HOMOTOPY EXPONENTS OF SOME HOMOGENEOUS SPACES

JELENA GRBIC AND HAO ZHAO

ABSTRACT. Let p be an odd prime. Using homotopy decompositions and
spherical fibrations, under certain dimensional restrictions, we obtain upper
bounds of the p-primary homotopy exponents of some homogeneous spaces
such as generalized complex Stiefel manifolds, generlized complex Grassmann
manifolds, SU(2n)/Sp(n), Es/Fs and F4/G2 (the latter for p = 2 and p > 5).

1. INTRODUCTION

To determine the homotopy groups of a topological space is one of the central
problems in homotopy theory. Although easy to formulate, the explicit calculation
of homotopy groups is a notoriously difficult problem, even for a one-cell complex,
sphere. Reduced in complexity new problems arise, such as the homotopy exponent
problem. Since higher homotopy groups are abelian, for a prime p we can define
the p-primary homotopy exponent of a space X, written expp(X), as pt if t is the
minimal power of p which annihilates the p-torsion of 7, (X).

Throughout this paper, p is an odd prime, and ¢ = 2(p — 1). We work in the
homotopy category of simply-connected p-local spaces. The mod p homology (coho-
mology) of a space X is denoted by H,(X) (H*(X)). Let H,(X) (H*(X)) denote
the reduced mod p homology (cohomology). Let E(A) be the exterior algebra gen-
erated by a vector space A. A generator x; of H.(X) or H*(X) has degree i. The
term homotopy exponent is used for the p-primary homotopy exponent.

We start by reviewing known results on the homotopy exponents of spheres and
Moore spaces. Cohen, Moore, and Neisendorfer [5] showed that for an odd prime p,
expp(SQ”“) = p". When p = 2, the homotopy exponent problem is much harder
and exp, (S?"*1) has not yet been determined. James [14] showed that exp,(S?"+1)
is bounded by 22" and later Selick [24] improved this upper bound to 227~ L7/2],
where |k| denotes the greatest integer which is less or equal to k. Barratt and
Mahowald conjectured that

2m = mod 4
expy(§*H) = { gn+1, Zz (1)3 mg((ii 4.

The Moore space P™(p") is the homotopy cofibre of the degree p” map on S™~ 1.
When p is an odd prime, m > 3, and r > 1, Neisendorfer [23] proved that
exp,(P™(p")) = p 1. The 2-primary homotopy exponent was studied by The-
riault [29] who showed that exp,(P™(2")) = 2"t for m > 4 and r > 6. The
2-primary homotopy exponent of P™(2") is conjectured to be

e rtl 3<m,2<r
GXPQ(P (2 )) = { 27“Jr27 3 < m,r = 1.

2000 Mathematics Subject Classification. Primary 55P45; Secondary 55Q52, 57T20.
Key words and phrases. homogeneous space, homotopy exponent.



2 JELENA GRBIC AND HAO ZHAO

The above conjecture is a special case of the long-standing unsolved Barratt
conjecture which states that if the degree p” map on £2X is null homotopic, then
exp,(¥2X) < ptt.

Except in the case of spheres, Moore spaces, and Lie groups of low rank [26,
27, 28], the homotopy exponents of topological spaces are mostly unknown. In this
paper, we are interested in homogeneous spaces. The homotopy theory of homo-
geneous spaces has a lot of applications in fibre bundle theory. For example, the
homotopy groups of a complex Stiefel manifold W, 4xx = U(m + k)/U(m) and a
complex Grassmann manifold Gpqxr = U(m + k)/(U(m) x U(k)) are needed in
the obstruction theory of orientable fibre bundles. Gilmore [7] computed, up to
some range, the homotopy groups m.(Wy,4xx). James [12] showed that the homo-
topy groups of a complex Grassmann manifold are the direct sum of the homotopy
groups of a complex Stiefel manifold and a unitary group. We gerneralise this
result by showing that the splitting holds on the level of spaces. The homotopy
groups of SU(2n)/Sp(n) are needed in the study of the existence of almost quater-
nion structures. Up to some range, m,(SU(2n)/Sp(n)) are obtained by Harris [10]
and Mimura [16]; while Hirato, Kachi, and Mimura [11] partially calculated the
2-primary part of m,(Eg/Fy) and 7. (Fy/G2). In this paper, under some restricted
conditions, we give upper bounds of the homotopy exponents of the homogeneous
spaces such as Wik k, Gmikk, SU(2n)/Sp(n), E¢/Fy, and Fy/Go. Addition-
ally, the homotopy exponents of the generalized complex Grassmann manifolds and
generalized complex Stiefel manifolds are studied.

Homotopy decompositions play an important role in determining the homotopy
properties of a topological space. For example, we can decompose a space as a
product of indecomposable factors, investigate them and the way they are assembled
to understand the original space. In this paper we use homotopy decompositions
to look into the homotopy exponents of homogeneous spaces.

When m + k < (p—1)> + 1 and m > 0, we decompose QW,, 1 x as a product
of loop spaces. By analysing the homotopy exponent of each factor, we obtain an
upper bound of the homotopy exponent of Wy, .

Theorem 1.1. Let m+k < (p—1)>+1 and m > 0. Then
(1) if k <p—1, then exp,(Wpyrr) = p™ 1
Suppose further that p < k, and let there be i such that 1 <i < p—1 and 2(m +
i— 1)+ (k;—1)g+1=2(m+k)—1. Then
(2) if (m+i—1)+({t—1)(p—1) £ 0 mod p for everyt such that 1 <t < k; —1,
then exp,(Winqrx) < pmHhthi=2;
3) if (m+i—1)+(t—1)(p—1) =0 mod p for somet such that 1 <t < k;—1,
then exp,(Win ki) < pmtithi=s,
The definition of k; is given in Section 3.
In Section 4 we decompose the homogeneous space SU(2n)/Sp(n) when 2n <

(p — 1)2 + 2 into a product of H-spaces. By studying the homotopy exponent of
each factor, we obtain an upper bound of exp, (SU(2n)/Sp(n)).

Theorem 1.2. Let 2n < (p —1)%> + 2. Then

(1) if 2n < p+1, then exp,(SU(2n)/Sp(n)) = p*" 2.
Suppose further that p+ 3 < 2n, and let there be i such that 1 <i < (p—1)/2 and
4i+ (12— 1)g+1=4n—3. Then
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(2) if 2i+ (t—1)(p—1) £ 0 mod p for every t such that 1 <t < Tgn) 1,
then exp,(SU(2n)/Sp(n)) < p2”+T;§">—1’,

(
(

(3) if2i+(t—1)(p—1) =0 mod p for some t such that 1 <t < r2M 1
(

then exp,,(SU(2n)/Sp(n)) < p2”+rgn>*2.

The definition of rgn) is given in Section 3.

In Section 5 we show that the homotopy groups of a complex Grassmann mani-
fold Gtk = U(m + k)/(U(m) x U(k)) are determined by those of Wy, 41 1 and
SU(k) when k < m.

Theorem 1.3. For Gk = U(m + k)/(U(k) x U(m)) with k < m, there is a
homotopy equivalence

QGiik ~ Wik x SU(K) x S

Assume that m +k < (p —1)?> + 1 and let there be i such that 1 <i < p—1 and
2(m+i—1)+ (k;—1)g+1=2(m+k) — 1. Then
(1) if (m+i—1)+(t—1)(p—1) £ 0 mod p for everyt such that 1 <t < k; —1,
then exp,(Gmik k) < prthtki=2,
(2) if (m+i—1)+(t—1)(p—1) =0 mod p for some t such that 1 <t < k; —1,
then exp,(Gm4rk) < pmHrthi=s,

Further on, we extend the results of Theorems 1.1, and 1.3 to results on upper
bounds of the homotopy exponents of generalized complex Grassmann manifolds
and generalized complex Stiefel manifolds.

The homogeneous space Fg/Fy is spherically resolved when localized at odd
primes, while Fy /G5 is spherically resolved when localized at any prime except 3.
In Section 6 by studying the spherical fibrations related to Fg/Fy, and Fy/Ga, we
obtain upper bounds of their homotopy exponents.

Theorem 1.4. Forp = 3 or 5, an upper bound of the p-primary homotopy exponent
of Eg/Fy is given by

exp,(Es/Fy) < .
For p > 5, the p-primary homotopy exponent of Eg/Fy is p®.

Theorem 1.5. An upper bound of the p-primary homotopy exponent of Fy/Go is
given by
21

221 5 — 9
exp, (F1/G2) < { 512 p

p=>5.
For p > 5, the p-primary homotopy exponent of Fy/Go is p'l.

This paper is organized as follows. In Section 2, we relate the functor A™i",
introduced by Selick, and Wu [25], with the functor M, constructed by Cohen, and
Neisendorfer [4], by obtaining new fibrations which connect them. We start Sec-
tion 3 by decomposing, under certain dimensional restrictions, suspended stunted
complex projective spaces into a wedge sum. To these summands we apply the
functor M in order to study the homotopy exponent of newly obtained spaces. Us-
ing the results of Section 3, the proofs of Theorems 1.1, 1.2, and 1.3 are given in
Sections 4, and 5. Finally the proofs of Theorems 1.4, and 1.5 are given in Section 6.
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2. RELATING THE FUNCTORS A™™ AND M

For a p-local path-connected CW-complex X, Selick, and Wu [25] showed that

Q¥ X admits a functorial decomposition

QXX ~ A™™(X) x B™™(X)
where A™"(X) is the minimal functorial retract whose mod p homology contains
H,(X). As retracts of QXX, A™"(X) and B™(X) are both H-spaces. Let Ay
be the composite

Ax: X 5 onx X, gmin(x)
where F is the suspension map and rx is the functorial retraction. Then A x induces
an injection in homology.

Let X! be the p-localization of a CW complex S™ Je2 | J---|Je™ where ny <
ny < --- < my and each n; is odd. Following the notation in [4], we identify
Amin(X) with M(X') when | < p — 1. Cohen, and Neisendorfer [4] showed that
the homology of M (X') is the exterior algebra E(H, (X"). For 1 < j <[, denote
the homotopy cofibre of the inclusion X7~ — X! by X! If I < p — 1, then the
cofibration X7~ — X' — X! induces a fibration

(1) M(X77Y) — M(X") — M(X}).

In general, a suitable H-space M (X!) fails to exists when [ = p — 1. To approach
the problem when [ = p — 1, we study A™®(XP~1). For the space X?~!, we define

p—1
i=1
Proposition 2.1. [31] There is a fibre sequence
(2) QAmin(Zbprl) i) E(prl) i Amin(prl) i Amin(Ebprl)
such that the following properties hold:
(1) H (A™»(XP~1)) = H (BE(XP™Y)) @ H (A™®(SPXP~1)) as coalgebras;
(2) H.(E(XP™1)) 2 E(H.(XP™1)) as coalgebras;
(3) E, induces an injection, and H, induces an epimorphism in homology.

Remark 2.2. E(XP~1!) is in general not an H-space. Wu [31] gave some criteria
under which E(XP~1) is an H-space.

Consider fibre sequence (2). Since dim(X?~!') = n,_; is less than the con-
nectivity of A™(XbXP~1)  the composite H, o Axp-1 is null homotopic. Let
A: XP=1 — F(XP~1) be a lift of Ayp—1, that is, E o A >~ Axp-1.

Corollary 2.3. The map \: XP~! — E(XP~1) induces an injection in homology.
Proof. Since E, and Ax»-1 both induce injections in homology, so does A. O
Remark 2.4. In general A is not a unique map; however if E, admits a retraction
(in which case E(XP~1) is an H-space) then \ is unique.

Corollary 2.5. Suppose that X'~ X1V Xy, where X1 and Xo are not contractible
spaces. Then
(1) whenl < p—1, there is a homotopy equivalence M (X') ~ M(X1) x M (X3);
(2) when | = p — 1, there is a homotopy equivalence E(XP~1) ~ M(X;) x
M(X>).
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Proof. The proof of (1) is due to Cohen, and Neisendorfer [4]. To prove (2), define
the maps

Fir AP o Ay Xp) AT gmingx) = (x,)
where 7; is the i-th coordinate projection. As the composite
E(XP) Br gmin(xp-ty A, gemin ety s gminxrt) S0 0 (x) x M (X)
induces an isomorphism in homology, it is a homotopy equivalence. (I
In what follows, we give an analogous fibration to (1) when [ =p — 1.

Proposition 2.6. If1 < j < p—1, then the cofibration X7~! B ¢ LN Xf71
induces a fibration

(3) M(xIYy L Bty L m(xrh.
Proof. Applying the functor A™™® to the cofibration X7~* s xrt b X;?_l and
keeping the same names of the maps ¢ and k (the context will make the difference),
we have the composite

h: Amin(Xj—l) ; Amin(Xp—l) L) Amin(X;zlJfl)

which is then null homotopic. Since the dimension of A™®(X7~1) is less than the
connectivity of A™"(XbXP~1) the composite

Amin(Xj—l) L}Amin(Xp—l) &)Amin(szp—l)

is null homotopic. Hence the map i: A™™(X7™!) — A™»(XP~1) admits a lift
fr Amin(Xi=t) — B(XP~1) via fibre sequence (2). Let g be the composite

g: E(prl) &)Amin(prl) L}Amin(X;D*l)

and let Fy; be the homotopy fibre of g. Then go f ~ h and thus it is null homotopic.
Hence f admits a lift [: A™"(X7~1) — F, via the fibration

(4) Fy < B(X71) <5 Amin(xp)
such that ( ol = f. Thus we obtain the commutative diagram
(5) Fy<—"t Amin(xi-1) — > Oy yi-1

| |

E(prl) P Amin(Xp—l) N QZprl

: : |

Amin( Pl — Amin(xP=1) > Oy xP!
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where the two rightmost squares commute by the definition of A™". Then in
homology we obtain the following commutative diagram

B(H,(XI71)) == H,(A™"(X7=1)) — T(H,(X7~1)) —2> B(H,(X7~1))

‘| - | s

~ ~ ab ~

E(H. (X71)) ~o2 1, (AR (XP1)) —> T(H, (X)) — 2> B(H.(XP1))

.| ik* | £

B(HL(X]™1) === H.(A"" (X)) —— T(H.(X] 1) = B(H.(X] )

where the rows are isomorphisms. In the rightmost column, the homomorphism
E(H,(X771)) ) E(H,(X?1)) induced by the monomorphism H,(X7~1) -
H,.(X?1) is a monomorphism, and E(H, (X?~1)) Bl E(ﬁ*(Xf_l)) induced by

the epimorphism H, (X?~1) IR (X;’_l) is an epimorphism. It follows that f, is
a monomorphism, g, is an epimorphism, and thus the Serre spectral sequence for
fibration (4) collapses. Hence we have E(H,(X?~!)) = E(H, (ijfl)) ® H.(Fy).
Thus H.(F,) has the same Euler-Poincare series as E(H,(X371)). Since f, is a
monomorphism and f, = (,ol,, we conclude that [, is also a monomorphism. Thus
l. is an isomorphism and hence [ is a homotopy equivalence. The stated fibration
is thus obtained. O

Corollary 2.7. There is a map \: X?~' — M (X7~ such that there is a com-
mutative diagram

;Xj*l4444444>‘XP—14444444>4Y§_1

LT

M(xI-Y) L ety L M(x?)

where the top row is a cofibration and the bottom row is fibration (3). The map A
induces an injection in homology.

Proof. The right square is given by the commutative diagram

xrl———— X!

A
A///////// lkxp_l lefl
E

E(Xp—l) A Amin(prl) k; Amin(X]P—l).

Consider fibration (3). Since the composite
X9t xrot A p(xrtty L M(xP)
is null homotopic, the composite X7=t — XP~1 2, E(XP~1) admits a lift

A: X971 — M(XJ71) which gives the left square. Since fo A and f both in-
duce injections in homology, so does A. O
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For 0 <1< p—1, we define X% := x and

x for [ =0,
M(xY = M(XY for1<li<p—1,
E(XP7Y) forl=p—1.

Combining fibrations (1), and (3) gives the following result.

Theorem 2.8. For 0 < j <1< p—1, the cofibration X7=' — X' — X! induces
a fibration M(X7~1) — M(X') — M(X}).

3. PRELIMINARY RESULTS ON HOMOTOPY EXPONENTS
First recall that the homology of the unitary group SU(n) is
H,.(SU(n)) = E(x3,2s5,...,%ap—1)
while the reduced homology of the suspended complex projective space SCP" ! is
H.(SCP" ') = Z/p{xs,25,. .., Ton_1}.

There is a canonical map XCP"~! — SU(n) (see for example [20]) which induces
an injection in homology. Mimura, Nishida, and Toda [17] showed that there exists
a wedge decomposition

(6) YCPV ! ~ p\? A;(n)
i=1

where the reduced homology of A4;(n) is
H,(Ai(n)) = Z/p{2i41, C2iq41 -5 Tgp (011 )

and 1™ = [(n—i—1)/(p—1)] + 1. If v =0, then H,(A;(n)) is trivial, in which
case A;(n) = *. Let ji(n) denote the composite ji(n): Ai(n) — XCP" ! — SU(n).
Then ji(n) induces an injection in homology. Since SU(n) is a homotopy associative
H-space, then ji(n) extends to an H-map L(") : Q¥ A;(n) — SU(n). Thus we have
the commutative diagram

3

(7) Ai(n) ——SU(n)

i

Let m > 0. From the cofibration SCP™~! — SCP™Tr=1 — CP™+F-1 and
wedge decomposition (6) we deduce a wedge decomposition SCPmHE—1 ~ \/f;l1 Afz
where Af; is defined by the cofibration A;(m) — A;(m + k) — Afj Thus the
reduced homology of Af: is

H*(Af) = Z/p{x2ji+17x2ji+q+17 T 7x2ji+(k7;71)q+1}
where j; =i+m—1land k; = [(k—19)/(p—1)] + 1.
When m +k < (p— 1)(p — 2) + 1, we have rgm) < r£m+k) < p—1. When
p—-Dp—-2)+2<m+k<(p—1)2+1, we have rgm) < rgm+k) =p—1 for
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1<i<mtk—(p—1)(p—2)—1,and 7™ < 7™ < p1for m+k—(p—1)(p—2) <
1 < p— 1. Thus from Theorem 2.8, we obtain the following result.

Proposition 3.1. Let m+k < (p—1)>+1 and 1 <i < p—1. Then the cofibration
Ai(m) — Ay(m+ k) — Af; induces a fibration
M(A;(m)) — M(Ai(m + k)) — M(A%).
O

In what follows, we will consider the homotopy exponent of M(Af) First let
us review a method for calculating an upper bound of the homotopy exponent of
spherically resolved spaces. If there is a fibration X — Y — Z with exp,(X) and
exp,(Z) known, then we have exp,,(Y) <exp,(X) - exp,(Z). But in most cases this
estimate is quite rough. Theriault showed that a better estimate can be obtained
for certain spherically resolved spaces.

Lemma 3.2. [28] Suppose there is a fibration
X AN y 9, g2n+l

and a map i: S — 'Y such that goi ~p".
(1) IfY is an H-space, then there is a fibration

QX x Qg2+t EM gy gy

(2) If Y is not an H-space, and X, Y are 2-connected, then there is a fibration

2¢.0_02;
Q2X x 2g2n+1 VLD oy Q82+

Recall that S?"*1{p"} is the homotopy fibre of the p” power map on S?"*1; its
homotopy exponent is p” (see [22]). Thus from Lemma 3.2, we have
exp, (Y) < exp, (S*"TH{p"}) - max{exp, (X), exp, (57" 1)}

that is, exp,(Y) < p" - max{exp,(X),p"}.
The reduced cohomology of the suspended stunted projective space YCPm+r—1

H*(SCPRY) = Z/p{@om 41, Tamss - - Ta(mei) -1}
admits an action of the Steenrod algebra given by P’ (xo,.1) = r!/(j!(r — j)!) -
Toryjqr1- In particular, P7(zo(mry—1) = 0 for j > 0 and PH(22r41) = 7 - Tapgq41
form <r < m+%k-1. As Af is a summand of the wedge decomposition
YCPmth-l ~ \/f;ll Af, its reduced cohomology

H*(A}) = Z/p{@2j, 41, B2jivqi1s > T2j(hi—1)q+1}
inherits the action of the Steenrod algebra from ﬁ*(ZCPﬁ+k—1). Specially, for
1<t <ki—1, we have P! (29),4(t-1)q+1) = (Ji + (t = 1)(p — 1)) - @2j,14q+1. When
m+k < (p—1)2+1, we see that k; < p — 1 which implies that 1 <t <p—2. It
follows that j; + (t —1)(p — 1) =0 mod p for at most one value of ¢. Hence in the
set {T25, 41, T2, 4q+1> - T2j, 4+ (ki—2)g+1) Of ﬁ*(Af:) there is at most one generator
on which P! acts trivially.

Theorem 3.3. Let m+k < (p—1)2+1. Let 1 <i<p—-1landl1 <t<k —1.
Suppose that k; > 1 for some i. Then
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(1) if ji+(t—1)(p—1) £ 0 mod p for everyt, then expp(M(Afj)) < plit(ki—lp,

(2) ifji+(t—=1)(p—1) =0 mod p for somet, then expp(M(A;fj)) < plitki—p—1,
Proof. Let 0 <1[; < k;—1. Look at A?;ll:(p_l), and A;?:*li which are the summands
of ECPJT_:}?G}_”, and DCPZ TR —li=De=D poghectively. Their reduced cohomol-
ogy is

rrx( pki—l; _
H (A.ji‘Fli(pfl)) - Z/p{x2ji+liq+1u L2j;+(l;+1)qg+1s - -+ 7x2j7:+(k71—1)q+1}

7% ki—1;
H* (A7) = Z/p{T2j, 11, T2jit 15 - -+ B2 (ki —li—1)q+1}-
There are also two kinds of cofibrations connecting them

2jitlig+l __ pki—li ., Akl
S Aoy — Al e-

A’?z‘*lifl N A’?z‘*li _ S2ji+(ki*li*1)q+1
Ji Ji .
By Theorem 2.8, to these two cofibrations we can associate the following two fibra-
tions

27:+1; 1 AT ki—1; AT ki—1;—1
(8) ST — M(AF ) — MATG )

(9) M(A‘I;‘i*lifl) N M(A;clfll) _ S2j7¢+(k,;—li—1)q+1.
Proof of part (1). Let | = k; —1; for 0 < l; < k; —2. Thus 2 <[ <k;. When | = 2,
we have

H*(A?f;zlf(pq)) = H*(A?i+(ki72)(p*1)) = Z/P{% 2, + (ki —2)q+ 1> T2j; 4+ (ki—1)q+1]-
Since there is a nontrivial Steenrod operation

Pl(iji+(ki_2)q+1) =it ki—2)(p—1))- L25;4(ki—1)g+1

the top dimensional cell of A?i+(ki72)(p71) is attached by aq: §%it(ki-Da __,
§27i+(ki=2)a+1 which is a stable map detected by the Steenrod operation P'. Hence
we have the cofibre sequence

G2t (ki—1)a @1, 2ji+(ki=2)a+l __, A2

Jit(ki—2)(p—1) — §2dit(ki=1)g+1

Associated to it there is a fibration

SAEEDCL — M(AZ | (1,2 (p1y) — S H DIt

and by Corollary 2.7 a commutative diagram

(10) G2+ (ki=2)g+] —— A?i"{‘(ki—Z)(p—l) — §2jit+(ki—1)g+1
S+ (ki=2)a+1 —— M(A3 | 5y, 1)) —= §2it(ki—Da+1,

Since ay € o, 4 (ks —1)q (S TR =29HL) = Z/p is of order p, we have the following
commutative diagram of cofibre sequences
(11)

§27i+(ki—1)q * §27i+(ki—1)q+1 =—= g2ji+(ki—1)q+1

ip | | ip

§2it(kim1)g — = g2t (hi=2)atl —= A2 L o) —— G2t (ki—1)at,
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Combining the rightmost squares of diagrams (10), and (11) gives a commutative
diagram

(12) §2di+(ki—1)g+1 _r o §2i+(ki—1)g+1

-
T 2
MAT 4k —2)(p-1))

— §2jit+(ki—1)g+1

Suppose, by induction, that for 2 <[ < k;, there is a commutative diagram

-1
(13) G2+ (ki—Da+1 — 25 g2jit(ki—1)g+1

-

M(Aé’rk(kifl)(pfl)) — §2jit(ki—1)g+1

where the map M (AL

Gt (-l (p-1)) §2iit(ki=1a+1 i the composite

==/ 4l A7 Al-1
M(Aj 4 -y p-1) — M(Aji+(kifl+1)(p*1)) -

= M(A3 | (r, 2 ) — ST

There is a fibration of type (8)

(14) QM4 ) — QM(AG 4 (1)) — SHHRi=Dart,

k;—1—1)(p—1) p—1)

Let by: S2it(ki—Da __, QM(Aé‘,-Jr(kﬁl)(p—l)) be the adjoint of b; in diagram (13).
Since o, 4 (k;—1)q(SHPiHFi=l=Da+1y = 7/p by [30, Theorem 13.4], it follows that
the composite
o b (sl
§2di+(ki—1)q *l>QM(A§'i+(k1,—l)(p—1)) — ., g%t (ki=l=1)q+1
is of order p. Hence the composite

byop: SPitki—la _, g2it(ki—Da __, QM(A.lji"F(ki_l)(p_l))

admits a lift by, : S2itHi—1a QM(A;—:%(k—l—l)(p—l)) via fibration (14). Thus
we have the commutative diagram

S27it+(ki—1)g S27it+(ki—1)g

o s

) ——= QM (A} |, —iyp1))-

AT ( AlHL
QM (A (k—1-1) 1)
Adjointing gives

(15) G2t (ki—Dg+1 —— P g2 (ki—1)q+1

ibul lbz

AT I+1 AT l
MAT e —1-1y 1) — M4 4 o1y
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Combine diagrams (13), and (15), we get the commutative diagram

!
(16) G2t (ki—1)a+1 — 25 G2t (ki—1)q+1

\LbH—l
Al
MAT -1y (p-1))

— S2ji+(ki_1)Q+1.

This finishes the induction and thus we obtain the commutative diagram

ki—1
(17) Ser‘r(ki—l)qul pH 52j1+(ki—1)q+1

\Lbki

M(Af:) —— §2it+(ki—1)g+1

For a fibration of type (9),
M(Aéczfl) N M(A;CZ) _ 52j1+(ki—1)(1+1
using diagram (17) and Lemma 3.2, we have
expp(M(A?;)) < phi—l. max{expp(M(A;?ii_l))7pjz'+(ki—1)(1)_1)}.
For every 3 < s < k;, we similarly have
(18) exp, (M(A3,)) < p*~" - max{exp, (M (A571)), p/ He D=1,
For M(A3), by the previous statement for M(A? +(h;—2)(p—1))» We get the commu-
tative diagram

S§2dit+q+1 4}7) S2jita+1

-

M(A3) — §2i+a+1,

Applying Lemma 3.2 to the fibration $*++! — M (A3 ) — S*:+4T1 we have
exp,(M(A2)) < p-max{p/i,p" P71} = p. p/itP=l = phitp,

Suppose, by induction, that for 2 < s < k; we know that

exp, (M(A3,)) < p/ = e,
Then by (18), we have

exp, (M (A5F)) p* - max{exp,(M(A3)),p/ =D}

ps - max{pjr‘r(s—l)P,ij-S(P—l)}
pF - pitsp—1) — pitsp
This finishes the induction and we conclude that

exp,, (M(A}?)) < p/+ti=bp.

Proof of part (2). If there exists ¢t such that j; + (¢ — 1)(p — 1) = 0 mod p, then
the generators wa, 4 (1—1)q+1 and @aj, 4¢q+1 Of

I IAIA

~* I{?i— 1 .
H (Aji_l,-(tt-‘__l)(p_l)) = Z/P{®2ji+(t-1)q+1> T2jitta+1s - - - > T2t (ki—1)g+1}
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are not connected by a nontrivial Steenrod operation. Since the generator a; of
T, +1q (ST DY) = 7/ is detected by P!, the attaching map for (2j; +tq+1)-

dimensional cell in Af;(ttt 11)(1)71) is trivial. Hence the 2j; + tq + 1 skeleton of

A??;f;fl)(pil) is homotopy equivalent to §2/i+(t=Datl\/ §2jitta+l and there is a
cofibration

2;+(t—1)g+1 2 +tqt1 ki—t+1 ki—t—1
S VS — Aoy A ey

Since p > 3, by Corollary 2.5 we have
M(SZH(E=Datl \ g2ittatl)y o G2it(E-Da+l o g2itta+l

Then by Theorem 2.8, the above cofibration induces a fibration

7 Aki—t+1 7 Aki—t—1 2ji4(t—1)g+1 25 1
(19) QM(AG AR 1)) — QM(AT (], ) — SPEITDT s g2t
k;i—t—1
Ji+(t+1)
rod operation P!, by the same method as for Af in the proof of part (1), we have
a diagram analogues to (17)

Since the generators of H* (A (p—l)) are all connected by the nontrivial Steen-

pri—t=2

(20) §2dit(ki—1)g+l —— ¢2ji+(ki—1)g+1
\Lbkitl
A7 Aki—t—1 » ]
M(A Gy 1) —= §t ke batt,

According to [30, Theorem 13.4], we have

Tjun (s —1)g (SHHEDIFT o Giitar1) { %geﬂ/p 1< i < Z - }

Let Eki_t_lz G2t (ki—Da __, ORf(Aki-I71 ) be the adjoint of by, ;1. Hence

Ji+(t+1)(p—1)
the composite

. bhy—t-1 m— 1. . )
2ji+(ki—1)q "*i ki —t—1 2ji+(t—1)g+1 |, ¢2ji+tq+1
§2iit(ki=1)g QM(AF Y ) — SPHEDatl g2t

is of order p. Then via fibration (19), the composite

b, 11 op: §PF R @Rt mhe L Qpf(AN L)
admits a lift by, _y41: SHitki—Da QM(A?Z;Z;ll)(p_U) such that the following

diagram commutes
§2dit(ki—1)q §2di+(ki—1)q

lgkiwl \Lgkitl

AT ki—t+1 Vi k;—t—1
QM (A7 Dy p1y) — QMAG o))

Adjointing gives the commutative diagram

(21) G2+ (ki—Dagtl — 2o g2t (ki—1)g+1

\Lbkit+1 \Lbkitl

EVa k;—t+1 AT ki—t—1
MAG 0y p-n) — M43 Gy o))
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Putting diagram (15) for k; — ¢t — 1 < 1 < k; — 1 together, we get the following
diagram
(22)

2ji+(ki—1)a+1 — 2 > G2ji+(ki—1)g+1 2jit(ki—1)g+1 — 2 & q2ji+(ki—1)q+1
S S S S

lbki lbkil lbkiwz lbkiud

ks = aki—1 T aki—t42 T aki—tt1
M(AGY) M(AG o)) — - == M(A Doy 1) —— M(AT (T o)

p p

Then combining diagrams (20), (21), and (22), we get the commutative diagram

ky—2
(23) §2di+(ki—1)q+1 LA §27i+(ki—1)g+1

M(Af:) —— §2jit(ki—1)g+1

Hence for the fibration
T ) s T(A) — gt

by a similar argument as in the proof of part (1), we get

exp, (M(A}) < ph=2 - max{exp, (M (A7), pit b= D=1}
< pki—Q . max{pji+(/€i—2)1?7ij-(/w—l)(P—l)}
_ pki—Q .pji+(ki_1)(p_1) — pji"l‘(ki_l)p_l.
That finishes the proof of part (2). O

4. HOMOTOPY EXPONENTS OF Wy, 4t AND SU(2n)/Sp(n)

In this section, we use the results of Section 3 to study the homotopy exponents
of the Stiefel manifold Wy, 11, and SU(2n)/Sp(n). Under certain dimensional
restrictions, we decompose QW41 i as a product of loop spaces and SU(2n)/Sp(n)
as a product of H-spaces.

Proposition 4.1. Let m +k < (p — 1)2+1 and m > 0. Then for the Stiefel
manifold Wi, 11, there exists a product decomposition
p—1
QW ok H QN (Ak).
i=1
Proof. Sincem+k < (p—1)2+1andm >0, for 1 <i<p—1, weget 0 < rgm) <
r(erk) < p — 1. There is a commutative diagram

%

(24) M(Ai(m)) ——= M(Ai(m + k)

l |

O A;(m) ——= QS A;(m + k)

ljgrn) lji(ﬂl‘*’k)

SU(m) SU(m + k)
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where the maps ] " and ]( ™R come from diagram (7) and the bottom square com-
mutes by the universality of the James construction; the top square commutes by

the functoriality of QX and M. We denote the left column by j'i(m) : M(A;(m)) —

SU(m), and the right column by ](mHC) M(A;(m+k)) — SU(m+k). The com-
posites jl-( ™) j(m+k)
L(m) and ji(erk) both induce the injections of the generating sets in homology as
Ad;(m) and Ay, (mr) both induce injections in homology.

Multiplying diagram (24) for 1 < i < p — 1 gives the following commutative

diagram

© A4, (m), and j; © A4;(m+k) induce injections in homology. Thus

(25) 1) QM (AY) ——TT02) M (Ai(m)) — TT0) M(Ai(m + k)

ini‘(m) inji(erk)

h [1°=) SU(m) ——[T’Z) SU(m + k)
| I
QWm+k,k SU(m) SU(m + k‘)

The top row is the product of fibrations which were defined in Proposition 3.1.
The map p is the multiplication on SU(n) and h is the induced map of fibrations.
The right two columns induce coalgebra homomorphisms in homology which are
isomorphisms on the sets of generators. Dualizing to cohomology, these two columns
induce algebra homomorphisms which are isomorphisms on the sets of generators. It
follows that these two homomorphisms in cohomology are isomorphisms. Thus the
right two columns are homotopy equivalences. From the 5-lemma, h is a homotopy
equivalence which gives the stated homotopy decomposition. ([l

Remark 4.2. Beben [1] gave a proof of Proposition 4.1 when m+k < (p—1)(p—2)+1.

By using the above decomposition and Theorem 3.3, we can now obtain an upper
bound of the homotopy exponent of Stiefel manifolds.

Proof of Theorem 1.1. (1) If k <p—1,then k; =0or 1for 1 <i<p—1. Thus we
have the product decomposition

QWm+k o H 952 (m+1)— 1
=1
It follows that
exp,(Winirk) = max{exp,(S?™*1) exp,(52m+3), ... 7expp(5‘2("“”“)*1)}
— max{pm m+1 o 7pm+k71} — perkfl.

In what follows we assume that m+p < m+k < (p—1)?+ 1 which implies that
there exists at least one k; > 1 for 1 < i < p — 1. By the product decomposition
given in Proposition 4.1, we have

expp(Werk’k) = max{expp(M(Aif)) [1<i<p-—1}

Since 2(m+i—1)+(k; —1)g+1 = 2(m+k) — 1, we have k; > 1. By Theorem 3.3,
we obtain o _
exp,, (M(A}?)) < p/t=br
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for all k; > 1.
2)If (m+i—1)+(t—-1)(p—1) Z0 mod a for every t such that 1 <t < k; — 1,
then by Theorem 3.3, exp, (M (A kl)) < plitRi=DP_ For i # i such that k; > 1, we
have
i+ (ki — Dp— (i + (k‘—l) ) = (i =) + (k; — ki)p > 0.
It follows that p/it(ki=1p < piit(ki=1p If k; = 1, then k; = 2. Since
exp,, (M(A}7)) = exp, (S2m =0 = prtit

and j; + (k; — )p— (m+i—1) = p+i—i > 0, we also have pm+i—1 < piit(ki—lp,
Thus we get

expp(Wm—i-k,k) < pjfr(krl)p
or equivalently

eXPp(Wm+k,k) < pm+k+k;—2.

B)If (m+i—1)+(t—1)(p—1)=0 mod p for some ¢ as in the assumption,

then by Theorem 3.3, expp(M(Ag)) < plitki=Dp=1" From the proof of part (2),
it follows that expp(M(Aé?:)) < plitki=p < it (ki=Dp=1 for § £ 5. Thus

epr(Wm+k k) < pj it (ki—lp—1

or equivalently
exp, (Win 4 i) < pmHhiki—3
(I
Now let us consider the homotopy exponent of SU(2n)/Sp(n). Recall that the

homology of SU(2n)/Sp(n) is

H,.(SU(2n)/Sp(n)) = E(xs,29, ..., Tan—3)
where the generator x4,11(1 < i < n — 1) is the projection of the degree 4i + 1
generator of H,(SU(2n)) under the quotient map SU(2n) — SU(2n)/Sp(n).
Proposition 4.3. Let 2n < (p —1)2 +2. Then there is a homotopy decomposition

(P—l)/2

SU(2n)/Sp(n H M(A;(2n))

=1
such that

H.,(M(A2(2n))) = E(H.(A2i(2n))) = E(4i41, Taitqi1, - - - P i (2 1))

Proof. Since 2n < (p — 1)% + 2, we get rg") < p — 1. Define a composite
- ~(2n)
gai: M(Azi(2n)) 2 QB Ag;(2n) 2o SU(2n) — SU(2n)/Sp(n)
where the rightmost map is the quotient map and j2 ") is defined in diagram (7).
When r$>™ < p—1, the map h is the functorial section M (Ag;(2n)) — Q¥ Ay;(2n),

but when r(2") = p— 1, h is the composite

h: E(Agi(2n)) 25 A™I(Ay(20)) — QX Az (20)

where the right map is a functorial section. The map go; induces an injection of
the generating set in homology.
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From [8] there is a homotopy equivalence SU(2n) ~ Sp(n) x SU(2n)/Sp(n)
defining on SU(2n)/Sp(n) an H-structure. By multiplying go; for 1 <14 < (p—1)/2,
we get a map

(-1)/2 1 oo (r—1)/2
g [T MAni(2n) =5 [ SU@n)/Sp(n) == SU2n)/Sp(n)
i=1 i=1
where g is the multiplication. It follows immediately that g induces an isomorphism
of the generating sets in homology. By the same argument as in the last section
of the proof of Proposition 4.1, g is a homotopy equivalence which gives the stated
homotopy decomposition. O

(2n)

If in Section 3, we let m + k = 2n and m = 1, then Ay;(2n) = Ay . If
2n < (p — 1)2 + 2, then by Proposition 4.3, we obtain

exp, (SU(2n)/Sp(n)) = max{exp,(M(A3 ) |1<i < (p—1)/2}.

By the same argument as in the proof of Theorem 1.1, we get an upper bound for
exp, (SU(2n)/Sp(n)) as stated in Theorem 1.2,

5. HOMOTOPY EXPONENT OF Gy ik i

In this section, we will show that a looped complex Grassmann manifold decom-
poses as the product of a looped complex Stiefel manifold and a unitary group.
Thus the homotopy exponent of a complex Grassmann manifold is determined by
that of a complex Stiefel manifold and a unitary group. Additionally, the homotopy
exponents of generalized complex Grassmann manifolds and generalized complex
Stiefel manifolds are also considered. We first recall James’ result.

Lemma 5.1. [12] Let H, K and L be closed subgroups of a Lie group G with K
and L subgroups of H. Suppose that H is an extension of K by L which is split.
If G/L is connected and K contains a subgroup conjugate to L in G, then H/K 1is
contractible in G/K.

We first find an upper bound of the homotopy exponent of a Grassmann mani-
fold.

Proof of Theorem 1.3. Given the Stiefel manifold W,y = U(m + k)/U(m) and
the Grassmann manifold G4k, = U(m + k)/(U(m) x U(k)), there is a fibration
QGm+k,k LA U(k') — Wm+k,k - Gm-i-k,k

where p is the quotient map. Since k < m, U(k) is a subgroup of U(m) C U(m) x
U(k) and thus by Lemma 5.1, the inclusion (U(m) x U(k))/U(m) = U(k) —
Wintk,e = U(m+k)/U(m) is null homotopic. It follows that v: QG 4k, — U(k)
admits a section §: U(k) — QG455 Hence there is a homotopy equivalence

OWpiie e X U(K) floxg QGrmiik X QCmirk —= QG ik

where p is the loop multiplication. It follows that
QG ik =~ Wonapr x U(k) =~ QW ipr x SU (k) x S*.
Thus we get
expy, (Gimtk,k) = max{exp,(Wpnyk k), exp,(SU(k))}.
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Ifm+k<(p—-1)2+1, then k£ < (p—1)2 + 1 and according to the last section of
the proof of Proposition 4.1, there is a homotopy decomposition

SU (k) = [T M(Ai(k))

which implies that
expp(SU(k:)) = max{expp(M(Ai(k))) |[1<i<p-1}

() — ,

Since A;(k) is actually A7* in Theorem 3.3, we get exp, (M (Ai(k))) < pz+(r§k>71)P.
Asr® = [(k—i—1)/(p—1)]+1and k; = | (k—4)/(p—1)] + 1, then k; —r{®) < 1.
Since k < m, we conclude that m > (p — 1)?/2. It follows that p”(”gk)*l)?’ <
ptit(ki—1p=2  Now using Theorem 1.1, proves the theorem. O

Theorem 1.3 can be generalized to a result about the homotopy exponent of a
generalized Grassmann manifold U(n)/(U(n1)xU(ng)x---xU(n;)) with 22:1 n; = n.
First set that N = [(n —n; —4)/(p —1)] + 1 where 1 < i < p — 1 such that
2m+i—1)+(N—-1)g+1=2n—1.

Theorem 5.2. Let G = U(n)/(U(n1) x U(ng) x --- x U(ny)) with Yt ni = n
and ny < ng < --- < ny. Then there is a homotopy decomposition
-1
OG ~ QW o, x [[ SU(ni) x T
i=1
where T'=1 is the (I — 1)-dimensional torus. Assume that n < (p —1)?> 4+ 1. Then
(1) if (y+i—1)+(t—1)(p—1) Z0 mod p for every t such that1 <t < N—1,
then exp,(G) < p"tN=2;
(2) if (y+i—1)+(t—1)(p—1) =0 mod p for somet such that1 <t < N—1,
then exp,(G) < pm V=3,

Proof. Consider the homogeneous spaces G; = U(n)/(U(n;) xU(nijy1) x---xU(ng))
for 1 <¢ <1l Thus G; = G and G; = Wy 5,_p,. For 1 < ¢ <[ —1, there is a
fibration
QGi+1 — QGz — U(nz) — Gi+1 — Gz

Since n; < n;t+1, U(n;) is a closed subgroup of U(n;41) X -+ x U(ny). Then by
Lemma 5.1, the inclusion U(n;) — G;41 is null homotopic and there is a homotopy
equivalence

QGZ ~ QGiJrl X U(nz) ~ QG¢+1 X SU(nz) X Sl.
By induction, we get

QG :QG12QG2XU(7L1)EQG3XU(7L1) XU(HQ)

-1 -1
~ QG X H U(nz) ~ QWn,nfnl X H SU(?’LZ) x Tt=1

i=1 i=1
and thus
(26)  exp,(G) = max{exp, (Wan—n), exb, (SU (1)), ., exp, (SU(mi-1))}-
If n < (p—1)? 41, we compute an upper bound of exp,,(Wy n—n,) by Theorem 1.1.
Asny < - <m_y < (p—1)%/2, we use the same argument as in the proof of

Theorem 1.3 to compare upper bounds of homotopy exponents in (26) and thus
produce statements (1) and (2) of the theorem. O
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In what follows, we consider the homotopy exponent of generalized complex
Stiefel manifold. A generalized complex Stiefel manifold M (m,n;k) is a space of
m X n complex matrices of a fixed rank k& <min{m,n}. If k¥ =min{m,n}, then
it is a complex Stiefel manifold. Milnor [15] introduced a generalized complex
Stiefel manifold to study immersions of complex manifolds. Its homotopy groups
are important for determining the existence of a subimmersion between certain
complex manifolds.

Theorem 5.3. Letn < m+k and k < n. There is a homotopy equivalence
QM (m + k,n; k) ~ QW ik 1 X QG k-

Assume that m+k < (p—1)2+1 and m > 0. Then
(1) if (m+i—1)+(t—1)(p—1) Z0 mod p for every t such that 1 <t < k; —1,
then exp, (M (m + k,n; k)) < pmrhthi=2;
(2) if (m+i—1)+(t—1)(p—1) =0 mod p for somet such that 1 <t < k;—1,
then expp(M(m + k,nyk)) < pmtkthi=3,

Proof. Mukherjee [21] showed that since the row space of an (m + k) X n matrix of
rank k spans a k-dimensional complex space, it induces a map ¢ : M (m+k, n; k) —
G, with the fibre Wy, 11 1 and the map ¢ admits a section s when n < m + k.
Thus there is a split fibration

Wm+k,k L) M(m + ka n; k) i) GnJc

which induces a homotopy equivalence

WXL OM (m+ ks k) x QM (m A+ ks k) o QM (m+ k, ns k)

QWerk,k: X QGn,k
where p is the loop multiplication. It follows that

expp(M(m +Ek,nk)) = max{expp(Werk,k)7 expp(Gn’k)}.
When m + k < (p— 1)? + 1, the statements (1), and (2) follow from Theorems 1.1,
and 1.3. 0

6. HOMOTOPY EXPONENTS OF Fg/Fy AND Fy/Go

According to [18] and [19], the p-local exceptional Lie groups Gs, Fy and Eg
admit the following decompositions

p
Gy~< B(3,11) p
p

(3,11) x B(15,23) p=5
(3,15) x B(11,23) p=7
B(3,23) x S x S p=11
93 x S x 815 x 5§23 p>11

5 | FixBOIT) p=5
6= FuxS2%xS8Y7 p>5

where H*(B»(3, 11),Z/3) = E(x3,11) with the secondary operation ®(z3) = z11.
The cohomology of B(2r 4+ 1,2r + ¢ + 1) is given by

H*(B(2r +1,2r + q+1),Z/p) = E(xa,41, T2r1q11)

L]
F4Z B
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with the Steenrod operation P(z2,41) = 2y 4q41-

Proof of Theorem 1.4. For p = 3 or 5, the mod-p cohomology of Eg/F} is given by
H*(Eg/Fy, Z[p) = E(x9, 217)

with the secondary operation ®(zg) = x17 when p = 3 and the Steenrod operation
Pl(z9) = 216 when p = 5. When p = 3, Bendersky, and Davis [2] showed that
Eg/Fy is spherically resolved. When p = 5, there is a homotopy equivalence Eg ~
Fy x Eg/Fy given in [9]. Then from the decomposition Eg ~ Fy x B(9,17) we get
Eg/F, ~ B(9,17). By [18, Theorem 5.5, B(9, 17) is spherically resolved and so is
Eg/Fy. Thus for p = 3 or 5, there is a fibration

(27) S% — Fg/Fy — S'7.
Let A be the 25-skeleton of Eg/Fy. Then H*(A,Z/p) = Z/p{xq, z17} with ®(z9) =

217 when p = 3 and P!(z9) = 216 when p = 5. Thus there is a cofibration
(28) §16 2,69 A4 S

where o € 716(S?) = Z/p is the stable element detected by ® when p = 3 and when
p = 5. Considering fibration (27) and cofibration (28), we get a diagram analogous
to diagram (12)

517 517
L
Es/Fy — §17,
Then by Lemma 3.2, we obtain
exp,(Es/Fy) < p - max{p*,p®} = p°.
For Eg and Fj localized at p > 5, combining Eg ~ Fy x Eg/F, (see [9]), and
Eg ~ Fy x §% x S'7, we conclude that Eg/F} splits as S x S17. Thus
expp(EG/F4) = max{expp(Sg),expp(S”)} = pb.
(Il
Proof of Theorem 1.5. Davis and Mahowald [6] showed that, when localized at
p # 3, F4/Gs is spherically resolved with respect to a fibration
515 I F4/G2 — 523.

When p = 2, Borel [3] showed that H*(Fy/G2,Z/2) = E(z15,23) with the Steen-
rod operation Sq®(715) = 223. Let C be the 37-skeleton of Fy/G5. Then C fits into
the cofibration
522 i) 515 L — S23

where o € m2(S'%) = Z/2* by [30, Proposition 5.15]. It follows that « is of order
24, Then by the same argument as for Fg/F; when p = 3 or 5, we get

expy(Fy/Ga) < expy(52°{2"}) - max{exp,(S'°), exp, (5%)}.
By [22, Proposition 5.2], we know that exp,(S#*{24}) < 2%, and Selick [24] proved
that exp,(S2"*1) < 227~17/2] Thus we get

expy(Fy/Gy) < 2% 217 = 221,
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For p > 5, Borel [3] proved that H*(Fy4/Gs,Z/p) = E(x15,x23). When p = 5,
by [19] there is a Steenrod operation P!(z15) = xa3. Let C’ be the 37-skeleton of
F4/Gs. Then C’ lies in the cofibration

522 a1 515 Cl S23

where o € m92(S'°) = Z/5 is a stable element of order 5 detected by P!. Again
by the same argument as for Eg/F, when p = 3 or 5, we get

exps(Fy/G2) < exps(S?3{5}) - max{exps(S'®), exps(S**)} = 5'2.

When p > 5, by Toda’s [30] calculations ma(S1°) = 0, therefore the 37-skeleton
of Fy/Gy is homotopy equivalent to S'° Vv S?3. Define i;: S — F;/Go and
ig: S — Fy/G4 to be the inclusions. Recall that the cohomology of Q(Fy/Gs)
is given by H*(Q(F4/G3)) = Z/pla14, x22). It follows readily that the composite

Q517 x Q82 PLL QB /Gy) x QF1/Ga) 5 Q(Fy/Ga)
is a homotopy equivalence. Thus

exp, (Fy/G2) = max{expp(515),expp(523)} =ptl.
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