Algebraic € Geometric Topology 6 (2006) 2229-2256 2229

Applications of combinatorial groups to
Hopf invariant and the exponent problem

JELENA GRBIC
JIE Wu

Combinatorial groups together with the groups of natural coalgebra transformations
of tensor algebras are linked to the groups of homotopy classes of maps from the
James construction to a loop space. This connection gives rise to applications to
homotopy theory. The Hopf invariants of the Whitehead products are studied and a
rate of exponent growth for the strong version of the Barratt Conjecture is given.

55P35; 55Q25, 55Q15, 16W30

1 Introduction

The study of the groups of homotopy classes of maps from one topological space to
another has always been the central problem of algebraic topology. In this paper we
are concerned with the natural maps from loop suspensions to loop spaces. To study
them we develop a method which arises from the relations between combinatorial
groups and the natural coalgebra transformations of tensor algebras established in the
predecessor [6] to this paper. In particular, let R be a commutative ring with identity,
and let Coalg(A(—), B(—)) denote the group of natural coalgebra transformations
over R between functors 4 and B. The tensor algebra 7' (V) generated by a free
R-module V has a natural coalgebra filtration (the James filtration) {J,,(V)},>¢ given
by Ju(V) = @an T;j(V) for n = 0, where 7;(V') denotes the j-th stage of the
tensor length filtration for T'(V'), thatis, T; (V) = V& Let C(V)=J;(V). For two
R-modules C and D, define their smash product C A D to be the quotient module

CAD=(C®D)/(C®rR®RRg D).

By V" we denote the n—fold self smash product of V.

In [6] we defined combinatorial groups KR, HE, RH,(,I) , RH,(,I)’(k) and KX (k) such

that there are group isomorphisms:
Coalg(C(—)®"), T(-)) = KX Coalg(Jx(—), T(-)) = HRX
Coalg(Ju(~®"). T(-)) = FH;  Coalg(Ju(=®!), T(~®H)) = RO
Coalg(C(—)®"), T(—"%)) = KR (k)

Published: 29 November 2006 DOI: 10.2140/agt.2006.6.2229


http://www.ams.org/mathscinet/search/mscdoc.html?code=55P35,(55Q25, 55Q15, 16W30)
http://dx.doi.org/10.2140/agt.2006.6.2229

2230 Jelena Grbi¢ and Jie Wu

for 1 <n < oco. As a consequence of these group identifications and the fact that
Coalg(A(—), B(—)) is contained inside the algebra of natural linear transformations
Hompg(A(-), B(—)), there exist faithful representations of the above combinatorial
groups in the algebras of natural linear transformations of tensor algebras.

The first issue we address in this paper is a geometrical realization of the stated algebraic
relations. Restrict the commutative ring R to Z or Z/p". Let X be a space such
that its reduced diagonal A: X —> X A X is null homotopic. Denote the n—fold self
smash product of X by X . The connection between the combinatorial groups K,If,
H,If , RH,(P, RH,SI)(k) and Kf (k) and the groups of homotopy classes of maps from
the James construction on spaces with a null homotopic reduced diagonal to a loop

space will be given by constructing injective group homomorphisms:

ex: KR —[x", J(X)] ex: HE — [J,(X), J(X)]
ex: RHP — (X D), J(X)]  ex: RHP® — [7,(x D), J(x ®)]
ex: KR(k)y — [x", J(X )]

(see Propositions 2.3, 2.8, 2.13, 2.19, 2.24).

We then proceed to apply the just established group-geometrical model to problems
in homotopy theory. In 1931 Hopf defined what is nowadays known as the Hopf
invariant in order to study maps between spheres of different dimensions which cannot
be distinguished homologically. Ever since, Hopf invariants and their relations with
Whitehead products have been widely studied (see for instance Cohen and Taylor [5]
and Wu [12]), and these have various applications in homotopy theory to the homotopy
groups of spheres, exponent problems and LS—category. The first application of our
group-geometrical model is to calculate the generalized k -th Hopf invariant of the
n-fold Whitehead product when k does not divide » and to determine the second Hopf
invariant of the 4—fold Whitehead product.

Recall that for any pointed space X, the James—Hopf map Hj: J(X) — J(X (k)) is
combinatorially defined by

Hi(x1x5...xp) = 1_[ (Xiy Xiy - . - Xiy)

1<ij<iz<-<ip=<n

with right lexicographical order in the product. The n—fold Samelson product W, on
X is given by the composite

—~ E PP E P EEERY)
W XA Ax 2 Eosya  aasxy Hlgsy
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where E: X — QX X is the canonical inclusion and the second map [[, ],...,] is
the n—fold commutator. The n—fold Whitehead product W, on X is defined as the
adjoint of the n—fold Samelson product W .

Theorem 1.1 Let X be a pointed space with the null homotopic reduced diagonal
A: X — X AX. Then forn >k,

Ty 2 sy 2 )

is null homotopic if k does not divide n.

The case when & divides # is much more subtle. Here we determine the first non-trivial
case, that is, the second Hopf invariant of the 4—fold Whitehead product, leaving the
description of the general case as a future project.

Theorem 1.2 For X as in Theorem 1.1, define the map ®: ¥ X @ 3x® g5
D =134 —T12734 + T14723 + T13724
where t is the twist map. Then there is a commutative diagram

QW4

QZXx@ QY X

iQCD J{Hz
QW X(Z)

asx® I o5y

where W, denotes the n-th fold Whitehead product and H, the second James—Hopf
map.

The second application of our method is concerned with exponent problems in homotopy
theory. In general, two types of exponents of a given space X can be considered. Let
p be a prime. The mod p homotopy exponent of a space X is p” if that is the
least power of p which annihilates the p—torsion component of 7, (X). Denote the
mod p homotopy exponent of X by exp(X) = p”. A stronger notion is that of a
multiplicative (or H -) exponent. If Y is an H-space, then the p-th power map is

given by the composite p: Y i> yer £ Y, where p is the multiplication on Y .
The multiplicative exponent of Y is p” if that is the least power of p such that
p": Y —> Y is null homotopic, while p"~1: ¥ — Y is essential. We say that ¥’
has no multiplicative exponent if the p” -th power map on Y is essential for all r € N.

A major exponent conjecture was posed by Barratt.
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The Barratt Conjecture Let f: X>X —> Y be a map of order p” in [X2X, Y].
Then
p T Im (f* (2% X) — JT*(Y)) =0.

In particular, if the identity map on £2X is of order p” in [Z2X, £2X], then the
mod p exponent of X2X is p” 1 that is,

pr T (22 X) =0.

A strong version of the Barratt Conjecture is concerned with the multiplicative exponent
of %X and can be stated as follows.

The Strong Barratt Conjecture Let f: X>X — Y be a map of order p” in
[Z2X,Y]. Then

Q1 Q22X — QY
has order bounded by p”t! in [Q222X, Q?Y].

We start with a map f: X —> QY such that p”[f] = 0 in the group [X, QY]. Let
J(f): J(X) — QY be its multiplicative extension to the James construction. Using
the combinatorial description of the group of homotopy classes of maps from the James

filtration {J,(X)},>0 to a loop space, we estimate the rate of growth of the order of
the map J(f).

Theorem 1.3 Let X = XX’ be a suspension and let f: X —> QY be a map such
that p"[f] = 0 in the group [X,QY]. Let J(f): J(X) — QY be the canonical
multiplicative extension of f . Then the following hold.

(1) The map
J(ONrxy: In(X) — QY

has order p" " in [J,(X), QY] ifn < p'T1.
(2) The composite

J(f)|Jp,_H(X) prtt
Jpr+1(X) — QY — QY

is homotopic to the composite
—1
pr (Zre)jpt+l_l 1/\":)
—>

pinch r+1) Wpt-i-
—

J
th+1(X)—>X(p X

! oo ey

x(
where p’ T QY —> QY is the p" ! -th power map, W ,, is the n—fold Samel-
son product and

1 /\T(X] /\"'/\Xpt+1) =X /\xt(2) /\“./\xt(pt""l): X(Pt+l)

L, x®@thH

is the map which permutes positions.
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(3) Letg=J(f)o Wyt10(Xees,,,,  1ADep ™ XD — QY. This

is an equivariant map with respect to the symmetric group action, that is,

goox~g

forany 0 € X,i+1.

It is important to emphasize that parts (2) and (3) of Theorem 1.3 express the first non-
trivial obstruction to the exactness of the Barratt Conjecture in terms of a computable
equivariant map. Some special properties of the trace map ¢ = Zrexn T allows us
to give a more detailed description of the first obstruction in the case when X is a
two-cell complex (see Proposition 4.4 and Theorem 4.6).

When originally formulated, the Barratt Conjecture did not have any example which
supported it. The first known example that satisfies the statement of the Barratt
Conjecture was the odd primary Moore space. Neisendorfer [7], following Cohen,
Moore, and Neisendorfer’s work [3] on the decomposition of the loop space on the
mod p” Moore space, showed that Q2 P"(p”) has multiplicative exponent p” 1.
When p is an even prime, Theriault [10] showed that when r > 6 the Moore space
P"(2") has exponent 2”71 The existent of bounded exponent for the mod 2 Moore
space remains a mystery. Our next goal is to find a property of P”(2) that will shed
some light on the exponent problem.

Proposition 1.4 Let X = P"(2) be the n—dimensional mod 2 Moore space with
n > 3. Then the composite

20’623 o

x® By =% vo
is null homotopic and therefore by Theorem 1.3 (2), the power map
81 74(pr(2y): Ja(P"(2) — J(P"(2)) = Q(P"*1(2))

is null homotopic.

The paper is organized as follows. In Section 2, we translate the algebraic model of [6]
into geometry, establishing relations between combinatorial groups and the groups of
natural transformations of a tensor algebra with the groups of homotopy classes of maps
from the James construction to a loop space. Applications of this algebraic-geometric
model to homotopy theory are given in Sections 3 and 4. In Section 3 we consider the
Hopf invariant of the Whitehead product and prove Theorems 1.1 and 1.2. The exponent
problem, with the emphasis on a rate of exponent growth for the Barratt Conjecture is
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treated in Section 4. In particular, in this section we describe some properties of the
8-th power map on the mod 2 Moore space P"(2) proving Proposition 1.4.

Acknowledgements The authors would like to thank Professors John Berrick, Fred
Cohen, Paul Selick and Stephen Theriault for their helpful suggestions and kind
encouragement. The first author would also like to thank Professor John Berrick
and the second author for making it possible for her to visit the National University of
Singapore for a term and providing her with such a friendly working atmosphere.

2 Geometrical realisations

If X is a connected CW complex, the Bott—Samelson theorem says that
H,(QXX) is isomorphic as an algebra to T(ﬁ #(X)), where T denotes the tensor
algebra. We can make T(H (X)) into a coalgebra by requiring that the elements of
H., (X) are primitive and then extend to all of T’ (H (X)) via the multiplication. If X
is itself a suspension, then T(H (X)) with this Hopf algebra structure is isomorphic
as a Hopf algebra to Hx(QX X).

The James construction Let X be a topological space with a non-degenerate base-
point * and a compactly generated topology. Then the James construction J(X)
on X is the free topological monoid generated by X subject to the single relation
that the basepoint * is the unit. Combinatorially, the James construction J(X) is
obtained from the disjoint union | [p> , X k by identifying (x1,...,X;,...,xx) with
(X1,...,Xi,...,xg) if x; = *. Non-unit points of J(X) can thus be thought of as
words (x1,...,xg) of length &, with no x; being the unit. Let ¢,,: X" —> J,(X) be
the quotient map. The James filtration {J,(X)},>0 with Jo(X) = and J;(X) =X
is induced by the word-length filtration. It follows readily that J,(X)/J,—1(X) is
homeomorphic to X ™. The fundamental properties of J(X) are as follows:

(1) if X is path connected, then J(X) is (weak) homotopy equivalent to QX X ;
(2) the quotient X¢,: X" — X J,(X) has a functorial cross-section;
(3) the inclusion XJ,_1(X) — XJ,(X) has a functorial retraction;

(4) there is a functorial decomposition
n .
(2-1) (X))~ \/ =x¥

for 0 <n < o0o.
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Recall that a space X has a weak LS —category less than k if the reduced diagonal
Ap: X — X% s null homotopic. The spaces that we will consider in the following
sections will be path connected and will have a weak LS —category less than 2, that
is, the reduced diagonal A: X —> X A X is null homotopic (for example, if X is a
co- H space).

Geometrical Cohen groups Let X be a pointed path connected space, X" the n—
fold self Cartesian product of X and X (k) the k—fold self smash product of X . Let
J(X) be the James construction of X. The following groups were introduced by
Cohen in [2] and Wu [12].

Definition 2.1 Let K,(X) denote the subgroup of [X”, J(X)] generated by the
homotopy classes x; for 1 <i <n, where x; is represented by the composite

i E
x* 2L ox 25 g(x)
where p;: X" — X is the i -th coordinate projection given by
pi(X1, X2, -+, Xp) = Xi,

and E: X — J(X) is the canonical inclusion.

Proposition 2.2 (Cohen [2]) Let X be a path connected space with weak LS —
category less than 2. Then, in the group [X", JX], the following identities hold:

(1) [[xiyXip, o+ x4 ] =1 ifig =i, forsome 1 <s <t =<k,
where [[al’aZ"" aal]z[“'[alvaZ]a""]’al] with [X,J/]:x_ly_lxy;
) [[x?;vx?;’ ... ’x?kl] = [[Xiy» Xigy oo, X, 1172700

Recall that the Cohen group K, is defined combinatorially as follows. The Cohen group
Ky, (x1,x3,...,Xx,) is the quotient group of the free group F, of rank n generated by
X1, X2, ...,Xy modulo the relations

(1) [[xi)s Xip, Xig, oo x4, ] =1 if iy =i; forsome 1 <s,t <1/}
@) [ txi2 2o xp =[xy Xy X, X 17270
Proposition 2.3 Let X be a path connected space with weak LS —category less than 2.
Then there is a homomorphism
ex: Ky — Kp(X) C[X", J(X)]

given on any generator x; of K, by ex (x;) = Xx;.
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Proof The existence of the homomorphism ey follows readily from the definition of
K,, and Proposition 2.2. O

This homomorphism can be generalized in the following way.

Corollary 2.4 Let X be a path connected space with weak LS —category less than 1,
M a path connected topological monoid and f: X —> M a pointed map. Then there
is homomorphism

e Ky — [X", M]
given by ef(xi) = J(f)«(xi),

where J(f): J(X )y _— M isa homomorphism of topological monoids such that
J(Nx = f and J(f)«: [X", J(X)]— [X", M] is induced by the map J(f).

Proposition 2.5 (Cohen [2]) Let X be a path connected space with weak LS —
category less than 1, M a path-connected topological monoid and f: X — M a
pointed map. Suppose that the g -th power [ f]? =1 in the group [X, M]. Then the
homomorphism 0¢: K, —> [X", M factors through the quotient group K,%/q.

Generalization to K, (k)(X)

Definition 2.6 Let k <n. Define K,(k)(X) to be the subgroup of [X” J(X ¥)]
generated by the homotopy classes {x;, |xj, |- |x;, } for 1 <ij <mand 1 < j <k,
where {x;, |xi,|---|x;, } is represented by the composite

n Pir-ik

xm U x B g @),

where E: X% — J(X®) is the canonical inclusion and p;,..;,: X" — X® is
given by
Diyin (X1, X2, 00, Xn) = Xiyp Avos A X,

Notice that in the case k = 1, the group K,(1)(X) is the Cohen group K,(X).
Proposition 2.7 (Lemma 2.2, [12]) Let X be a path connected space with weak

LS —category less than 2. Then, in the group [X™, J(X ®))], the following identities
hold:

() {xi|xiy| -+ |xi b =1 ifig=i; forsome 1 <s <t =<k;
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@) [y [xip |- |xip 3 {xik—i-l |xik+2| o [ Xigg S
A Xig_ e | X d1 =1
ifig=1i; forsome 1 <s <t <kl, where [[ay,az, -+, aj]=][--[a1,az],---, ], a;]

with [x, y] = x"1y~Ixy;

(3) [[{xil |xiz | : '|xik }nl s {xik.H |xik+2 | : °|xi2k }}12’. °

s At Xigopega I X 3™ =
[[{xil |xi2 | : ‘|Xik}, {xik+1 |xik+2 | : '|Xj2k},' e
e {xi(l—l)k-l-l |xi(l—1)k+2 | . 'lxilk }]T’llnz...nl
Remark Relation (3) follows from relation (2) (see for example [2]).
Recall from [6] that the group K, (k) is defined combinatorially as follows:
(1) generators are the words {x;, |X;,|---|x; } with 1 <i; <nfor 1 <j <k;

(2) relations are given by identities (1) — (3) in Proposition 2.7.

Let ¢ be an integer. The group K 5 /e (k) is the quotient group of K, (k) modulo
the following additional relations:

(3) {xi,|xiy| -+ |xi 12 =1 for each generator {x;, |x;,| -+ |x;, }.

Proposition 2.8 Let X be a path connected space with weak LS —category less than 2.
Then there is a homomorphism

ex: Ku(k) — (X", J(X©)]
given on any generator {x;, |x;,|---|x;, } of K,(k) by
ex ({xiy |Xiy |+« i ) = {xiy iy | -+ i 3

Proof The existence of the homomorphism ey follows immediately from the definition
of K, (k) and Proposition 2.7. |

Corollary 2.9 Let X be a path connected space with weak LS —category less than 2,
M be a path connected topological monoid and f: X &) 5 M a pointed map. By
the definition of K, (k), the homomorphism

ef: Ky(k) — [X", M],
given by er({xiy | Xip| -+ [xi ) = T () ({Xiy [ Xy | -+ X3 3,

is well-defined, where J(f): J(X%®) — M is a homomorphism of topological
monoids such that J(f)|yw = f and J(f)«: [ X", J(X ] — [X™, M) is induced
by the map J(f).
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Lemma 2.10 Let X be a path connected space with weak LS —category less than 2,
M a path connected topological monoid and f: X &) 5 M a pointed map. Suppose
that the ¢-th power [f]9 = 1 in the group [X %) M]. Then the homomorphism
er: Ky(k) — [X", M] factors through the quotient group KZ/‘I (k).

Proof The image under ey of the element {x;, |x;,|---[x;, }¥ is represented by the
composite

xn T x® E vy I oy L sy — m
As [f]? = 1, the composite is null homotopic. Thus the assertion follows. O
Generalization to 7, (X) By the suspension splitting theorem (2—-1), the inclusion

In—1(X) — Ju(X)

induces a tower of group epimorphisms

[J(X), QY] — - — [/n(X), QY] — --- — [X,QY],
and there is a group isomorphism between [J(X'), Y] and the inverse limit

[J(X), QY] = li’En[J,,(X), QY]

Let ¢,: X" — J,(X) be the quotient map. Then by the suspension splitting theorem
(2-1), there is a group monomorphism
Gn [Tn(X). J(X)]— [X", J(X)]

for each n.

Definition 2.11 Let H,(X) be the subgroup of [J,(X), J(X)] defined by
[Jn(X), J(X)] N Kn(X).

There is an equivalent definition for the groups H,(X) which is more suitable for
generalization. Recall that J,(X) is the coequalizer of the inclusions i;: X"~ ! — X"
for 1 < j <n. These inclusions induce projections

i X" Y] — (X" Y]

for 1 < j <n and any space Y . Thus there are projections d;: K,(X) — K,_1(X)
given by
x; fori<yj
di(xi) =141 for i =
xj—y for i >j for1 <j <n.
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Lemma 2.12 The diagram of group homomorphisms

ex

(2-2) K Kn(X)

b

e
Ky —— Knp—1(X)

commutes forevery 1 < j <n.
Proof The proof follows immediately from the definitions. |

Define the group H,(X) to be the equalizer of homomorphisms d; for 1 < j <n.
From the above discussion, it follows readily that the two definitions of H,(X) are
equivalent. Now from the second definition of H,(X), as d; |y, (x)= dj |n,(x)
for 1 <i, j <n, there are homomorphisms p;: Hy,(X) — H,—1(X) such that the
diagram

Hn(X) Kn(X)

lpn idj

Hu—1(X) — Ky—1(X)

commutes for 1 < j <n. Selick and Wu [8] proved that there is a progroup
Hoo(X) —> -+ — Hy(X) —> -+ —> Ho(X)
where Hoo(X) is given by the inverse limit

Hoo(X) = lirEan(X).

In [6] we recalled the combinatorial group H, as the equalizer of the projections
pj: Kn —> K,y for 1 < j <n. The definition of H, in this setting goes back to
Cohen [2].

Proposition 2.13 Let X be a path connected space with weak LS —category less
than 2. Then there is a homomorphism

ex: Hp — Hp(X) C[Jn(X), J(X)]
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such that the diagram
Hy — [Jn(X), J(X)]

| |

Kp —Z = (X", J(X)]

commutes.

Proof Notice that the group [J,(X), J(X)] can be thought of as the equalizer of
the projections i ]?": (X" J(X)] — [X"!, J(X)]. The existence of the homomor-
phism ex: H,, — [Jn(X), J(X)] follows readily from the existence of ex: K, —>
K,(X) C [X™", J(X)], the fact that the groups H, and H,(X) are the equalizers
of appropriate projections on K, and K,(X), respectively , and that diagram (2-2)
commutes. m|

Corollary 2.14 Let X be a path connected space with weak LS —category less than 2,
M be a path connected topological monoid and f: X —> M a pointed map. Then
there is a homomorphism

ef: Hy —> [Jn(X), M]

givenby ey = J(f)xoex.
Corollary 2.15 Let X be a path connected space with weak L.S —category less than 2,
M a path connected topological monoid and f: X —> M a pointed map. Suppose that

the g -th power [ f1? =1 in the group [X, M]. Then the homomorphism ef: H, —>
[Jn(X), M] factors through the quotient group H%/ 1,

Generalization to H,(,l) (X) Further on, we want to find a geometrical analogue of
the combinatorial group H,(,l) defined in [6, Definition 2.7].

Proposition 2.16 The group [J,(X ?), J(X)] is the equalizer of the restriction of the
projections Dj: K, (X) — Kju—1)(X), that is,

Kin(X)N ( =0 (ﬂi‘:l Keris*l+1)>

DOH D

K- (X)N ( o (ﬂlj=1 Ke”';}“))

Algebraic € Geometric Topology, Volume 6 (2006)



Combinatorial groups, Hopf invariant and the exponent problem 2241

where the projection D; is given by

x; fori<lj
Dj(x;)) =41 for [j+1=<i=<(+1)j
Xj—1 for (I +1)j <i

for0<j<n-—1.

Proof Notice that the composite
X — xOx..oxx® 5 g, (x D)
—
n
induces a group monomorphism
O] M 5... 0] In
[Jn (X)), J(X)] — [X7 X - x X, J(X)] — [X™, J(X)].
n
Let d; denote the following projection

X(l)x---xX(l)—>X(l)x---xA7(\l)---xX(l)

n n—1

for 1 <j <n.
Let ij: X! — X!+ denote the usual coordinate inclusion
ij(xl,...,xl)z(xl,...,xj_l,*,xj,...xl).

Notice that if
aeX" JXOINXD x---x XO (X)),
N e’
n

then
n—1 /
o€ ﬂ mKeris*l_i_j
s=0 \j=1

Now it is clear that [J,, (X D), J(X)] is

n—1 /
eq(Do,...,Dn—l)ﬂ ﬂ ﬂKeris*H—j
s=0 \J

Jj=1

where eq( f1,..., fu) stands for the equalizer of maps fi,..., fu. |

Algebraic € Geometric Topology, Volume 6 (2006)



2242 Jelena Grbi¢ and Jie Wu

Definition 2.17 Define the group Hﬁ,l)(X) to be the subgroup of [J,(XD), J(X)]
given by the equalizer of the projections

KON (026 (M Keriy,,))

DOH Duc

Ko (0 N (25 (M= Kerigyy )

From the definition of H,(ll)(X), as D; forevery 1 <i,j <m,

0= Pi b oy
there is a homomorphism p,,: H,(f)(X ) — H,(Ql (X) such that the diagram

(2-3) HP (x) Kin(X)
i]’n iDj
HD (X) — Kiu-1)(X)

commutes for 0 < j <n—1.

Lemma 2.18 There is a progroup
0 ) 0
where H)) (X)) is given by the inverse limit
HOX) =1imH (X).
Dn

Proof The map p,: Hy)(X ) — 'Hgll(X ) is obtained as the map of equalizers
induced by the epimorphisms Dj. Thus pj is an epimorphism for every n > 0. O
Proposition 2.19 For every n > 0, there is a homomorphism
ex: HY — HP(X) < [Jn(X D), J(X)]
such that the diagram
HD = 11, (X D), T (X))

| |

Kip —2 > [x' J(x)]

commutes.
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(U]

Proof The statement follows immediately from the definition of the groups H,,’ and
H,(,l)(X) and the existence of the homomorphism ey : K;,—[X/™ J(X)]. m|

Corollary 2.20 Let X be a path connected space with weak LS —category less than 1,
M be a path connected topological monoid and f: X —> M a pointed map. Then
there is a homomorphism

ep: HY — [J,(x D), M
givenby ey = J(f)xoex.
Corollary 2.21 Let X be a path connected space with weak LS —category less than 2,
M a path connected topological monoid and f: X —> M a pointed map. Suppose that

the g -th power [ /17 =1 in the group [X, M ]. Then the homomorphism ey : H,(j) —
[J2(X D), M] factors through the quotient group Z/qH,(,l).

Generalization to Hf,l)(k)(X )

Definition 2.22 Define the group H,(,l)(k)(X ) to be the subgroup of the group
[J.(X D), (X ®)] given by the equalizer of the projections

Kk N (M0Z8 (M Keri, )

D()i"l Dy,

K1) (K)(X) ) ( 4=0 (ﬂlj=1 Keris*l“)) '

where the homomorphisms D; are induced by those from Definition 2.17.

= Dj |H’(1/)(k)(X) for every 1 <

From the definition of Hf,l)(k) (X),as D; |H‘”“‘)(X)
(k)

i,j < n, there is a homomorphism pj,: H, " (X) — H,(Q (lk)(X ) such that the
following diagram

HD® (xy —— K (k) (X)

ipn iDj
HO® (X) — K1) (k)(X)

commutes for 0 < j <n—1.
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Lemma 2.23 There is a progroup
HOB () — ... 5 HOO(x) — ... - HPO(x)
where H(O®) (X)) is given by the inverse limit
HOE (X) = 11121,}1 H,(,l)(k) (X).

Proof The map pjy: Hf,l)(k)(X ) — Hflll(lk)(X ) is obtained as the map of equalizers

induced by the epimorphisms D;. Thus p, is an epimorphism for every n > 0. O

The combinatorial group H,(ll)(k) is defined in the predecessor paper [6, Definition 2.9].

Proposition 2.24 There is a homomorphism
ex: MO — HPO ) < [1,(x D), 7 (x )]

such that the diagram

ex
HP® = (1 (X D). 1 (X ®)]

| |

Kin(k) — =[x j(x ®)]

commutes.

Proof The statement follows immediately from the definition of the group HOE) x)
and the existence of the homomorphism ey : Kj, (k)—[X'" J(X®)]. |

Corollary 2.25 Let X be a path connected space with weak LS —category less than 2,
M be a path connected topological monoid and f: X k) 5 M a pointed map. Then
there is a homomorphism

ep: HP® — [1,(x D), M]
givenby ey = J(f)xoex.

Corollary 2.26 Let X be a path connected space with weak LS —category less than 2,
M a path connected topological monoid and f: X ) 5 M a pointed map. Suppose
that the q-th power [f1? = 1 in the group [X®), M]. Then the homomorphism
ef: H,(,l)(k) —> [Jn (X(Z)), M| factors through the quotient group Z/qH,(,l)(k).
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3 Application: Whitehead products and James—Hopf maps

James—Hopf maps Let X be a pointed space. The James—Hopf map
Hy: J(X) — J(X %))
is combinatorially defined by
Hi(x1x3...x5) = l_[ (Xiy Xip - - Xiy)
1<iy <ip<-<i<n
with right lexicographical order in the product.

The James—Hopf map can be also defined more geometrically. Let X have a homotopy
type of a CW complex. Then using the simple combinatorial structure of the James
construction J(X), there can be made a preferred choice (inductively on the James
filtration J, (X)) of the homotopy equivalence

o0
6: S(J(X)) ~ 23X — \/ zx®.
i=0

Furthermore, consider the adjoint of 6
—_— w .
0: 2xx — Q(\/ =x®),
i=0

and the pinch map

o0

qk: \/ x®O _ x®

i=0
which sends X @ to the base point if i # k and which is the identity when restricted
to X®)_ Now, the k-th J ames—Hopf map

Hp: QX — Qxx®

is defined as the composite QX (gx) 0f.

In this paper we shall take advantage of the combinatorial definition of the James—Hopf
map.

For each n, let Hy,: [X", J(X)] — [X", J(X%))] be the function induced by the
map Hj, . Notice that Hy, is not a homomorphism of groups if # >k > 1 and X is a
non-contractible suspension. We want to study the map Hj, using the combinatorial
methods described in Section 1, namely, the relation between groups K, and K, (k)

Algebraic € Geometric Topology, Volume 6 (2006)



2246 Jelena Grbi¢ and Jie Wu

and the natural maps from X” to J(X), J(X®), respectively. Therefore we proceed
by defining the combinatorial analogue

Hy: Kp = Kn(1) — Ky (k)
of Hjx.

Definition 3.1 The function Hy: K, = K,(1) — K, (k) is defined by setting

n n n . s ey s
Hk (xill xi22 - xill) — 1_[ {‘xijl |xl-j2 | - |’xijk }nll RjyRjp
1<ji<-<jk=l

with right lexicographical order, for any word xZ‘ x;'z 2. x?[’ e K.
Proposition 3.2 [12, Lemma 2.3] The function Hy: K, — K, (k) is well-defined.
Furthermore, there is a commutative diagram

0

K Kn(X) (X", J(X)]

B .

Kn(k) —2> K (k) (X) — [x7, J(X®))]

for any suspension X .

The algebraic analogue of the James—Hopf map Hy: T (V) — T (V®*) is the func-
torial coalgebra map induced from

Hyw: Ho(QSX) — Ho(QZ (X)),

Lemma 3.3 The function Hy: K,y —> Ky (k) induces a function
hy: HYD — 1O
for any 1 <t < co. Moreover there is a commutative diagram

Hk*

(3-D) [J(X®™), J(X)] [J(X ™), J(x @)

. !

) (), (k)

|= |=

Coalg(T(VE"). T(V)) % Coalg(T (V &), T(VkY).
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Proof The first statement follows from the direct computation and the fact that Hg”)

Hgn),(k)

and are given by certain equalizers [6, Definitions 2.7, 2.9].

The top square of the diagram commutes by Proposition 3.2. In paper [6], we established
the progroup isomorphisms e: H® —s Coalg(T(V®"), T(V)) and e: H™-()
Coalg(T (V®™"), T(V®)). By applying the homology functor, it follows that

h
Hm) ~ 3 (),(k)

l |

[Ha(J(X D)), Ho ()] 5 [Ho(J (X)), Ha(J(X D))

and hence the bottom square commutes by letting X run through wedges of the 2—
sphere. O

The main objective of this section is the study of the Hopf invariant of a Whitehead
product. Let W,: £X ) _ ¥ X denote the n fold Whitehead product on X'. Our
main result is as follows.

Theorem 3.4 Let X be a pointed space with the null homotopic reduced diagonal
A: X — X AX. Then forn > k,

QW, Hy,
JxX™) =2 g (x) =5 7 (x @)
is null homotopic if k does not divide n.
Proof We start by calculating the algebraic analogue of the k -th Hopf invariant of the

n—fold Whitehead product and then transfer the result to topology. The geometrical
map Hj o QW, induces the map

Hy o T(Bn): T(V®") — T(V®K),

Wu [12] proved that the map Hj o Qwy, is a loop map. Therefore the induced map
Hy o T(Bn) is an algebra map which is determined by its values on V&, If n
in not a multiple of k, then because of dimensional reasons Hy o 8, = 0, that is,
Hy oT(Bn) |pon= 0. That shows that Hy o T'(8,) = 0. Now applying diagram (3—1)
proves the theorem. |

Theorem 3.5 For X as in Theorem 3.4, define the map ®: ¥ X @ mx® g

D = 134 — 712734 + T14723 + T13724.
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Then there is a commutative diagram

Q2x@ 930.¢
J/ch le
QW5 X(Z)
asx@ XD osyo.

Proof The second Hopf invariant of the 4—fold Whitehead product

Q
arx® M avy 2 orx®

restricted to X ) has as its algebraic counterpart the coalgebra map

yot Py B pyey
Recall that
Ba(X1X2X3X4) = X1X2X3X4 — X2X1X3X4 — X3X1X2X4 + X3X2X1 X4
—X4X1X2X3 + Xq4X1X2X3 + X4X3X1X) —Xq4X3X2X].
According to the Cohen-Taylor combinatorial formulae [5] for the Hopf invariant
Hy(araza3aq) = ajazazas + arazazag + azaszagag,
the direct calculation gives
Hy o B4(x1X2x3X4) = [x1X2, Xax3] — [X2X1, Xgx3] + [¥4x1, X3%2] + [X3X1, xg4x2].

By taking the geometrical realization of the above formulae, we obtain the map
S>(X @) o @, where S,(X @) is the 2—fold Samelson product. Notice that the
Samelson product is the adjoint of the Whitehead product. Hence by taking the (unique)
multiplicative extension, the assertion follows. |

4 Application: The rate of exponent growth for the Barratt
Conjecture

In this section we are concerned with an application of combinatorial method to the
exponent problem in homotopy theory. Closely related to the exponent problem is the
Barratt Conjecture stated as follows. If f: ¥2X — Y is of order p” in [Z2X, Y],
then

' Im (f* (2% X) — n*(Y)) =0.
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In particular, if the identity map on £2X has order p” in [Z2X, £2X], then the
exponent of X2X is p” 1 that is,

' (22 X) =0.

A stronger version of the Barratt Conjecture is concerned with the multiplicative
exponent of £2.X and can be stated as follows. If f: £2X — Y is of order p” in
[X2X,Y], then

Q21 Q222X — Q%Y
has an order bounded by p” ! in [Q222X, Q2Y].

An early result due to M G Barratt [1] gave a bound on the rate of the exponent growth
for the Barratt Conjecture. The next theorem states the analogue rate of the exponent
growth but for the stronger version of the Barratt Conjecture. In this section we assume
that R=27/p".

Theorem 4.1 Let X = X’ be a suspension and let f: X —> QY be a map such
that p"[f] = 0 in the group [X,QY]. Let J(f): J(X) — QY be the canonical
multiplicative extension of f . Then the following hold.
(1) The map
J(ONraxy: In(X) — QY
has order p" 7t in [J,(X), QY] ifn < p't1.
(2) The composite

O 10 prtt
Jpr+1(X) — QY — QY

is homotopic to the composite

r—1
14 (Zrezp[+l_l 1/\‘[)

pine o 0 1D gy

Ty (X) 55 x @

where p"t1: QY —> QY is the p" ! -th power map, W, is the n—fold Samel-
son product and

t+1) t+l)

1A T(xg /\---/\Xpt-',-l) = X1 /\Xr(z)/\---/\xr(pt+1)3 X(p —)X(P

is the map which permutes positions.
~ _ t+1
(3) Letg=J(f)oW pt10 (Z@Wl_1 1AT)op™ 1 X(P'™) 5 QY. Then
g is an equivariant map with respect to the symmetric group action, that is,

goox~g

forany 0 € X,i+1.
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Remark The map
N Z 1AT): X2

‘EEEP[+171

t+l) t+l)

is well-defined because X is a suspension and so [X P x (l’t+l)] is an abelian
group.

Proof Recall that the ground ring R is Z/p"Z. As f: X — QY has order
p", Corollary 2.15 implies that the homomorphism es: H — [J(X), QY] factors
through the quotient group HZ%/4, where ¢ = p”. There is an induced homomor-
phism e?/ 1. H2/9 — [J(X), QY]. Further, recall that there is a group isomorphism

e: HY/4 —s Coalg?/4(T (=), T(-)).

To show that the exponent of J,,( f) is p” T for n < p'*!, consider first the counterpart
of the p"*?-th power map p”*’: J(X) —> J(X) on the level of natural coalgebra
transformations of the tensor algebra 7'(—), that is, the p”™’-th convolution power of
the identity Idr

W
+¢ r+t_q +r U
=10 T et LT

Note that Hompg(7,7) is an algebra under the convolution product with
Coalg(T,T) CHomg(7, T). The identity 1 in the ring Homg (7, T') is the composite

:T-R-5T.
Let Id = Id7 —1 in Homg (7, T') which is represented by the composite
d:T—IT—T.

Then

_ r+t -
a7 = (14107 1+Z( ) a*

8

k=p'+1
in Homg(T, T') because (” rl.+t) =0 mod p” for 1 <i < p’. The k-th convolution
—xk . .
power Id  is represented by the composite

v
T X5 ek yrek Ko
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.. —xk .
Now the restriction map " | Tp= 0 for k > p! because I T®* is a summand of

ant
Ty and a collection of 7 ’s with j > k. Moreover, 1d? | Ty is represented by the
composite

p

ZO‘GZ
Tp(V)—> Ty (V)= V&' " yer ),

where ¥, acts on yer by permuting positions. It follows that
— t
Id*Tp € ker (Coalg(th, T') —> Coalg(Jpr 1, T)) ~ LieR(pt)

r+t . . .
represented by the element (? o )Y sex , 0. We need to rewrite this element in
p

terms of Lie elements. Let V, be the free R—module with a basis {xi,...,x,}
and let ynR be the R—submodule of V®” generated by the homogenous elements
Xo(1)Xeo(2)"** Xo(n) for o € Sp. Let Lie®(n) be the R—submodule of )/nR generated
by the n—fold commutators [[Xs(1), Xg(2),*** Xg(n)] for o € Sy. Let

tr, = Z Xo(1)Xe(2) " Xo(n) € Yn S V@ and

oEY,
= > [[xX1.Xc@)] Xc(3). ++  Xr(n) € LieR (n)
TEX,,—1

be the sum of the standard basis for y, and LieR(n), respectively. As R=27/p",
P ey gy xpz)pl = prti-l try +W

=p o+ U)pl =p M v vlov, 0]+ W = Pr+t_lﬁp’ W

where v = x5 +x3 4 -+-x,, W is a sum of the homogeneous terms in which one of
the x;’s occurs at least twice and W’ is a sum of the homogeneous terms in which the
number of occurrences of x; is 0 or greater than 1. Thus

r+t—1¢:

—1
p't try = p trp
and so
wprH pr+t _
IdT = pt tl‘pt

in Lie®(p").
Being an element of the Cohen group tr, has a geometrical realization given by the
composite

_ pinch ) Yres,_, idsx AT ) Wn 5 Qf

tr: J(ZX) — (ZX)V — W — QXX — QY
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for f: 22X — Y.
Now consider the case when n = p’T!. Then

r+t

e((xy -+ xp)? Yo(1) " Vo (p)

pr+t
) =1+ ( pt—l—l )Zazpz
=14+7"714 Y 0ex,, Vo) Yo)-

Cohen, Moore and Neisendorfer [3] proved that

Yo ive@ - vepnl= Y Yoy Yo (mod p).

TEX i 0ET

where X,y acts on {2,---, p’}. Thus
PPN e ye@e el =070 DY Yoy Yomy-
€T, 0E€X

Assertions (2) and (3) follow. O

For X a p-local suspension space, we now consider the special map
o= o x® s O
oeX,

where X, acts on X by permuting positions.

Lemmad.2 Leto € Z(,)(Xy), suchthata =} cx koo. Then

Pnoa = Z ko On.

oEY,

Proof The statement follows from the observation that ¢, 00 = ¢, for any permutation
o€ X, |

Lemmad4.3 Let f = Zae)]n koo € Z(Xy), where ks € Z, such that the sum of the
coefficients

X(f)= Y ko #0 (mod p).

oeX,

Let X be a p—torsion suspension of finite type. Then there exists a map

én(f): hocolims X m hocolims X ()
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such that the diagram

x x@®

lhocolim(f) s T

hocolim s X () M hocolim s X ()

commutes up to homotopy, where s: hocolims X ) 5 x™ g4 map such that
hocolim( /') o s: hocolims X ) hocolimy X ) js the identity map.

Proof We may assume that x(f) = 1. Notice that
¢n=flopno f"

for any ¢,r > 1, where f™ is the m—fold composition f o f o---o f. The assertion
follows. o

Assume that X is a suspension. Let M, (X) be the smallest functorial retract of X )
that contains the bottom cell in the sense of papers [9; 4].

Proposition 4.4 Let X be a suspension. Then the trace map
bu= Y o X®W s x®
ogeX,

factors through the smallest functorial retract M, (X) of X

Proof By construction of M, (X), there exists an idempotent ¢, in the group algebra
Z(p)(XZy) such that e, = Zaezn ko0 with ZGGZ” ko = 1 and the induced geometric
map e,: X ) 5 X® has the homotopy colimit

M, (X) = hocolim,, X ™,

Now the result follows from Lemma 4.2. O

Corollary 4.5 Let X be a suspension. Then the composite

O 10 prtt
Jpr+1(X) — QY — QY

is homotopic to the composite

pinch

Wpr+1 J(f)
Jpi+1(X) — x@ i+ e f

“h 2L Ix) =L ey,

—>X/\Mpt+1_1(X)—>X(p
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The homology of M, (X) is unknown for a general X. The determination of the
homology of M,(X) is equivalent to the fundamental problem in the modular repre-
sentation theory of the symmetric group X, that of determining the decomposition of
the group ring into indecomposable summands.

In the case of two cell complexes the homology of M (X) is well understood. Let
Su (V) denote the n-th homogeneous component of the symmetric algebra on V.

Theorem 4.6 [4, Corollary 1.5] Let X be a two-cell suspension. Then
Ha(Mn(X) = Sn(Hi (X))

provided that n = c¢p” — 1 forsome 1 <c¢ < p—1.

Theorem 4.6 gives a special meaning to Corollary 4.5, claiming that the first obstruction

to the Barratt Conjecture for a two cell complex X factors through the very small space
XAMpi+1_4(X).

Let us consider a particular example in which p = 2. Let X be a suspension. We write
[¢]: X — X for the co-H ¢-th power map for any integer ¢.

Proposition 4.7 Let X = P"(2) be the n—dimensional mod 2 Moore space with
n > 3. Then the composite

PR ONL O R MO

is null homotopic and therefore by the Theorem 1.3 (2), the power map
8l (Pr 2y Ja(P"(2) — J(P"(2) =~ Q(P"*1(2))

is null homotopic.

Proof Let (123) be the 3—cycle in X3 and let f = (123) + (123)% + (123)3. Then
one can check that hocolims X®) ~ CP2 A P3"~4(2), as in [11]. By Lemma 4.3,
there exists a map ¢3(f): CP2 A P3"=4(2) — CP? A P3"=4(2) such that the map
Y gex, 0 X — X3 is homotopic to the composite

X® . cp?A P42 B ep2a P42 — x O,

Notice that
$3(f)x: Hin3(CP? A PY""4(2);2/2) —> Hau3(CP? A P74(2):2/2)

is zero. Thus ¢3(f) restricted to the bottom cell is null homotopic. Notice that
T3n—2(CP2 A P3"=4(2)) = 0. Thus ¢3(f) restricted to the (3n — 2)—skeleton of

Algebraic € Geometric Topology, Volume 6 (2006)



Combinatorial groups, Hopf invariant and the exponent problem 2255

the 4—cell complex CP? A P3"~4(2) is null homotopic. Thus there exists a map

¢: P3(2) — CP? A P3"=4(2) such that ¢3( f) is homotopic to the composite

CP2 A P4 (2) L P(2) 2 P2 A P4(2),
where ¢ is the pinch map. Notice that the map [2]: P3"(2) — P3"(2) is homotopic
to the composite
inch
P S s L g3l pIn(y),
Thus the pinch map g: CP? A P3"=4(2) — P3"(2), which is a suspension map, is
of exponent 2 in the group [CP? A P3"~4(2), P3"(2)]. The assertion follows. |
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