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Introduction
fAim: To provide a uniform setting for dealing with:

® characters of representations of the classical groups;
#® group-subgroup branching rules;
#® decomposition of tensor products;

# modification rules.
Key features: A Schur function approach involving:

# partitions, Young diagrams and their generalisations;
® Infinite series of Schur functions:
® the notion of universal characters:

# the Hopf algebra of symmetric functions;

L.o Jacobi-Trudi and other determinantal expansions.
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Origins of the work

fStandard texts

® D E Littlewood, Theory of Group Characters, 2nd Ed.,
Clarendon Press, Oxford, 1950.

® | G Macdonald, Symmetric Functions and Hall Polynmials, 2nd
Ed., Clarendon Press, Oxford, 1995.

#® W Fulton and J Harris, Representation Theory,
Springer-Verlag, New York, 1991.

Further key ideas
#® Universal characters: K Koike, | Terada.
#® Hopf algebra approach: B Fauser, P D Jarvis.

L.o Odd symplectic groups: R Proctor.
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The classical groups

fThe general linear group and its subgroups

® Let M(n,C) be the set of n x n matrices over C.

ster G = am|( ) ()
G = | () () ()
= () (1)
Topr1 = diag[( _01 ;) (_01 ;) (0)]

o

—p. 6/11




© © o o o o

The classical groups

GL(n) ={X € M(n,C)| det X # 0}.
O(n) ={X € GL(n)| X G, X' = G,} with G = G,,.
Sp(n) ={X € GL(n)| X J, Xt = J,} with J: = —J,.
SL(n) ={X € GL(n)| det X = 1}.

SO2k +1) = {X € SL(2k + 1) | X Gops1 X = Gopp1 }.
Sp(2k) = {X € SL(2k) | X Jop Xt = Joy }.
SO(2k) = {X € SL(2k) | X Gap X' = Goy }.

>k

Sp(2k + 1) = Sp(2k) )




.

© © o o o o o

Parametrisation of eigenvalues

GL(n): xy,xz9,...,x, With xx9-- -2, # 0.

SL(n): x1,29,...,x, With xy29---2, = 1.

SOk +1): x1,29,...,Tk,T1,T2,..., Tk, L.

ORk+ 1D\SORk+1): x1,29,...,Tk, T1, T2, ..., Tp, —1.
Sp(2k) : x1,22,..., Tk, T1, T2y ..., Tk

SO2k) : x1,To, ..., Tk, T1, Ty, Tk

OQRE)N\SO2k) : x1,x9,...,%Tx_1,T1,T2,. ., Tp_1,1, —1.
Sp(2k +1): x1,20, ..., Tk, T1, T2y, Thy Lokl

Note z; = x; * for all 4.

o
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Irreducible representations of GL(n)

Covariant tensor irreducible representations

® Vi, where \is a partition of length £(\) = p < n, so that
)\:()\1,)\2,...,)\29,0,...,0)With )\1 2)\22 2)\p>0
and \; e Nforl <:<pand \; =0forp < <n.

Contravariant tensor irreducible representations

o VgL(n) where . is a partition of length /() = ¢ < n, and
ﬁ: (O7°°°707_:uqa°°°7_:u27_:u1)-

Mixed tensor irreducible representations

® Vi, where X and p are partitions with £(\) = p, /(1) = g
and p + g < n, So that
L A= (A, Aay ooy A, 0y 0 — gy o ooy — o, — ).
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Partitions and Young diagrams

f.o Young diagrams F* consists of |\| boxes arranged in
¢(\) left-adjusted rows of lengths \; fori: =1,2,...,0(\).

#® Conjugate partition X' is the partition defined by the
column lengths of F.

a/1a12"°a/rr

by by -+ b,
on the main diagonal, with arm and leg lengths a; and b;,

with respect to this diagonal for: = 1,2, ..., .

® Frobenius notation )\ = ( ) if £ has r boxes

A1 NG AL N | AL a1
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Frobenius Lemma

fLemma Let A be a partition, with conjugate \’.
For any m > A, and any n > )] the two sets
n—i+1+N[1<i<npand{n+j—N[1<j<m}
are disjoint, and their unionis {1,2,...,n + m}.
Proof. The cardinalities of the two sets are n and m, and

® 1<I+ N, <24 N, 1< --<n+X<n+m,
since A Is a partition, with A,, > 0 and \; < m.

® 1<n+l1-AN<n+2-X<---<n+m-XN_ <n-+m,
since )\ is a partition, with A} <n and X, > 0.
® Forl<i<nandl1l<j<m,we have differences
 where hy; =\ + N, —i— j+ 1 0 (see later).
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Frobenius Lemma illustration

fEx: For A = (5,4,4,3) we have X' = (4,4,4,3,1) as can be
seen from the diagrams:

FA = FN =

If we set n =4 and m = 5, so that n + m = 9 we have:
{N} = {3,4,4,5} {A;} = {4,4,4,3,1}

{n—i+1} {1,2,3,4} {n+j} = {56,7,8,9}
=it 1A} = {46790 {n+j-X} = {1,2358)
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Proof that hz’j 7é 0

. hij:()\i—j)+(>\;—z’)+1:—(j—l—Ai)—(i—l—)\;)—l.—

® For (i,j) € F* we have h;; > 0, since h;; is the interior
hook length of a box at (¢, 7) inside F*.

® For (i,7) ¢ F* we have h;; < 0, since —h,; is the exterior
hook length a box would have at (7, j) outside ™.

J Ai J
/
Aj
1 1 Ai—J
/
z—1—>\j
;|
)\j——z
/
Aj
1 J—1=X; 1
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Signature Lemma

fLemma The permutation 7, has signature (—1)?! for ), =

1 2 SRR () n+ 1 n+2 -+ n+4+m
l+X\ 24+ A1 n+ A n+1=-AN n4+2=-X---n+m-—N\_

Proof: The signature is (—1)#, where # is the number of
pairs (k, ) with k£ < [ such that 7, (k) > mx(1).

® The first n numbers in the bottom row, and the last m are
strictly increasing from left to right.

® Fork=n—i+1land!=n+7j, wehave m(k)—mx(l) = hy;
since my\(k) = (n—i+1+X)and my(l) = (n+j — \)).

# However, the number of ;; > 0 is |A|, the number of
L boxes in F.
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Sighature Lemma illustration

fEx: Let A = (5,4,4,3), sothat \' = (4,4,4,3,1). Letn =4
and m = 5, sothatn +m = 9. Then as before:

N = {3,4,4,5) (V) = {4,4,4,3,1}
{n—i+1} {1,2,3,4} {n+j} = {5,6,7,8,9}
n—i+14+N} = {46,790 {n+ji-N} = {1,2,3,58)

In this case
1 2 3 45 6 7 8 9
T\ —
4 6 791 2 3 5 8

LWith signature (—1)4H4+H4+3+l — ()16 = ()N = 41,
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Generalised partitions and Young diagrams

f.o Composite Young diagram F** consists of F'* and F*
left and right adjusted to a common vertical line, where
F*" is obtained by rotating '* through .

® (n,p)-equivalent Young diagram F* obtained by adding
to F* the complement of F# in F?" for any p > ;.

A1 p+A1

A2 p+Ao

AT _ A3 L e p+As
p
p

M2 pP—H2

M1 pP—H1
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Column structure of (n, p)-equivalence relation

ﬁ.o FMF s (n, p)-equivalent to F'* where F'* is obtained by
adding to F* the complement of F# in FP" for any p > ;.

# If s’ is the conjugate of « then

,_
;-

n—py_; forl<j<p
Aj—p

Ay

A

A3

=
OO\
=
l\)\
=
—t >

for 3 > p

F" =

~

PH

A1
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Generalised partitions and Young diagrams

fEX: letn="7,p=5A=(3,3,2), u = (3,1).

® \7i=(33200—1,-3).
® \N=(331), =(2,11,00), n?—u' =(5,6,6,7,7).
S KJ/ — (n_:ugan_:uilan_/L/37n_:u,27n_:u,17)\/17)\,27)\,3)
® x =(7,7,6,6,5,3,3,1).

FNP = = Ff =




Irreducible representations of GL(n)

Defining representation: V = V! with X — X.
Dual of defining representation: V' = V! with X — (X*)~1,
Trivial 1-dimensional representation: V° with X — 1.

Determinantal 1-dimensional representation; V¢ = V1"
with X — det X.

Inverse determinantal representation: ¥V = V1" with
X — (det X)L,

VT = vEx VI

VAR = (VE)X™m x V* where k is (n, m)-equivalent to \; 7.
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Characters of irreducible representations ofG L(n

fWeyl’s character formula

K

o

K

Let X € GL(n) have eigenvalues (z,xs,...,x,).
letp=(n—-—1,n—2,...,1,0).

The character of the irreducible representation VQL(H IS

then given by:
)\j—l—n—j

axyp(T) _
a, ()

The ratio of determinants is the Schur function s, (x).

ch VC;\L(n) = sy(x) =

n—j
0

X

The denominator Is the Vandermonde determinant:
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Characters of irreducible representations ofG L(n

.

In the cases A = (m) and A\ = (1™), with m > 0, the Schur
functions s () coincide with the complete homogeneous
and the elementary symmetric functions:

Sm(CIT) — hm(x) — Z LigLig *** Ly, 5

<11 <2< <im<n
sim(z) = em(x) = Z LigLig * Ly -
1<11 <19 <<t <n
Notice that e,,,(z) = 0 if m > n.
For m = 0 we have hy(z) = ep(x) = so(x) = 1.

For m < 0 we set h,,,(z) = e,n(x) = 0.
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Determinantal expansions

We then have the Jacobi-Trudi identity:

sx(z) = | ha,—itj(x) | = | sx—ivj(T) |

and the dual Jacobi-Trudi identity:

S N 4i—j (33)

$3(2) = svy(@) = | exriss (@) = [

Notice that s;m(x) = e, () = 0 if m > n. Since the length,
¢(\) of the partition X\ is A/, this implies the existence of
the modification rule:

sx(x) =0 ifl(N) >n.

—p. 22/11



Determinantal expansions

fEx: For A = (5,4,4,3) we have X' = (4,4,4,3,1).
® Setting s, () = hy(z) = {m} and sim(x) = e, () = {1™}:

14 13 12 0 B
6y () (s | | RO

{15} {1*} {13} {1} -
B 4 sy fey | |
n 2 {3}y {4 {57 | {1°y {1} {1} {17} -
{0} {13 {21 {3 {7y {1 {ry {1} {0}

{18y {17} {1 {11} {1}
o Note For n = 3, the dual J-T identity implies that

sn(z) = {5,4,4,3) = {4,4,4,3,1} = 0
\_ since {1} = e,, (1, x9,x3) = 0 for m > n = 3.




Skew Schur functions

f.ﬂ For partitions \ and u, we write u C X if u; < \; for all 4.

® If u C ) then the skew Young diagram F*/* is defined to
be FA\F*-.

Ex: J5443/431  _

Skew Schur functions: Naegelbach’s Formula:

?

SA/M(x) — | hAz—Mj—H—j(x) } — |S>\¢—Mj—i+j(x)

and Aitken’s Theorem:

S N —uitieg (%) ’ :

L Sx/u(®) = sovywy () = ’GA;.—MH—?L—j(x) ‘ =
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Skew Schur functions

fEx: For A = (5,4,4,3) and u = (4,3, 1), we have:
® )N =(4,4,4,3,1)and u' = (3,2,2,1).
® \—pu=(1,1,3,3)and X — u/ = (1,2,2,2,1).

# Diagonal elements determined by A — . and X' — 4.

uy 0y = = -
1 3 6 8
o= T = e e o -
{1 {1y {17 {1*} -
R R G 8 7 6 4
oy {17 P Ay {1l

Note: For n = 2, sy/u(21,22) = {1H12HI12H12}H{1} £ 0.
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Characters of mixed tensor representations ofz L(:

f.’ Letx = (x1,22,...,2,) @Nd y = (Y1, Y2, - - -, Y )-
® LetT = (71,Ts,...,Tp) WithTy =2, " fork=1,2,... n.

® Let )\ and u be partitions with A\; < g and p; < p.

Definition S)\;H(Qf;y) = | S ul . —itj (:g) S A\ _j+¢<CC)

with 1 <4, < p + ¢, and the partition : occurring between
the pth and (p + 1)th columns.

Proposition Let X € GL(n) have eigenvalues (x1,xs,...,x,).
Then the character of the irreducible representation Véf(n IS
given by:

A —
L ch VGLM(n) — SA;ﬁ(xv .CE) :
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Relations between representations af/ L(n)

fRecall our claim: ng(n) = Vérm) X Vézzs)
Justification by means of character identities

# As usual, consider X € GL(n) with eigenvalues

r = (T1,Ta,...,Ty).
® LetT = (T1,Ty,...,Tp) WithTy =2, ' fork=1,2,... n.
—k
ch VéL(n) — S1k (E) — ek(f) — Z Ty + Ty,

1<iy <---<ip<n

= (T1++-Tn) Z Ljr = L py = en(T) en—k(2)
1<j1<-<Jn—r<n
1n—k

= det(X) ™ spa-r(2) = ch Vi ch Vigr -
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Relations between representations af/ L(n)

fRecaII our claim: ng(n) = (VL) X V&L Where ks
(n, p)-equivalent to \; 7z with p > ;.

Justification by means of character identities

S i (T) 1S x ()

AN CeT)
ch VGLILEn) = sxp(4;T) = M

6#;_j+1_i+j (CE‘) 6)\;_29_]'4_@'(37)

= (en(@))" | en—p ., +i-j(@) i ex_ _j1i(@)

= (en(T) | €xrrij(2) € —jpi(x) | = (ch V)" ch Vi

o
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Schur function expansion ofs) 4 (z; y)

- Proposition: sz (z;y) = 3, (=17 sx/0(2) s/ (y)

Proof: With P ={1,2,...,p} and Q* = {p+1,p+2,...,p+q},
let R = P U QP and let 7 be a permutation such that:

® PUQRE=R and P, NQ2 =10
® P={r(1),7(2),...,7(p)}={1+0,,24+0,1,...,p+01};

o Qr={rlp+1),7(p+2),....,7(p+q)}
={p+1—-ol,p+2—0y...,p+q—0,}.
® Letthe elements of P, and Q? increase from left to right.
#® Then the Frobenius and Signature Lemmas imply that:
o IS a partition, with conjugate o’;
L T = 7, With signature (—1)°/.
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Proof continued

fSetting Q=0Q"=1{1,2,...,q}, the Laplace expansion of the
determinant defining s,z (x;y) gives:

i,jER

_ _1)lol "
za:< 1) 81% AR <y) i€Pr,jeP Slk}_p_ﬁz(x) 1€Qn,jEQP
_ _1)lol
= Ea:( 1) S 1= (p=14+1407)+(p—k+1) (y) ‘k,leP 51A;—<p+k>+<p+z—a;>(5’7) ‘k’le
_ _1)lol
;( 1) S wh—o —k-+ (y) ’k,leP S Mokt (:C) ’k,leQ
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Example with A = (2,1) and . = (3)

- Since sy5(my) = 3, (—1)17 s21/0(2) s3/0/(y) We have

snua(@;y) = sa(x) s3(y) = sa(z) s3(y)
— 821/1(513) 83/1<y) — (s2(x) + s12(7)) s2(v)
+ 821/2(55) 83/12(9) —
+ S21/12 (z) s3/2(y) + s1(z) s1(y)
— 821/3(517) $3/13 (y) —

— 821/21(@ 83/21@) -
— 521/13 () 83/3(?/) —

= (@) () — sale) sa(y) — s22(2) saly) + 1 (@) ().



fThe ring of symmetric functions A,

K

Symmetric functions

A" = Z[z]%» polynomial symmetric functions
of indeterminates = = (z1,x2,...,2,).

A®™ = @, A% graded by degree.

Basis of A" provided by Schur functions s (z) with
partitions A\ of weight |\| = d and length /()\) < n.

Outer product s)(z) s,(z) =), X, su(z).

The Littlewood-Richardson coefficients 5, are
non-negative integers for all \, u, v.

They are independent of n, and may be evaluated by
means of the Littlewood-Richardson rule.
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The ring of symmetric functions A

fUniversal Schur functions

® Letxy,2q,... be a sequence of countably many
Independent variables.

# Then for all partitions A of weight |\| = d with d finite,
there exists a “universal” Schur function s, (x) of
r = (x1,xs,...) such that for all finite n we have

SA(SIZ1,ZC2, . o ,xfr“ 07 O7 .. ) p— SA(xl,ZCQ, o 73:71,) E Agn)
The ring A
® A is the ring generated by s,(z) for all partitions .

o sA(x) for all partitions A provides an integral basis of A.

L.’ sx(x =2, S se(®) and s, n(r) =3, &, su(2).
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The Littlewood-Richardson rule

fTheorem sa(r) su(z) =2, &, su(x)

and s,/\(z) = Y, &, su(2),
where ¢} Is the number of tableaux obtained by adding to
F* the boxes of F'*, with entries equal to their row number in
F*, to give a diagram of shape F*, in which the entries:

® increase weakly across rows and strictly down columns;

® and #i > #(i+ 1) for all i when read from right to left
across rows from top to bottom.

Proof: Result stated by Littlewood and Richardson,

iIncomplete “proof” by Robinson, finally proved by Thomas,
Macdonald, ....

.
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Product with A = (2,2) and u = (2, 1)

f 111 1
M _ 111, N
2 1
1 1
+12 + 5 + 515
2 2
1 1
Excluded: 1] 1]2 1
2 211

Hence, denoting s,(x) by {\} for all \, we obtain:

L{QQ} {21} = {42} + {421} + {331} + {322} + {3211} + {2221}.




Quotient with v = (4,3,1)and A = (2, 1)

f** x| k| 1|1 x| x| 1|1 % | %
% % %

1

b S k b S
Excluded: | x| 1|1 x| 211 x| 1|3

1 2 2

Hence, denoting s,,\(z) by {r/A}, we obtain:

B {431/21} = {41} + 2 {32} + {311} + {221}
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Outer products and skew products

f.’ Outer product: sy, (z) = sa(z) su(x) =), X, s.(2).
#® Quotient or skew product: s,,\(z) =}, ¢, su(T).

o Note: S()\.M).V(ZC) = SA.(M.V)(ZC) and S()\/M)/,/(ZC) = S)\/(M.,/)@Z).

Lemma: The outer and skew products are related by:

Cauchy’s formulae Forall z = (z1,x9,...) and y = (y1, y2, - . .):

Tz, y) =] (1 —iya) ™ =) sal@) sa(y);

1,4

L I(z,y) = H (1 —29.) = (—1)|/\| sx(x) sy (y).
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Proof of the outer-skew product relation

ey Iy = Y s@aw) S ()M s s )

A @

> Ausu(@) (1) s (y) s (y)

A sV

Z SV(ZC) (_1)‘M| 51//#@) Su’<y) '

[TR%

J,y) I(zy) = |] (0= 2wa) (1= 2i9a) = 1

1,a

= so(z) so(y) = Y 5u() 8,0 50(y)

v

Comparing coefficients of s,(x), we have

o D DM s (y) sw(y) = du0 s0ly):

0



lllustration of the outer-skew product relation

fReIation: Z (=DM s, () s0(2) = S0 s0().

Ex: Setting v = 2 In the left hand side gives:

> (=02} () {u' ()

0

= {2/0}(2) {0}(z) — {2/1} (=) {1}(z) + {2/2}(=) {1"}(=)
= {2}(2) {0}(2) — {1}(=) {1}(z) + {0}(=) {1 H(z)

= {2}H=) — ({2}(2) + {1"}(=)) + {1"}(z) =0,
L as required, since v # 0.



Hopf algebra of symmetric functions
fHopf algebra: Symm = (A,-, A, 1,¢,9).
® Indeterminates: x = (1,22, ...), ¥y = (Y1, Y2, - - -)-
) - su(®) =22, 5, 50(2).

Product -: Sy

(
|dentity . So(
(

=
|
| =

o
o

® Coproduct A: s, (z,
o Counit e: e(sa(x)) = dxo-
o

Antipode s: S(sx(z)) = (=) sy (2)

where the ¢§ , are Littlewood-Richardson coefficients
and )\’ is the conjugate of ).

o
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Properties of Symm

fSelf duality: Scalar product (-|-) suchthat (sy|s,) = dxu-
® (s ]sn-su) = (sulsn.p) = K, = (sual50) = (s0/5x]50)-

® (A(sy) |53 @ s5u) = (50 ] 52 5,)

since Zc(’jT (856 @ 57 |5A®5,) = Z Cr O Orp = CX,,.

o, T o, T

Commutativity:
# Commutative: sy s, = s, -sx. Thisimplies cf, = c},.

® Cocommutative: A(s,) =), 5y @ Su/a = Dy Su/a @ S»
since
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Properties of Symm

fAssociativity:

® Associative: s, (S, S:) =(Sy+ So) * Sr-

Setting both sides equal to ¢ sy, this implies

poT

A
that ¢ = A :Zc” o

paT pp ~oT po - vT *

0 1%

® Coassociative: (I ®@ A)(A(sy)) = (AR I)(A(sy)).

This follows from the identities:

A I _ A .
cpusp@)(g cl 5, ®s;) = Cror SA

P,0,T

B Z . (O pgsp®sg)®87—z A
VT 0,0

P,0,T
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Properties of Symm

[ -

Bilinearity: The scalar product (-|-) is linear in each
argument. For any two Schur function series X =>__ a, s,
and Y =) _ b.s. witha,, b, € Z for all o, we have:

® (X|Y) :Z P (P :Z Ay b, 50,T:Z ay b,.

o,T o,T o
® (s,]X)= Z Uy (Sx|Ss) = Z Ay Oxno = Q).
o o

® X .5, = Z ay (55 -5,) and sy/ X => _ a, (51/55).

9o SA‘X S,u

o

Ao (Sx|So - Su)

OV ENESCVR. A ENE

L
R3
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General Hopf algebraic properties

-

Antipode identity - (S®I)A=1e=-(I®S)A
® (SRI)A(sx) =2, - (SOT) (5, @ sx/u)

— Z,u S(S,u) "SA/p = Z,u (_1)|M|S,u’ "SAp T 00 S0

9 LE(S)\) = L(S)\() — 5)\0 S0

Counitarity (e )A=1=-(I®e¢)A
® (e@I)A(sr) = 2., (€@ 1) (5, © /)
= ZM '(5,“0@8)\/#) =3 S\ — S\

9 ](S)\) = S).

o




General Hopf algebraic properties

-

Product and coproduct compatibility: A () = (-

® A()(sx®su) =A(sxu) = Zp Sp & S(xp)/p
® ((®)(ARA)(sA®s,)
= (- ®°) 2o (S0 ®Sr0) B (57 @ sp/r)
=D or (S0 57) @ (S(r/0) * S(u/m))
= por Cor Sp @ (Sx/o " Spujr)-

Implications:

® S\w/p = Qg Cor SNjo " Sp/r

® A(sy-s,) =A(sy) A(sy)

L’ AX-Y)=A(X) -A(Y) forany X,Y € A.

® ) (A®A)




Tensorial approach to subgroups ofGL(n)

fBasic subgroup invariants
® GL(n—1)={X e GL(n)| X v, = v;}
® O(n)={X € GL(n)| X X} Gq = Gi; With G;; = G4}
® Sp(n) ={X € GL(n) | X X Jop = Ji; With J;; = —J;;}
Generating functions for polynomial invariants
® M(z)=TL1-x) =32, sm(x) =3, sm(si1(2))
® D(z) =[];(1 —zx;)™" = 32, sm(s2(x))
® B(x) =][;(1 —zz;)™ =3, sm(s12(2))

sx(sx(x)) = saly) with y = (y1, 92 .. .)
LWhere s-(x) = ). yx IS the monomial expansion of s.(z).




.

© o o o o

Infinite series of Schur functions

L(z) = [[;(1 = z:) = >, (=1)"{1" }(=)

M(z) =LA =)™ = 2, imj (@)

A(z) = [T, (1 = mizy) = Ypea (1) {a}(z)

B(x) = [1ic;(1 = miz;) ™ = 3 pe5 {8} (2)

C(x) =Tlig;(1 = @imj) = 32 e (1) {7 }(2)

D(x) = [Li;(1 = iz;) ™" = X sep {0}()

where

s L(x)M(x)=A(x) B(x) =C(z)D(x) =1

s B(z) D(z) = [[;;(1 = miz;) ™ =3 {o}(z) {o}(z)

s A(z)C(z) =1, ;(1 — zz;) = 32, (1) {o }=) {o'}z)



Expansions of infinite series

e A= {0} {17} + {217 — {30} — {2} 4
® B={0}+{1?} +{2°} +{1*} + {3°} + {2°12} + {1°} + - -
0= {0} — {2} + {31} — {417} — ()} + -
® D={0} + {2} + {4} + {27} + {6} + {42} + {2°} +---

More generally

®»aoced & a= “ G2 o
CL1—|—1CL2—|—1°'°CLT—|—1

® feB <« [ isevenforall k

a1+1a2—|—1---ar+1>

..,VEC < ,y:( ay a9 a

L.p oeD <« 4 Isevenforall k




Branching rules and universal characters

fBranching rules: On restriction from GL(n) to a classical
subgroup the irrep V* decomposes in accordance with the
following branching rules:

® GL(n) D GL(n—1): A}, — AN MY,
® GL(n) D O(n): {\} — [\/D]
® GL(n) D Sp(n): {\} — (\/B)

Subgroup characters This implies that the characters of the
subgroups are given by:

o GL(n-1)):  {Mn1={NM 1} ={\L},
® O(n): A = {\/D71} = {A/C)
_» Sp(n) () = (A/B71} = {A/4)




Branching rules examples
f.. GL(n) D GL(n—1): {A} = {A/M} —
s {4} = {4 + {3} + {2} + {1} + {0}
s {1*} — {1} + {1°}
s {2217} — {2717} 4 {2°1} + {21°} + {217}
® GL(n)DO(Mn): {\} = [\D]
s {4} — [4] +[2] + [0
s {1*} — [1]
s {2212} — [221%] + [21%] + [17]
® GL(n) D Spn): {A\} — (\/B)
s {4} — (4)
s {11} — (1) + (12) + (0)
L s {2717} — (2°1%) 4 (2%) + (21%) + (1*) 4+ 2 (1*) + (0) .



Universal characters of classical groups

fCharacter generating functions

[ —zwa)™ = D {(AHe) (M)

1,4

1= 2wa) ™ T =) = > (@) {A})

H(l —zya) " [ =van) = D (M) {A}Hy)

Proposition The characters of V* are given by:

GL(n): (Ar(z) = sx(2)
O(n)i [ |(z) = sxolx) where C(z) = [i;(1 = ziz;)
(x) where A(x) (1 —z;z,)

Sp(n A) () Lli<; il
—p. 51/11




Character formulae for O(n) and Sp(n)

fFor O(n) the required characters [\|(x) are defined o
by [L.(1—2iva)™ [acy(I—vave) = 25 [A(x) {A}H(y). Hence

N(z) = (H(l — 2iYa) " H(l —yath) | {7} (v) )

= () {o}@) {o}w) Cly) | {NHw) )
= Y {o}@) (o) - Cy) | I )

= Y {3 ({3 [N ®)/CH) ) = syel@)

For Sp(n) simply replace a < b by a < b, and C(y) by A(y).
LThiS gives: (M) (z) = sx/a(x).



Coproducts of Schur function series
fCoproducts
8 AM)=MeM
® A(D)=(D®D)-A"D) with A"(D)=3"_s,®s,
® A(B)=(B®B)-A"(B) with A"(B) =Y. s, ® 5,
Proof
® M(z,y) =LA —2)™" [ —wa)™" = M(z) M(y)
® D(z,y) = [lic;(1—2i2;) ' [Lo(0=2iva) ™" [Lacy (L= vays) ™"
= D(x) ), 8,(%)ss(y) D(y)
® B(x,y)=][;;1 —z;7;) " I1;.(1 ~2iYa) " [acp(1 = Yatp) ™
| = B(z) »>_,5+(7)s,(y) B(y)



Subgroups H (n) of GL(n)

fCharacters
® Let H(n) be a subgroup of GL(n).
® Let X € H(n) C GL(n) have eigenvalues x = (x1, zs, .. .).
® Letthere exist irreps V* of H(n) specified by partitions \.
# Let the character of VV* be [\](x).

Assumption: Let the embedding H(n) C GL(n) be such that
there exists two series of Schur functions S(x) and T'(x) with
the properties:

® [AJ(z) = {A/5}(x);
® S(x)T(x)=1;

o

— p. 54/1



Branching rules and tensor products

-

Branching rule: Under restriction from GL(n) to H(n):
A= 1A/
Note: It follows that for all X € H(n) C GL(n):
{A} =[)\/S] andconversely [\ ={)\/T}.
Coproduct
Let A(S) =(S®S5)-A"(S)
with A"(S) =32, b5, {o} @ {7}.

Proposition: Tensor product rule for H(n):

Zb [(A\/o) - (u/7].
.




Proof of tensor product rule

fProof Note that
AL [ = INT} - /Ty = [(A/T) - (1/T))/ 5]
This implies that the multiplicity of [v] in [A] - [u] is the
same as the multiplicity of {v} in {((\/T) - (u/T))/S}, thatis:

{A/T) - (u/T))/ S} ] {v})

ANT) - (/T3 1S - {vy)

T /Ty AS - v}))
WTre{p/Ty(S®S5) - A(S) - Aiv}))
TS} @ {p/TS} | AYS) - A(iv}))

M e{ut] X, 05 {o} @ {7} - A{r}))

= Yo bor (Mo} @ {p/m} [ A({v}))

or bar({M 0} - {nfo} | {v})

/N 7 N 7N /N

f
D||1



Tensor products of irreps

fTensor product rule for GL(n—1):
{ A1 A1 = Z CKM {v}n-1.

v

Proof Under restriction from GL(n) to GL(n—1):

® {\b, ={)/M},yand {\},_1 ={)\/L}, with L M = 1.

® AM)=M®M sothat A”(M)=1® 1= {0} ®{0}.

® Thus bM :500 570.

Hence {A}n—1-{K}n—1 —Zb {(A/a) - (1/7) tns
= (A plp1 = ZC)\M {v}n_1.

LNote: This just confirms that tensor products in GL(n)
are stable with respect to n.

—p. 57/11



Tensor products of irreps

-

Tensor product rule for O(n):
Al -l =22, [(Aa) - (n/o)].

Proof Under restriction from GL(n) to O(n):
o {\ =[\/D]and A\ ={)\/C}withC D = 1.
® A(D)=(D®D)-A"(D) with A"(D)=>" {o}®{c}.

® Thus b2 =6,,.

Hence [)]- Zb (A/o) - (/7)) =D [(Mo)- (/o).

o



Tensor products of irreps

-

Tensor product rule for Sp(n):
A) - ) = 225 ((Aa) - (/o).
Proof Under restriction from G L(n) to Sp(n):
® {\ =(\/B)and (\) ={\/A} with AB = 1.
® A(B)=(B®B)-A"(B) with A"(B)=>_ {0} ®{0}.

® Thus b2 =,,.

Hence ())- Zb (Afo)-(u/T)) = Y ((Mo)-(u/o)).

Note: The tensor product rules for O(n) and Sp(n)
L are identical!



Examples: tensor products for classical groups
f -
GL(n) {2°}-{21}
= {43} + {421} + {3°1} + {32%} + {321%} + {2°1}
O(n)  [27] - [21]
= [43] 4 [421] + [3°1] + [32%] + [3217] + [2°1]
+[41] 4 2[32] + 2[317] + 2[2%1] + [217]
+[3] + 2[21] + [1°] + [1]
Sp(n)  (2%) - (21)
= (43) + (421) 4 (3°1) + (32%) + (321%) + (2°1)
+(41) + 2(32) + 2(312) + 2(2%1) + (213)
L +(3) + 2(21) 4 (1°) + (1)



Relations betweens).;(x;y) and s)(z) s,(y)

fProposition: syl y) = Z (1)l S$x/o(T) Spsor(Y);

o

sx(x) su(y) = Z Sx/o e (L3 Y)-

o

Proof: The first formula has already been proved. Used in the
second, together with the outer-skew product relation, it gives:

D sveare@y) =) (=D 50y () S(use)/e (y)

o o,T

=2 (DM sxt0m (@) sy () = D (=) € 5a(@) /(071 (1

T,V v

— p. 61/11



Mixed tensor universal characters of GL(n)

fCharacters GL(n): ch Vgi(ﬁn) = sx.z(7; 7).

® syp(wy) =2, (1)1 sy0 (@) su/00(y):
® 5x (%) 5,(Y) = 2o Sxjo 70 (T3 Y)-
Cauchy’s formulae
® I(v,y) =1L, (1 —xiya) =22, (=1 s,(2) s0(y).
® J(y) =1L, 1 —zwa) " =2, so(2) so(y)-
Symbolically Forall z = (z1,25,...) and y = (y1,y2, . . .)
® {Nai(@sy) = saplrsy) and {AX pp(z;y) = sx(x) su(y).
® {(Notay) ={(A x p)/I} (@ y).
e M xpd(ay) = {(5m)/ T ).



Mixed tensor products

-

Formal structure:

® {r; A} (my) = {(k x \)/T}H ;).

® {rx AHayy) = {(55\)/ THasy).

Coproduct

Let A(J) = (J(z,y) ® J(u,v)) - A"(J)(x,y,u,v)

with  A"(J)(x,y, u, v)

= > b o} @) {73Hw) @ {n}(w){¢Hv)),

o,7,m,¢

Proposition: Tensor product rule:

B (s A} {ws vy = D bl (/o) (u/n); (N71)- (v/C)}

o,7,m,¢




Coproducts of the Cauchy kernel

fLemma =

A(J) = (J@J)-A"(J) with A"(J) =3 (55X 5;)® (57X 8,)

Proof For J(x,y) =[], ,(1 —ziya.)~", under the
coproduct maps x — (x,u) and y — (y,v) we have

A(J(z,y)) = J(z,u,y,0)

— H(l — T Ya) H(l —zivp) H(1 — U Yq) H(1 —ujvp)

i,b J>a 7,b

J(x,y) ng(x) So (V) ZST(U) s (y) J(u,v).

(o) T

= J(x,y) J(u,v) Zsa(x) S (1) $-(u) s5(v).

o,T

B
|



Mixed tensor product rule for GL(n)

fProposition {; A} A7} =32, A(k/a) - (u/7); (\7) - (v/o)}

Proof
® {2} ={(rxN)/I} and {xkx A} ={(x;\)/J}
with I J = 1.

®» A()=((J®J) -A"(J)
with A"(J) =) (Se X $7) ® (87 X So).

o, T

® Thusb) .= d,: 0o
Hence
(N} {7y = D bl (/o) - (u/n); M) - (v/C)}

o,7,1,C

B —Z{ ko) - (u/7); (A7) - (v/o)}




Example of mixed tensor product
= ) _ o
Ingeneral {x;A}- {7} =52, {(k/0) - (u/7); (A7) - (v]o)}.
Ex Let {s;\} = {2:1} and {u; 7} = {12%;1}.

{2;1}- {151} =

={(2- 13T -1} +{(2/1-1%1-1/1}
+{(2-1%/1;1/1 -1} + {(2/1-1%?/1;1/1 - 1/1}

= {(2-15T-T} +{(1-1%1-0}
+{(2-1;0-1} +{(1-1;0-0}

= {31;2} + {31; 12} + {21%2} + {21%12}
+{3; 1} +2{21;1} + {171} + {2; 0} + {1%; 0}




fEach X € H(n) C GL(n) has eigenvalues:

o

o

© o o o @

SubgroupsH (n) of GL(n) for finite n

SOk +1): x1,29,...,Tk,T1, T2y .., Tk, L.

ORk+ 1\SORk+1): xy1,z9,...,Tk,T1, T2, .., Tp, —1.
Sp(2k) : x1,%9,..., Tk, T1, T2y .., Tk

SO(2k) : x1,To, ..., Tk, T1, T2y, Tk

OQR2kE)N\SO2k) : x1,x9,...,%x_1,T1,T2, ..., Tp_1,1, —1.

SSp(2k+1): x1,x9,...,%k, T1,T2,..., Tk, L.

s Asusual 7; =x; " forall i.

s If 2; is an eigenvalue of X € H(n) thensois T = z; '

o Ineach case det X = det X! = +1.

—p. 67/11



Character identities for GL(n) restricted to H(n)
., -

For all X € GL(n) with eigenvalues x = (x1, 22, ...,T,):
ch Vc/;\L(n) = sy(x) = {\} and ch VgL(n) = 5,(T) = {\}.
® When restricted to X € H(n) C GL(n):
T=(%1,T2,...,%Tp) = (T1,22,...,2T,) = .
#® Hence under this restriction:
{A} = 8:(T) = salz) = {\}.
® [n particular {Tk} = {1*} for all k.
. Tk . n—k
® Recall: chVg; ) =det X' chVg .

# Under restriction, and letting * denote multiplication by
 det X = £1, this gives: {1"} = det X {1"*} = {17k},

— p. 68/11



Character identities for O(n)

f: {AM=[N\/Dl=N0+2+4+22+6+42+2°+---)].
o N={\NC}={\(0—-2+31—41* -3 +---)}.
o {1F} =[1*]. Hence [1*] = {1*} = {1 F}* = [1"F]*.

Lemma For O(n) we have the elementary modification

rule: [17] = [1P7"* where h = 2p — n.
® Forn =6,p=>5we have h = 4 so that [1°] = [1]*.
® Forn =6,p=3we have h =0 so that [1°] = [1°]*.

® Forn=06,p="7wehave h = —-8sothat[1"] =[1"']* =0.

Note: [17] = {1"} = 0 by the GL(6) modification rule,
L and [1°] = [1°]* is said to be self-associate.

— p. 69/11



Character identities for Sp(n)

f: {A}=(\/B) = (\(0+ 1%+ 22 + 1% + 37 + 221 4 19)).
o (N ={NA}={)\/(0—-1%+21% —31° —2° +---)}.
o {1"} =%+ (1" 4+ ... and (1%) = {1*} — {1 2}.
® Hence (1%) = {1"7F}* — {1 k42 = (1 ki2)x,
Lemma For Sp(n) we have the elementary modification

rule: (1P) = —(17"")* where h = 2p — n — 2.

*

® Forn =6,p=>5we have h =2 so that (1°) = —(1%)*.

~——7 <~

® Forn=6,p=4we have h = 0so that (1*) = —(1%)*.

Note: For Sp(2k) we have det X = 1 so that (17)* =
L Hence for n = 6, p = 4 we have (1*) = —(1%)




Determinantal identities

fJacobi-Trudi determinantal identities
® {A=[{h—i+J}
® A =1 =i+ + 1= do)[hi —i—7+2]]
® N =[Ai—i+g)+ 0 —di){Ai—i—-7+2)]
Dual Jacobi-Trudi determinantal identities
s (A} = | {17

5 I = |5+ (1 - dg

® () = ‘ (V7)o (1= 80) (1N 77F2)

Giambelli determinantal identities

e = e} w=E]] m=|()




Dual Jacobi-Trudi identity for O(n)

f.o In general [\ = ‘ [15H9] 4 (1 = ) [14 71

#® For A= (3,2,1,1) we have \' = (4,2,1) and in this case:

[17] 1] 1]
321°) = | 17+ 1% [+ (17 [1°)+
T+ [+ [+

[17] -




O(n) modifications example

f.’ For n = 7 we have [1%] = [1°]%, [1°] = [1%]* and [1°] = [1']*
so that [321%] = [321]* since

[17] 1 - 1] -
LI+ [F]+[0] [o] | =] @+ [ [+ (0] [0]
1+ 17 [ S U | S B

® Forn =6 we have [1°] = [1°]*, [1%] = [1?]*%, [1°] = [1]* and
[1°] = [0]* so that [321%] = [32]* since

7] 1 - 1) -

s o w| Jerenr @ .



O(n) modifications example

f.’ For n = 5 we have [1°] = [1%]*, [1*] = [1]*, [1°] = [0]* and
[1°] = {1°} = 0 so that [321%] = 0 since

7] 1 - 1] -
]+ [ [+ [0 [0] | = [0] +[1%* [1*]+[0] [O]
1+ 17 [ 17 T [

® Forn =4 we have [17] = [17]*, [1°] = [1]%, [1*] = [0]%,
1°] = [1°] = 0 so that [321%] = —[3]* since

1] 1 - or [ -

- T+ 1 [ A F e I I




Summary of O(n) modification example

f.’ For O(n): [3217]

(
® For O(7): [3217]
® For O(6): [3217]
® For O(5): [3217]
® For O(4): [321%

standard character for all n > 8.
= [321]".
= [32]*.
= 0.

— —[3]".

Note: The corresponding modifications to Young diagrams

take the form:

- ;
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Structure of O(n) modification rule

fSummary of procedure

K

© o o o o

Let A\, with conjugate )" have length /(\) = )| = p.

A determines diagonal entries of dual J-T determinant.
Modify each term in 1st column using [1*] = [1"*]*
Diagonal term modification: [17] = [1P~"]* with h = 2p — n.
Either result is 0 If 1st column is identical with any other.

Or permute columns until in form of dual J-T determinant
specified by some ¢’

Conclude: Either [A\] =0, or [\ = +[o] with the sign
determined by the required permutation of columns.

o

—p. 76/1



Young diagrams and boundary strip removal

f.o Each partition \ define a Young diagram F*

# Transposition gives F* where ) is the conjugate of A

® Ex:A=(221), N =(32) F?!'=

F32 —

o [ "is obtained from £* by removing strip of length &
starting at foot of 1st column extending over ¢ columns.

where () indicates

F>*~" not regular.

—p. 7711



Modification rules

fStandard characters

® GL(n): {2} with | <n.

® O(n): (Al with ] + X, <n.

® Sp(n): (A with 2)\] < n.

Modification rules for non-standard characters

® GL(n): {A\} =0 if \] >n.

® On): [N=(DN=n* ifh=2\,—n > 0.

® Sp(n): (AN =(-1D)N—h* ifth=2\,—n—-—22>0.

with [\ — k] and (XA — h) both = 0 if 2" is not regular

o

—p. 78/11



Application of modification rules for GL(n)

fGL(n) modifications: {\} =0 if £(\) > n.

» Examples:
s n <4 {321°} ={2°1} =0
s n <3 {421} = {3%1} = {32%} =0

® For GL(n) the product {2%} - {21} modifies to give
n>4 {43} + {421} + {3*1} + {32} + {321°} + {2°1}

n=3 {43} + {421} + {321} + {322}
n=2 {43}



Examples of modifications forO(n)

-

O(n) modifications: [A] = (—=1)“"'X — h]* with h = 20(\) —

® n=6 A=(2°1),h=2

= [2°1] =0

® n=5 A=(2°1),h=3 and A= (2°1),h =1

and —

X | X

>k

= [2%1] = —[27] and [221] = [27]* = [2%1] = —[2%1].



O(n) tensor product [24] - [21]

n > 7 [43] + [421] + [3%1] + [327%] + [3217%] 4 [2°1]
+[41] 4 2[32] + 2[317] + 2[2%1] + [217]
+[3] + 2[21] + [1%] + [1]

n==6 [43]+ [421] + [3°1] + [327] 4 [3217]
+[41] 4 2[32] + 2[317] + 2[2%1] + [217]
+[3] + 2[21] + [1°] + [1]

n=75 [43] + [421] + [3°1] + [41] + 2[32] + 2[317]
+[221] + [21°%] + [3] + 2[21] + [1°] + [1]

n=4 [43] + [41] + [32] + [31%] + [3] + [21] + [1°] + [1]



Examples of modifications forSp(n)

Sp(n): (A) = (—1)%(\ — h)* with h = 20(\) —n — 2

® Ex: In Sp(6) (321%) = (2°1) = (21°) =0 since h =0
and c =1 (strip of length 0 removed from the 1st column)

® BEx: (\)=(321%), h=6—n.

>k
* >k

o n=06: (3212) = —(3212)* = —(3212) = 0
o n=>5: (3212) = —(321)"
s n=4: (321%) = —(32)* = —(32)




Sp(n) tensor product (22) - (21)

n>T (43) + (421) + (3%1) + (322) + (3212) + (2°1)
+(41) + 2(32) 4+ 2(31%) + 2(2°1) +
+(3) + 2(21) 4 (1°) + (1)

n=6 (43) + (421) + (321) + (32?)
+(41) + 2(32) + 2(31%) + 2(2°1)
+(3) + 2(21) 4 (1°) + (1)

n=>5 (43) + (421) + (3%1) + (32%) — (321) — (2%)
+(41) + 2(32) 4+ 2(31%) + 2(2°1) —
+(3) + 2(21) 4 (1°) + (1)

n=4 (43) + (41) + (32) + (3) + + (1)



Odd symplectic groups

ﬁdentification of group H2(2k +1) = Sp(2k + 1)

# Canonical form of second rank antisymmetric tensor n;;

= ansl( ) (L) @)

® Sp(2k + 1) neither semisimple nor reductive (Proctor)

>k

Sp(2k+1) = Sp(2h) )
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Odd symplectic groups

ﬁdentification of characters of H2(2k+ 1) = Sp(2k + 1)

#® The defining representation IS Indecomposable but
reducible: (1) =ch Vi, . =ch Vg, +ch Vi),

# Each ()\) is the character of an indecomposable
representation (Proctor)

Tensor products are not fully reducible
® Ex: In Sp(3) V< @V , is not fully reducible.
® (2)-(1%) = (31) + <212>+<2>+<12> = (31) — (21) +(2) +(1*)

P V 31  + VS  + V , must contain all the irreducible

o

components of VSP(S)
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Mixed tensor characters ofGL(n)

fDefinition Syz(x;T) =

S1“§9—j+1 —itJ (T) Slxg_p A (:l?)

® Thus {)Mﬁ} — ‘ {T%—j+1—73+j} {1A;_p—j+i}

® Ex: For A = (322) and p = (211),
we have ) = (331), ¢/ = (31), so that

Iy T {1} {0} -
0y T {11} {11 -
{332,112} = | — {1} {18} {12} ~—
- {T} {1} {*} {0}
- {0} {15} {1} {1}




Modifications of mixed tensor characters ofG L(n

fEIementary modifications

® let e=detX and z=det X!

sothat e =1.

s {TV =z {1"*} and {1*} =< {T"")

Ex: Forn = 4, applying these to columns 2 and 3 of our
previous example, we find {322;112} = {32;2}

{1y - {1} {o}
{0y {0} {1} {1}
- {1} {0y {1%
- {12
- {1%

.

{1°} {0}
{17y {1}

I {1y {0} -
oy {1 {13 {0}
—- {0} {1¥} {1}

{1’y {17} {0}
{1y {1’} {1}




Structure of mixed tensor G'L(n) modification rule

fSummary of procedure

# Let )\ and u have lengths /(\) = p and ¢(u) = q.

#® The conjugates )" and i/ determine diagonal entries.

#® Modify each term in two neighbouring columns using
(T") = {17 *} and {1*} = {T" "} withze = 1.

# Interchange the two columns, so that the original diagonal
entries {17} and {T?} map to {17~} and {T""} with
h=p+q—n—1.

# Either {\;7u} = 0if any two column are identical.

® Or {\; i} =+{o;7} with the sign determined by the

required permutation of columns.
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Summary of G L(n) modification example

ﬁ.o For GL(7): {322;112} standard character for all n > 6
® For GL(4): {322;112} = {32;2}
® For GL(n): {322;:112} =0 for n=15,3,2,1.

Note: The corresponding modifications to Young diagrams
take the form:

— p. 89/11



Full GL(n) modification rule

-

Standard characters

® GL(n): {2} with | <n.

® GL(n): {\u}t with X + ) <n.

Modification rules for non-standard characters

® GL(n): {A} =0 if \] > n.

® GL(n): {\a}= (-4 YUN—h;p—h} ifh>0
s Withh=X+puj—n—-12>0,
s c = # columns covered by strip removal in F*~",
s d = # columns covered by strip removal in F#~",

L o {\—h;u— h}=0ifeither FA~" or F#~" is not regular.
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G L(n) tensor product {2:1} - {1%; 1}

f
n>5 {31;2} + {31;12} + {21%,2} + {21%; 12}
+{3;1} +2{21; 1} + {1°;1} + {2; 0} + {1%; 0}
n=4 {31;2} + {31;12} + {212;2}
+{3; 1} + 2{21;1} + {1°;1} + {2; 0} + {1%; 0}
n=3 {31;2} 4+ {3;1} + {21; 1} + {2;0} + {1%; 0}
where we have used the modifications:
® Forn =4: {21%;12} = 0.

® Forn=3: {21%;12} = —{21;1}
L and {31;12} = {21%;2} = {13:1} = 0.



Generalisation to other subgroups

ﬁnvariant 1:5.., Of rank r and symmetry =

#® 7 Is a partition of r» with corresponding Young symmetrizer
Y™ an idempotent in the algebra of .5..

# 5, acts naturally by permuting the r indices of 7;,...x.
® Y7 Nk ™ Nijeok

Subgroup H.(n) of GL(n) leaving n invariant

® H.(n)={Ae€GL(n)| A A% A Napc = Nijoi}
Classical examples

® 7= (1) Hi(n)=GL(n—-1).

® 7= (2). Hy(n)=0(n).

® 7= (1%): Hp2(n) = Sp(n).

—p. 92/11



The group H,3(3)

ﬁdentification of group H;3(3)

# Canonical form of third rank antisymmetric invariant
In 3 dimensions: 7;,; = €.

® For A e His(3)we have A : ¢, — A} Aj. Al €pgr = €ijk
#® In 3-dimensions this implies and is implied by det A = 1.
® Hence Hi3(3)=SL(13)={A e GL(3)|det A=1}.
Identification of characters of H;s(3)

® SL(3)is semisimple

#® All its representations are fully reducible

L’ In particular each ng]]@) Is irreducible with [A\] = ch Vg}iﬂ(?))
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Branching rule for GL(3) D Hy3(3)

F{A} — [A/Ms] =[N/ (0+ 13 +23 +21* + 33+ .- )]

{Aaim | [N/ Mis]aim | {A aim | [N/ Miz]dim

{0t | 0] {21} | [21°] -9 + [2]6 + [1°]5

{1ts | [1]s {2%}6 | [2%]6

{}s | [1%]s {2°1}5 | [2%1]0 + [1%]5

{h [ [Plo+ 0]y | {2°1%}0 | [2°1°] s + [21]s + [1°]o

{o [ [+ 015 | {21 | [2°]0 + [1°]0 + [O]

{2te | [2]6 {2°1}o | [2°1]0 + [21%]0 + [1*] -5 + [1]3

{21}s | [21]s {20 | [2%]s + [21°] 9 + [2]6
L{212}3 [21%]o + [1]5




-

Modification rules and revised branchings

(N =3 | =4

[1’lo=0 | [1*]-5=—[1]5

[21%]p = 0 | [21°] -9 = —[2]6 — [1*]

[2°1]o = 0 | [2°1°] s = —[21]s

[2°]o=0 |[2°1]o =0, [2%]5=[1"]3
{AY [ IVMs] | A IV Mas] | {A} | [N/ Mas]
{04 | [0 {2} | [2]6 {2%}6 | [2%]6
{1}s | [1ls {21}s | [21]s {2%1}3 | [1%]5
{}s | [1°]5 {21%}3 | [1]3 {2°h | [0y
{1°}1 | [0]




-

Modification rules and revised branchings

(A1, Az, Az, Ag] with Ay > A > A3 > A >0

[A, Ar, 1]
[A1, Ao, 1, 1]
[A1, A, 2, 1]
[A1, A2, 2, 2]

(A1, A2, 23,0 =0 if A3 >1

— _[[Alv )\1 _ 1]]

:—[[)\1’)\2—1]]_[[)\1_1,)\2]] =0 If )\1 >)\2

=0
:[[)\1—1,)\2—1]]

A1, A2, Ag, Mg =0 if A3 >3

1A} [A/Mis]
{1, A2} [A1, Ao] for Ay > A >0
{A A2, A3} | A=Az, A0 = As] | for Ay > A > A3 >0
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Tensor products for H,3(3)
fGeneral rule: [A] - [u] =32, [(A/(o-7(1%))) - (1/(o(1%) - 7))]
Example: Evaluation of [2%] - [21] in H;3(3)
Hys(n) [43] + [421] + [3%1] + [32%] + [321%] + [2°1]

+ 2[31] + 2[2%] + 3[21%] + [1*] + 2[1]
Hi3(3) [43] + [31] + [2°] + [1]

Check: Direct evaluation of {22} - {21} in SL(3)

SL(n) {43} + {421} + {3°1} + {322} + {3217} + {2°1}
SL(3) {43} + {31} + {2°} + {1}
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The group H3(4)

Canonical form of third rank antisymmetric invariant
(
Cijk If ivjvk S {17273}

In 4 dimensions: ;i = < _
0 otherwise

\

For A € His(4) we have A : 1, — AV AT AL €pr = miji

B D _ .
= A= where Bis3x3andCis1 x 1,
0 C

with det B =1, D arbitrary and det C' # 0.

SL(3) *
0 GL(1)

Hence His(4) =
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ﬁ H3(4) is neither semisimple nor reductive

The group H3(4)

# In general its representations are not fully reducible

—

{Aaim | [MMis]aim | {A}aim | [A/Mis]dim
{0h 0] {21°}s | [20°] 12 + [2]h0 + [1°]6
{1}a [1]4 {2%}20 | [2%]20
{P}e | [1%]6 {2°1}90 | [2%1]14 + [1%]6
{Phe | [Pl + 000 | {221%}6 | [221%]) 17 + [21]20 + [1°]5
{"h | []-s+ s | {2°}0 | [2°]6 + [1°]5 + [O]y
{2ho | [2]10 {21}, | [2°1]) s + [20%)12 + [1*] 5 + [1]4
{21}20 | [21]20 {21 | [2%]s + [21°]) 12 + [2]10
{21%}5 | [21%] 02 + [1]4




Modification rules for H3(4)

ﬁn GL(4): -
® (N, Ao, A3, A\t =M — A, do — g, A3 — Ay, 0}
® ¢ = {1*} is the character of the determinant rep of GL(4).
® Ex. {21°} =¢{1}
Under restriction from GL(4) to Hys(4):
® {1} [1]4
® {1*}1 = {0} — €[0]y
o {21}, — [21°] 12 + [2]10 + [17]6
Hence in H5(4) we have the modification rule:
R [21°] 12 = € [1]a — [2]10 — [1*]s
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Tensor products for H3(4)

fGeneraI rule for Hys(n):
[AD - [ul = 2, [(A/ (o - 7(12))) - (1/(0(1%) - 7))]

Example of product evaluated in Hs(n):

[2] - [1°] = [31°] + [21°] + [2] + [
Example of product evaluated in H;s
[2)10 - [V’]z = [31%]a6 + [21°] -12 +
= [31%]56 + (e [1]4 — [2
= [31%]26 + €[1]4
. In general [)\] is the character of an indecomposable
but reducible representation.

o

4).
210 + [1%]6

(
‘]
(
I 1

“lio = [l6) + [2°]10 + [1]6




Variety of groups H3(n)

fCanonicaI forms for 7;;, of symmetry = = 1°
® Let p,q,r, s,t,... belinearly independent vectors.

® Let [pgr| be the tri-vector with components py;q;ry;
where |---] indicates antisymmetrisation of indices.

# Canonical forms for n (Gurevich)

n |7 n|n
3 | lpgr 6 | [pgr]
4| [pqr] pgr| + [pst]
5 | [pgr] pgr] + [stu]
| pgr] + |pst] pgr] + [pst] + [gsu]
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A
fCandidate groups: [

Variety of groups H3(n)

>k

] with x arbitrary

0 B

n|n Ax B

3 | lpgr SL(3)

4 | [pqr] SL(3) * GL(1)

5 | [pqr] SL(3) * GL(2)
pqr| + |pst] [

6 | [pqr] SL(3) * GL(3)
pqr| + |pst] 77« GL(1)
pqr| + |stul SL(3) = SL(3)

o par] + [pst] + [gsu] | 77

—p. 103/1



The casenr = 3

ﬁmplications of invariance of
#® Third rank symmetric invariant in 3 dimensions:
(
1 ifi=45=k

Nijk = Oijk = |
’ ! 0 otherwise

\
® For A € Hs(n) we have A : ;5 — AV AT A} 60 = 0iji

$ ZZ:1 (Af)g =1
o > (A})?AE =0 for i#j
o > o AJAVAL =0 for i #j#kF#i.

® Forn < 3wefind A? € Zs = {1,w,w?} with w = €?7/3 for

all 7, p.
|
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The groups H;(n) and their characters

-

n
2
3| Zs
4

n|?

Branching rule for GL(n) D H3(n)
® (M} = [NM]=[)N0+3+6+42+---)]

® Al - n] =220 AN (o - 7(2))) - (1/(0(2) - 7))]
o = [\ ]+ [OVD) - (0/2)] + [(0/2) - (/1] +



Examples in the cased;(3)

nypical restrictions from G'L(3) to Hs(3)

{Atdim | [N/ M3]dim

{5}a1 | [B]1s + [2]6

{4124 | [41]15 + [2]6 + [1°]5

{3245 | [32]o + [2]6

Typical tensor product decomposition for Hs(3)
[319 - [2]6 = [5]15 + [41]15 + [32]o + 2[2]6 + [1%]5

® H3(3) = Z3 S5 is finite
# All its representations are fully reducible

L.o The dimensions of the irreducible reps are all 1 or 2
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More than one invariant

fSubgroup H, ,(n) D GL(n) leaving invariant
both 7;;.. and (.. of symmetry 7 and p.

® Example: 7=2 and p=1"

® 7 =g;; symmetric, rank2 and
¢ = €;;.., antisymmetric, rank n

® Hsin(n)=50(n)

Characters

# Branchingrule {\} — [\/M,]

® Tensor product (A|-[u| =>__[(Ao)-(u/o)]

# Additional modification rule [A] = [A],. + [M\_
 ifn=2k and (()\) =k
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Subgroup Hs3(n) of GL(n)

ﬁnvariants: Nij = 0ijy Gijk = 045, Of symmetry m =2, p=3
#® Further invariants
0 = Zi’j 0ij Oijr @NA ik = D Oijm Omil, €1C.
® H,3(n) =S, (Littlewood)
Characters of S,, in reduced notation

# Branching rule for GL(n) D S,
{A}— Zm«)‘/(M - My-0(2)-Mz-7(3)--+)-(0-7--+))
#® Tensor product rule for S,
A - ) =2 (A (V- 0)) - (u/(v-7)) - (0 0T))
® Modification rule for S,,:
L N =(=D)N —=h)) with h= A+ —n—-1
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