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ABSTRACT. We generalise structure tree theory, which is based on removing
finitely many edges, to removing finitely many vertices. This gives a signifi-
cant generalization of Tutte’s tree decomposition of 2-connected graphs into
3-connected blocks. For a finite graph there is a structure tree that contains
information about k-connectivity for any k. The theory can also be applied
to infinite graphs that have more than one vertex end, i.e. ends that can be
separated by removing a finite number of vertices. This gives a generalization
of Stallings’ structure theorem for groups with more than one end.

1. INTRODUCTION

A connected simple graph X is said to be n-connected if for every pair u,v
of distinct vertices there are n paths joining u to v such that if p € VX and
p # u,p # v then p lies on at most one of the paths. If X is not 2-connected then it
has cut-points, i.e. vertices whose removal disconnects the graph. If this happens,
and X has no disconnecting edges, then X decomposes into a collection of maximal
2-connected subgraphs, or 2-blocks. Any two 2-blocks intersect in at most one vertex
and this vertex will be a cut-point. Every edge of X lies in exactly one 2-block.
Associated with this decomposition is a structure tree T in which VT = BU S,
where S is the set of cut-points, B is the set of 2-blocks and there is an edge joining
b € B with s € § if and only if s € b. If G is a group of automorphisms of X, then
there is an induced action of G on T'. If X is a finite graph then T" will be a finite
tree and any action on a finite tree is trivial, i.e. there is a vertex which is fixed by
G. This is illustrated in Figure 1.
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FIGURE 1. One-connected graph and structure tree
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The number next to a vertex of T' indicates the order of the subgroup of the au-
tomorphism group fixing that vertex. Note the 2-colouring of T, in which white
vertices are cut points and black vertices are blocks.

There is a similar decomposition if X is 2-connected but not 3-connected. This
was described by Tutte [25] if X is finite and Droms Servatius and Servatius [3] if
X is infinite and locally finite. A somewhat different account is given in [7]. The
decomposition gives a structure tree T', which again has a 2-colouring VI' = BUS.
In this case each vertex s € S corresponds to a 2-separator, i.e. a pair of vertices
whose removal disconnects the graph, and for each maximal 3-connected subgraph
or 3-block there is a vertex b € B. In this case the situation is more complicated than
for cut-points as there are also black vertices which do not correspond to 3-blocks.
An example is given in Figure 2. Here the black central vertex of T' corresponds to
a 4-cycle one edge of which, shown dashed, is what Tutte calls an ideal edge. This
edge is not in the original graph, and joins the vertices of a 2-separator. In the
structure tree that he constructs every black vertex corresponds to a 3-block or a
cycle in which some edges may be ideal edges. Note that we could add ideal edges
so that all the blocks were complete graphs as in Figure 3.

FIGURE 2. Decomposition of a 2-connected graph with one ideal edge.

In this paper we show that if a graph X has a finite set of vertices whose removal
produces at least two components that are large in some sense and G is the auto-
morphism group of X then there is a G-tree (or structure tree) T with a bipartition
(S, B) of the set of vertices VI' = S U B so that the vertices in S correspond to
finite separating sets.

F1GURE 3. Decomposition of a 2-connected graph with all ideal edges.
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Such a structure tree had been known to exist in the case when X is an infinite
graph and X can be disconnected into two infinite components by removing finitely
many edges (see [2, 4]).

A ray is a sequence of distinct vertices vg,v1,... such that v; and v;y; are
adjacent for each i. Let E C VX. The coboundary JF is the set of edges that have
one vertex in E and one in VX \ E. If 0F is finite, then E is called an edge cut. If
R is a ray, then all the terms from a certain point onwards will either lie in E or in
VX \ E. We say that E separates rays Ry, R if one of the rays eventually belongs
to E and the other eventually belongs to VX \ E. We say two rays belong to the
same edge end if they are not separated by any edge cut. It is easy to see that this
is an equivalence relation on the set of rays, and so we can take an equivalence class
to be an edge end.

In [4] it is shown that if a graph has more than one edge end and k is the
smallest integer for which there is an edge cut E with |§F| = k that separates two
ends, then there is a structure tree in which the edges correspond to edge cuts with
this property. In [2] there has been a substantial theory developed for edge cuts
and edge ends starting from Stallings’ Theorem on the structure of groups with
infinitely many ends ([21, 23]).

In this paper we are concerned with vertex cuts and vertex ends. We say that
A C VX is a vertex cut if A is connected, i.e. any two vertices can be joined by
a path all of whose vertices are in A, and VX can be partitioned AU NA U A*,
where N A is finite and consists of the vertices which are not in A, but which are
adjacent to vertices in A. Note that generally A* will not be connected. As for
edge cuts any ray is eventually in A or in A*. We say two rays belong to the same
vertex end if they are not separated by any vertex cut. A finite set F' of vertices is
called a separator if VX \ F has at least two components which contain an end. If
FE is an edge cut then it is also a vertex cut in which NFE is the set of vertices of
0F which are not in E. Thus if two rays belong to the same vertex end, then they
belong to the same edge end. The converse is true if X is locally finite. However it
is easy to construct examples of graphs which are not locally finite in which there
are more vertex ends than edge ends. For example if K, is the complete graph on
a countably infinite set of vertices and X is the graph consisting of n copies of K,
in which a single vertex from each copy is identified, then X has n vertex ends but
only one edge end.

Another example is the Farey Graph as illustrated in Figure 4. This was pointed
out to us by Hamish Short. This graph is obtained by taking an ideal triangle in
the hyperbolic plane and then taking all translates of this triangle under the group
of isometries generated by reflexions in the three sides. One obtains a graph, in
which the vertices are the translates of the vertices of the triangle. All of these
will lie in the boundary of the plane, which will be a circle in the disc model. The
edges of the graph will be the translates of the edges of the triangle. The vertices
of any edge will form a 2-separator. In this graph every vertex has infinite valency.
The structure tree is easy to see. There will be one orbit of vertices corresponding
to the separating edges. The other orbit corresponds to the triangles. For each
such triangle there will be three edges of the structure tree joining the vertex
corresponding to the triangle to the three vertices corresponding to its boundary
edges. The structure tree is essentially the dual graph to the tessellation of the
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FIGURE 4. Farey graph with structure tree.

hyperbolic plane. This dual graph is a tree since each edge of the original graph is
separating.

In developing our theory we give a set of axioms that it is sufficient for a set
of vertex cuts to satisfy in order that a structure tree be constructed. In Figure 2
removing any two of the central four vertices will leave two components. The 12
components thus obtained satisfy the axioms of a cut system. The 12 cuts are not
nested with each other. Thus if one takes two cuts E, F' such that NE, NF are the
two distinct diagonal pairs, then ENF, ENF*, E*NF, E* N F* are all non-empty
intersections. If we restrict to the components obtained by removing two adjacent
vertices in the central cycle then we obtain a nested cut system, and the cuts in
this system can be regarded as the directed edges of the structure tree.

If X is an infinite graph with more than one vertex end and k is the smallest
integer for which there is a vertex cut A such that |[NA| = k and k separates two
ends then there is a set of such vertex cuts which satisfies the axioms.

One big advantage of using vertex cuts over edge cuts is that we can obtain a
structure tree theory that applies to finite graphs, and gives information about the
k-connectivity of the graph for any k. For a complete graph the structure tree is
trivial, i.e. it only has one vertex. A finite graph X has a non-trivial structure
tree if and only if for some integer k, there are k-separators. A k-separator is a
set S of k vertices whose removal leaves at least two components C, D such that
C U S and D U S each contain k-inseparable subsets. Here a set Y of vertices is
k-inseparable if Y has at least k + 1 vertices and no two of the vertices will lie in
distinct components of the graph when at most & vertices of X are removed. Let
k be the smallest value of k for which the above occurs. We show that a finite
graph contains a unique nested set £ of k-separators such that if two x-inseparable
subsets are separated by some k-separator then they are separated by a set in £.
The set £ is invariant under the automorphism group of X and forms the directed
edge set of a structure tree for X.

In recent work A. Evangelidou and P. Papasoglu [8] have independently obtained
some of the results of this paper. In particular they have obtained a new proof of
Stallings” Theorem using vertex cuts.

The authors first met at the conference on Totally Disconnected Groups, Graphs
and Geometry at Blaubeuren in May 2007. This project grew from a problem
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raised at a problem session at that conference. The authors are very grateful to the
organizers for inviting them to the meeting.

2. SYSTEMS OF CUTS AND SEPARATORS

The boundary NE of a set of vertices E is the set of vertices in VX \ E which
are adjacent to E. Set E* = VX \ (EUNE). We call E* the x-complement of E.

Let E and F be sets of vertices. The intersections ENF, E*NF, ENF* and
E*NF* are called the corners of E and F, see Figure 5. The sets ENNF, EXNNF,
FNNE and F* N NE are called the links and NE N NF is the centre. A link and
a corner are said to be adjacent if they are adjacent in Figure 5. We say that two
links are the links of their adjacent corner (or we say they are its links), and we
say that two corners are the corners of their adjacent link (or its corners). Two
links or two corners are said to be adjacent if the are adjacent to the same link or
corner, respectively. Otherwise they are called opposite.

Let C be set of non-empty connected sets of vertices with finite boundaries in a
connected graph. We call C a cut system if it satisfies the following axioms.

(A1) If C is in C then C* contains an element of C.

(A2) If C is in C then every component of C* which contains an element of C is
in C.

(A3) If C and D are in C then either a component of C' N D and a component
of C" N D* are in C or a component of C'N D* and a component of C* N D
are in C.

If C is a cut system then the boundary of a cut is called a separator and we denote
the system of separators by S. Note that in general a given system of separators
does not determine a cut system.

A set of vertices E is called large if both E and E* have components which are
cuts, otherwise it is called small. The x-complement of a cut is large but it is not
necessarily a cut, because it is not necessarily connected.

Axiom (A3) says that if C, D are cuts then there is a pair of large opposite
corners of C' and D. Or in other words, a large set minus a separator is still large.

Let us consider some examples of cut systems before developing the theory.

Ezample 2.1. For infinite graphs with more than one (vertex) end, take cuts to
be connected sets of vertices with finite boundary which contain a ray (that is, an
end) and whose complement also contains a ray. We call these cuts the vertex end
cuts. Axiom (A3) follows because if C, D, C*, D* all contain rays, then so do two
opposite corners.

Example 2.2. For infinite graphs with more than one edge end, the separators
would naturally be finite sets of edges which separate rays. But separators are by
definition sets of vertices. Hence we replace every edge of the original graph by
paths of lenght two. Let M be the set of new vertices, that is, the set of middle
vertices of these paths of length two. Then we take cuts to be connected sets of
vertices which contain a ray, whose complement also contains a ray and whose
boundary is a finite subset of M.

Examples 2.1 and 2.2 can be generalized as follows.

FEzample 2.3. Let X be a connected graph and let M C VX be some set of vertices.
Take cuts to be connected sets of vertices which contain a ray, whose complement
also contains a ray and whose boundary is a finite subset of M.
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Next we consider a cut system which also makes sense in finite graphs. Let k be
a positive integer. A subset Y of VX is said to be k-inseparable if it has at least
k + 1 elements and if for every set A C VX with [NA| < k, either Y C AUNA
or Y C A* UNA. Examples of k-inseparable subgraphs are the vertex set of a
(k + 1)-connected subgraph, or the vertex set of a subgraph which is complete on
k 4 1 vertices. The vertices of a separating edge form a maximal 1-inseparable set.

Ezample 2.4. Let k be the smallest positive integer for which there are sets A,
Y7 and Y3 such that |[NA| = k, Y7 and Ys are x-inseparable, Y1 € AU NA and
Yo € A*UNA. We will show shortly that the connected sets A with this property
form a cut system.

Note that there are graphs where this cut system is empty. For instance consider
a finite complete graph.

We say that a cut E separates a set A from a set B if A C F U NFE and
BCFE*UNFEorBCFEUNFE and A C E*XUNE. Here we also require that neither
A nor B is a subset of NE. The separator S is said to separate A from B if for
some cut F with NE = S, E separates A and B.

Set a = |ENNF|,b=|F*NNE|,¢c=|E*NNF|,d=|FNNE| and m =
|INE N NF|, see Figure 5.

Proof for Example 2.4. It follows from the construction that (Al) and (A2) are
satisfied. We have show that (A3) is satisfied.

Let E, F be cuts. We want to show that opposite corners have components that
are cuts. We know that there are x-inseparable sets Y7, Y5 separated by NE, and
k-inseparable sets Y3, Yy separated by NF. Each Y; determines a unique corner C;
of F and F, i.e. Y; C C; UNC;. Note that at this stage we cannot rule out the
possibility that Y; C NC; and so has empty intersection with each corner. However
there is only one corner for which Y; C C; U NC};, because otherwise Y; would be
contained in NE or in NF.

Two different Y; may determine the same corner. There must be two Y;’s which
determine opposite corners. For if this is not the case then all four Y;’s will deter-
mine one of a pair of adjacent corners. But then there will either be no Y;’s separated
by N E or no Y;’s separated by NF. Suppose then, say, that Y, C (ENF)UN(ENF),
Yo C (E*NF*)UN(E*NF).

Consider Figure 5. We see that [N(EN F)| < a+m+d and |[N(E* N F*)| <
b+m+c. But K = |[NE| = b+m+d = |[NF| = a+m+c, and so 2k = a+b+c+d+2m.
Hence either [N(ENF)| < kor [IN(E*NF*)| < kor [IN(ENF)| = [N(E*NF*)| = k.
But N(ENF) and N(E* N F*) both separate Y7 and Y and so, by the minimality
of k, IN(ENF)| = |[N(E* N F*)| = k. It follows that the opposite corners have
components that are cuts and so A3 is satisfied. d

3. MINIMAL SUBSYSTEMS

Let C be a cut system in a connected graph X. Let x be the smallest cardinality
of a separator. A separator with x elements is a minimal separator. A cut E in C
is called minimal if |[NE| = k.

In Example 2.4 every separator is minimal.
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FiGURE 5. Cuts, corners, links and centre

Lemma 3.1. Let E and F' be minimal cuts and assume that ENF and E*NF* are
large. Then N(ENF) and N(E* N F*) are minimal separators and NENNF =
N(ENF)NN(E*NF*).
In [12, Theorem 2] and [13, Proposition 2.1], Jung and Watkins prove a similar
result.
Proof of Lemma 3.1. This is similar to the proof for Example 2.4.
From the diagram, xk = a +m + ¢ = b+ m + d and hence
(1) 2k=a+b+c+d+2m.
Also
IN(ENF)|=a+d+m,
IN(ENF*)|=a+b+ ma,
IN(E*NF*)|=b+ c+ ms,
IN(E*NF)|=c+d+ma,
where in the above mq, mg, m3, my are the size of subsets of NENNF and so each
of these numbers is at most m. For instance,
my=|N(ENF)NNENNEF)|.
The intersections £ N F and E* N F* and their *-complements are large. Hence
a+d+my >rkandb+c+mg >k Nowa+b+c+d+mp+mg> 2k and (1)

implies my = mg = m and a = b, c = d. Thus [N(ENF)| = |[N(E* N F*)| = &.
We also get NENNF =N(ENF)NN(E*NF*). O



8 M.J. DUNWOODY AND B. KRON

Corollary 3.2. The minimal cuts in a cut system form a cut system.

Proof. Tt is clear that the minimal cuts and separators in some given cut system C
satisfy Axioms (A1) and (A2), while axiom (A3) follows from Lemma 3.1.
O

A corner of two sets of vertices is called isolated if it is small and if its adjacent
links are both empty. We call two sets of vertices nested if they have an isolated
corner.

Lemma 3.3. The inclusion E C F is equivalent to F* C E* for any sets of vertices
E and F. If this inclusion holds for cuts of a cut system, then E N F* is an empty
isolated corner.

If some link of a small corner of two minimal cuts is empty then both links are
empty (and the corner is isolated).

Minimal cuts have either (i) no empty link and two large opposite corners or (i)
two non-empty links and two empty links which are adjacent to an isolated corner
or (i11) all four links are empty, two opposite corners are large and at least one
corner is empty. In case (i) the cuts are not nested and in the cases (i) and (iii)
they are nested.

Proof. Let E C F. Then EUNE C FUNF and after complementation we get
F* C E*. Now ENF* is isolated, because it is empty (the empty set is small), and
its links ENNF and F* N NE are empty too. Note that FUNFE C FUNF does
not imply E C F' in general.

Let E, F be cuts of a cut system. By (A3) two opposite corners are large. We
saw in the proof of Lemma 3.1 that the links of a small corner of two minimal
cuts must have the same number of elements. Thus if one link is empty then so is
the other link. Also if two opposite corners are large then the links of each of the
other two corners have the same number of elements. Thus it is not possible for
minimal cuts £ and F' to have exactly one or three empty links. Also two empty
links must be adjacent and the corresponding corner must be small. If (iii) all links
are empty then one corner has to be empty, otherwise one of the cuts would not be
connected. [

We define a slice to be a component of VX \ S that is not a cut, where S is a
separator. A cut is called an A-cut if it is nested with all other minimal cuts. A
cut F is called a B-cut if E* has only one large component.

Theorem 3.4. A minimal cut is either an A-cut or a B-cut.

Proof. Let E be a minimal cut which is not an A-cut. Then there is a minimal
cut F' which is not nested with E. We have to show that E* has only one large
component. By case (i) of Lemma 3.3, all links and corners are not empty.

There is an A in {E*NF, E*N F*} which is large and which has a large opposite
corner. This corner A has a large component C' and Lemma 3.1 implies |[NA| = &.
Now NC C NA and NC > &k, because C is a cut. This implies NC' = NA. Let Ej
be the component of E* which contains C. Every vertex x in E* N NF is adjacent
to C. Hence z is in Ej and E* N NF C Ej.

Suppose there is another large component E; of E*. Axiom (A1) implies that
NEY is a separator. Hence NET = NE*, otherwise NE] would have less than
elements. Now Ef N E* N NF = Ef N NF = (), because we have seen before that
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E*NNF C Ej. There is an element y in "N NE* and an element z in F* N NE*,
because all four links are not empty. Since NE] = NE and Ej is connected, there
is a path from y to z which is completely contained in E7, except for its end-vertices
y and z. This path has to intersect E* NN F which contradicts Ef NN F = (). Hence
E* has exactly one large component. O

The proof of Theorem 3.4 provides information about the slice components of
VX \ NE when F is a minimal cut.

Lemma 3.5. Let C be a minimal cut system. Distinct slices are disjoint. A slice
has empty intersection with each separator. If Q is a slice, then no pair of elements
of NQ are separated by any separator.

Proof. Let Q1,Q2 be distinct slice components of VX \ NE and VX \ NF re-
spectively where F, F' are minimal cuts. The argument of Theorem 3.4 shows that
if F,F are not nested then NF intersects a single large component of E* and
vice versa and no other component. Thus @); and NF are disjoint. If E, F are
nested, then NF' has empty intersection with either E or E*. If it has non-empty
intersection with F, then NF has empty intersection with Q. If has non-empty
intersection with E*, then it follows from (A3) that it has non-empty intersection
with some cut component of £*. By relabeling this component as £ we see that
(1 has empty intersection with NF' by the case already considered.

We now consider corners and links of the pair Q1,@2. We have shown that
the links @1 N NQ2, Q2 N NQ; are empty. By the connectedness of QQ1, Q2 this
must mean that either Q1 = @2 and all the other corners and links are empty, or
Q1N Q2 = (. Finally suppose =,y € NQ for some slice Q and z,y are separated
by NE for some cut E. Now (@ is connected and the path in @ joining x,y must
intersect the separator N E, which we have already shown cannot occur. ([

This lemma enables us to replace a graph X with a cut system of minimal cuts
with another graph X with essentially the same cut system, but in which there are
no slices. In this new cut system two cuts are nested if and only if there is an empty
corner with empty adjacent links.

Let, then, X be a graph with a cut system C of minimal cuts. We define X as
follows VX C VX and v € VX if and only if « ¢ @ for every slice Q). Note that if
v e NE for any E € C, then by Lemma 3.5 v € VX. Two vertices u,v € VX are
joined by an edge in X if and only if u, v are joined by an edge in X or u,v € NQ
for some slice Q. We define C to be the set of subsets E of VX where £ = ENVX
for some E € C.

Theorem 3.6. The set C is a cut system of minimal cuts in X. There are no slices
Proof. Let E be a cut in C. We need to show that E = ENVX is connected in
X. Any two points of £ are joined by a path with vertices in E. If this path does
not contain any vertices of a slice then it is a path in E. 1f it does contain vertices
that are in a slice then delete these vertices. The resulting sequence will be a path
in E. For if there is a vertex in the original path which is in a slice @ , then there
will be vertices u, v in the path, which are also in NFE and such that any vertex in
the path between u,v will be in Q. These vertices do not lie in any other slice. On
deleting these vertices we see that u,v are joined by an edge in X. It is easy to
deduce all the other properties of a cut system. There will be no slices in X. O
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Let C be a cut system in the graph X. A subset A C VX is a pre-cut if either
A or A* is a cut.

Let E, F' be pre-cuts. We say that E is almost contained in F' (notation: E C* F')
if £ N F* is an isolated corner. Such a corner is a union of slices. Thus F C?* F' if
and only if EcFinX. We analyze the properties of the ordered set (C, C*). This
will be the same as the properties of (é, C) and so we may as well assume that X
has no slices and that the order relation is C. We know that E' C F is equivalent
to F* C E*. Sets of vertices F and F are nested if and only if one of the conditions
ECF, E*CF, ECF*or E* C F* holds. Also C is transitive. It requires a
certain amount of effort to prove directly that C? is transitive.

Lemma 3.7. Let D, E, F' be minimal cuts and let E and F be not nested.

If D is nested with E then it is nested with each cut component of two adjacent
corners of E and F. If D is nested with E and F', then it is nested with every cut
that is a component of a corner of E and F.

Proof. Suppose D is nested with E. We know that F, F' are B-cuts. We can assume
that there are no slices by replacing X with X if necessary. Thus E*, F'* are cuts.
By changing F to E* if necessary we can assume that D C E* or D* C E*. If
D C E*then D C E*UF and D C E*UF* and so D is nested with any cut in the
corners E N F* or EN F. Similarly if D* C E*, then D* is nested with any cut in
the same two corners. But D is nested with a cut if and only if D* is nested with
the same cut. A similar argument gives the second statement.

|

4. SEPARATION BY FINITELY MANY CUTS

We recall some results concerning separating by removing sets of edges. A min-
imal k-edge separator is a set of k edges whose complement is disconnected and
the complement of any proper subset of this separator is connected. Note that the
complement of a minimal edge separator has exactly two components and each edge
in the separator is adjacent to both components. Every finite set of edges with a
disconnected complement contains a minimal edge separator. Let p be any edge of
some connected graph and let k be any integer. Thomassen and Woess have given a
short proof of the fact that there are only finitely many minimal k-edge separators
containing p, see [24, Proposition 4.1].

We call a set S of k vertices a minimal k-separator, if VX \ S has at least two
components which are adjacent to all elements of S. That is, S is minimal with
respect to separating these two components. Note that this is a general graph-
theoretic definition which does not refer to our axiomatic cut systems and their
separators. Also note that a graph may have minimal k-separators for different
values of k. We say that a minimal k-separator S separates vertices u and v
properly if u and v lie in distinct components of V X \ S which are adjacent to every
element of S. When we think of our cut systems satisfying the axioms (A1)-(A3)
then we observe that minimal separators S are k-vertex separators which separate
vertices in distinct cuts properly whenever the boundaries of these cuts are S.

Thomassen and Woess showed that in a locally finite graph, there are only
finitely many minimal k-vertex separators containing a given vertex x, see [24,
Proposition 4.2]. This does not hold in non-locally finite graphs. But we can prove
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the following two lemmas for finite vertex separators in non-locally finite graphs
using similar arguments as in the proof of [24, Proposition 4.1].

Lemma 4.1. FEvery pair of vertices in a connected graph is separated properly by
only finitely many k-vertex separators, for any given k.

Proof. We use induction on k. Any minimal 1-separator of vertices x and y is a
vertex in any path joining x and y and so the lemma is true for k = 1.

Suppose the lemma holds for all minimal k-separators in all connected graphs.
Let z and y be any vertices of a graph X. We choose a path 7 from z to y and assume
that there are infinitely many minimal (k + 1)-separators, k + 1 > 2, separating x
from y properly. Then there is a vertex z € m\ {z, y} which is contained in infinitely
many of these (k + 1)-separators. If S; and Sy are such (k + 1)-separators then
S\ {z} and S3 \ {z} are distinct k-separators of z and y in X — {z}, and they
separate x from y properly in X — {z}. Hence there are infinitely many distinct
k-separators in X — {z} which separate x from y properly, in contradiction to the
induction hypothesis. O

Lemma 4.2. A minimal pre-cut is nested with all but finitely many minimal pre-
cuts.

Proof. Let E and F' be minimal pre-cuts which are not nested. By Lemma 3.3 all
links are not empty. Hence N F' has to separate two elements x and y of NE, and
N F separates these vertices properly as a k-vertex separator. Lemma 4.1 says that
there are only finitely many such separators NF. Since NFE is finite and since,
by Theorem 3.4, the complement VX \ NF of each such set NF has exactly two
large components (i.e. NF corresponds to two cuts), we obtain the statement of
the lemma. O

5. OPTIMALLY NESTED CUTS

Let C be a cut system of minimal cuts. Let C be a cut and let M(C) be the
set of cuts which are not nested with C. Set m(C) = |M(C)|. It follows from
Lemma 4.2 that m(C') is finite. If E' € C, then each large component of E* is a cut.
Put m(E*) = m(C) where C is a large component of E*. There is no ambiguity in

doing this as if there are two cuts C7,Cs which are large components of E* then
E,C4,Cy are all A-cuts and m(Cy) = m(Cs) = 0.

Lemma 5.1. Let E and F be B-cuts which are not nested, and suppose ENFE and
E* N F* are large, then

m(ENF)+m(E*NF*) <m(E)+m(F).

Proof. Let D be any minimal cut. If D is in M(E* N F*) N M(E N F) then, by
Lemma 3.7, D is in M(F) and in M(F). Hence if D is counted twice on the left of
the above inequality then it is also counted twice on the right.

If otherwise D isin M(ENF)\M(E*NF*)orin M(E*NF*)\M(ENF), that is
D is counted exactly once on the left, then, again by Lemma 3.7, D is in M(F) or
in M(F). Hence D is counted at least once on the right side of the inequality. We
have now proved that m(ENF) +m(E* N F*) < m(E) +m(F). Since E € M(F)
and F' € M(FE), the cuts E and F are counted on the right side, but not on the left
side, and we see that this inequality is a strict inequality. [
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Set m = min{m(E) | F is a minimal cut.}. This minimum exists, because the
values m(E) are all finite. A minimal cut E with m(E) = m is called optimally
nested. Every non-empty cut system contains an optimally nested minimal cut.

Theorem 5.2. Fvery optimally nested minimal cut is nested with all other opti-
mally nested minimal cuts. The optimally nested minimal cuts form a nested cut
system.

Proof. Suppose there are optimally nested minimal cuts £ and F' which are not
nested. By (A3) there will be opposite corners that are large. By relabeling we can
assume that these large corners are F N F and E* N F* and by Lemma 3.1, each
of ENF and E* N F* has a component which is a minimal cut. Now Lemma 5.1
says that

m(ENF)+m(E*NF*) <m(E)+m(F)=2m.
Thus one of the summands on the left side is less than m, contradicting the mini-
mality of m. (]

6. ORDERS AND TREES

We will show that the cut system of minimal nested cuts can be regarded as
the edge set of directed tree. First we consider again the structure tree given by
cut-points and 2-blocks described in the introduction. In the discussion here we do
allow disconnecting edges. The vertices of a disconnecting edge form a 2-block.

Example 6.1. Let X be a connected graph. If X is not 2-connected then it has cut-
points, i.e. vertices whose removal disconnects the graph. If this happens, then VX
decomposes into a collection of maximal 2-inseparable subsets or 2-blocks. Any two
2-blocks intersect in at most one vertex and this vertex will be a cut-point. Every
edge of X joins vertices in exactly one 2-block. Note that the boundary of a 2-block
in X consists of cut-points. Let C be the set of connected sets of vertices E such
that NE = {z} and z is a cut-point. Then C is a system of minimal nested cuts.

As noted in the introduction, associated with this decomposition is a tree T" in
which VT = BU S, where S is the set of cut-points, B is the set of 2-blocks and
there is an edge joining b € B with s € § if and only if s € b. But note that the
edges of this tree can be regarded as the set C. Thus for E € C, let t(E) = NE
and let o(E) be the block that is contained in E that has the cut-point NE in
its boundary. If we direct the edges of T so that an arrow points from o(E) to
t(E), then the vertices in S have every adjacent edge pointing towards if and every
vertex in B has every adjacent arrow pointing away from it. Any path in T will
have alternating arrows as one proceeds along it.

In general let C be a nested cut system of minimal cuts. By replacing X by X
if necessary, we can assume that there are no slices and so C? is the same as C for
pre-cuts E, F'. Let S be the set of separators. We define B as the set of equivalence
classes for a particular equivalence relation ~ on C. Thus for E,F € C put £ ~ F
if either

(i) E=For
(i) NE#ANF and E* C Fandif E* C D C F, for D € C, then D = F, and
if B¥Xc D*C F, for D € C, then E = D.
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We prove that ~ is an equivalence relation. Clearly ~ is reflexive. It is symmetric,
because E* C F' if and only if F* C E, and E C F if and only if E* C F* for
E FecC.

Suppose D ~ E and FE ~ F and suppose that D, E, F are distinct elements of C,
so that D* C E and E* C F'. We know that D, F' are nested, so that there is one
of four possibilities. If (1) D C F* then E* C D implies E* C F*. Since F* C E
we get E* C FE, which is impossible. If (2) D C F then, F* C D* C E which
implies F* = D*  and hence F' = D, which we have excluded. If (3) D* C F* then
D* C F* C E and either so D = F or F* = E. We have excluded D = F and if
F* = FE then NF = NFE and so E = F which is also excluded. If (4) D* C F then
either D ~ F or thereisan A € CUC* , A # F, A # D* such that

D*C ACF.

We have again four cases, since A and E are nested. If (1) £ C A then E C F.
Since £ ~ F, we have E* C F. Since F* C E* we now get F* C F which is
impossible. If (2) E* C A then E* C A C F and E* = A. Then D* C E*.
Together with E* C D, this would imply D* C D which again is impossible. If (3)
E C A* then A C E* C D, which implies D* C A*, in contradiction to D* C A. If
(4) E* C A* then D* C A C E and so A = E, by the definition of ~. This implies
E C F, contradicting F' C E*.

We obtain a directed graph T' = T'(C)

VI =SUB and ET =C.

where S is the set of separators and B = C/ ~, where t(E) = NE of E € C and
o(E) is the ~-class which contains E. Clearly T is a bipartite graph since o(E)
and t(F) are in disjoint sets. In particular there are no loops. We will shortly show
that T is a tree. If we direct the edges of T so that an arrow points from o(F) to
t(E), then each vertex in S has every adjacent edge pointing towards it and each
vertex in B has every adjacent arrow pointing away from it. Any path in T will
have alternating arrows as one proceeds along it.

Lemma 6.2. The graph T =T (C) is a tree.

Proof. Suppose the underlying graph of T contains a cycle. The graph T con-
tains an alternating closed cycle of length 2n for some n > 2. There are elements
Ey,Es, ..., Ey, of CUC* corresponding to the edges of this directed cycle such that

E1CEQCEg...EQnCElc_EQC...,

in contradiction to C being antisymmetric.
Let E and F be elements of C. If E C F, then Lemma 4.1 implies that there is
a finite path in 7' connecting o(F) and ¢(F). Hence T is connected. O

The following example, illustrated in Figure 6 , shows that it is necessary to use
C? rather than C when defining nestedness if there are slices.

Ezample 6.3. Set VX =Z U {o,i} and
EX ={{z,z+1} |z € Z}U{{z,0} |z € Z} U {{o,4}}.

The minimal number of vertices needed to separate the two ends of X is 2. The
(connected) minimal cuts are of the form E;” = {k+ 1,k +2,...} or B, = {k —
1,k —2,...}, where NE;" = NE, = {k,o}. The group of automorphisms acts
transitively on the cut system C = {E;", E, | k € Z}. Also C is the only minimal
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end separating automorphism invariant cut system. If I > r then E;” and E; do
not have an empty corner but they are nested because {i} is their isolated corner.
The set {¢} is the only slice. The graph X is obtained by deleting .

The tree T'(C) is a double ray.

FIGURE 6. Structure tree for a two-ended graph

It is possible to define the set B in a different - possibly better - way. Let C be
a minimal cut system. For the moment we do not assume C is nested. A subset
Y of VX is said to be C-inseparable if if for every A € C either Y C AUNA
or Y C A* U NA but not both. It follows from Zorn’s Lemma that every C-
inseparable set is contained in a maximal C-inseparable set. Thus if one has an
increasing sequence of C-inseparable sets By C By C ... and B = |J,, By, then B
is C-inseparable, since if A € C and k is a positive integer such that N B,, has more
than N A elements if n > k, then for all n > k either B,, C AUNAor B,, C A*UNA
and the same is true for B. A maximal C-inseparable set B is called a C-block, if B
is not contained in any slice. Thus a C-block corresponds to a C-block in X.

For a nested minimal cut system, we define B to be the set of C-blocks.

Lemma 6.4. If A € C then there is a unique B € B such that NA C B and
BCNAUA.

Proof. By changing to X if necessary we can assume that there are no slices.

Let S be a separator. Thus S = N A for at least two components A of X \ S and
they are cuts. If S is the only separator, then each B € Bisaset B=AUNA
where A € C is such a component. In general let ~ be the equivalence relation on
C defined above. Let

I= () (EUNE).
E~A

It is fairly easy to check that I is C-inseparable and satisfies the required conditions
|

Put i(A) = B, where B is as in Lemma 6.4. In fact every block B = i(A) for
some A € C. To see this note that B C AU N A for some A. Now choose A so that
it is minimal with this property.
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7. STRUCTURE TREES

Let G be a group acting on a connected graph X and let C be a nested cut
system of minimal cuts, invariant under G. Let T' = T'(C) be the tree constructed
in the last section. This will be a G-tree, i.e. the action of G on C induces an action
of GonT.

We now show how a ray in X determines either a unique end or a unique block
vertex of T. Let R be a ray in X. For each cut E, R is eventually in E or E*.
Thus for each pair E, E*, the ray determines a choice of just one of E or E*. If R
eventually lies in D and D C FE then clearly R eventually lies in E. It follows that
R determines an orientation of the edges of the tree T. This orientation is different
from the orientation given previously in which paths have alternating arrows. In
this new orientation d < e,e < f implies d < f. Under this orientation all the
edges point to a single vertex or end of T. If they point to a vertex, then this
vertex cannot be a separator, since the vertices of a ray are distinct, and so it can
only visit a separator S at most |S| times. The ray determines the block B € B if
and only if it contains infinitely many vertices of B. We say that the ray R belongs
to the block vertex or end of T

Now we show that if two rays belong to the same end of T' then they belong to
the same end of X.

Let Ry, Ry belong to the same end of 7. Thus there is an infinite sequence of
cuts £1 D Fy D FEs3... such that both R;, Ry are eventually in any one of the F;’s.
Note that the intersection of the E;’s is empty. For if u € VX is in every E;, then it
will be separated from a vertex in E} by every NE;. This contradicts Lemma 4.1.
Suppose there is a cut D which separates Rj, R, say R is eventually in D and
R5 is eventually in D*. For each 4, both E; N D and F; N D* contain rays. For
only finitely many ¢’s N FE; separates vertices in ND. In fact either NE; C D for
1 large enough or NE; C D* for ¢ large enough. But if, say, NE; C D for 7 large
enough, then both Ry, R, are eventually in D, since both rays contain vertices from
infinitely many of the N E;’s.

Let C be a cut system. If a set Y is C-inseparable, then it is C’-inseparable for any
subsystem C’ of C. Thus any C-block is contained in a C’-block. The inclusion may
be proper, and there may be C’-blocks which contain no C-block. Thus in Figure 2
the set B consisting of the four vertices of the central dotted 4-cycle do not form a
C-block for the cut system C of all cuts A with |[NA| = 2. But if we restrict to the
nested cut system C’ of the cuts for which N A consists of two adjacent vertices of
the 4-cycle, then B is a C’-block.

Let C be a cut system of minimal cuts.

Lemma 7.1. There is a nested subsystem £ of minimal cuts invariant under G
such that distinct C-blocks lie in distinct £-block and any two rays that are separated
by an element of C are separated by a cut in € and any C block that is separated
from an end of X by a minimal cut can be separated from that end by a cut in &.

Proof. We know that the set of optimally nested cuts is a nested sub-system N
of cuts in C invariant under G. If this cut system does not have the required
properties listed in the statement of the lemma, then we show that we can enlarge
it, and obtain a bigger sub-system N with the same properties. In fact all we will
assume about N is that it is a nested subsystem of C invariant under G and that
there is an integer M > m such that m < m(A) < M for every A € N and no cut
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Ain C with m(A) < M separates two C blocks, or separates two ends or separates a
C-block and an end unless they are already separated by a cut in A/. Suppose then
that we have such an A but that it does not have the required properties listed for
£ in the statement of the theorem.

Then one of the following holds.

(a) There are distinct C-blocks By, By that lie in the same N-block.

(b) There are two rays in X that are separated by some A € C that are not
separated by any E € N.

(c) There is a ray and a C-block Bj that are separated by some A € C that are
not separated by any E € N.

Suppose that (a) holds and that the minimal value M for which there is a cut
A € C with m(A) = M is less than or equal to the corresponding value for a cut A
satisfying (b) or (c). Let B be the N -block that contains By, Bs. For some A € C,
By C AUNAnor By C A*UNA, i.e. NA separates B; and By. Choose A with
this property so that m(A) is minimal.

We show first that A is nested with every E € /. For if it is not nested with E,
we know that B C EUNFE or B C E* U NE. Without loss of generality assume
B C EUNE. Now either FNA or ENA* is in C and its boundary separates B; and
B; by Lemma 5.1 we have m(ANE) +m(A*NE*) < m(A) + m(E) <m(A)+ M.
Since m(A* N E*) > M we have m(A N E) < m(A) which is a contradiction. Thus
A is nested with every £ € N.

It remains to show that A is nested with gA for every g € G. We can then enlarge
& by adding all the translates gA, g € G. Suppose A and gA are not nested. It is
not hard to see that there are components of opposite corners each of which will
separate two of By, Ba, gB1, gBs. Let these corners be ANgA, A*NgA*. By Lemma
5.1 we have m(A N gA) + m(A* N gA*) < m(A) + m(gA) = 2m(A). By the choice
of A we have a contradiction.

A similar argument works if the minimum value for an m(A) which separates
two C blocks not separated by a cut in N is greater than that of an A satisfying
(b) or (c). We just replace the cuts separating blocks by cuts separating ends, or
by cuts separating an end and a block.

([l

We have proved the following:

Theorem 7.2. Let X be a connected graph with automorphism group G and cut
system C. There is a nested sub-system of minimal cuts € in C(X) invariant under
G with the following properties. If two rays are separated by a minimal cut D € C
then they are separated by a cut E € . If two C-blocks are separated by a minimal
cut E € C then they are separated by a cut in E. If an end of X and a C-block are
separated by a minimal cut in C, then they are separated by a cut in &.

Let T = T(E) be the associated G-tree. A ray (which belongs to an end of X)
will either belong to an end or a vertex of T. Two rays which determine the same
end of X will belong to the same end or the same vertex of T. Two rays which
belong to different ends of X will belong to the same end or the same vertex of T
if and only if they cannot be separated by a minimal cut D. A C-block belongs to a
unique vertex of T'. Distinct blocks lie in the same vertez if and only if they cannot
be separated by a minimal cut in C.
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As in [2] one can obtain a stronger result in which the nested sub-system does
not only contain minimal cuts. We describe how to do this. Suppose there are two
C-blocks that lie in the same E-block. Two such blocks will be separated by some
NA for A € C. In fact they will be separated by an N A which is nested with every
FE € &. This can be proved by choosing such an A for which the number of E with
which it is not nested is minimal, and then using Lemma 5.1, we can show that
this number is zero. For such an A, N A lies in a unique £-block B.

The set of cuts

Cp ={A € C\ &|A nested with every E € £, NA C B}

is a cut system. It is easy to see that (A1) and (A2) are satisfied.

For (A3), let C, D € Cp. Since E,F € C they have opposite corners that have
components in C. We want to show that for each such corner at least one of the
corners is in Cg. For each F € £, either BC EUNFE or B C E* UNE. Consider
the set &g = {E € EINE C B,BN E = (}}. In the structure tree T'(£), the set £p
consists of the edges with ¢(E) = B. We know that each C' € Cp is nested with
each I € £g. In fact we have either F C C or E C C*, since both E* N C and
E* N C* have non-trivial intersections with C-blocks. Since the same is also true
for D it follows that for every E € Ep either EC CNDor EC C*UD* and so
is nested with each component of each corner of C and D. It follows fairly easily
that if £ € £ (not just £p) then E is nested with each component of a corner of C
and D. We need also to show that opposite corners of C, D have components that
are not in £ but which are in C. Since C is connected, neither CN D or C'N D* can
have every component that is in £g. For if this were the case then the link between
the two corners would be empty. By replacing C' by a component of C* we can in
fact conclude that no corner of C, D can have every component in £g. But by (A3)
for C there are opposite corners that have components in C. Thus (A3) is verified
for Cp.

We can now enlarge £ by adding a nested subsystem of minimal cuts in Cg. If
g € G,gB # B, then one can show fairly easily that any cut in Cp is nested with
any cut in Cyp and so we can further enlarge £ and obtain a new nested cut system
which is a G-set.

Using a similar argument we can also enlarge & if there are two ends of X that
are separated by a cut in C but not by a cut in £ or if there is a C-block and an
end of X that are separated by a cut in C but not by a cut in £. Not that any slice
in the Cp will already have been a slice in C.

Note also that the nested sub-system &£ of C is unique. This is because the
construction above is canonical. Thus we start by taking all the optimally nested
minimal cuts in C and then extend by taking all the cuts which are nested with the
previous subsystem and which satisfy some minimality condition. This means that
the trees T, are unique, i.e. they depend only on the cut system C.

We obtain the following strengthened version of Theorem 7.2.

Theorem 7.3. Let X be a connected graph with automorphism group G and cut
system C. There is a unique nested sub-system & of cuts in C(X) invariant under
G with the following properties. If two rays are separated by a cut D € C, then they
are separated by a cut E € £ with INE| < |[ND)|. If two C-blocks are separated by a
cut D € C, then they are separated by a cut in € with |NE| < |ND|. If an end of
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X and a C-block are separated by a cut in C, then they are separated by a cut in €
with |[NE| < |[ND|.

Let &, be the sub-system of € consisting of cuts E € £ with INE| < n. Then
there is a G-tree T,, = Tg, associated with this cut system. A ray (which belongs
to an end of X ) will either belong to an end or a vertex of T,. Two rays which
determine the same end of X will belong to the same end or the same vertex of
T,. Two rays which belong to different ends of X will belong to the same end or
the same vertex of T,, if and only if they cannot be separated by a cut D € C with
IND| < n. A C-block belongs to a unique vertex of T,,. Distinct blocks lie in the
same vertex if and only if they cannot be separated by a cut D € C with [ND| < n..

We thank Matthias Hamann for pointing out an error in the proof of this theorem
in an earlier version of this paper.

It is necessary to restrict to cuts E € £ with [NE| < n in order to get that there
are only finitely many edges between two vertices of the associated tree. The whole
set € can be regarded as the directed edge set of a generalized tree called a protree
(see [5]).

Each C-block will be a £-block. There may be £-blocks that are not C-blocks, as
can be seen from the example in the introduction. If we join any two vertices by
an ideal edge if they are not separated by any cut in the final cut system & then it
can be seen that X embeds in a graph in which there is a nested cut system, which
is essentially £ and every £-block is the vertex set of a complete subgraph. This is
illustrated in Figure 3.

This last theorem only gives us extra information when we have a cut system
that contains cuts which are not minimal. For example it applies to the cut systems
Example 2.1 and Example 2.2. It does not give extra information for the cut system
Example 2.4. However, as explained in the next section, we can obtain extra
information about the connectivity of finite graphs by working with the graphs
obtained from the blocks of this latter cut system.

8. APPLICATIONS

It is a consequence of our main results (Theorem 7.2 and Theorem 7.3) that if a
G-graph has a non-trivial cut system C in which the size of separators is bounded,
then there is a homomorphism of G to the automorphism group of a tree. Thus
there is a G-tree T' = T'(£) associated with a nested sub-system &£ of C. The actions
of groups on trees are completely described in the theory of Bass and Serre (see
[20], [19] or [2]). The action of a group G on a tree T is said to be trivial if G fixes
a vertex. If T has finite diameter - in particular if T is finite - then the action is
trivial. The quotient graph G\T = @ is a tree.

For a finite graph X, there is a natural cut system C. Namely the cut system of
Example 2.4. This will then contain a unique nested sub-system £ which will be
the directed edge set of a structure tree T'(£). We summarize this in the following
theorem.

Theorem 8.1. Let X be a finite graph with automorphism group G. Let Kk be
the smallest value of k for which there are a pair of k-inseparable subsets of VX
which can be separated by a k-separator. There is a unique nested cut system & of
k-separators, invariant under G with the following property. If two k-inseparable
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sets are separated by a set of k vertices in VX, then they are separated by a cut in

€.

The G-tree associated with this nested cut system is called the structure tree
for X. There may be slices for this cut system. (But we have not been able to
construct an example where there are.) If we remove vertices in any slice and join
each pair of vertices by an ideal edge if the vertices lie in the same block, then we
obtain a G-graph with the same structure tree in which the blocks are complete
subgraphs.

If there are k-inseparable sets that are separated by a set of k-elements but are
not separated by a separator in &, then these sets must belong to the same £-block.
Let £’ be the smallest value of k for which this is true. Then s’ > k. Thus we have
k’-inseparable sets which lie in the same £-block B and which are separated by a
set with ' elements of VX. By adding (ideal) edges joining any pair of vertices
in the same &-separator we can make the make B into the vertices of a connected
graph Xp. Also k' inseparable sets which are separated by &’ vertices in X will
also be separated by x’ vertices in X g, and so we can repeat our theory and obtain
a structure tree Ty for Xp.

We can expand the vertex vp corresponding to B of the structure tree for £ and
get a new expanded structure tree. The expansion involves choosing, for each edge
e of T'(£) incident with vp, a vertex of the tree Tp to which e will be attached in
the expanded tree. There is not usually a canonical way of doing this. In the case
of a finite graph it can be done so that the expanded tree is G-invariant. In the
situation of an infinite graph such as in Figure 6 it may not be possible to carry
out the expansion and get a G-tree.

X T(E)

FIGURE 7. Structure trees for a finite graph

What happens for a finite graph is illustrated in Figure 7. The graph X shown
has automorphism group G of order two, and has one cut point. This gives rise
to a cut system £ with two cuts one of which is the top vertex and the other the
bottom 5 vertices. These cuts are nested and the corresponding tree (T'(€)) has
three vertices, the middle vertex corresponds to the separating cut point and the
two edges correspond to the cuts. There are two blocks, corresponding to the two
other vertices of T'. The vertices of one block are the vertices of the separating edge
of X and the other block B corresponds to X with the top vertex removed. Now B
has a nested system of cuts in which there three separators each with two elements.
The tree Tp corresponding to this cut system is shown at the bottom right of
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the diagram. It has 7 vertices, three of which correspond to these separators and
the remaining four vertices correspond to the four 3-cycles in X. We can expand
the vertex corresponding to B in T'(€) so that we get a structure tree for X, by
attaching the dashed edge as shown. This is the only way to attach the edge to
preserve the symmetry of the tree. Note though that it involves joining vertices
corresponding to separators in the different cut systems, and so one cannot always
expand blocks so that a 2-colouring of the expanded tree gives a natural way of
getting separators and blocks. The reason one can always expand the tree in the
case of a finite graph and obtain a tree on which the automorphism group G acts
is because a group action on a finite tree is trivial. There is always a vertex that
is fixed by G. Thus one can always attach edges to the vertex in the structure tree
for the block that is fixed by the automorphism group of the block, and this will
mean that the expanded tree admits the automorphism group G of X.

In this example there is only one vertex in Tz that is fixed by the automorphism
group (of order two) but this will not always be the case. Thus the automorphism
group may be trivial, in which case any vertex of Tz can be chosen for the expansion,
which will not then be canonical.

If a structure tree has infinite diameter, then G may induce a non-trivial action
on the structure tree.

We briefly describe the relevant results from Bass-Serre theory.

A group is said to split over a subgroup H if it is either a free product of two
groups with amalgamation over H, where these two groups contain H as a subgroup
of index at least two, or if G is an HNN-extension of some group over H.

Suppose a group G acts transitively and without inversion on the set of edges
of a tree T. Then either the quotient T'/G is a loop and G is an HNN-extension of
the stabilizer of some vertex of T" over the stabilizer of an incident edge. Or G has
two orbits on VT, the quotient T'/G is a graph with two vertices connected by an
edge (called a segment), and G is a free product of the stabilizers of two adjacent
vertices in 7' with amalgamation over the stabilizer of the edge which connects
them. This decomposition is trivial if and only if the stabilizer of an edge is the
same as the stabilizer of one of its vertices and the whole group stabilizes the other
vertex v. If this happens then the tree T has diameter two, with central vertex v.
The action is non-trivial if and only if for each edge e € ET both components of
T\ {e} contain at least one edge (or equivalently, at least two vertices). In fact
if the action is non-trivial, then both components of T\ {e} are infinite. Thus if
G acts transitively without inversion on the set of edges of T' then either T has
diameter two or G splits over the stabilizer of an edge. The latter happens if and
only if for some edge e both components of T \ {e} intersect the orbit of e.

More generally the action (without inversion) of a group G on a G-tree T is
non-trivial if and only if either G splits over an edge stabilizer or it is a strictly

ascending union
a=Jon
n

where G; C G5 C ... is a an infinite sequence of proper subgroups of G each of
which stabilizes an edge of T'.

If G is a group, a Cayley graph for G is a connected G-graph with one orbit of
vertices and on which G acts freely. The edge orbits will correspond to a set of
generators for G. There is a locally finite Cayley graph if and only if G is finitely
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generated. Different locally finite Cayley graphs of a finitely generated group are
quasi-isometric. The number of ends of a locally finite graph is a quasi-isometry
invariant and hence it does not depend on the finite set of generators. Thus we
define the number of ends of a finitely generated group as the number of ends of its
locally finite connected Cayley graphs.

The following was proved by Stallings in a series of papers, see [21, 22, 23].

Theorem 8.2 (Stallings’ Structure Theorem). A finitely generated group has more
than one end if and only if it splits over a finite subgroup.

The first author generalized Stallings’ theorem in [4] by proving that the cut
system of edge cuts, see Example 2.2, has a nested subsystem. We have proved
that any cut system has a nested subsystem which separates ends. Thus we have
a new proof of the main result in [4]. What we obtain gives a new and relatively
simple proof of Stallings’ Structure Theorem, see [16].

There are different ways of generalizing Stallings theorem. One option is to drop
the assumption of G being finitely generated. The other options is to consider
splittings of finitely generated groups over groups which are not necessarily finite.

There are several ways of how to define ends for non-locally finite graphs, see [14].
The same holds for infinitely generated groups, where we have the further difficulty
that without additional assumtions the Cayley graphs of an arbitrary group are
not necessarily quasi-isometric. But whenever one defines ends of non-locally finite
graphs then in locally finite graphs this definition should yield Freudenthal’s end
compactification for locally compact space (see [9, 10, 11]).

One way goes back to Freudenthal and D.E.Cohen [1] and says that G has more
than one end if there is a subset A for which A and the complement G\ A are both
infinite and the symmetric difference of A and Ag is finite for all ¢ in G.

It follows from the Almost Stability Theorem [2] that a group G has more than
one end in this sense if and only if G splits over a finite subgroup or G is countably
infinite and locally finite. This is a generalization of Stallings’ structure theorem,
because in the finitely generated case the definition above is equivalent to all other
definitions of ends of graphs and groups. A more revealing way of stating this result
follows from the Bass-Serre theory discussed above. Thus a group has more than
one end if and only if it has a non-trivial action on a tree with finite edge stabilizers.

For a group that is not finitely generated there is no obvious way to choose a
generating set to construct a Cayley graph. If we take the whole group as a set of
generators, then the Cayley graph is essentially a complete graph which will have
one end in any definition.

Stallings’ theorem can be formulated as “A finitely generated group has a Cayley
graph with more than one end if and only if it splits over a finite subgroup.” Here
we can just drop the assumption that the group is finitely generated.

Theorem 8.3. A group has a Cayley graph with more than one end if and only if
it splits over a finite subgroup.

Proof. Suppose G splits over a finite group H. There are two possibilities. Let
Cay(G, S) denote the Cayley graph of G with respect to generating set S. Suppose
G = Gy %y Gy and [G; : H] > 2, for i = 1,2. If S; is a set of generators for
G; then the graph X = Cay(G,S; U H U S5) has more than one end. Moreover, if
[G1 : H| = [G2 : H] = 2 then X has two ends, otherwise X has infinitely many ends.
If G is an HNN extension G = G1#*p, so that G is a subgroup of G with isomorphic
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finite subgroups H and t~'Ht, then the Cayley graph X = Cay(G,S; U {t}) has
more than one end.

If G has a Cayley graph X with more than one end then the cut system in
Example 2.1 is not trivial and we can apply Theorem 7.2 to get a group action of
G on the tree T. Then G splits over stabilizers of elements of a cut system (i.e.
stabilizers of the edges of T'). The splitting is non trivial as the graph X is vertex
transitive and removing any separator in the cut system will leave at least two
infinite components. The stabilizers of a cut A is finite, since it is a subgroup of
the stabilizer of the finite set N A and the action of G on X is free. (]

Our results also provide a generalization of Stallings’ Theorem to cases when the
splitting group is not finite. Thus if a G-graph X with G\ X finite has more than
one vertex end then G has a non-trivial action on a tree T,,, which is a structure
tree corresponding to the vertex end cut system of Example 2.1 . The quotient
G\T,, will be finite if G\X is finite and as T,, has infinite diameter, at least one
orbit of edges of T,, will give give a splitting of G. The splitting group will be the
stabilizer of an edge in the selected orbit. This edge is a cut E in the cut system. Its
stabilizer Gg will also stabilize NE. Since NF is finite, G g will contain a subgroup
of finite index which fixes each vertex in NE. Thus Gg has a subgroup of finite
index which fixes a vertex of X. This subgroup may well be a proper subgroup of
the stabilizer of this vertex. We summarize this in a theorem.

Theorem 8.4. Let X be a G-graph with more than one vertex end and suppose
G\X is finite, then G splits over a subgroup H such that a finite index subgroup of
H fixes a vertex of X.

Another possible application of vertex cuts is to the Kropholler Conjecture [18].
This arose out of work of Kropholler [17] on algebraic versions of the torus theorem
for 3-manifolds.

Let H be a subgroup of the finitely generated group G. A subset A of a G-set is
called H-finite if it is contained in the union of finitely many H-orbits, otherwise
A is called H-infinite. We regard G as a G-set via the action of G on the left.

Conjecture 8.5 (Kropholler). Let A be a subset of a finitely generated group G
and let H be a subgroup of G such that AH = A. Let A and G\ A be H-infinite
and let Ag\ A be H-finite, for all g € G. Then G admits a non-trivial splitting
over a group which is commensurable with a subgroup of H.

If one could construct a G-graph X in which VX is the set of left cosets of H,
which has more than one vertex end, then this conjecture would follow from the
last theorem. One can get quite a long way in this direction. There will be a graph
X in which VX is the set of left cosets of H, and such that G\ X is finite. The set
A will then determine a set E of vertices of this graph. The set NE is contained
in finitely many H-orbits and since H fixes a vertex of X, NE has finite diameter
in X. Both F and E* have infinite diameter. This implies that both E and E*
contain rays. For more details we refer to [15, Theorem 3.5]. We have not been
able to show that such a graph X can be constructed in which N E is finite, rather
than just of finite diameter. If G is the commensurizer of H then one can construct
X so that it is locally finite. A subset of VX will then be finite if and only if it has
finite diameter. Thus the conjecture is true in this case. This was well known [6].
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