ;
Partitions: = ( 1; 2;:::; n)ywith ;2 Zforalli,
1 > n 0O, length () n,weightj j.

Stretched Littlewood-Richardson coef cients ¢,
Stretching parametert 2 N.
Theorem P. (t) = ¢, is polynomialin t.

'n=7, = (433210) = (432210) = (7444321)c = 13
and P (t) =
(t+ 1)(t+ 2)(t+ 3)(t+ 4)(t+ 5) =10080

o -
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Integer hives

n-hive with vertex labels a; 2 Z for O
ExX:n=4

Tianjin, September 2005

;1 +

n.

—-p. ]



Integer hives

f n-hive with vertex labels a; 2 Zfor0 i;j;i+j n. T
Ex:n=4

Vertex labels increase from left to right

Edge labels non-negative differences between
neighbouring vertex labels

L = ajj +1 Aj = di+1;j 1 4, = QAj+1 ;] a;j - J
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Hive conditions

f Distinct types of rhombi, with vertex and edge labels: T
a b z b d
NN AV

C -d a C

d
R1: R2: R3:

Note: : : ; 0 and + = +
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Hive conditions

Distinct types of rnombi, with vertex and edge labels:

a
a b b d
\A b C N
C -d a C
d
R1: R2: R3:
Note: : : ; 0 and + = +
Hive conditions in terms of vertex labels:
b+ c a+ d:

Hive conditions in terms of edge labels:

and
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K-hivesvertex labels

fDe nition A K-hive is an integer n-hive for which T
all rhombi of type R1 and R2 (but not R3) satisfy the hive
conditions;
boundaries determined by 0= (0;:::;0), = ( 1;:::; n),

Tianjin, September 2005 -p. ]



K-hivesvertex labels

fDe nition A K-hive is an integer n-hive for which T

all rhombi of type R1 and R2 (but not R3) satisfy the hive
conditions;
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K-hivesedgelabels

fDe nition A K-hive is an integer n-hive for which T

all rhombi of type R1 and R2 (but not R3) satisfy the hive
conditions;
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LR-hivesvertex labels

fDe nition An LR-hive is an integer n-hive for which T

all rhombi of type R1, R2 and R3 satisfy the hive
conditions;

boundaries determined by partitions ; ; with
(), () () nandj j+jJ=]]
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LR-hivesvertex labels

fDe nition An LR-hive is an integer n-hive for which

all rhombi of type R1, R2 and R3 satisfy the hive
conditions;

boundaries determined by partitions ; ; with
() () () nandjj+]]=]]
boundary vertex labels

i

0
1 1t o JI=01+1]
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LR-hivesedgelabels

fDe nition An LR-hive is an integer n-hive for which

all rhombi of type R1, R2 and R3 satisfy the hive
conditions;

boundaries determined by partitions ; ; with
(), () () nandj j+jJ=]]

boundary edge labels

Tianjin, September 2005
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Bijection betweentableauxand K-hives

fExampIe: n=3 = (320and = (212). T
T = Semistandard Young tableau,
G = Gelfand-Zetlin pattern;
Z = Zeros and cumulative row sums of G;

H = K-hive = reorientation of Z.

171]3 320
T = () G= 21
213

2

0355 0

- 02 3 H= 0 3

) 0 2 ) 025

0 0235
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Bijection betweenLR-diagrams and LR-hives

fExampIe: n=3 = (320), = (210)and = (431). T
D = Littlewood-Richardson diagram;
G = Generalised Gelfand-Zetlin pattern;
Z = Zeros and cumulative row sums of G;

H = LR-hive = reorientation of lower triangular part of Z.

0001 4 3 1
D=10/0]2 () = 4 31
1 4 2 1
320
O 4 7 8 5
() 7= 0478 () H = 5 7
O 4 6 7 3 6 8

L 0 355 0 4 7 8 J
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Theorems

Theorem The K-coef cient K Is the number of K-hives T
with boundary labels specied by and

Theorem The LR-coef cient ¢ is the number of
LR-hives with boundary labels determined by , and
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Theorems

Theorem The K-coef cient K Is the number of K-hives T
with boundary labels specied by and

Theorem The LR-coef cient ¢ is the number of
LR-hives with boundary labels determined by , and

Corollary Both the K-polynomial P (t) and the
LR-polynomial P (t) can be identi ed as the Ehrhart
guasi-polynomial i(P;t), of a rational convex polytope P
de ned by the sets of K-hive and LR-hive inequalities.
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Theorems

f Theorem The K-coef cient K Is the number of K-hives T
with boundary labels specied by and

Theorem The LR-coef cient ¢ is the number of
LR-hives with boundary labels determined by , and

Corollary Both the K-polynomial P (t) and the
LR-polynomial P (t) can be identi ed as the Ehrhart
guasi-polynomial i(P;t), of a rational convex polytope P
de ned by the sets of K-hive and LR-hive inequalities.

Note
not

L polynomial. J
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Partial sums

LetN =f1,2,:::;ng, R=11,2,:::;rgwith1l r <n, T
|:fi1,I2;""Ig NandI—NnI

Ifl1< 1, < < |, then let
part (1)= (I, r;:::;1o 2517 1)
For any partition or composition let:
pS( )|: i, T i T o

Tianjin, September 2005 -p.z



Partial sums

=

LetN =f1,2,:::;ng, R=11,2,:::;rgwith1l r <n,

Ifl1< 1, < < |, then let
part (1)= (I, r;:::;1o 2517 1)
For any partition or composition let:

pS( )|: i, T i, T o

Let T be the set of triples (I ;J; K) with | ;J; K N and

— — — - t (K)
#l=#J=#K =r1 with ¢ ai ) > O
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Partial sums

=

LetN =f1,2,:::;ng, R=11,2,:::;rgwith1l r <n,

Ifl1< 1, < < |, then let
part (1)= (I, r;:::;1o 2517 1)
For any partition or composition let:

pS( )|: i, T i, T o

Let T be the set of triples (I ;J; K) with | ;J; K N and

— — — - t (K)
#l=#J=#K =r1 with ¢ ai ) > O

Let R!' be the set of triples (1 ;J;K) with1;J;K N and

— — — - t (K) _
#l=#JI=#K =1 with ¢ (yar ) = L B
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Non-zero conditions

-

Theorem: K > Oifandonlyifj j=j jand, for all
r=1,2,:::;n 1,
Ps( )y ps( )rp foralll N with#I =r.

=
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Non-zero conditions

-

Theorem: K > Oifandonlyifj j=j jand, for all
r=1,2,:::;n 1,

Ps( )y ps( )rp foralll N with#I =r.
Theorem: ¢ > Oifandonlyifj j=] j+ | jand, forall
r=1,2;:::;n 1,
ps( )k ps( ) +ps( ); forall(l;J;K)2 T/

=
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Non-zero conditions

-

Theorem: K > Oifandonlyifj j=j jand, for all
r=1,2,:::;n 1,

Ps( )y ps( )rp foralll N with#I =r.
Theorem: ¢ > Oifandonlyifj j=] j+ | jand, forall
r=1,2;:::;n 1,
ps( )k ps( ) +ps( ); forall(l;J;K)2 T/

=

Not all of Horn's inequalities are essential.
T may be replaced by R}.
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Non-zero conditions

-

Theorem: K > Oifandonlyifj j=j jand, for all
r=1,2,:::;n 1,

Ps( )y ps( )rp foralll N with#I =r.
Theorem: ¢ > Oifandonlyifj j=] j+ | jand, forall
r=1,2;:::;n 1,
ps( )k ps( ) +ps( ); forall(l;J;K)2 T/

Not all of Horn's inequalities are essential.
T may be replaced by R}.

Saturation Corollaries:
K >0, Kiy >0 and ¢ >0, q;
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Factorisation

-

Theorem: If K > Oand ps( ), = ps( )r then:
K =K, . K__

P ()=P, () P_ _(1);

K (@=K, (@K (;

P (gt)=P, ()P _ _(qt),

where K (g) is a Kostka-Foulkes polynomial and P (q;t) is
Its stretched version.

.

Tianjin, September 2005



Factorisation

-

Theorem: If K > Oand ps( ), = ps( )r then:

K =K, K __

P ()=P, () P_ _(1);

K (=K, (@K (9

P (gt)=P, ()P _ _(qt),
where K (g) is a Kostka-Foulkes polynomial and P (q;t) is
its stretched version.

Ifc >0andps( )k = ps( ), + ps( ); for some
(1;J;K) 2 R?, then:

L C :cfjc*ffj_ and P ()=P* ()P I_K_J_(): J
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K factorisation example

o .

‘n=6r=23 = (964420) = (263761)| = f2;4;5q.
r = (964), | = (676), == (420), —= (231),



K factorisation example

-

'nN=6r=3 =(964420) = (263761)1 = f2;4;50.
R — (964), | — (676), R — (420), T = (231),
Kostka coefcients: K =6,K , . = 3, K = 2

R I R
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K factorisation example

-

n=6r=3 = (964420) = (263761)I1 = f2;4;59.
r = (964), | = (676), = (420), = (231)

Kostka coefcients: K =6,K =3 K _ _=2

K-polynomials: P (t) = (t+ 1)(2t + 1)

P, ()= +1) P_ _(t)=(t+1)
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K factorisation example

o .

'n=6r=3 =(964420) = (263761)I1 = f2;4;50.
r = (964), | = (676), = (420), = (231)
Kostka coefcients: K =6,K =3 K _ _=2
K-polynomials: P (t) = (t+ 1)(2t + 1)
P, ()= +1) P_ _(t)=(t+1)
K (0 =a’(g+ 1)( + g+ 1)
K, = F(@+g+1) K__=q(q+1).
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K factorisation example

o .

'n=6r=3 =(964420) = (263761)I1 = f2;4;50.
r = (964), | = (676), = (420), = (231)
Kostka coefcients: K =6,K =3 K _ _=2
K-polynomials: P (t) = (t+ 1)(2t + 1)
P, ()= +1) P_ _(t)=(t+1)
K (0 =a’(g+ 1)( + g+ 1)
K, = F(@+g+1) K__=q(q+1).

qt+1 1 q2t+l 1
g 1 q 1

P, .(gt)= i

B *

P (gt) = o
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LR factorisation example

e

Xn=5r=3n r=2
=(9,7,6,2,0), =(135310), = (1412115;4).

| = 11;2;49,J = 12,3;49, K = f2; 3; 50.
Coort (bt () = Codiy = 1 sothat (1;J;K) 2 RY.
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LR factorisation example

fEx:n:5,r:3,n r= 2.
=(9,7,6,2,0), =(1353,1,0), = (1412115;4).
| = 11;2;49,J = 12,3;49, K = f2; 3; 50.

t (K — _ - -
Coort (bt () = Codiy = 1 sothat (1;J;K) 2 RY.

LR-coef cient :
(14;12;11,5;4)

— ~(12;11;4) (14;5) _ _
C9:7:6:2:0):(13:5:3:1;0) — (9:7:2);5:3:1) G 2 1=2

(6;0);(13;0) —
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LR factorisation example

fEx:n: 5r=3,n r=2
=(9,7,6,2,0), = (1353,1,0), = (1412115;4).

| = 11;2;49,J = 12,3;49, K = f2; 3; 50.

t (K — _ - -
Coort (bt () = Codiy = 1 sothat (1;J;K) 2 RY.

LR-coef clent :

C(14;12;11;5;4)
(9;7,6;2;0);(13:5;3;1,0)

— C(12;11;4)

(14;5) _ _
(9:7:2):(5:3,1) © 2 1= 2

(6;0);(13;0) —
LR-polynomial:

(14,12;11;5;4) _ p12;114) (14;5)
I:)(9;7;6;2;0);(13;5;3;1;0)(t) - I:)(9;7;2);(5;3;1)(J[) P(6;o);(13;0)(t)

= (t+1) 1= (t+ 1).

.
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Non-essentiaHorn equality

fEx:n:6,r:3,n r= 3
= (221100) = (221100) = (332211)
| = 11;3;59,J = 11,3;59, K = f2; 4, 60.

t (K — _ - -
Coort (bt (3) = Cooby = 2 sothat (1;J;K) 2R?
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Non-essentiaHorn equality

fEx: N

6,r=3n r=3
= (221100) = (221100) = (332211)
| = 11;3;59,J = 11,3;59, K = f2; 4, 60.

t (K — _ - -
Coort (bt (3) = Cooby = 2 sothat (1;J;K) 2R?

LR-coef clents :

(332211) = 3 but C(321) C(321) -2 2=4

C(221100):(221100) — (210):(210) “(210):(210) ~
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Non-essentiaHorn equality

fEx: N

6,r=3n r=3
= (221100) = (221100) = (332211)
| = 11;3;59,J = 11,3;59, K = f2; 4, 60.

t (K _ _ . 1-
Coort (bt (3) = Cooby = 2 sothat (1;J;K) 2R?
LR-coef clents :

(332211) _ (321) (321) _ _
Cio21100)(221100) = S BUt €50y 210) Co10):210) = 2 2= 4

LR-polynomials:

(332211) o
P 221100y 221100 (1) = 3(t + 1)(t + 2) but

(321) (321) _ B
P10y 210) (D) P1gy010)(1) = (t+ 1) (t+ 1) = (t+ 1)2.

.
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Degreesof LR-polynomials

=

Forc > Othe LR-ruleimplies ( ); () ().

c isthe number of LR n-hives withn = "( ),
boundary labels linear in the parts of ; ;
Interior vertex labels subject to linear inequalities (HCs).
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Degreesof LR-polynomials

=

Forc > Othe LR-ruleimplies ( ); () ().

c isthe number of LR n-hives withn = "( ),
boundary labels linear in the parts of ; ;
Interior vertex labels subject to linear inequalities (HCs).

Fort 2 N, P (1) is the number of scaled LR n-hives
with boundary labels scaled by t and interior vertex
labels subject to the linear inequalities.

The range of each vertex label is at most linear in t.

An n-hive has (n  1)(n 2)=2interior vertices.
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Degreesof LR-polynomials

=

Forc > Othe LR-ruleimplies ( ); () ().

c isthe number of LR n-hives withn = "( ),
boundary labels linear in the parts of ; ;
Interior vertex labels subject to linear inequalities (HCs).

Fort 2 N, P (1) is the number of scaled LR n-hives
with boundary labels scaled by t and interior vertex
labels subject to the linear inequalities.

The range of each vertex label is at most linear in t.

An n-hive has (n  1)(n 2)=2interior vertices.

LDegree bound degP (t) (n 1)(n 2)=2 withn= ( )'J
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First example

fEx: n= 5 degree bound (n 1)(n 2)=2= 6. T
= (9;7,6,2,0), = (135,3,1,0), = (1412115;4).
P (t)=(t+1) sothat degP (t)= 1.
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First example

fEx: n= 5 degree bound (n 1)(n 2)=2= 6. T
=(9,7,6,2,0), = (135310), = (1412115;4).
P (t)=(t+1) sothat degP (t)= 1.
Origin of mismatch - factorisation
P (t)=PF ()P l_K_J_(t).
LR-hivesforn=5r=3,n r = 2.

AN

Tianjin, September 2005 -p.z



First example

fEx: n= 5 degree bound (n 1)(n 2)=2= 6. T
=(9,7,6,2,0), = (135310), = (1412115;4).
P (t)=(t+1) sothat degP (t)= 1.
Origin of mismatch - factorisation
P (t)=PF ()P l_K_J_(t).
LR-hivesforn=5r=3,n r = 2.

AN

LFactorised degree bound 1+ 0= 1is saturated. J
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Secondexample

-

Ex: n= 6,degree bound (n 1)(n 2)=2= 10.

= (4,3,3,1,0,0), =(42L1L0), =(654221).
P ()= (t+ 1)(t+ 2)(t+ 3)(t + 4)=24
degP (t) = 4.

=



Secondexample

fE 1)(n 2)=2= 10 .

X. n = 6, degree bound (n
= (4,3,3,1,0,0), =(421110), =(654221).
P ()= (t+ 1)(t+ 2)(t+ 3)(t + 4)=24
degP (t) = 4.

All essential Horn inequalities are strict.

The LR-polynomial does not factorise.

The factorised degree bound is not saturated.

Tianjin, September 2005 -p.:



Secondexample

fE 1)(n 2)=2= 10 .

X. n = 6, degree bound (n
= (4,3,3,1,0,0), =(421110), =(654221).
P ()= (t+ 1)(t+ 2)(t+ 3)(t + 4)=24
degP (t) = 4.

All essential Horn inequalities are strict.

The LR-polynomial does not factorise.

The factorised degree bound is not saturated.

Origin of mismatch - partitions have equal parts.

o -
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Five-vertex equal edgeconstraints

f Equal edge constraints on 5-vertex subdiagrams T

In each case sothat =

AN — AN
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Five-vertex equal edgeconstraints

Equal edge constraints on 5-vertex subdiagrams T

In each case sothat =

AN — AN

Consecutive equal edges force neighbouring equal edge.

Retain skeleton consisting of only equal edges.

N = S
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Skeletonof an LR-hive

Apply 5-vertex equal edge procedure to LR n-hive.
Work inwards from boundaries speci ed by ;

Result is skeletal graph G,.  of hive.

Let d(G,. ) be number of components of G,.  not
connected to the boundary.
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EX:

Skeletonof an LR-hive

Apply 5-vertex equal edge procedure to LR n-hive.
Work inwards from boundaries speci ed by ;

Result is skeletal graph G,.  of hive.

Let d(G,. ) be number of components of G,.  not
connected to the boundary.

n=6 = (433100) = (421110) = (654221)
0

4
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Skeletongraph degreebound

-

Theorem degP (1) d(G,. ).
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Skeletongraph degreebound

-

Theorem degP (1) d(G,. ).

Ex:n=6, = (433100) = (421110) = (654221)
0

4

P (t)=(t+ D+ 2)(t+ 3)(t+ 4)=24
degP (1) = 4= d(G,. ).

.



Skeletongraph degreebound

-

Theorem degP (1) d(G,. ).

Ex:n=6, = (433100) = (421110) = (654221)
0

4

P (t)=(t+ D+ 2)(t+ 3)(t+ 4)=24
degP (1) = 4= d(G,. ).

.



Primiti ve and simple LR-polynomials

-

De nition : An LR-coefcient ¢ and the LR-polynomial P (t)
are said to be:

=

primitive If all essential Horn inequalities are strict.

If all Horn inequalities are
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Primiti ve and simple LR-polynomials

-

De nition : An LR-coefcient ¢ and the LR-polynomial P (t)
are said to be:

=

primitive If all essential Horn inequalities are strict.
If 2ll Horn inequalities are

Corollary of Factorisation Conjecture: All LR-coef cients and
LR-polynomials may be expressed as products of primitive
LR-coef cients and LR-polynomials, respectively.

o -
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Primiti ve and simple LR-polynomials

-

De nition : An LR-coefcient ¢ and the LR-polynomial P (t)
are said to be:

=

primitive If all essential Horn inequalities are strict.
If 2ll Horn inequalities are

Corollary of Factorisation Conjecture: All LR-coef cients and
LR-polynomials may be expressed as products of primitive
LR-coef cients and LR-polynomials, respectively.

fFP™ u(t) is then degP (t) = d(G,. ).

Note: Not all primitive LR-polynomials are simple.

o -
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Degreeof simple LR-polynomial

- .

Ex:n=7 = (433210) = (432210) = (7444321)

P (t) = (t+ 1)(t+ 2)(t+ 3)(t+ 4)(t+ 5)
(5t + 21)(t? + 2t + 4)=10080
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Degreeof simple LR-polynomial

- .

Ex:n=7 = (433210) = (432210) = (7444321)

P (t) = (t+ 1)(t+ 2)(t+ 3)(t+ 4)(t+ 5)
(5t + 21)(t? + 2t + 4)=10080




Degreeof simple LR-polynomial

- .

Ex:n=7 = (433210) = (432210) = (7444321)

P ()= (t+ L)(t+ 2)(t+ 3)(t+ 4)(t+5)
(5t + 21)(t? + 2t + 4)=10080

degP (1) = 8= d(G, ).

Tianjin, S 5 —-p.



Degreeof primiti ve non-simple LR-polynomial

- .

Ex:n=6, = (221100) = (221100) = (332211)

P (t)= 2(t+ 1)(t+ 2).

Tianjin, September 2005



Degreeof primiti ve non-simple LR-polynomial

- .

Ex:n=6, = (221100) = (221100) = (332211)

P (t)= 2(t+ 1)(t+ 2).




Degreeof primiti ve non-simple LR-polynomial

- .

Ex:n=6, = (221100) = (221100) = (332211)

P (t)= 2(t+ 1)(t+ 2).

degP (1) =2<4=d(G, ).

. :
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L inear factors

o

rigin of linear factors in LR-polynomials.

Let P be an LR hive polytope, and P its interior.

Fort2 N: P (t)=i(P;t)=#ftP\ Z9,.

Ehrhart reciprocity: i(P; t)= ( 1)%ftP\ Z9.
Form2N: P ( m)=i(P; m)=( 1% fmP\ Z9%.

HenceP ( m)= 0andP (t) must contain a linear
factor (t + m) if mP contains no interior integer points.

Tianjin, September 2005



L inear factors

o

rigin of linear factors in LR-polynomials.

Let P be an LR hive polytope, and P its interior.

Fort2 N: P (t)=i(P;t)=#ftP\ Z9,.

Ehrhart reciprocity: i(P; t)= ( 1)%ftP\ Z9.
Form2N: P ( m)=i(P; m)=( 1% fmP\ Z9%.
HenceP ( m)= 0andP (t) must contain a linear

factor (t + m) if mP contains no interior integer points.

Anticipate: P (t) may contain (t+ 1)(t+ 2) (t+ M).

.

- Determine M .

Tianjin, September 2005



Possiblecontinuation in t

For X = (Xq;Xo; i1 Xp) letX = (Xq; X2, 0005 %X,)

withx; = x; *fori = 1;2;:::;n.

For = ( 1 o;:i0y n)let™=( niiii; 25 1)
tJ+nJ m ;+n |
| |

[ |
Ymn ket +N K
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Possiblecontinuation in t

For X = (Xq;Xo; i1 Xp) letX = (Xq; X2, 0005 %X,)
withX; = x; fori = 1;2;:::;n
For = ( 1 2;0:15 n)let ™= ( niiiis 25 2).
tj+n j m j+n |
| |
i |
Ymn ket +N K

This gives s , (X) = ” = s,~(X).

X;

De nition For ¢ > 0 and any positive integer m, let

.

m
Cm;m
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LR polynomialsfor negatvet

-

fConjecture: Letc > 0be simple, all Horn inequalities strict,
then P ( m=c¢c"Z |,
pmTim-~
where s_-(X) Sm~(X) = CQZ;W Sm~(X).
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LR polynomialsfor negatvet

=

fConjecture: Letc > 0be simple, all Horn inequalities strict,
then P ( m=c"Z |,
Pm ;m ~
where s_-(X) Sm~(X) = (:2:;m~ Sm~(X).
Standardization:
S,~(X) = 0 or s (x) for some partition
Sm~(X) = 0 or s (x) for some partition

Sm~(X) = 0 or s (x) for some partition
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LR polynomialsfor negatvet

=

fConjecture: Letc > 0be simple, all Horn inequalities strict,
then P ( m=c¢c"Z |,
pmTim-~
where s_-(X) Sm~(X) = CQZ;W Sm~(X).

Standardization:
S,~(X) = 0 or s (x) for some partition
Sm~(X) = 0 or s (x) for some partition

Sm~(X) = 0 or s (x) for some partition

S~(X) = 0, Sp~(X) = 0, sp-(X) = 0.

L c =0. J

Tianjin, September 2005 -p.:



Simple example

-

Ex:n=7 = (433210) = (432210) = (7444321)

=

P ()= (t+ 1(t+ 2)(t+ 3)(t+ 4)(t + 5)
=10080
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Simple example

fEx: n=7 = (433210) = (432210) = (7444321) .

P (t) = (t+ 1)t + 2)(t+ 3)(t + 4)(t + 5)
=10080

form = 1;2; 3 since:
Sp~(X) = Sm-(X) = O0form = 1,2

Sm~(X) = Oform = 1, 2; 3.
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Simple example

fEx: n=7 = (433210) = (432210) = (7444321) .

P ()= (t+ D+ 2)(t+ 3)(t+ 4)(t+ 5)
=10080
form = 1;2; 3 since:
Sp~(X) = Sm-(X) = O0form = 1,2
Sm~(X) = Oform = 1, 2; 3.
Type two zeros for m = 4; 5 since:

c =0form= 45.

o -
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Simple example

fEx: n=7 = (433210) = (432210) = (7444321) .

P ()= (t+ D+ 2)(t+ 3)(t+ 4)(t+ 5)
=10080
form = 1;2; 3 since:
Sp~(X) = Sm-(X) = O0form = 1,2
Sm~(X) = Oform = 1, 2; 3.
Type two zeros for m = 4; 5 since:
c =0form= 45.

No more zeros form > 5sinceform=6:¢c = 3.
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Simple and non-simpleexamples

-

Simple: n= 7, = (433210) = (432210) = (7444321)

P (t) = (t+ 1)t + 2)(t+ 3)(t + 4)(t + 5)
=10080

c'Z _=0,0,00;0;3;39247for m = 1;2;3;4;5;6; 7; 8.

P ( m=2000003;,39247form = 1,2, 3,4,5,6, 7, 8.
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Simple and non-simpleexamples

-

Simple: n= 7, = (433210) = (432210) = (7444321)

=

P (t) = (t+ 1)t + 2)(t+ 3)(t + 4)(t + 5)
=10080

c'Z _=0,0,00;0;3;39247for m = 1;2;3;4;5;6; 7; 8.

P ( m=2000003;,39247form = 1,2, 3,4,5,6, 7, 8.
Non-simple: n =6, = (221100) = (221100) = (332211)

P (t)=(t+ 1)(t + 2)=2
c‘;ﬁ = 00036 form= 123 45.

_~
~

L P ( m)=003610form = 1;2;3;4;5. J
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Non-primiti ve examples

-

Non-primitive: n=5, = (9;7;6;2;0), = (13;5;3;1,0),
= (14,12 115;4).

P (t)=(t+ 1).

c'"Z =000,0,0form= 1;2;3;4,5.

m~:m~

P ( m=01234form= 1,2 3;4,5.

In factc™- = Oforallm2 N.

m™=:m

~
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Non-primiti ve examples

-

Non-primitive: n=5, = (9;7;6;2,;0), = (13,5;3;1,0),
= (14,12 115;4).

P (t)=(t+ 1).

c'"Z =000,0,0form= 1;2;3;4,5.

m~:m~

P ( m=01234form= 1,2 3;4,5.

In factc™- = Oforallm2 N.

m™=:m

~

Conjecture: ¢ > 0is primitive, all essential Horn inequalities
strict, ifand only if c?~ 6 0O for some positive integer m.

.
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LR factorisation example

fEx:n: 5r=3,n r=2
=(9,7,6,2,0), = (1353,1,0), = (1412115;4).

| = 11;2;49,J = 12,3;49, K = f2; 3; 50.

t (K — _ - 7-
Coort (1 ybart (1) = Coday = 1 sothat (1;J;K) 2 R,

LR-coef clent :

C(14;12;11;5;4)
(9;7,6;2;0);(13:5;3;1,0)

— C(12;11;4)

(14;5) _ _
(9:7:2):(5:3,1) © 2 1= 2

(6;0);(13;0) —
LR-polynomial:

(14,12;11;5;4) _ p12;114) (14;5)
I:)(9;7;6;2;0);(13;5;3;1;0)(t) - I:)(9;7;2);(5;3;1)(J[) P(6;o);(13;0)(t)

= (t+1) 1= (t+ 1).

.
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LR factorisation example

fEx:n: 5r=3,n r=2
=(9,7,6,2,0), = (1353,1,0), = (1412115;4).

| = 11;2;49,J = 12,3;49, K = f2; 3; 50.

t (K — _ - 7-
Coort (1 ybart (1) = Coday = 1 sothat (1;J;K) 2 R,

LR-coef clent :

C(14;12;11;5;4)
(9;7,6;2;0);(13:5;3;1,0)

— C(12;11;4)

(14;5) _ _
(9:7:2):(5:3,1) © 2 1= 2

(6;0);(13;0) —
LR-polynomial:

(14,12;11;5;4) _ p12;114) (14;5)
I:)(9;7;6;2;0);(13;5;3;1;0)(t) - I:)(9;7;2);(5;3;1)(J[) P(6;o);(13;0)(t)

= (t+1) 1= (t+ 1).

o
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Puzzles

=

fDe nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to t:
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Puzzles

=

fDe nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to t:
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Puzzles

-

fDe nition A puzzle is a diagram on a triangular lattice in
which edges are distinguished so that it is composed of
copies of the following pieces oriented in any way so as to t:

T, A A
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Hive plan

fDe nition A hive plan is made up of , dark rooms andT
light rooms obtained by deleting interior edges of a puzzle:

N

/
/

/ ™
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Hive plan

fDe nition A hive plan is made up of , dark T
rooms and light rooms obtained by deleting interior edges of

a puzzle:
N

/
/

/
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Hive plan

fDe nition A hive plan is made up of corridors, blue rooms andT
red rooms obtained by deleting interior edges of a puzzle:

h N

A

A
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Link betweenHorn triples and puzzles

f Theorem To each triple (1 ;J;K) in T" there correponds aT
puzzle. For (I;J;K) in R} the (rigid).
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Link betweenHorn triples and puzzles

Theorem To each triple (1 ;J;K) in T" there correponds aT
puzzle. For (I;J;K) in R} the (rigid).

In each case (I ;J; K) speci es the positions of the thick
edges on the boundary. For| = (1;2;4), J = (2;3;4) and
K = (2;3;5) we have:

/
/

/ )
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Origin of Horn inequality




Origin of Horn inequality
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LR-coef cient factorisation

=

Conjecture If c > 0and an essential Horn inequality is
saturated then ¢ factorises. More precisely,

it ps( )k =ps( ) +ps( )y for (I;3;K) 2R/

then ¢ =c¥ ck_, where | = Nnl, etc.

J
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LR-coef cient factorisation

=

Conjecture If c > 0and an essential Horn inequality is
saturated then ¢ factorises. More precisely,

it ps( )k =ps( ) +ps( )y for (I;3;K) 2R/

then ¢ =c¥ ck_, where | = Nnl, etc.

J
Ex:n=5 = (97620) = (13;5310) = (14,12 1154).
| = 11,249, = 12,3;49, K = {2, 3; 50.
2t 3t 5= 1t 2%t 4t 2+ 3t 4

12+ 11+ 4= 9+ 7+ 2+ 5+ 3+ 1.
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LR-coef cient factorisation

=

Conjecture If c > 0and an essential Horn inequality is
saturated then ¢ factorises. More precisely,

it ps( )k =ps( ) +ps( )y for (I;3;K) 2R/

then ¢ =c¥ ck_, where | = Nnl, etc.

J
Ex:n=5 = (97620) = (13;5310) = (14,12 1154).
| = 11,249, = 12,3;49, K = {2, 3; 50.
2t 3t 5= 1t 2%t 4t 2+ 3t 4

12+ 11+ 4= 9+ 7+ 2+ 5+ 3+ 1.
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Consequencesf Horn equality

All sequences of inequalities become equalities.

o+ 3+ 5= (2% 3)+ 4=( 1+ 2+ 1+ )+ 4
T 2% 1t 2F 4= 1t 2t 1t 2t 4

1+ 2% 3t ot 4= 1t o+ (3t 4t )

L_; 1+ 2+ (4t 21+ 3+ 4)= 1+ 2+ 4+ o+ 3+ ¢_J
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Edgelabel equalities

1 2 3 4
Equalities imply: 5= 4, = 1,
1 — 31 — ) 4 — 4'
In addition: 5+ 5= 42+ 5,
1t ot 2= ot ot g, 2t 4=

These then imply: 5= b5, 1= 1,

Tianjin, September 2005




Factorisation of LR-hives




Factorisation of LR-hives




Example of H, and subhivesH, ,H ;




Proof of factorisation

fTo be shown:
the corridors R, of H,, are redundant;

the dark rooms constitute an LR-hive H,;

the light rooms constitute an LR-hive H,, ;

any LR hives H,,H,, ; joined by R, gives an LR-hive H,,.
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Proof of factorisation

fTo be shown: T

the corridors R, of H,, are redundant;

the dark rooms constitute an LR-hive H,;

the light rooms constitute an LR-hive H,, ;

any LR hives H,,H,, ; joined by R, gives an LR-hive H,,.

all corridor edge labels x ed,;
LR hive conditions for any rhombus split by corridor,
LR hive conditions across corridor/dark room boundary;

L LR hive conditions across corridor/light room boundary. J
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Corridor edgesxed

-

Hive conditions: 4 1 1 1, 2

Horn inequality: 1+ > 1+ .

Tianjin, September 2005



Corridor edgesxed

Hive conditions: 4 1 1 1, 2 2 2
Horn equality: 1+ >= 1+ ».
Implies: ;= , and ,= ..

Implies: = 1= 1= and ,= ,= ,= .
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Deletion of corridor

-

Initial hive conditions:

Implies nal hive condition:

<

—=

AN

implies + =+ .
- o
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Paths - gentleand good

Path: sequence of connected corridor walls
with dark rooms on left and light rooms on right.

Gentle path: at each vertex deviationOor  =3.

. gentle path from boundary with hive condition
satis ed across each edge.

Tianjin, September 2005
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Paths - gentleand good

f Path: sequence of connected corridor walls T
with dark rooms on left and light rooms on right.

Gentle path: at each vertex deviationOor  =3.

. gentle path from boundary with hive condition
satis ed across each edge.

If each edge of every internal corridor wall of a hive
plan is on a good path then the insertion of the corridors

between the two LR subhives gives an LR hive.
Corollary If each edge of every internal corridor wall of a hive

plan is on a good path then the hive plan species a
Lfactorisation of bothc and P (t). J
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Start of goodpaths

Each good path starts on the hive boundary.
Each boundary has edges speci ed by a partition:
Horn equality applied to corridors: = or =

Hence required hive conditions across path edges are
satised: = or =
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Continuation of goodpaths

Initial hive conditions: or
Horn equality applied to corridors: = or =

Hence required hive conditions across path edges are
satised: = or =

Tianjin, September 2005
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Continuation of goodpaths

f Initial hive conditions: or
Horn equality applied to corridors: = or =

Hence required hive conditions across path edges are
satised: = or =

e
R

Tianjin, September 2005
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-

Extending good paths

Initial hive conditions: ,
Horn equality = Implies new hive condition

0 on right extends with 1 on left:

Tianjin, September 2005
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Extending good paths

=

Initial hive conditions: ,
Horn equality = Implies new hive condition

0 on right extends with 1 on left:

&~

1 on left extends with 0 on right:

i
B Q@*% .
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Extending good paths

=

Initial hive conditions: ,
Horn equality = Implies new hive condition

0 on right extends with 1 on left:

&~

1 on left extends with 0 on right:

O
B Q@*% .
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-

Intersecting paths

Initial hive conditions: ,
Horn equality = Implies new hive condition

2nd path no deviation 1 on left to O on right:

Tianjin, September 2005
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Intersecting paths

Initial hive conditions: ,
Horn equality = Implies new hive condition

2nd path no deviation 1 on left to O on right:

ool v

2nd path no deviation 0 on right to 1 on left:

o jg 36 -

Tianjin, September 2005




Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths
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Generation of goodpaths

Tianjin, September 2005



Union of goodpaths
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Union of goodpaths

Good paths cover all interior corridor walls
All LR hive conditions satis ed

Hence we have factorisation

Tianjin, September 2005
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Non-rigid puzzle

n=10r = 5.

| = (1,2,4;6;8);d = (1;3;4,7,9);K = (2;4;6;8; 10).

part (1) = (3;2;1);part (J) = (4;3;2); part (K) = (54321)
2143, = 6sothat (1;J;K) 2 RT

L=
PR

/N N

=



Gentleloop

=

Gentle loop is any closed interior gentle path.
Existence of a gentle loop implies puzzle is not rigid.

More than one puzzle with same boundary.




Good paths

o .

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.
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Obstruction to goodpaths

-

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.




Obstruction to goodpaths

-

Good paths do not include all interior corridor walls.

Hence LR-polynomial does not factorise.

Gentle loop is the impediment to factorisation.

.
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