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ABSTRACT. The homotopy type of the complement of a complex coordinate subspace arrangement
is studied by utilizing some connections between its topological and combinatorial structures. A
family of arrangements for which the complement is homotopy equivalent to a wedge of spheres
is described. One consequence is an application in commutative algebra: certain local rings are

proved to be Golod, that is, all Massey products in their homology vanish.

CONTENTS

—_

Introduction
The main objects: their definitions and properties

The Davis-Januszkiewicz space

[NCRE

The moment-angle complex
Preliminary homotopy decompositions
A review of homotopy actions
A special case of the Cube Lemma
Proper coordinate subspaces of the fat wedge
Homotopy fibres associated to regular sequences

The existence of regular sequences

© ® N e o W NN

The homotopy type of Zy for shifted complexes
10. Topological extensions
11.  Algebra

References

2000 Mathematics Subject Classification. Primary 13F55, 55P15, Secondary 52C35.

o N N 4N

13
14
17
21
28
32
39
42
44

Key words and phrases. coordinate subspace arrangements, homotopy type, Golod rings, toric topology, cube

lemma.



2 JELENA GRBIC AND STEPHEN THERIAULT
1. INTRODUCTION

In this paper we study connections between the topology of the complements of certain complex
arrangements, and algebraic and combinatorial objects associated to them.
Let
A={Ly,...,L,}

be a compler subspace arrangement in C™, that is, a finite set of complex linear subspaces in C™.
For such an arrangement A, define its support |A| as |A] = |J._; L; C C™ and its complement U(A)
as

U(A) = C™\ A

Arrangements and their complements play a pivotal role in many constructions of combinatorics,
algebraic and symplectic geometry, etc.; they also arise as configuration spaces for different classical
mechanical systems. Special problems connected with arrangements and their complements arise
in different areas of mathematics and mathematical physics. The multidisciplinary nature of the
subject results in ongoing theoretical improvements, a constant source of new applications and the
penetration of new ideas and techniques in each of the component research areas. It is the interplay
of methods from seemingly disparate areas that makes the theory of subspace arrangements a vivid
and appealing field of research.

In the study of arrangements it is important to get a detailed description of the topology of their
complements, including properties such as homology groups, cohomology rings, homotopy type, and
so on. In this paper we are concerned with the homotopy type of the complement of a complex

coordinate subspace arrangement. A complex coordinate subspace of C" is given by
Lo’ = {(21,...,2n> E(C"‘ Zip == Zig :0}

where o = {i1,...,ix} is a subset of [n] = {1,...,n}, allowing us to define a complex coordinate
subspace arrangement CA in C™ as a family of coordinate subspaces L, for o C [n]. The main topo-
logical space we study, naturally associated to the complex coordinate subspace arrangement C.A,
is the complement U(C.A) in C™. Our results are obtained by studying the topological and combi-
natorial structures of U(C.A) with the help of commutative and homological algebra, combinatorics
and homotopy theory.

It has been known for some time that hyperplane arrangements have a torsion free cohomology
ring. Recently it was proved [S] that after suspending the complement of a hyperplane arrangement
it becomes homotopy equivalent to a wedge of spheres. The case of complex coordinate subspace
arrangements is much more complicated. Already at the cohomology level, there is a more intricate
structure. The Buchstaber-Panov formula for H*(U(C.A)) [BP] detects torsion in special cases,
implying that even stably U(C.A) cannot always be homotopy equivalent to a wedge of spheres.

Even when H*(Zk) is torsion-free, Zx may not decompose as a wedge of spheres, due to the
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presence of nontrivial cup products or Massey products in H*(Zk) [B, DS, Pa]. That makes the
question of when the complement of a coordinate subspace arrangement is homotopy equivalent to
a wedge of spheres more difficult and therefore more interesting. The main goal of this paper is
to describe a family of coordinate subspace arrangements for which the complement is homotopy
equivalent to a wedge of spheres.

The basic connections between the topology, combinatorics and commutative algebra of coordinate
subspace arrangements are established as follows.

Let K be a simplicial complex on the vertex set [n]. We shall consider only complexes that
are finite, abstract simplicial complexes represented by their collection of faces. Every simplicial
complex K on the vertex set [n] defines a complex arrangement of coordinate subspaces in C™ via
the correspondence

K >0 —span{e;:i € o}
where {ei}?zl is the standard basis for C". Equivalently, for each simplicial complex K on the set

[n], we associate the complex coordinate subspace arrangement
CAK) ={Ls|0c ¢ K}
and its complement
(1) U(K)=C"\ |J L.
oK
On the other hand, to K and a commutative ring R with unit there is an associated algebraic
object, the Stanley-Reisner ring R[K], also known in the literature as the face ring of K. Denote

by R[vi,...,v,] the graded polynomial algebra on n variables where deg(v;) = 2 for each i over R.

The Stanley-Reisner ring of a simplicial complex K on the vertex set [n] is the quotient ring
R[K] = R[v1,...,v,]/Tk

where Zx is the homogeneous ideal generated by all square free monomials v = v;, - - - v;, such that
o={vi,,...v;,} ¢ K.

Coming back to topology and following the Buchstaber-Panov approach [BP] to toric topology,
there are two other topological spaces associated to a simplicial complex K and its Stanley-Reisner
ring R[K]. The first space arises as a topological realisation of the Stanley-Reisner ring. It is
the Davis-Januszkiewicz space DJ(K), whose cohomology ring is isomorphic to the Stanley-Reisner
ring R[K]. The Davis-Januszkiewicz space maps by an inclusion into the classifying space of the
n-dimensional torus. The homotopy fibre of this inclusion can be identified with another torus space,
the moment-angle complex Zy, which has as a deformation retract the complement U(K) of the
complex coordinate subspace arrangement [BP, 8.0]. Different models of DJ(K) and Zk as well as
their additional properties will be addressed later on in Section 2. These homotopic identifications

show that the problem of determining the homotopy type of the complement of complex coordinate
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subspace arrangements is equivalent to determining the homotopy type of the moment-angle complex

Zk. To do this we need to closely examine the homotopy fibration sequence
Zx — DJ(K) 24 B,

The main technique employed for understanding of this filtration is Mather’s Cube Lemma [M],
which relates homotopy pullbacks and homotopy pushouts in a cubical diagram. This is applied
iteratively as K is built up one face at a time, in a prescribed order. An analysis of the component
homotopy fibration and cofibration sequences produces our main result, Theorem 1.2(see below).
To find a suitable simplicial complex K whose U(K) will be homotopy equivalent to a wedge of
spheres, we first look at its cohomology ring. As U(K) is homotopy equivalent to Zk, this is the
same as looking at the cohomology ring of Zx. The integral cohomology of Zx has been calculated
in [BP, 7.6 and 7.7]. If Zk is to be homotopy equivalent to a wedge of spheres then we need to
consider simplicial complexes K for which all Massey products in H*(Zk) vanish. Note that by all
Massey products we mean all cup-products and all higher Massey products. The vanishing of these
Massey products will not imply that Z is itself homotopic to a wedge of spheres but at least on the
cohomological level there will be no obstructions to that claim. Combinatorists, from their point of
view, have studied simplicial complexes and associated to them certain Tor algebras that correspond
to the cohomology of Zx as in our case. They have determined several classes of complexes for which
it can be shown that all Massey products in the associated Tor algebras vanish. One such class is

that consisting of shifted complexes.

Definition 1.1. A simplicial complex K is shifted if there is an ordering on its set of vertices such

that whenever o € K and v’ < v, then (0 —v) Uv' € K.

The most elementary examples of shifted complexes are sets of vertices and any full i-th skeleton
A%(n) of the standard simplicial complex A(n) on n vertices (also denoted by A"~1!). More com-
plicated examples exist and will be illustrated in Section 9. Gasharov, Peeva and Welker [GPW]
showed that when K is a shifted complex, then all Massey products in H*(Zk) are trivial. In this

case we obtain much stronger result by determining the homotopy type of Zk.

Theorem 1.2. Let K be a shifted complex. Then U(K), and therefore Zi , is homotopy equivalent

to a wedge of spheres.

Previously, the only known cases of simplicial complexes K for which the complement U(K) has
the homotopy type of a wedge of spheres occurred when K was a disjoint union of n vertices. When
n = 2 or n = 3, these are classical results of low dimensional topology, while the general case was
proved by the authors [GT]. The result in Theorem 1.2 is much more general.

Our next theorem describes the influence that combinatorial operations on simplicial complexes

have with respect to the homotopy type of the moment-angle complex.
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Theorem 1.3. Let K; and Ko be simplicial complexes such that Zg, and Zg, are homotopy
equivalent to wedges of spheres. Then the following hold:
(1) if K = K1 [] K» is the disjoint union of simplicial complezes, then Zy is homotopy equiva-
lent to a wedge of spheres;
(2) if K = K1, K> is obtained by gluing along a common face, then Zg is homotopy equivalent
to a wedge of spheres;
(3) if K = K3 x Ky is the join of simplicial complezxes, then Zi is not homotopy equivalent to
a wedge of spheres but X Z5 is.

Note that if K7 and K5 are shifted complexes then their disjoint union is not a shifted complex.
Also, if two shifted complexes are glued together along a common face, the resulting complex is not
necessarily shifted. Therefore Theorem 1.3 extends Theorem 1.2 to a larger family of complexes for
which Zk is homotopy equivalent to a wedge of spheres.

The information we have obtained on complex subspace arrangements has an application in
commutative algebra. Let R be a local ring. One of the fundamental aims of commutative algebra
is to describe the homology ring of R, that is Torg(k, k), where k is a ground field. The first step in
understanding Torg(k, k) is to obtain information about its Poincaré series P(R), more specifically,

whether P(R) is a rational function. A certain class of rings behaves well in this regard.
Definition 1.4. A local ring R is Golod if all Massey products in Tor,, .. ,.](R, k) vanish.

As an example, if K is a shifted complex then its associated Stanley-Reisner ring (or face ring)
k[K] is Golod. Golod [G] proved that if a local ring is Golod, then its Poincaré series represents
a rational function and it is determined by P(Tory(,, . .,(R,k)). Although being Golod is an
important property, not many Golod rings are known. Using our results on the homotopy type of
the complement of a coordinate subspace arrangement, we are able to use homotopy theory to gain

some insight into these difficult homological-algebraic questions. The main results are as follows.

Theorem 1.5. For a simplicial compler K,

t1+1)"
P(kIK]) < t— P(H*(U(K)))’

where “<” stands for coefficient-wise inequality of power series. Equality is obtained when k[K] is

Golod.
Theorem 1.6. If Zx is homotopy equivalent to a wedge of spheres then k[K] is a Golod ring.
Combining Theorems 1.5 and 1.6, we obtain the following result.

Corollary 1.7. If K is a simplicial complex with the property that Zx is homotopy equivalent to a
wedge of spheres, then
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To close, let us remark that all the techniques used in this paper can be also applied to real and
quaternionic coordinate subspace arrangements by changing the ground ring from complex numbers
to real, quaternion numbers respectively. In those cases Theorem 1.2 describes the homotopy type
of the complement of real, quaternionic coordinate subspace arrangements. For real arrangements
instead of torus spaces and CP>°, we look at spaces with an action of Z/2 (also considered as S°)
and RP>, respectively; while in the case of quaternionic arrangements we deal with S3 spaces and
HP>.

The disposition of the paper is as follows. Section 2 catalogues the main objects of study and
states various properties they satisfy. Sections 3 through 9 build up to and deal with the primary
focus of the paper, Theorem 1.2. Sections 3 through 6 establish the preliminary homotopy theory.
Included are identifications of the homotopy types of various pushouts, a review of homotopy actions,
the general statement of Mather’s Cube Lemma and a finer analysis of a special case involving
homotopy actions, and several properties of the fat wedge. Section 7 considers a particular pattern
of successive inclusions of one coordinate subspace into another which we term a regular sequence.
Such a sequence need not always exist, but when it does we show there is a measure of control
over the homotopy types of the successive homotopy fibres obtained from including the coordinate
subspaces into the full coordinate space X; X --- x X,,. Section 8 gives conditions guaranteeing the
existence of regular sequences, which are based on the properties of a shifted complex. Section 9 puts
together all the material in Sections 3 through 8 to prove Theorem 1.2. At this point, the class of
simplicial complexes for which Zx is homotopy equivalent to a wedge of spheres includes the shifted
complexes. Section 10 shows that there are other simplicial complexes K which have Zx homotopy
equivalent (or stably homotopy equivalent) to a wedge of spheres by proving Theorem 1.3. Finally,
Section 11 turns to commutative algebra considering Golods rings and their properties, and proves
Theorems 1.5 and 1.6.

Acknowledgements. The authors would like to thank Professors Victor Buchstaber, Taras Panov
and Nigel Ray for their stimulating work, as well as for their helpful suggestions and kind encour-
agement. The first author would also like to thank Professor Volkmar Welker for explaining to her
the connection between combinatorics and arrangements and for making it possible for her to visit
the University of Marburg for a week. Both authors would also like to thank the referee for many

constructive comments.

2. THE MAIN OBJECTS: THEIR DEFINITIONS AND PROPERTIES

As mentioned in the introduction the main objective of this paper is the study of arrangements
and their complements from a topological point of view. To pass from the combinatorial concept

of arrangements to a topological one, we use different topological models associated to simplicial
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complexes K and their algebraic counterparts, the Stanley-Reisner ring Z[K] (or the face ring) of
K.

The purpose of this section is to present the main objects which we are going to use and to set the
notation. We rely heavily on constructions in toric topology introduced and studied by Buchstaber

and Panov [BP].

2.1. The Davis-Januszkiewicz space. A topological realisation of the Stanley-Reisner ring Z
was given by Davis and Januszkiewicz [DJ]. Their model was a Borel-type construction. For our
purposes we use another model, denoted DJ(K), given by Buchstaber-Panov [BP]. In what follows,
we identify the classifying space of the circle S* with the infinite-dimensional projective space CP>,
and therefore the classifying space BT™ of the n-torus with the n-fold product of CP*°. For an

arbitrary subset o C [n], define the o-power of BT as
BT? ={(x1,...,x,) € BT" | x; = x if i ¢ o}.

Definition 2.1. Let K be a simplicial complex on the index set [n]. The Davis-Januszkiewicz space

is given as the cellular subcomplex

DJ(K)= | J BT’ c BT".
ceK

Buchstaber and Panov proved that there is a deformation retraction from Davis and Januszkiewicz’s
original model to D.J(K).

The uniqueness of the homotopy type of the Davis-Januszkiewicz space is still an open question.
Notbohm and Ray [NR] showed that DJ(K) is formal, which implies that its rational homotopy

type is unique.
2.2. The moment-angle complex. Realise the torus T™ as a subspace of C"
" = {(zl,...,zn) eC™| |z =1, fori= 1,...,n}
contained in the unit polydisc
(D*)" ={(21,...,2,) €EC"| |z| <1, fori=1,...,n}.
For an arbitrary subset o C [n], define
B, = {(zl,...,zn) e (D))" ||ul=1 i¢ J}.

Definition 2.2. Let K be a simplicial complex on the index set [n]. Define the moment-angle

complex Zg by

zZg = |J B, c (D*)".
ceK
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Observe that since each B, is invariant under the action of 7", the moment-angle complex Zj, is
a T"-space. Buchstaber and Panov showed that the moment-angle complex is another topological
model of the Stanley-Reisner ring Z[K] by proving that the T™-equivariant cohomology H3..(Zk)
is isomorphic to Z[K].

The following description of the moment-angle complex Zy together with its relation to the
complement of an arrangement plays the pivotal role in our approach to determine the homotopy

type of the complement of a complex coordinate subspace arrangement.

Proposition 2.3 (Buchstaber-Panov [BP]). The moment-angle complex Zk is the homotopy fibre
of the embedding

i: DJ(K) — BT™.

Recall from (1) that U(K) denotes the complement of the complex coordinate subspace arrange-

ment associated to a simplicial complex K.

Theorem 2.4 (Buchstaber-Panov [BP]). There is an equivariant deformation retraction

U(K) — Zk.

Theorem 2.4 ensures that the homotopy type of the complement U(K) of a complex coordi-
nate subspace arrangement can be obtained by finding the homotopy type of the moment-angle
complex Zg.

Buchstaber and Panov [BP] described the cohomology algebra of Zx by proving that there is an

isomorphism

H*(ZIG k) = Tork[vl,.“,vn] (k[K]v k)

as graded algebras.

3. PRELIMINARY HOMOTOPY DECOMPOSITIONS

The purpose of this section is to identify the homotopy type of several pushouts. Throughout
this section and the remainder of the paper, we work in the category of based, connected topolog-
ical spaces and continuous maps. We begin by stating Mather’s Cube Lemma [M], which relates

homotopy pullbacks and homotopy pushouts in a cubical diagram.
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Lemma 3.1. Suppose there is a homotopy commutative diagram

E

C

Suppose the bottom face A — B — C — D is a homotopy pushout and the sides E — G — A — C and
E — F — A — B are homotopy pullbacks.

(a) If the top face E—F — G — H is also a homotopy pushout then the sides G — H —
C —D and F — H — B — D are homotopy pullbacks.

(b) If the sides G—H —C —D and F'— H — B — D are also homotopy pullbacks then
the top face E — F — G — H is a homotopy pushout.

]

We next set some notation. Let x denote the basepoint. For spaces X and Y, let X Y =
(X xY)/(xxY), XANY = (X xY)/(X x%),and X *Y = EX AY. The latter space is called
the join of X and Y. Fix spaces X; and Xy and let 1 < j < 2. Let m; : X; x X9 — X be the
projection onto the j** factor and let i; : X; — X1 x X3 be the inclusion into the jth factor. Let
gj : X1V X2 — X, be the pinch map onto the jth wedge summand. Unless otherwise specified,
we adopt the Milnor-Moore notation of denoting the identity map on a space X by X. Denote the
map which sends all points to the basepoint by x.

Turning to the homotopy types of pushouts, we begin with a Lemma which was proved in [GT].
Lemma 3.2. Let A, B and C be spaces. Define Q as the homotopy pushout

*X B
AXBL>C><B

A Q-
Then Q ~ (A* B)V (C x B). O

Lemma 3.3. Let A, B, C and D be spaces. Define Q as the homotopy pushout

*X B
AxB — (CxB

lm i

AxD Q.
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Then Q ~ (A*B)V (C x B)V (Ax D).
Proof. Let @, be the homotopy pushout of the maps A x D — Q and A x D =% A. Then there

is a diagram of iterated homotopy pushouts

*X B
AxB — (CxB

lAX* i

AxD — (@

AN

A—— Q1.
Observe that the outer rectangle is also a homotopy pushout, so by Lemma 3.2 we have @ ~
(A% B) V (C x B). Further, the outer rectangle shows that the map A — @; is null homotopic.
Since Ax B Ax D is homotopic to the composite A x B — A M A x D, there is an iterated

homotopy pushout diagram

Since A — @ is null homotopic, we can pinch out A in the lower pushout to obtain a homotopy

pushout
*4>Q1
Ax D — Q.
Hence Q ~ Q1 V(Ax D)~ (AxB)V(C x D)V (Ax D). O

Lemma 3.4. Let A, B and C be spaces. Define Q as the homotopy pushout

Ax (BVC) —= BvC

-]

AxC Q.

Then Q ~ (Ax B)V C. Further, the composite BV C — Q =, (Ax B)V C is homotopic to xV C.

Proof. First consider the homotopy pushout
B — BvVv(C

Lk

* C.
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In general, if M is the homotopy pushout of maps X .y and X % Z then an easy application of

the Cube Lemma (Lemma 3.1) shows that N x M is the homotopy pushout of N x X T Ny

and N x X 295 N x Z. In our case, taking the product with A gives a homotopy pushout

Ax B —>= Ax (BVC)

im iAqu

A—" ~AxcC

Now consider the diagram of iterated homotopy pushouts

AxB—= Ax(BVO) 2> pveo 2 s p

C e T

A AxC Q Q'

where the right pushout defines Q’. Because the squares are all homotopy pushouts so is the
outermost rectangle. Thus, as the top row is homotopic to the projection s, we see that Q' ~ Ax* B.
The right pushout then implies there is a homotopy cofibration C — Q — Q' ~ A x B.

On the other hand, the composite Ax B — Ax (BVC) =2 BV C is homotopic to the composite

Ax B ™ B 2% BV (O, where ji is the inclusion. Thus there is an iterated homotopy pushout

diagram
AxB—>p—">spvC
A AxB Q.

As g1 o j; is homotopic to the identity map on B, the composite A* B — @Q — Q' ~ Ax B
is homotopic to the identity map. Hence the homotopy cofibration C — @ — A % B splits as
Q~(AxB)VC.

Further, this decomposition of ¢ implies that the restriction of BV C' — @ corresponds to the
inclusion C — (A B) V C. The right square in the previous diagram shows that the restriction of
the map BV C — @ to B is null homotopic as this restriction factors through the map B — Ax B
which is null homotopic. Thus the composite BV C — Q=~(A x B) V C' is homotopic to « vV C. O

Lemma 3.5. Let A, B,C and D be spaces. Define Q) as the homotopy pushout

Ax (BVC) == BvC

i Ax (xVC) l

Ax (DvVC(C) Q.

Then @Q ~ (AxB)V (Ax D)V C. Further, letting M = (Ax B)V (A x D), the composite BV C —
Q = M Vv C is homotopic to x\V C.
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Proof. Observe that the map %V C is homotopic to the composite BV C 9, ¢ DV C where q

is the pinch map and ¢ is the inclusion. Then there is a diagram of iterated homotopy pushouts

Axq Axi
AXx(BVC) —= AxC —= Ax(DVvC(C)

@) l if l

BV C Q' Q

which defines the space Q" and the maps f and g. By Lemma 3.4, Q' ~ (A% B) vV C. We will show
that there is a homotopy cofibration @' — @ — A x D and the second map has a right homotopy
inverse. If so then Q@ ~ Q'V(Ax D) ~ (AxB)V(Ax D)V C, and the additional statement identifying
the composite BV C — Q — M V C as =V C follows from Lemma 3.4, proving the Lemma.

Consider the homotopy cofibration C > DvC — D. Regard D as the homotopy pushout of
C -5 DV C and C — . Then taking the product with A gives a homotopy pushout

AXi
AxC —= Ax(DVvCQC)

L

A - AxD

where ¢; is the inclusion. The homotopy cofiber of i1, and therefore of A x i, is A x D. Thus the
right homotopy pushout in (2) shows that there is a homotopy cofibration Q' — @ — A x D.
Next, the projection in the left square of (2) implies that the restrictions of f and g to A are null

homotopic. So A can be pinched out to give a homotopy pushout diagram

AKX
AxC 8 Ax(DVC) —= Ax D

| |

Q' Q Ax D.

The inclusion A x D — A x (D V C) induces an inclusion A x D — A x (D V C) which is a right
homotopy inverse of A x (DV () — A x D. Thus the composite Ax D — Ax (DV(C) — Q is

a right homotopy inverse of Q — A x (D V C). This completes the proof. O

Lemma 3.6. Suppose there is a homotopy pushout

f
AxB ——D

l*xg g l

CxB——F

where the restriction of f to B is null homotopic. Then g factors through a map ¢’ : C x B — E

and g' has a left homotopy inverse.
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Proof. As the restriction of f to B is null homotopic, the homotopy commutativity of the diagram
in the statement of the Lemma implies that the restriction of g to B is also null homotopic. Pinching

B out on the left side results in a homotopy pushout

’

AxB — D

for maps f’ and ¢’. Since * x B is null homotopic, we have Y ~ (C x B) V X(A x B), implying that

¢’ has a left homotopy inverse. O

4. A REVIEW OF HOMOTOPY ACTIONS

This section is a brief reminder of some properties of homotopy actions. Suppose there is a

homotopy fibration

F—F— B.

Let 9 : 2B — F be the connecting map in the homotopy fibration sequence. Then there is a

canonical homotopy action 8 : F' x QB — F such that:

(a) 6 restricted to F' is homotopic to the identity map,
(b) @ restricted to QB is homotopic to 9, and

(c) there is a homotopy commutative diagram

OB x OB —— QB

lé)xQB ia
0

FxQB —— F.

A special case is given by the path-loop fibration QB — PB — B. Here, the homotopy action
0: QB x QB — QB is homotopic to the loop multiplication.
Next, the homotopy action is natural for maps of homotopy fibration sequences. If there is a

homotopy fibration diagram

F E B

n

F' —— F — B,
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then there is a homotopy commutative diagram of actions

0
FxQOB —— F

lfoh lf
0/

F'x QB —— F'.
One example of this, we will make use of, is the following.

Lemma 4.1. Suppose F — E J.Bisa homotopy fibration with homotopy action 6 : F x QB —

F. Then the homotopy fibration FF — E x X Y B X has a homotopy action ' : F x (2B X

QX) — F which factors as

Fx(QBxQX) 2> F

iFXTI’l

[%
FxQOB —— F

where w1 s the projection.

Proof. Projecting, we obtain a homotopy pullback

fxX
F— FExX — BxX

e

F E B.

The asserted homotopy commutative diagram now follows from the naturality of the homotopy

action. O

5. A SPECIAL CASE OF THE CUBE LEMMA

This section describes a particular case of the Cube Lemma which involves a homotopy action in

the homotopy pushout of fibres. Suppose there is a homotopy pushout
A B
C D.

Suppose there is a space Z and a map D — Z. Map each of A, B, C and D into Z and take

_

R

homotopy fibres; name these F, F', G and H respectively. Then there is a homotopy commutative
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cube

D
in which the bottom face is a homotopy pushout and all four sides are homotopy pullbacks. Lemma 3.1
then says that the top face is also a homotopy pushout. In practice, we will have Z = C' x Y for

some space Y, together with two additional conditions, described in the following proposition.

Proposition 5.1. Suppose there is a decomposition Z = C' XY such that:

(i) the composite C — D — C X Y is homotopic to the inclusion of the first factor;

(ii) the composite B — D — C X Y has a right homotopy inverse when looped.
Let M be the homotopy fibre of the map A — C. Then:

(a) E~ M xQY and G~ QY;
(b) the homotopy pushout of fibres becomes

MxQY —— F
-
QY ——H
where w is the projection and the restriction of g to QY is null homotopic;
(c) the map g is homotopic to the composite

MxQy P pygy XL px(oxQy) L F

where g|ar is the restriction of g to M, i is the inclusion into the second factor, and

0 is the homotopy action of QC x QY on F.

Proof. First consider the effect of condition (i) on the cube, in particular, on the face E—G—A—C.
Let PY be the path space of Y. The inclusion C' — C x Y can be replaced up to homotopy
equivalence by the product C' x PY — C x Y. The map A — C is then replaced by the product
map A X x — C' x PY. Composing into C' X Y then gives a homotopy pullback

N—— Axx ——> (CxY

o

* X QY —= OCxPY —=(CxY
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which defines the space N. Since the maps defining the homotopy pullback are all product maps,
N is homotopy equivalent to the product Ny x No, where N is the homotopy pullback of the maps
A — C and * — C', and N5 is the homotopy pullback of the maps * — PY and QY — PY.
That is, Ny ~ M and Ny ~ QY. Further, the map N — QY is homotopic to the projection
M x QY — QY. This proves part (a), that E ~ M x QY and G ~ QY and also shows in part (b)
that the map ' — G corresponds to the projection.

Next, consider the cube face E — F — A — B. Observe that the connecting map QC x QY — N
for the fibration along the top row of the pullback defining N corresponds to the product map
QC x QY 2 ar o« QY , where § is the connecting map in the homotopy fibration sequence
O M — A — C. Using the homotopy equivalence E ~ M x QY we are considering the

homotopy pullback diagram

IXQY
QOXxQY — MxQY — A ——CxY

o

WOxQY — = F B CxY

where v is the connecting map. Condition (ii) implies that ~ is null homotopic. The homotopy
commutativity of the left square then immediately implies that the restriction of g to QY is null
homotopic. This completes the proof of part (b).

The naturality of the homotopy action applied to the homotopy pullback in the previous paragraph

gives a homotopy commutative diagram

(M x QY) x (QC x QY) ——> M x QY
igx(QCxQY) \Lg
FxQOxQy)— "' . F

where 6’ and 6 are the respective actions. Since the homotopy fibration sequence QC x QY oxay

M xQY — Ax* — C xY is a product of fibration sequences, 6’ is homotopic to the product
of the actions of the individual fibrations. That is, the homotopy fibration sequence QC M —
A — C has a homotopy action 6” : M x QC — M, while the homotopy fibration sequence
QY — QY — PY — Y has a homotopy action p : QY x QY — QY given by the loop

multiplication. The map 6’ is then the composite

MXxTxQY
) — (

0 (M x QY) x (20 x QY M x QC) x (QY x QY) 22 M x QY

where T is the map which interchanges factors. Precomposing with the inclusion of factors 1 and 4,
jxi

M x QY — (M x QY) x (QC x QY), we have 6’ o (j x i) homotopic to the identity map. The

homotopy commutative diagram of actions above then results in a string of homotopies

g=gof o(jxi)=0o(gxlayxay)o(jxi)=8o/(gla x1)
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which proves part (c). O
Corollary 5.2. There is a homotopy cofibration

MxQy 2o F - H
where g’ is an extension of g to M x QY.

Proof. Consider the homotopy pushout of fibres in Proposition 5.1. We know that the restriction of
g to QY is null homotopic. Since the projection 7 has a right inverse, the map QY — H is also
null homotopic. Thus the factor QY in the left column of the homotopy pushout can be pinched

out, resulting in a new homotopy pushout
g/
MxY —F
¥ — H
which is exactly the asserted homotopy cofibration. |

6. PROPER COORDINATE SUBSPACES OF THE FAT WEDGE

Let Xi,..., X, be path-connected spaces. In this section we investigate properties of the homo-

topy fibre of the inclusion of the fat wedge FW(1,...,n) into the product X; x --- x X,,. Here,
FW(,...,n) ={(z1,...,2n) | at least one x; is *}.
Including the fat wedge into the product gives a homotopy fibration
F" — FW(l,...,n) — X3 x -+~ x X,

which defines the space F™. Porter [P] showed that F" is homotopy equivalent to QX5 *---xQX,, by
examining certain subspaces of contractible spaces. Doeraene [D] reproduced this result in a more
general setting by using the Cube Lemma. We include a proof using the Cube Lemma for the sake

of completeness.
Lemma 6.1. There is a homotopy equivalence F™ ~ QX7 * - - x QX,,.

Proof. We induct on n. When n = 1, we have FW (1) = % and so F! = QX;. Assume F"~! ~
QXy %---%QX,,_1. Observe that there is a topological pushout

FW(,....on—1) ——> FW(L,...,n—1) x X,,

| |

Xy %X Xpg ——— FW(1,...,n)
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where ¢ is the inclusion into the first factor. Mapping all four corners into X; x --- x X,, and taking

homotopy fibres gives homotopy fibrations

(3) F'" — FW(1,...,n) — X3 x--- x X,

(4) F' ' FW(A,....n—1)x X, — X1 x--x X,
(5) OX, — Xix - xX,_1 —X;x---xX,

(6) F'" ' xQX, — FW({,...,n—1) — X3 x --- x X,,.

Note that homotopy fibration (5) is the product of the identity fibration * — X3 x -+- x X, 1 —
X1 x - x X,_1 and the path-loop fibration QX, — % — X,,. This relates to both homo-
topy fibrations (4) and (6). Homotopy fibration (4) is the product of the fibration F"~1 —
FW(,...,n—1) — X; x -+ x X,,_1 and the identity fibration above. Hence the inclusion i in-
duces a map of fibres F"~1 x QX,, — F™ ! which is the projection onto the first factor. Homotopy
fibration (6) is the product of the fibration F*~! — FW(1,...,n —1) — X; x --- x X,,_1 and
the path-loop fibration. Hence the inclusion FW(1,...,n—1) — X3 x .-+ x X,,_1 induces a map
of fibrations F"~! x QX,, — Q.X,, which is the projection onto the second factor. Collecting all

this information on the homotopy fibres, Lemma 3.1 says that there is a homotopy pushout of fibres

Frl x QX,, —= pr-l
]
X, —— ™.
It is well known that in general the homotopy pushout of the projections Ax B — A and Ax B —

B is homotopy equivalent to A * B. Thus, in our case, F™ ~ F"~! xQX,,. The inductive hypothesis
on F™1 then implies that F™ ~ QX' ... % QX,,. O

For 1 <i¢<n,let X3 x---X )/fl X «+-+ X X,, be the subspace of X; x --- x X,, in which the
ith-coordinate is fixed as . Let FW(1,--- ,i,---n) be the fat wedge in X X - -- x X; % x X
Let B; = X; x FW(1,...,4,...n). Observe that each B; is a subspace of FW(1,...,n) and there is

a topological pushout

IR
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Consider the sequence of inclusions B, — FW(1,...,n) — X; X --- x X,,. Using Lemma 6.1,

we obtain a homotopy pullback

which defines the map h;.
Lemma 6.2. The map h; is null homotopic.

Proof. Consider the homotopy pushout in diagram (7). We wish to apply Proposition 5.1 with
A=FW(,...,i,...,n), B=B;, C = X; X+ x X; X+ X Xp, D =FW(1,...,n), and Z =
X1 X ---x X,,. We need to check that the two conditions in Proposition 5.1 hold. Observe that
Z = C x X; and C — Z is the inclusion of the first factor so condition (i) is satisfied. Since
B;=X;xFW(1,...,i,...n) and the map FW(1,...,4,...,n) — X ><~~~)?1-,...><Xn has a right
homotopy inverse when looped, the map B; — X7 X --- x X, also has a right homotopy inverse
when looped, and so condition (ii) is satisfied. Proposition 5.1 then says that when the four corners

of the pushout in diagram (7) are mapped into X; x - -+ x X,, and homotopy fibres are taken, there

is a homotopy pushout of fibres

_ g
QX -+ QX% x QX)) x QX;, ——> F;
(8) i l
OX; QX1+ xQX,

where 7 is the projection, the restriction of g to €2X; is null homotopic, and g is determined by the
action of QX7 x --- x QX,, on Fj.
We next examine how g is determined by this action. Since B; = X; x FW (1, ... e n), we
can project to obtain a homotopy pullback
F
B e
Xi

T
Xy X X Xy —> Xy X+ x

N

.
=
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Lemma 4.1 says that g factors through a projection,

— g
QX% x QX% xQX,) x QX; — F;

lﬂ

(QX1*~~~*Sﬁi*~~*QXn) F;.

The projection of g lets us define a composite
g':(QX1*~~*§)\(¢*-~*QXn) ><1§2XiLQX1*~~*§/2)\(¢*~-*QX,L*>F1.
We can use ¢’ to pinch out the factor of QX in diagram (8) in order to obtain a homotopy cofibration
QX1 %% QX %% QX)) ¥ QX 25 B 50X, %5 QX

To simplify notation, let Y = QX7 % --- % (ﬁz % ---x QX,. Since Y is a suspension, Y x QX; ~
Y V(Y AQX;). So ¢ can alternatively be described by the composite Y xQX; — Y V(Y AQX;) -
Y — F;, where ¢ is the pinch map. Thus Y A QX is sent trivially into F; by ¢’ and so XY A QX;
retracts off the homotopy cofibre QX7 *---xQX,, of ¢’. But XY AQX; ~ QX7 *---xQX,. Thus in
the homotopy cofibration sequence Y x QX <, F; N QX1 *---xQX, 2, (Y x QX;), the map

0 has a left homotopy inverse and hence h; is null homotopic. O
In what follows a coordinate subspace denotes an arbitrary union of X;, x ... x X, for some
1 <4 <...<1i; <n. We now use the spaces B; and Lemma 6.2 to generalise to the case of any

proper coordinate subspace of FW (1,...,n).

Proposition 6.3. Suppose A is a proper coordinate subspace of FW(1,...,n). Include A into FW
and then include into X1 X --- x X,, to obtain a homotopy pullback

h

QXg x---xQX,

|
|

FW(l,...,n)

|

XX x X, —— Xj x:---xX,

which defines the map h. Then h is null homotopic.

Proof. First observe that the inclusion of A into FW(1,...,n) factors through B; for some i. This

statement really just follows from the definitions. In terms of coordinates,
B; ={(x1,...,2m)| at least one of x1,..., &, ..., Ty is *}.

If the inclusion of A into FW (1,...,n) does not factor through B;, then A must contain a sequence

of the form (x1,...,2,) in which each of 1,...,3;,..., 2z, is not *. Since A is a coordinate subspace,
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every sequence of this form must be in A. (Note that A is a subspace of FW (1,...,n) so this forces
x; to be * in each such sequence.) If this is true for 1 <7 < n, then all of FW(1,...,n) is contained
in A, contradicting the hypothesis that A is a proper coordinate subspace of FW (1,...,n).

The factorization of A — FW(1,...,n) through B; results in a diagram of iterated homotopy

pullbacks
F F; : QX % QX,
Xix-+xX,— X1 x - xX, —— X1 x--xX,.

The outer rectangle is the homotopy pullback defining h, so h factors through h;. But h; is null

homotopic by Lemma 6.2, and so A is null homotopic. O

7. HOMOTOPY FIBRES ASSOCIATED TO REGULAR SEQUENCES

Let X1,..., X, be path-connected spaces. Let A and B be two coordinate subspaces of X1 x -« X
X, where B C A. Let F4 and Fg be the homotopy fibres of the inclusions of A and B respectively
into X7 x --+- X X,,. Observe that there is a map of fibres Flz — F4. The purpose of this section
is to consider the homotopy types of F4 and Fp and how these are related by the map of fibres.
In general, not much could be expected to be said. We show that if A is built up from B by what
we call a regular sequence, and if the homotopy type of Fg is of a certain description, then the
homotopy type of F4 is of the same description and there is control over the map of fibres. All this
is made concrete in Theorem 7.2 and Proposition 7.5.

We begin by defining what is meant by a regular sequence. Let {i1,...,%,,} be a subset of
{1,...,n}, where iy < -+ <. Let {j1,...,Jn—m} be the complement of {i1,... 4} in {1,...,n},
Let Ay and A be
coordinate subspaces of X1 X --- x X, such that X; V---V X,, C Ap and Ay C A. Then A can be

where j1 < -+ < jp—m. Let FW (iy,...,iy) be the fat wedge in X;, x --+ x X;

m*

built up iteratively from Ag by a sequence of topological pushouts

FW(il, e ,Zm) —— Ak—l

N

X, X - x X; —— Ay

where 1 < k <[, and A; = A. There may be many choices of sequences of pushouts which realise
A in this way. A particular type of sequence, if it exists, is well suited to identifying the homotopy

fibre of the inclusion A — X7 X --- X X,.
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Definition 7.1. Let X4, ..., X,, be path-connected spaces. A coordinate subspace A of X1 x---x X,
is regular if the sequence

AgCAC---CA=A

has the following property for each 1 < k <. Let {s1,..., s, } be the largest subset of {j1,...,jn—m}
for which Aj_; can be written as a product Ap_1 = Aj,_; x X, x---x X, (permuting the coordinates

if necessary). Then there is a topological pushout

My 4 —— Np1

| |

FW(il, e ,Zm) —— Ak,1

where Mj,_1 is a proper coordinate subspace of FW (i1, ..., 0m).

The definition of a regular sequence may seem on first reading to be a bit mystifying, but it arises
naturally when considering coordinate subspaces associated to shifted complexes. It might be useful
at this point to briefly skip ahead to Examples 8.2 and 8.3 in order to see the connection.

To go along with the definition, we establish some notation. Let {¢1,...,t,_m—r} be the comple-
ment of {s1,...,8-}in {j1,.. ., Jn-m} Let S =Xs x--xX;, and T = Xy, X --- X X}
SxT=X; x---xX; and A1 =A,_, x5.

For 0 < k <, let F}. be the homotopy fibre of the inclusion A — X7 X --- x X,,. Observe that

SO

n—m—r?

if Ax_1 = Aj,_, x S then there is a diagram of iterated homotopy pullbacks

Fk—l Fk—l Fk—l
Al ) Aj—1 - Al

L | i

Xiy X x Xy, xT — X XX X; xSXT — X; x---xX; xT

where ¢ and 7 are the inclusion and projection respectively.

In Theorem 7.2 we make the seemingly odd assumption that the fibre Fj is a co-H space. However,
in the context of coordinate subspace arrangements, this condition arises naturally, as we are trying
to show that certain homotopy fibres (labelled Zx) are homotopy equivalent to wedges of spheres

for appropriate simplicial complexes K, in which case the fibres Z are co-H spaces.
Theorem 7.2. Suppose there is a regular sequence of coordinate subspaces
AgC A C---CA=A

Assume that the homotopy fiber Fy of the inclusion Ag — X1 X --+ X X,, is a co-H space. Then
the following hold:
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(a) for 1 <k <lI, there is a homotopy cofibration

(QXi, 50 ¥ QX ) 0 (X, %o X QX)) — Froy — B

m

and a homotopy decomposition

)~ Cr_1V Dp_1

n—m

(X, % % QX ) % (QX;, % -+ x QX

where Cy_1 maps trivially into Fy,_1 and Dy_1 retracts off F_1;
(b) there is a homotopy decomposition Fi,_1 ~ Dy_1 V Ej_1 for some space Ey_1;

(c) Fy is a co-H space and there is a homotopy decomposition Fj, ~ XCy_1V Ej_1.

Proof. As the proof of part (a) is lengthy, we begin by assuming that part (a) has been proved and
show that parts (b) and (c) hold. With Fy as the base case, we inductively assume that Fj_ is a
co-H space. Let Ej_; be the homotopy cofibre of D1 — Fj_1. By part (a), this map has a left
homotopy inverse F_; — Dy_1. Since Fj_1 is a co-H space, we can add to obtain a composite
Fr,y — Fy_1V Fy,_1 — Dy_1V E;_1 which is a homotopy equivalence. This proves part (b).

Next, including Dy_1 into Ci_1 V Di_1 we obtain a homotopy pushout

D1 —— Cyr—1VDpg —— Ciy

| l

Dk—l —— Fk—l — Ek—l

| l

By part (a) the map Cx_1 — Fj_1 is null homotopic, so in the pushout the map Cy_1 — Ej_1 is
also null homotopic. Hence Fj, ~ XCy_1 V Er_1. Finally, Ey_; is a retract of Fj_; which has been
inductively assumed to be a co-H space, so Fi_1 is also a co-H space. Thus Fj is a wedge of two
co-H spaces and so is itself a co-H space.
We now prove part (a).

Step 1. Setting up: Consider the pushout in diagram (9). We apply Proposition 5.1 with
A=FW(i1,...,im), B=Ar_1,C=X;;, x---xX; ,D=A;and Z = X; x---x X,,. We need to
check that conditions (i) and (ii) of Proposition 5.1 hold. Observe that Z = C' x (X, x---x X;, )
and C — Z is the inclusion of the first factor, so condition (i) is satisfied. Since X; V ---V X,
is a subspace of A;_; and the inclusion X; V---V X,, — X; X --- x X,, has a right homotopy
inverse when looped, the inclusion Ap_1 — X7 X .-+ X X, also has a right homotopy inverse when
looped, and so condition (ii) is also satisfied. Proposition 5.1 insures that when the four corners of

the pushout in diagram (9) are mapped into X; x --- x X,, and homotopy fibres are taken, there is
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a homotopy pushout of fibres

(Qle *"'*QXim) X (QX] X XQXjn,m) *g> Fk—l
(10) lﬂ l
QXJ Xoeee QXjn—'nL Fk

where 7 is the projection, the restriction of g to QX x --- x QX;  is null homotopic, and g is
determined by the action of X7 x---xQX,, on Fj,_;. As the restriction of g to Q.X; x---xQX;

is null homotopic, we can pinch out this factor in diagram (10) and, as in Corollary 5.2, obtain a

homotopy cofibration

(11) (QX;, %% QX3) % (QX), X - x QX ) L Fioy — Fi.

In—t

where ¢’ is an extension of g to the half-smash.
Step 2. The summand Cj;_q: The decomposition Ay_1 = Aj_, x S implies that there is a
homotopy pullback

kal kal
Ap-1 d A;c—l

| l

Xy x--x X, s (X, X+ xX; )xT
where 7 is the projection. Lemma 4.1 says that the map ¢ in diagram (10) factors through a
projection,

(X, %% QX ) % (QS x QT) —2> Fy_y

\lew
g

(QX“ Kooee ok QXLm) x QT

.
where § is the restriction of g to (QX;, *---xQX; ) x QT.

Let Y = QX,, % --- % QX, . Since the restriction of g to (25 x QT') is null homotopic, the
restriction of g to QT is null homotopic. Thus g factors through Y x Q7. It was only necessary to
choose some extension g’ of g to the half-smash in (11) in order to obtain the homotopy cofibration,

Ixm

so we could have taken ¢’ to be the composite Y x (0S5 x QT) ==Y x QT — Fy_;. Since Y is a

suspension,
YxQSxQT)~Y VY AQS)V Y AQT)V (Y AQSAQT).
Let 1 = (Y AQS) V(Y AQSAQT) and let D1 =Y V(Y AQT). Then ¢’ can alternatively be

described by the composite Y x (28 x QT) — Cj_1 V Dj_; 2, D1, where ¢ is the pinch map.

Thus Cj_1 is sent trivially into Fy_1 by ¢’, as asserted.
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Step 3. The summand Dj_;: It remains to show that Dy_; =Y V (Y AQT) is a retract of Fj_1.
Again, we consider Ay = Aj,_; X S where S = X, x --- x X, . Observe that {i1,... iy} and

{s1,...,8,} are disjoint sets in {1,...,n} so the inclusion FW (i, ..., 4,) — Ar_1 of diagram (9)
factors as a composite FW (i1, ...,4m) — A)_; — Ag_1. Define the space A} as the topological
pushout

FW (iy, ... i) — A4,

| |

"
Xil D XXim _— Ak

Since A is regular, there is a topological pushout

My ——— Np_

]

FW (i1, yim) —= Ay

where Mj_1 is a proper coordinate subspace of FW (i1,...,4,,). Note that all the spaces in

diagram (12) are coordinate subspaces of X; X --- x X; x T. We intend to map the four

corners of the pushout into X;, x --- x X; x T, take homotopy fibres, and apply the Cube
Lemma. Before doing so we identify the homotopy fibres. Let Fj; be the homotopy fibre of
the inclusion M1 — X;, x --- x X; . By Lemma 6.1, the homotopy fibre of the inclusion
FW(iy,...,im) — X; X .-+ x X, is homotopy equivalent to QX;, * ---* QX; . Including

Xi, x -+ x X;, into X;, x---xX; xT we obtain a homotopy pullback

FMXQT Mk,1 Xilx---xXi x T

m
i hxQT l

(QX“**Qle)XQTHFW(Zl,,Zm) *>Xi1 X xX; xT

m

for some map h. Let Fi be the homotopy fibre of the inclusion N1 — X;, x --- x X, xT.
The definition of a regular sequence includes the hypothesis that X; vV --- VvV X, C Ay, and so
X1V---VvX, CA;_,. Having projected away from coordinates sq,..., s;, we have X;, V---V X, V
X;, V---VX;, CA,_,. As diagram (12) is a homotopy pushout and FW (i1, ...,%,) intersects
Xj, V---V X, at a point, we must have X; V---V X;, C Ny_1. Thus QT = QX; x--- x QX},

retracts off Q2Ny_1. Therefore, in the homotopy pullback

FMXQTHMk_lHX“X~“XX1'MXT

P

FN%Nk_lHXiIX“-XXimXT

(the pullback defines the map f) the restriction of f to Q7 is null homotopic. Now recall from Step 2
that the homotopy fibre of the inclusion Aj _; — X;, x---xX;, xT is homotopy equivalent to Fj_;.
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Thus, when the four corners of the pushout in diagram (12) are mapped into X;, x -+ x X; x T

and homotopy fibres are taken, Lemma 3.1 implies that there is a homotopy pushout of fibres

f
FyxQI ———— > Fy

(13) lthT l
(QXi, %% QX; )X QT —2> Fy_y

for some map g. We can identify g: it is the restriction of the map ¢ in diagram (10) to (QX;, *
% QX; ) x QT. This is because, as in the proof of Proposition 5.1 (c), the map g is determined
by the action of QX;, x - - x QX; x QT on Fj_;. But the pullback

Fk—l H—A;_l %Xﬁ X"'XXim x T

| |

Fr_q Ay Xig X x X, xSxT

obtained from including A}, into Ax_1 = Aj_, xS implies that the action of QX;, x---xQX; xQT
on Fy_; is the restriction of the action of QX;, x---xQX; x QT x QS on Fj_1, that is, the action
of QX7 x -+ xQX, on F_1, and the latter action determines g. Consequently, the factorization of
g through ¢’ implies that the restriction g factors as a composite (using the notation from Step 2)
v: Y xQT — Y % (25 x QT) <, Fj_. Note that Dj_; was defined as YV (Y AQT) ~ Y x QT
and we are trying to prove precisely that v has a left homotopy inverse.

Consider diagram (13). Since Mj_; is a proper coordinate subspace of FW (i1, ..., ), Proposi-
tion 6.3 implies that A is null homotopic. Thus A x QT is homotopic to * x QT. We have seen that
the restriction of f to QT is null homotopic. Lemma 3.6 now applies, and shows that v has a left

homotopy inverse. (I

We now condense some of the information coming out of Theorem 7.2 by concentrating on how
the fibre Fy of the starting point Ay of the regular sequence relates to the fibre F; of the ending
point A; of the sequence. Let 6 be the composite

0:Fg — F — - — F}.

In particular, we want to know how the homotopy type of Fy influences that of F;. This requires a
suitable hypothesis on the homotopy type of Fj to get going. We now define a class of spaces which
will do the job.

Definition 7.3. Let G be the collection of spaces F' which are homotopy equivalent to a wedge of

summands of the form QX *--- %« QX, | wherel <i; <--- <4y, <n.

T 9

Consider Definition 7.3 in the case of primary interest, when X; = CP> for 1 < ¢ < n. Then

OX; ~ St and so QX;, * -+ % QX; =~ S?~1 in which case F is homotopy equivalent to a wedge
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of spheres. As spaces which are homotopy equivalent to wedges of spheres will appear repeatedly, it

will be convenient to introduce an abbreviated way of saying this.

Definition 7.4. Let W be the collection of spaces F' which are homotopy equivalent to a wedge of

spheres.

Proposition 7.5. Assume the hypotheses of Theorem 7.2. Suppose in addition that (for all path-
connected spaces X1, ..., X, ) the homotopy fiber Fy of the inclusion Ay — X1 x «-+ X X, is such
that Fy € G'. Consider the map of fibres 0 : Fy — F;. The following hold:
(a) F; € G7, and
(b) there is a homotopy decomposition Fy ~ F} V F§ where F}, F§ € G, the restric-
tion of 0 to Fy is null homotopic, and the restriction of 0 to FZ has a left homotopy

mnuverse.

Proof. Theorem 7.2 gives that for 1 < k <, there is a homotopy cofibration

)fk

(QX;, *-- % QX; ) % (X, x -+ x QX LY Ry

m In—m

and there are homotopy decompositions

(QXim koo *Qle) )4 ((2)(]1 X oo X QX

In—m

)~ Cr—1V D1,

Frp 1 >=Dp 1V Eg g,
F, ~YCr_1V Ep_1

where the restriction of fr to Ci_; is null homotopic and the restriction of fi to Di_; has a
left homotopy inverse. This implies that the restriction of g to Dj_1 is null homotopic and the
restriction of g to Ex_1 has a left homotopy inverse.

First observe that, in general, there are homotopy decompositions (X A) x B ~ YAV (XA A B)
and ¥(A x B) ~ YAV XBV (XA A B). Noting that the join is a suspension, by using the first

decomposition and iterating on the second we see that

QX *--xQX; ) x (QX;, x - xQX;, ) egr.

im
The fact that Theorem 7.2 holds for all path-connected spaces X1, ..., X,, means that the decompo-
sitions are independent of the particular choices of those spaces. This lets us make an advantageous
choice of X7, ..., X,, observe how the decompositions behave in this special case, and then infer the
general decompositions.

The advantageous choice is to take X; = CP> for 1 <4 < n. Then QX; ~ S! and
(QX;, =+ QX; )% (QX;, x---xQX; ) eW.

Thus Cy_1,Dir_1 € W. The hypothesis on Fy implies that in this case Fy € W. Thus the ho-
motopy equivalence Fy ~ Dy V Ej implies that Fy € W. Hence F; € W. Inductively, we see
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that Cx_1,Dk_1, Ex_1,Fr € W for all 1 < k < [. In particular, F; € W. We next describe the
decomposition Fjy =~ FO1 V Fg The decomposition Fj, ~ XCy_1 V Eyx_1 gives a retraction of E,_;
off Fj,. Consider how this relates to the decomposition Fj ~ Dy V Ej. Since Dy, E}, € W, we can
choose subwedges of spheres Ep,, Eg, of Dy, Ey respectively such that E,_y ~ Ep, V Eg,. Let
FO1 =DyVEp, V---VEp, ,,and let F? = Eg, ,. Then FO1 V F2 ~ Fy. The condition that gy is
null homotopic when restricted to Dy then implies that it is null homotopic when restricted to Ep, ,
and so collectively we see that the restriction of 6 to F§ is null homotopic. The condition that g;_;
has a left homotopy inverse when restricted to F;_; implies that the restriction of 6 to FO2 =FEg ,
has a left homotopy inverse.

Now consider the general case. Observe that by keeping track of the indices i; and j; on each
copy of X, ~ S' and QX;, ~ S! in the special case, we can discern which wedge summands of
(QX;,, * - xQX, ) x (QX;, x---xQX; ) arein Ci_; and which are in Dy_,. In particular,
we see that Cy_1,Di_1 € G for each 1 < k < [. The same index bookkeeping on the successive
decompositions in the special case then implies that Ey_, Fy € Gf" for 1 < k <[ — in particular,
F, € G, proving part (a) — and there is a decomposition Fy ~ F§ V Fg such that F}, Fg € G7', the
restriction of 6 to F} is null homotopic and the restriction of  to F{ has a left homotopy inverse,

which proves part (b). O

8. THE EXISTENCE OF REGULAR SEQUENCES

In this section we give a general set of conditions which guarantees the existence of regular
sequences. In Examples 8.2 and 8.3 we then give particular instances which will be used later in
Section 9. The set of conditions is phrased in terms of shifted complexes. Recall that a simplicial
complex K is shifted if there is an ordering on its set of vertices such that whenever o € K and
v’ < v, then (¢ —v)Uv" € K. Two additional definitions we need are the following. Let K be a

simplicial complex. The link and the star of a simplex o € K are the subcomplexes

linkgko={reK|oUTte K,ont =0}

starxo ={r € K|oUT € K}.

One interpretation of these definitions is via ordered sequences. Let K be a simplicial complex on
the index set [n]. The vertices are ordered by their integer labels. If o is a simplex of K on vertices
{i1,...,im} where 1 < iy < -+ < i, <n, identify o with the sequence (i1,...,%,). The simplices

of K are then ordered left lexicographically.

Now suppose K is a shifted complex. If (i1,...,4,,) is an (m — 1)-dimensional simplex of K, then
K must contain every simplex of dimension m — 1 which is lexicographically less than (iy,...,4m).
Let rest{2,...,n} be the simplicial subcomplex of K which is defined as the collection of simplices

(i1,...,1m) € K with 47 > 2. Observe that star(1) consists of those simplices (i1, ..., %) for which
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(1,...,41 — 1,41,...,4y,) is also a simplex of K, and link(1) consists of those simplices which are in
both star(1) and rest{2,...,n}.

All this can now be formulated topologically in terms of coordinate subspaces. Assume that K is
a simplicial complex on the index set [n]. Let Xi,..., X, be path-connected spaces. Then we can
associate a coordinate subspace A of X; X .-+ x X, to K by letting A be the union of all subspaces
Xi, X--+x X, where (i1,...,4,) is a simplex of K. Now suppose K is shifted. Let Star(1), Link(1),
and Rest{2,...,n} be the coordinate subspaces of X; x -+ x X,, associated to star(1), link(1), and
rest{2,...,n} respectively.

We now give a set of conditions on the inclusion of one shifted complex into another which

guarantees the existence of a regular sequence between their corresponding coordinate subspaces.

Proposition 8.1. Let L and K be two shifted complexes on the index set [n], where L is contained
within star(1) of K and K has no disjoint points. Fiz path-connected spaces X1,...,X,. Let B
and A be the coordinate subspaces of X1 X --- X X,, which correspond to L and K respectively. Let
Star(1) C A be the coordinate subspace which corresponds to star(1) C K. Then there is a sequence
of coordinate subspaces

B:AOQAlggAl:Star(l)

which is reqular.

Before beginning with the proof of Proposition 8.1 we give two two examples which will be used
subsequently. Observe that since all n vertices are in L, the coordinate subspace X; V ---V X, is

contained in B.

Example 8.2. Let K be a connected shifted complex. Let L be the disjoint union of the n vertices
of K. Consider star(1) in K. Then B = X; V---V X,,, A= Star(1), and Proposition 8.1 says that

there exists a sequence of coordinate subspaces
X1V VX, =4 C A C--- C A = Star(1)
which is regular.

Example 8.3. Let K be a connected shifted complex. Let L be link(1). Let starg(2) be star(2) in
rest{2,...,n}. Then B = Link(1) and A = Starg(2). To apply Proposition 8.1 we need to check
that (within Rest{2,...,n}) link(1) is contained in starp(2). Let (i1, ..., %m) be a simplex of link(1).
If i1 = 2 then (i1,...,4,,) is clearly in starg(2). If i1 # 2, then as link(1) C star(1) (in K), the
definition of link(1) says there exists a simplex (1,2,...,43 — 1,41, ...,%,y) in star(1). The restricted
simplex (2,...,41 — 1,41, ...,4y,) is therefore in starg(2). Thus starg(2) contains all the simplices in

link(1). Proposition 8.1 then implies that there is a sequence of coordinate subspaces

Link(1) = Ag C A; C--- C A; = Starg(1)
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which is regular.

Proof of Proposition 8.1: We adjoin subspaces to B in two separate iterations. These adjunctions
correspond to gluing simplices to L one at a time until star(1) in K is obtained.

Iteration 1: Since K is connected and shifted, every vertex in K is connected by an edge to the
vertex 1, that is, the simplex (1, 5) is in K for every 2 < j < n. Now L may contain disjoint points.
If so, since L is shifted, the simplices (1,7) will not be in L for j > jo, where jg is the first vertex
not connected to 1. In terms of coordinate subspaces, each X; is a wedge summand of B, and B
contains the coordinate subspaces X; x X; for j < jo. The point of this first iteration is to adjoin
the coordinate subspaces X; x X, for j > jo. They will be adjoined in left lexicographical order.

The adjunction is realised by a homotopy pushout

X1V Xj E—— Ak—l

L

XlijHAk

which defines the space Ai. Here, we begin with the jy case, where Ag = B,so k=j —1— jo. To

show that this sequence is regular, we need to show that there is a homotopy pushout

My 4 ——— Np1

L

X4 \/Xj —_— Ak—l-

Take My_1 = X;. Observe that by the iteration to this point, Ay_; is the wedge X; V- - -V X,, with
the coordinate subspaces X; x X; adjoined for 2 < ¢ < j —1. In particular, X; is a wedge summand
of Ap—1. Let Ni_q be the complementary wedge summand of Ay_1, so Ay—1 ~ X; V Np_1. Then it
is clear that My_1; = X; includes into Nj_1, the diagram above homotopy commutes, and it is in
fact a homotopy pushout.

Iteration 2: First observe that at the end of Iteration 1, all the coordinate subspaces X; x X for
2 < j < n have been adjoined to Star(1). So A,_j, = X1 x (Xa2V---V X,,).

We now adjoin the remaining coordinate subspaces of Star(1) in a two-step process. The idea is
to adjoin all the remaining coordinate subspaces corresponding to the two-dimensional simplices of
star(1) in lexicographic order, then the coordinate subspaces corresponding to the three-dimensional
simplices of star(1), and so on. Suppose all the coordinate subspaces corresponding to the (m —
2)-dimensional simplices in star(1) have been adjoined. Suppose (1,is,...,%,) is the simplex of
dimension m — 1 of least lexicographic order whose corresponding coordinate subspace has not
already been adjoined. To perform the adjunction it is necessary that the coordinate subpspaces

corresponding to the boundary of (1,4s,...,%,) have already been adjoined. The boundary is
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composed of the simplices

(17i2, cee 7im—1)7 (1,i3, . .,Z.m)7 ey (171'2, e ,Z'm_27im), and (ig, v ,Z'm).

All the coordinate subspaces corresponding to boundary simplices starting with the vertex 1 have
already been adjoined by the inductive hypothesis: all the simplices are of dimension m—2 and are all
clearly in star(1). The lexicographical ordering implies that the coordinate subspace corresponding
to the simplex (ig,...,%4y,) has not yet been adjoined. So we first need to adjoin the coordinate
subspace corresponding to (iz,...,%,) and then adjoin the coordinate subspace corresponding to
(1,49,...,4m). Note that the coordinate subspaces corresponding to the boundary simplices of
(i2,...,1m) have already been adjoined because star(1) being shifted means that if 7 is a simplex in
the boundary of (ia,...,i,) then (1,7) is also a simplex of star(1), and as its dimension is m — 2,
the corresponding coordinate subspace has already been adjoined by the inductive hypothesis.

The two-step gluing process is realised by the homotopy pushouts

FW (ig, ... im) — Ap_1 FW(1,dg,... 0p) —— Ag
Xi X"'XXimHAk X1><X7;2X"'><Xim*>14k+1

where the pushouts define the spaces Ay and Ap41. Observe that if we assume Ap_1 ~ X7 X A},
— this is true for the base case A,,_;, as mentioned at the beginning of this iteration — then the two-
step process in adjoining the coordinate subspace corresponding to the simplex (1,4, ..., iy, ) implies
that Ay ~ Xy x A} ;. Thus if we show that the two-step process is itself a regular sequence, then
the entire iteration is a string of two-step regular sequences and so is a regular sequence, completing
the proof.

For the k — 1 case, as Ay_1 ~ X3 x A},_,, the definition of a regular sequence forces us to project

onto Aj._; and look for a homotopy pushout

My 1 ——— Np1

| |

FW(igy. . im) — A},

where M}, is a proper coordinate subspace of FW (i, ...,%,). Having projected away from vari-
able 1, this homotopy pushout is really a lower dimensional case which builds up Star(2) within
Rest{2,...,n}. The inductive hypothesis on dimension means that we can assume that this homo-

topy pushout exists. For the k case, we need to show that there is a homotopy pushout

My ——— N

| l

FW(1,ig, ... im) —> Ak
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where Mj, is a proper coordinate subspace of FW (1,4a,...,4m). Let My_1 = X;, X FW (i3, ..., 0m).
(Note that Mj_1 equals Star(1l) in FW(ig,...,im).) Observe that if such a homotopy pushout

exists, then Nj needs to contain all the coordinate subspaces of Ay except X;, x --- x X; . But

m*°

this is exactly the description of Ax_1, so by taking N = Ax_1 we obtain the desired homotopy

pushout. O

9. THE HOMOTOPY TYPE OF Zk FOR SHIFTED COMPLEXES

Recall that if K is a simplicial complex on the index set [n], then there is a corresponding Davis-

Januszkiewicz space DJ(K) and a homotopy fibration
Zg — DJ(K) — [ BT.
i=1
One of the main goals of the paper is to prove Theorem 1.2, which we restate as:

Theorem 9.1. If K is a shifted complex, then Zx is homotopy equivalent to a wedge of spheres.

Any i*"-skeleton A?(n) of the standard simplex A(n) on n verticles is shifted. Other examples

are easy to construct; we give two to illustrate.

Example 9.2. Let K be the simplicial complex consisting of vertices {1,2,3,4} and edges
{12,13,14,23,24}. Then K is shifted.

Example 9.3. Let K be the simplicial complex consisting of vertices {1,2,3,4,5} and edges
{12,13,14,15,23,24,25,34,35}. Then K is shifted. Note that K’ = K U {123} is shifted, but
K" = K U {124} is not shifted.

It is well known (and easy to prove) that if K is shifted then each of link(1), star(1l), and
rest{2,...,n} is shifted, star(1) = (1) x link(1), and there is a topological pushout

link(1) —— rest{2,...,n}

| |

star(l) ——— K.
This results in a corresponding homotopy pushout of Davis-Januszkiewicz spaces

DJ(link(1)) ——= DJ(rest{2,...,n})

! i

DJ(star(1)) ——— DJ(K)
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where DJ(star(1)) = BT x DJ(link(1)). Mapping the four corners into [[;-; BT and taking homo-

topy fibres gives a cube as in Lemma 3.1, and in particular a homotopy pushout of fibres

St x Zlink(1) — St x Zrest{2,...n}

N

Zstar(1) Zg.

We wish to show that each of Zink(1)> Zrest{2,...ny» A0d Zgar(r) is homotopy equivalent to a wedge

of spheres, and then identify the maps in the homotopy pushout in order to show that Zx is also
homotopy equivalent to a wedge of spheres.

This topological problem can be reformulated more generally for coordinate subspaces. We still
assume that K is a shifted complex on the index set [n]. Let Xi,..., X, be path-connected spaces.

Let A be the coordinate subspace of X7 x --- x X, associated to K. Then there is a homotopy

pushout

Link(1) —— Rest{2,...,n}

(15) | l

Star(l) ——— A
where Star(1) ~ X; x Link(1). Now compose each of the four corners with the inclusion A —
X, x--- x X, and take homotopy fibres. Let Fy, Fs, Fr, and F4 be the homotopy fibres of the
respective inclusions of Link(1), Star(1), Rest{2,...,n}, and A into X; X ---x X,,. Then Lemma 3.1

says there is a homotopy pushout of fibres
F;, —— Fgp
(16) | |
Fg —— Fy4.

The homotopy pushout in (16) can be refined. First, consider the map F;, — Fs. As link(1)
is a simplicial complex on the vertices {2,...,n}, the space Link(1) is a coordinate subspace of
X x -+ x X,,. Thus Fy, ~ QX; x Fy, where Fy is the homotopy fibre of the inclusion F; —
Xg x -+ x X,,. Continuing, as Star(1) ~ X; x Link(1), there is a homotopy pullback

OX; x F;, — Link(1) X1 x - x X,

| |

F54>X1 ><L1nk(1) —>X1><~~><Xn.

As the map Link(1) — X3 x Link(1) is the inclusion of the second factor, the previous homotopy
pullback shows that F; ~ Fg and the map QX; x F;, — Fg is the projection. Next, consider the
map F;, — Fr. As Rest{2,...,n} is a coordinate subspace of Xy x- - -x X,,, we have Fr ~ QX xFr

where F'g is the homotopy fibre of Rest{2,...,n} — X5 x -+ x X,,. As Link(1) is a subspace of
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Rest{2,...,n}, the map F;, — Fg becomes QX X Fg % Xy QX x Fp for some map v. Collecting

all this information on the homotopy fibres, the homotopy pushout in diagram (16) becomes a

homotopy pushout

QX1 xvy o
QX1 x Fs — QX; x Fp

-

Fg ——— Fa.

The goal is to identify the homotopy type of F4. We do this in Theorem 9.4. It may be helpful to
recall the definition of G* in 7.3.

Theorem 9.4. Let K be a shifted complex on the index set [n]. Let Xy,...,X, be path-connected
spaces and let A be the coordinate subspace of X1 x --- x X, which corresponds to K. Use the

notation and setup established in diagrams (15) and (17). Then the following hold:

(a) Fs € G} and Fr € G¥;
(b) there are homotopy decompositions Fs ~ FAV F2 and Fp ~ f}% V F2 such that

—1
Fi, Fg € g1, Fr € G3 and there is a homotopy commutative diagram

v —
Fg ——— Fp

1l 9 *\/Fg 1 \L
FSVFS*)FR\/Fg;

(C) Fy e Q{L

Proof. We induct on n, the number of vertices. When n = 1, we have A = X;, Star(1) = X;,
Rest{2,...,n} = x, and Link(1) = . Composing into (the product space) X; and taking homotopy
fibres, we immediately see that Fig ~ %, F'g ~ %,  is homotopic to the map from the basepoint to
itself so part (b) trivially holds, and F4 ~ x.

Assume the Proposition holds for n —1 vertices. First, applying Proposition 7.5 (a) to the regular
sequence from X;V---VX,, to Star(1) in Example 8.2 shows that Fg € G'. Next, since Rest{2,...,n}
is a shifted complex on the vertices {2,...,n}, the inductive hypothesis implies that F'z € G&. This
proves part (a).

Assume part (b) for the moment. Lemma 3.5 applies to show there is a homotopy equivalence
Fa~ F2V (QX, * FY V (QX, x Fp).

As F}% € G7, it is a suspension and so QX x F}% ~ (QX4 /\F;{) \/F}%. Thus as Fi, FZ € G7" and

—=1
Fr € Gy, we have Fy € G7, proving part (c).
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To prove part (b), we need to closely examine the map Fg 2, Fg. This was defined in the setup

for diagram (17) by a homotopy pullback

Fs —— Link(1l) —— Xo x --- x X,

P

Frp —> Rest{2,...,n} — Xo x .-+ x X,,.

By definition, Starp(2) is a coordinate subspace of Rest{2,...,n}. In Example 8.3 we showed that
Link(1) is a coordinate subspace of Starg(2). Thus there is a diagram of iterated homotopy pullbacks

Fs —— Link(1l) —— Xo x--- x X,

O

Fs — > Starg(2) —— Xo x -+ x X,

S

Fr — Rest{2,...,n} —= Xy x---x X,

where the pullbacks define the space Fg and the maps ¢ and e. Hence v ~ € 0. We deal with each
of § and € one at a time.

Applying Proposition 7.5 (b) to the regular sequence from Link(1) to Starg(2) in Example 8.3
shows that Fg ~ Fy V Ey where Eq, Ey € G, the restriction of § to E; is null homotopic, and the
restriction of § to Fs has a left homotopy inverse.

For €, we appeal to the inductive hypothesis. Let linkg(2) be link(2) within rest{2,...,n}. Since
rest{2,...,n} is a shifted complex, it is the pushout of starp(2) and rest{3,...,n} over linkr(2).

This results in a homotopy pushout of the corresponding coordinate subspaces (in Xo x -+ x X,,)

Linkr(2) — Rest{3,...,n}

l |

Starp(2) — Rest{2,...,n}.

Let F and Fp respectively be the homotopy fibres of the inclusions of Linkz(2) and Rest{3,...,n}
into Xp X --- x X,,. Recall that Figz and F i respectively have been defined as the homotopy fibres
of the inclusions of Starg(2) and Rest{2,...,n} into X3 X --- x X,,. As in diagram (16), when all
four corners of the pushout above are mapped into Xs X --- X X,,, we obtain a homotopy pushout

of fibres

Fr— > Py

L

Fg —> Fp.
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Arguing as for diagram (17), this homotopy pushout of fibres refines to a homotopy pushout

1x7y _
QXQXF§4>QX2XF§

L

F§ FR

where F is the homotopy fibre of the inclusion Rest{3,...,n} — X3 x --- x X,,. Since the
underlying shifted complex rest{2,...,n} is on n—1 vertices, by inductive hypothesis we can assume
that there are homotopy decompositions Fg ~ Dy V Dy and FE ~ Ds V Dy where Dq,Dy € GZ,
D3 € G%, and under these decompositions ¥ becomes the map D; V Ds VDo, D3V Ds. Applying
Lemma 3.5 we obtain a homotopy equivalence Fr ~ DoV (QX5 % D)V (2X5 x D3). Further, letting
M = (X5 * D1) V (X5 x Ds), the map € becomes Dy V Dy 22, M v D,

Now consider the composite v : Fg LN Fg —5 Fpr. The decomposition of Fg can be used
to refine the decomposition Fs ~ E; V FEs, as follows. Since the restriction of § to Es has a left
homotopy inverse, the decomposition F'g ~ D1V D> results in a decomposition Eo ~ ElV E2 where
Ej retracts off D;. Let F& = E'V Ej, and let F2 = E3. Then Fg ~ F{ V F2. Now combining the
decompositions of Fg, Fig, and Fr with their effects on § and € we obtain a homotopy commutative

diagram

Fs Fg Fpg

TR

FivE2 = DivDy, =5 MV Dy

where i has a left homotopy inverse. Let C' be the homotopy cofiber of i. Then as Dy € G it is

a suspension and so the fact that ¢ has a left homotopy inverse implies that there is a homotopy

decomposition Dy ~ F2VC. Let Fp=MVC. Then Fp ~ FpVF 2 and the previous diagram shows
*\/Fg

that under this altered decomposition of Fr the map v ~ € o § becomes F} V F2 —= f}% vV F2,

which proves part (b). O
With Theorem 9.4 in hand, we can prove Theorem 9.1 as a special case.

Proof of Theorem 9.1: In this case, each space X; equals BT, the classifying space of the torus,
the coordinate subspace A equals DJ(K), and the homotopy fibre F4 equals Zx. Theorem 9.4 (c)
says that Zx € G, meaning that Zx is homotopy equivalent to a wedge of summands of the form
QBT;, x---xQBT;, . Such a summand is homotopy equivalent to S™*! since QBT ~ S*. Thus Zx
is homotopy equivalent to a wedge of spheres, and so K € Fy. a

A special case of a shifted complex is the full i-skeleton A%(n) of the standard simplex A(n) on

n vertices. For path-connected spaces Xi,..., X, let T}" be the coordinate subspace associated to
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A"k (n). Specifically,
0 ={(z1,...,2,) € X1 X --- x X,, | at least k of the x;’s are *}.

In particular, T§' = Xq X --- x X,,, TT" is the fat wedge, 1)} | = X1 V---V X,,, and T} = *. Let F}}
be the homotopy fibre of the inclusion 7' — T{". By Theorem 9.4, F}' is homotopy equivalent to
a wedge of summands of the form QX; *.--%QX,; where 1l <4 < - < iy <n. This wedge can
be calculated explicitly using the iteration in Proposition 8.1 to reproduce a result first obtained in
a different context by Porter [P]. For a space X and a positive integer j, let j - X be the wedge sum
of j copies of X. Let X be the j-fold smash of X with itself.

Theorem 9.5 (Porter). For n > 1, let Xy,..., X, be path-connected spaces. Let k be such that

1<k <mn-—1. Then there is a homotopy equivalence

e~ \/ \/ (3 k) SRQX A AQX,
jmn—ktl \1<i <<ij<n N

O

Corollary 9.6. As in Theorem 9.5, if X; = X for each 1 < i < n then there is a homotopy

e Q) e

equivalence

O

The case of relevance to us is Corollary 9.6 applied when X = CP*. Then 1}’ corresponds to
DJ(K) for K = A"~*(n). The homotopy fibre FJ* corresponds to Z. Since QX ~ S1, we obtain:

Corollary 9.7. If K = A" *(n), then

VANV R A e
2= V(i)
j=n—k+1

O

We now return to Examples 9.2 and 9.3 to identify the homotopy type of Zy for two shifted

complexes K which are not skeletons of a standard simplex.

Example 9.8. Let K be the simplicial complex in Example 9.2. Observe that

1) star(1l) consists of vertices {1,2,3,4} and edges {12,13,14};
2) rest{2,3,4} consists of vertices {2, 3,4} and edges {23,24};

3
4

link(2) consists of vertices {2,3,4} and no higher dimensional simplices;
star(2) coincides with rest{2,3,4};

5) rest{3,4} consists of vertices {3,4} and no higher dimensional simplices;

(1)
(2)
(3)
(4)
(5)
(6)

6) link(2) conincides with rest{3,4}.
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The homotopy pushout for Zk in (14) refines as in (17) to a homotopy pushout

Ix~y
QBT x Zlink(l) —— QBT x Zrest{2,3,4}

|- |

Zlink(1) Zk.

As link(1) consists only of three vertices, Corollary 9.7 applied to A°(3) shows that Zlink(l) ~

353 v 254, Similarly, as rest{2,3,4} consists only of two vertices Corollary 9.7 applied to A°(3)

shows that Zyegto 54y ~ S3. Keeping track of coordinates in Theorem 9.4 (b) shows that + sends

two of the S? summands and both S* summands of Zlink(l) to the basepoint and it sends the

remaining S® summand identically onto itself. Substituting, the preceeding homotopy pushout

becomes

1x(1V*V)

St x (S3Vv 283V 28t) — = Gl x g3
353 v 284 ——————> Zg.

Lemma 3.4 then says that Zx ~ (S % (253 Vv 25%)) v 3 ~ §3 v 285 v 256,

Example 9.9. Let K be the shifted complex in Example 9.3. Observe that

(1) star(1) consists of vertices {1,2,3,4,5} and edges {12,13, 14,15};
(2) rest{2,3,4,5} is the simplicial complex discussed in Examples 9.2 and 9.8;

(3) link(1) consists of vertices {2,3,4,5} and no higher dimensional simplices.

As in Example 9.8, there is a homotopy pushout

Ix~y
QBTy % Zyinky — QBT1 X Zregtya3,4,5)

|- |

Zink(1) Zk.

As link(1) consists only of four vertices, Corollary 9.7 applied to A%(4) shows that Zlink(l) ~

653 v 851V 355. By Example 9.8, Zrest{2,3,.4,5) ~ 53 v 285V 256, Keeping track of the coordinates

in Theorem 9.4 (b) shows that + sends five of the S* summands and all the S* and S® summands

to the basepoint, and it sends the remaining S® by the identity map onto the S® summand of

Zrest {2,3,4,5}- Substituting, the preceeding homotopy pushout becomes

1X(1V*V*Vx)
St x (S3V5S% V884V 385) — > Sl x (S3 V285 v 25%)

|- !

653 Vv 85% v 38° Zk.
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Applying Lemma 3.5 then shows that
Zg ~ (ST (583 v 851V 38%)) v (ST x (285 v 285)) v S ~ 53 v 785 v 1250 v 557,

10. TOPOLOGICAL EXTENSIONS

At this point, we have shown that if a simplicial complex K is shifted, then its moment-angle
complex Zx is homotopy equivalent to a wedge of spheres. Next, we want to consider other non-
shifted simplicial complexes K for which Zx is homotopy equivalent to a wedge of spheres, or for
which ¥ Z is homotopy equivalent to a wedge of spheres. Note again that torsion can occur in the
cohomology ring of Zx for certain simplicial complexes K, making it impossible for Zx to be even
stably homotopic to a wedge of spheres.

We consider how three combinatorial operations — the disjoint union of simplicial complexes,
gluing along a common face and the join of simplicial complexes — alter the homotopy type of the
moment-angle complex. Recall that for given simplicial complexes K; and K5 on sets &1 and Ss

respectively, the join Ki * K is the simplicial complex
K x Ky := {(T cS USQ‘ oc=01Uo0g,01 € K1,09 € Kl}
on the set & U Ss.

Theorem 10.1. Let K; and Ko be simplicial complexes such that Zk, and Zk, are homotopy
equivalent to wedges of spheres. Then the following hold:

(1) if K = K1 [[ K3 is the disjoint union of simplicial complexes, then Zk is homotopy equiva-
lent to a wedge of spheres;

(2) if K = K1, K> is obtained by gluing along a common face, then Zg is homotopy equivalent
to a wedge of spheres;

(3) if K = Ky * Ky is the join of simplicial complexes, then Zx is not homotopy equivalent to
a wedge of spheres but X2 is.

Proof. (1) Let DJ(K;), i = 1,2, DJ(¢) and DJ(K) be the corresponding Davis-Januszkiewicz
spaces. Each vertex in K, o or K corresponds to a coordinate in DJ(K;), DJ(c) or DJ(K)
respectively. List the vertices of Ky as {1,...,l,...,m}, where the vertices of o are {{+1,...,m}.
List the vertices of Ky as {{+1,...,m,...,n}. Regard DJ(K;) as a subspace of [[;~, CP>. Let
Dy be the image of DJ(K7) under the map [];~, CP> — []_, CP> given by the inclusion of the
first m coordinates. Similarly, regard DJ(K3) as a subspace of HLIH CP>, and let D5 be its image
under the map [[;_, ; CP> — [];_; CP> given by the inclusion of the last n — I coordinates.
Since o is a simplex, DJ (o) is a product of m — [ copies of CP*°. Let D3 be the image of DJ (o) in
[T;=, CP> under the map [];",, ; CP> — []:_; CP> given by the inclusion of the middle m — I
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coordinates. Let D be the topological pushout

(18) Dy —> Dy

|

Dy —— D.

Then D = DJ(K) and is a subspace of [[;_, CP*™.
For notational convenience, let BT™ = [];_; CP>°. Map each of the four corners of pushout (18)

into BT™ and take homotopy fibres. This gives homotopy fibrations

F— D— BT"

F1XN—>D1 — BT"
MXF2—>D2—>BTn
M x N — D3 — BT"

where the first homotopy fibration defines F', Fy is the homotopy fibre of D1 — [];~, CP>, F, is
the homotopy fibre of Dy — [T, , CP®, M =[];_, ', and N =[], ., S". Including D; into
D, gives a homotopy pullback diagram

QBT" —= M x N —— D3 —— BT"

b

QBT — 'y X N — D; —— BT"

for some map 6 of fibres. We now identify §. With BT™ = []", CP*, the pullback just described
is the product of the homotopy pullback

QBT™ M D3 BT™
I
QBIT™ Fy Dy BT™

and the path-loop fibration N — % — [, ., CP>. So 6 = ¢’ x N. Further, M = Hi:l St
is a retract of QBT™ ~ [[", S' and QBT™ — F} is null homotopic since QBT™ is a retract of
QD1 =QDJ(Ky). Hence 6" ~ % and so § ~ x x N. A similar argument for the inclusion of D3 into
D5 shows that the map of fibres M x N — M x F; is homotopic to M X x.

Collecting all this information about homotopy fibres, Lemma 3.1 shows that there is a homotopy

pushout

* X N
Mx N — F1 xN

lm l

M x Fy ——— F.
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Lemma 3.3 then gives a homotopy decomposition
F~(MxN)V(Mx Fy)V(F, xN).

To show that F is homotopy equivalent to a wedge of spheres, we show that each of M+« N, M x Fy,
and F; x N are homotopy equivalent to wedges of spheres. First, observe that the suspension of a
product of spheres is homotopy equivalent to a wedge of spheres. Since M and N are products of
copies of S', MxN is therefore homotopy equivalent to a wedge of spheres. Second, as F; is homotopy
equivalent to a wedge of (connected) spheres we can write Fy ~ X F}, where F3 is a wedge of spheres
which possibly includes copies of S°. We then have M x Fy ~ M x (XF3) ~ XM V (XM A F}). Now
Y M is homotopy equivalent to a wedge of spheres. This also implies that XM A F} is homotopy
equivalent to a wedge of suspensions of Fj. That is, M A F» ~ XM A F} is homotopy equivalent
to a wedge of copies of Fy and suspensions of F5. Therefore, as F5 is homotopy equivalent to a
wedge of spheres so is M A F5. Hence M x Fy is homotopy equivalent to a wedge of spheres. The
decomposition of the summand F; x N into a wedge of spheres is exactly as for M x F5.

(2) Let K = K1 ][] K2 be the disjoint union of two simplicial complexes K; and K» on the index
sets [m] and [n] respectively. Then their disjoint union K = K [[ K> is a simplicial complex on the
index set [m + n] obtained as the result of gluing K; to K3 along the empty face. Applying part (1)
then shows that Z§ is homotopy equivalent to a wedge of spheres. Moreover, the homotopy type of

Zk is given by
Zp (f[lsl *]ﬁlsl) v (zKl x f[lsl) v (f[lsl X sz).

(3) The Davis-Januszkiewicz space of the join K = K; x K» of two simplicial complexes K; and

K5 on the index sets [m] and [n] has the following form:

DJ(K)=|J BT = |J BI"xBT”=( ) BT")x( |J BT")=DJ(K))xDJ(K>).

ceK o1Uos€K g1EK, o2€Ko
Therefore the fibration

DJ(K; x Ky) — BT™™™"
associated to the join of K; and K3 is the product fibration
DJ(K;) x DJ(K3) — BT™ x BT".
Hence Zx,«x, ~ 2K, X Zk,. This proves part (3) and finishes the proof of the Theorem. O

Theorem 10.1 can be applied to two shifted complexes K; and K. However, the simplicial
complex K in parts (1) and (2) need not be shifted. So the Theorem substantially extends the
family of simplicial complexes for which the moment-angle complex is homotopy equivalent to a

wedge of spheres.
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Theorem 10.1 can also be useful for calculating the homotopy types of moment-angle complexes

Zy. To illustrate, we give an alternative calculation of that in Example 9.8.

Example 10.2. Let K be the shifted complex in Example 9.2. Then K is obtained by gluing two
copies of the 1-skeleton of the standard simplex A(3) (on three vertices) along a common edge.
Specifically, K = K7 U, K5 where K consists of vertices {1, 2,3} and edges {12, 13,23}, K, consists
of vertices {2,3,4} and edges {23,24,34}, and o is the common edge {23}. Using the notation in
the proof of Theorem 10.1 (a), the formula F' ~ (M % N)V (M x Fy) V (Fy x N) corresponds to
Zr~ (ST SYH Vv (S x Zk,) V (2K, x S1). Both K; and K, are copies of A'(3) so Corollary 9.7
says that Zx, ~ Zp, ~ S5 Hence Zx ~ S3 Vv 25° v 256,

11. ALGEBRA

Let A be a polynomial ring on n variables k[z1,...,z,] over a field k and let R = A/I, where I
is homogeneous ideal. In this section we shall be interested in the nature of Torg(k, k); specifically,
in identifying a class of rings R for which all Massey products in Tor 4 (R, k) vanish and how this
impacts upon the Poincaré series of R. Recall that the Poincaré series of R is the formal power

series
P(R) = bt'
i=0

where b; = dimy, Torlé(k, k) are the Betti numbers of R. It has been conjectured by Kaplansky and
Serre that P(R) always represents a rational function. The regular local rings were the first rings for
which P(R) was explicitly computed. In this case Serre [Se] showed that P(R) = (14 t)"™. Tate [T
showed that if R is a complete intersection, then there exist non-negative integers m,n such that

(1+t)"

P =0

Golod [G] made a far reaching contribution to the problem by showing that if certain homology

operations on the Koszul complex vanish, then there exist non-negative integers n,cy,...,c, such

that

1+
P(R) = 1= Sr et

In general not much is known about the rationality of P(R); although there is an inequality due to
Golod [G] showing that P(R) is always bounded (coefficient-wise) by a rational function.

In the past, describing various properties of Torg(k, k) has been largely an algebraic problem.
Further on, we translate the problem of rationality of the Poincaré series into topology by using
recent results of toric topology. Then by using our results on the homotopy type of the complement

of a coordinate subspace arrangement, we find a class of rings R for which P(R) is a rational function

determined by P(Tora(R,k)) .
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In what follows R will be the Stanley-Reisner ring k[K] of an arbitrary simplicial complex K
on n vertices. Recall from Definition 1.4 that the Stanley-Reisner ring k[K] is Golod if all Massey
products in Torg[y, .. .,1(k[K], k) vanish. Buchstaber and Panov [BP] proved that

This isomorphism now lets us exploit the topological properties of the loop space QDJ(K) to obtain
further information about Torg(k, k). Looking at the split fibration

OZx — QDJ(K) —T"
we have
Torg(k, k) = H*(QDJ(K)) = H*(T") @ H*(QZk).
A calculation using the bar resolution shows that
P(H*(Q2k)) < P(T(S™'H*(2x)))

where X~ H*(Z) is the desuspension of the module H*(Zf). Therefore

tH(1+ )
t—P(H*(2K))

Looking at the Eilenberg-More spectral sequence (the bar resolution) that computes the cohomol-

PR) < (1+t)"P(T(X7'H*(2k)) =

ogy of the fibre in the path-loop fibration QZx — *x — Z§, we conclude that the above equality is
reached when the differentials are trivial. According to May, the differentials are determined by the
Massey products and therefore they are trivial when all the Massey products in H*(Zk) vanish. As
H*(ZF) = Toryy, ... v, (k[K], k) [BP], an equality for P(R) is obtained when the Stanley-Reisner
ring k[K] is Golod. This proves the following theorem.

Theorem 11.1. For a simplicial complex K,

t(1+ )"
19 PEK) < —— 2.
FEquality is obtained when k[K] is Golod.

We proceed by describing a new class of Golod rings using topological methods.
Theorem 11.2. If K € Fy, then k[K] is a Golod ring.

Proof. By definition of the family Fy, when K € Fy then Zg is homotopy equivalent to a wedge
of spheres. Therefore in the cohomology of Zx all cup products and higher Massey products are
trivial. On the other hand, recall that Buchstaber and Panov [BP] proved that

H*(ZK) = Tork['ul,...,vn] (k[K]a k)

Therefore in Toryy, ... .,1(k[K], k) all Massey products are trivial. Now by definition, the ring k[K]
is Golod. 0
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We finish by proving that the Poincaré series of a ring belonging to the class defined in Theo-

rem 11.2 represents a rational function.

Corollary 11.3. If K € Fy, then the Poincaré series of the ring k[K] has the following form

tH1+ )"

D = =y

Proof. As k[K] is a Golod ring, in (19) equality holds. O
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