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Chapter 1

Introduction

1.1 Motivation

In multicriteria optimization several objective functions have to be minimized simultane-
ously. Problems of this type are also labeled as belongimguitiobjective optimization
multiple objective optimizatigmrmultiple criteria mathematical programmin@r, since

the function to be minimized has a vector space of dimension strictly greatet thait's
image spacejector optimizationWhile sometimes the different names mentioned above
denote different problem types, we will call all problems with more than one objective
function to be belonging to the class of multicriteria optimization problems. Applications
for these problems can be found in engineering design [26] (especially truss optimiza-
tion [17] and antenna design [58]) location science [11], statistics [13], management sci-
ence [27] (especially portfolio analysis [93], production & project planning [46, 1], and
scheduling [5, 73]), environmental analysis [62, 32, 34], cancer treatment planning [53],
etc. While methods for solving multicriteria problems have traditionally used ideas from
single-criteria optimization (it can be argued that single-criteria optimization is simpler
than then general multicriteria case — see below), ideas from the multicriteria case have
recently been used successfully for single-criteria problems [29, 30].

Usually, no single point will minimize all of the several objective functions given at
once. This is due to the fact that the image spiewith » > 1 can not be totally
ordered. Therefore, the concept of optimality has to be replaced by a weaker concept,
usually calledefficiencyor Pareto-optimality This concept arises from a prespecified or-
der relation orlR™ which is not total, but satisfying some suitable assumptions. Typically,

a point is called Pareto-optimal or efficient, if there does not exist a different point with
the same or smaller objective function values, such that there is a decrease in at least one
objective function value. Note, however, that we will make use of a slightly more general
definition, to be introduced in Chapter 2.



In classical single-criterion (scalar) optimization, the situation is comparatively sim-
ple: each minimum of the objective function is indistinguishable from each other one in
terms of the image space, because the function values of all minima are the same. Since
a good model should include all criteria to be minimized which are quantifiable, different
solutions of a given single-criterion optimization problem can only be distinguished from
each other in terms of non-quantitative criteria. This is in stark contrast to the situation
in multicriteria optimization, where different minimal points can be distinguished from
each other usually quite well, since they have different objective function values for the
objective functions at hand. Moreover, different minimal points will be incomparable to
each other, i. e. no single minimal point can be used as an approximation of all the other
minimal points. Both effects occur no matter what kind of ordering relation is used in the
image space, because these effects are induced by the abovementioned nonexistence of a
total order inIR"™ (n > 1). The next section lists some possible approaches leading out
of this dilemma, while Section 1.3 describes which strategy is pursued in the main part of
this work.

1.2 Possible Lines of Attack

In this section, some possible solution strategies for continuous multicriteria problems are
discussed. Discrete (or combinatoric) multicriteria problems fall outside the scope of this
work. For a taxonomy similar to the one presented here, the reader is referred to Benson
and Sayin [7].

1.2.1 General Value Functions

One of the main solution strategies for multicriteria optimization problems nowadays is
the scalarization approach, first described by Geoffrion [43]. Here, one or several param-
eterized single-objective (i. e. classical) optimization problems are solved instead of one
multicriteria problem. Parameters occur because there are several functions mBpping

the image space of the given problem, itRg the image space of a classical optimization
problem. The disadvantage to this approach is that the choice of the parameters is not
known in advance, leaving the modeler and the decision-maker with the burden of choos-
ing them. Moreover, this method computes only so-cglliegber Pareto-optimal points,
although it has to be said that under suitable assumptions the set of proper efficient points
can not be distinguished from the set of efficient points in floating-point arithmetic. Nev-
ertheless, using the right family of single-criterion optimization problems, one is able (at
least in principle) to compute all efficient points.



It is a modified version of this strategy that is used as a tool in Chapter 3 of this work,
while the structure of an important subclass of single-criterion optimization problems
occurring in value function approaches is discussed in Chapter 4.

1.2.2 Complete Discretization

One might consider a complete discretization of the space in use. Typically, if the value
space is theR", one uses a Cartesian grid in th®' and considers in the next step

the grid points only to define a discrete multicriteria problem. Then, standard methods
from discrete multicriteria analysis might be used. While this approach has some merits
for small scale problems — primarily due to the fact that solution methods for discrete
multicriteria problems are now rather well developed [82, 80, 81] — it will often be
the case that the size of the resulting discretized problem prohibits any further solution
approach. As such, a complete discretization approach remains questionable. However, a
form of adaptive discretization might able to alleviate the inherent inefficiency of such a
method.

1.2.3 Total Linearization

Linearizing all functions involved results in a linear multicriteria optimization problem,
for which Simplex-based solver strategies exist (see, e. g., [98, 27, 87, 88]). In single-
criteria optimization, a complete linearization is seldom used, since the resulting linear
problem is rather large. From a theoretical point of view, Simplex-based methods of
todays standards still lack the efficiency of other methods, especially interior-point ap-
proaches.

Moreover, the number of efficient facets and extreme points of the feasible polyhedron
usually grows exponentially with the dimension of the problem. But the Simplex-based
solvers mentioned above try to enumerate all efficient extreme points resp. facets. It is
therefore highly questionable if such a strategy is feasible for problems of larger size. This
theoretical argument is augmented by computational tests [7]: 4mithjective functions
and40 unknowns, a polyhedron described iy inequalities can have more than0 000
efficient vertices.

On the other hand, it might not be necessary to linearize the objective functions ev-
erywhere. Local linearization is probably the most important technique for single-criteria
optimization, and a generalization of this approach is therefore pursued in Chapter 5.



1.2.4 Parameter-Free Techniques

Recall that in value function strategies a function mapping the image space of the given
multicriteria problem into the real numbers is used to transform the multicriteria problem
into a classical optimization problem. Of course, such a function contains several parame-
ters, making it priori not clear which ones have to be chosen. Parameter-free techniques
do not use such a parameterization.

Some so-called parameter-free multicriteria optimization techniques use an ordering
of the different criteria, i. e. an ordering of importance of the components of the objective
function vector. In this case, the ordering has to be specified, which is in itself a set of
parameters. In other parameter-free techniques, the optimization process is augmented
by an interactive procedure (see, e. g. [87, 65]), adding an additional burden to the task
of the decision-maker. This particular approach is infeasible for real-time optimization
and problematic in large-scale optimization. Moreover, usually only a small amount of
interaction ever takes place in practice, although most methods require a rather large
amount theoretically [87].

Nevertheless, when the number of criteria is large and the approach described in Sec-
tion 1.3 might become too time-consuming, parameter-free techniques can become useful.
One of these techniques, not needing any kind of interactivity, is described in Chapter 5.

1.3 An Approximation Approach

The strategy proposed in Chapter 2 and 3 for solving multicriteria optimization problems
can be described as follows: the discussion in Section 1.1 has shown that knowledge about
the whole set of efficient points is necessary to finish the task of solving a multicriteria
optimization problem. The actual computation of this set is out of question for real-
world problems. What is therefore needed is an approximation to this set, preferably
with a well defined approximation quality. The simplest approximation of a given subset
of the IR" is a discrete approximation, consisting of a finite set of points. Theoretical
results described in Chapter 2 show that under suitable assumptions — mainly convexity
— there exists a local Lipshitz-continuous function mapping arguments from a bounded
set onto the efficient points. Therefore, it makes sense to evaluate this function at some
suitable arguments to build an approximation for it's graph and thereby for the solution
set of the underlying convex multicriteria program. However, each evaluation of this
function is rather costly, since such an evaluation involves solving a scalar optimization
problem. For reasons of computational efficiency, it makes therefore sense to reuse as
much information of previous evaluations of the function under consideration (i. e. of
previous scalar optimization runs) as possible. A corresponding warm-start technique of



theoretical efficiency for convex multicriteria programs is developed in Chapter 3.

After a discrete approximation to the set of efficient points has been computed, there
is still a need to choose one of these points to finish the optimization process. In case the
number of discrete points is small (and the approximation therefore comparatively bad),
this can be done by hand. Otherwise, methods from discrete multicriteria optimization,
already well developed [82, 80, 81], can be used. Alternatively, one might construct a
continuous approximation of the set of efficient points by way of the constructed discrete
approximation and execute an additional optimization step with some additional objective
function. All these possibilities effectively boil down to solving an optimization problem
in the set of efficient points, i. e. with the set of efficient points as the set of feasible points.
In any case, the discussion of this final step falls outside the scope of this work.

The necessity for a strategy like the one outlined above was also observed by Ben-
son and Sayin [7] and by Das and Dennis [18, 17]. However, in none of these works
the methods under consideration are subject to a worst-case analysis with respect to their
computational complexity, and while it is claimed that the method developed in [18] gen-
erates a discrete approximation to the set of efficient points, a counterexample by the
authors themselves [18, Figure 3] shows that this is not the case.

Note that the theoretical efficiency mentioned above has to be interpreted more care-
fully than in standard scalar optimization. If a multicriteria problem withobjective
functions is given and we are in search af-@overing of the set of efficient points (i. e. a
set of points such that each efficient point lies in a ball of radiasound one of the given
points), the output size of any algorithm for this problem is at l€xst/6" 1), since the
set of efficient points is usually an— 1-dimensional manifold. The situation is therefore
similar to n-dimensional integration or global optimization of (unstructured) functions
of n unknowns: there exist exponential lower bounds for all numerical algorithms. But,
of course, this does not mean that algorithms of arbitrarily bad run-time behavior should
be used. Quite the contrary: the use of efficient algorithms is more important than ever.
Moreover, the number of criteria is usually quite small. In contrast to this, it is the
number of unknowns (decision variables) that is increasing strongly when a model is re-
fined to a more realistic one. The class of methods proposed in Chapter 3, based on the
results described in Chapter 2, has exponential run-time behavior in the number of criteria
(simply because the output size grows exponential), but polynomial time behavior in the
number of unknowns.

1.3.1 Some Thoughts on Parallelization Approaches

Many of the strategies outlined above can, in general, be implemented on parallel com-
puters, and the same can be said about the approximation technique outlined above. Es-



pecially value function strategies, in which each processor of a parallel machine is able
to solve a scalar optimization problem with a different parameter set, are particularly
suited for this approach, at least in principle. However, a standard parallelization strat-
egy will simply distribute the task of solving these problems among several processors,
thereby guaranteeing a speedup. But the discussion in the following chapters will show
that the scalar problems which have to be considered are constructed by perturbing a
given problem, and information gained while solving one of them can and should be used
for solving the others. Without proper communication between the different tasks, there
will be a large amount of superfluous work done on a parallel machine, both in terms of
unnecessary communication and in terms of unnecessary optimization steps. Therefore,
the approach chosen in this work can be used to make parallelization efforts even more
flexible and efficient.



Chapter 2

Multicriteria Problems

2.1 The Basic Problem

Let IR denote the set of real numbers all = [0, +oco[ the set of nonnegative real
numbers. The nonnegative orthant in {R€ will be denoted byiR"; := (IR;.)". In what
follows, for given nonempty subsefs, S, of IR", we denote byS; + S, the algebraic
sum of S; and Ss,

S1+ Sy :={s €IR" | s =5, + s, for somes; € 5,5, € Sy}

When S, is asingletonS; = {s;}, we write s; + 5, to represen{s; } + S,. For arbitrary
setsS C IR" we will denote by alS), int(S), bd(S), relint(S), and aff.S) the closure,
the interior, the boundary, the relative interior, and the affine hulSofrespectively.
Moreover, for a convex sef andx € S, thenormal cone taS at = will be denoted by

Ng(z) ={w € R"|Vye S: (w,y—x) <0}

2.1.1 Minimal Points

In order to speak about minima of an arbitrary 8étC IR", one has to define an order
relation onlR™. Moreover, given two vectors ilR", it is important for reasons of compu-
tational efficiency to be able to check efficiently if these two vectors are ordered according
to the given relation. The standard approach consists of the following definition.

Definition 2.1.1 Let K C IR" be a set. The binary relatiok ;. on IR" is defined by
y<gax ifandonlyif z—ye K.

A vectorz is said to bedominatedoy v, if y <x = holds.



The definition of domination above was made with respect to minimization problems
in mind.

The class of binary relations defined includes total orders like the standard lexico-
graphic order. However, a total order relation ®¥ (» > 1) has severe disadvan-
tages when optimization problems have to be solved [28, Chapter 7,8] (see also [60, Ab-
schnitt 5.2.2] for the case of the lexicographic order), and it can be argued that the use of a
total order amounts to imposing unrealistic assumptions in a multicriteria framework [60,
Abschnitt 2.4].

The next theorem is well known, cmp., e. g., [45].

Theorem 2.1.1Let K C IR" be a set and leK x be the binary relation defined bi .
Then, the following statements hold:

1. If 0 € K then<g is reflexive.

2. If K + K C K then<g is transitive.

3. If K is a cone containing no lines theq, is anti-symmetric.
4. If KU (—K) =IR" then<y is total.

5. The sefX is closed if and only if the relatior x is "continuous at0” in the follow-
ing sense. For all: € IR™ and all sequenceg:™);cy in IR™ with lim;_, o 2 = z
and 0 <y z@ forall i € IN it follows that0 <, « holds.

Proof: All claims follow immediately from their assertions. O

Note that K + K C K holds if K is a convex cone. Moreover, K is a cone
containing no lines and the ordery is total thenK is not closed, a rather problematic
situation with respect to numerical algorithms.

According to the theorem above, it makes sense to choose a closed convek cone
with 0 € K which contains no lines to define the partial ordex. Moreover, in our
context the spac&k" will be the image space of functions to be minimized. As a con-
sequence, it is important for numerical reasons to have scale-invariance of the induced
order. This means that

if x <g yand\ > 0thenix <g Ay,

a property which holds if and only if the séf is a cone.

As a consequence of the discussion above, one might chodseaR" a nonempty
closed convex pointed cone. Thefi is reflexive, transitive, anti-symmetric, scale-
invariant and continuous in the sense introduced above. If arelgtionIR" is given and



there exists a con&” such that< = <y holds, thenk is called theordering cone of<.

The most important cone used is, of course, the non-negative orfRiantHowever,

we might be interested in using a slightly different cone for numerical reasons [29], [16,
Section 15.5], and in semidefinite optimization problems, the cone of positive semidefinite
matrices occurs naturally as an ordering cone [91, 56]. Moreover, complications arise as
soon as the underlying vector space has infinite dimension. While the discussion above
as well the last theorem hold in infinite-dimensional spaces, too, care has to be taken
whenever infinite-dimensional spaces are discretized and replaced by finite-dimensional
ones.

Example 2.1.1 Consider the spac€?([0,1],IR) of twice continuously differentiable
functions f : [0,1] — IR over the unit interval. Then the set of all nonnegative func-
tions f € C?([0,1],IR) is a cone in this space. L0, 1] be discretized by an arbitrary

grid of n € IN subintervals. If a polynomial of degree 0 is used on each subinterval to
approximate a given function in one of the usual ways (i. e. by interpolating at the left
boundary of each interval, or at the right boundary, or at the midpoint), the cone under
consideration is approximated t/; . The same holds with respectlt'i’ifrl if polynomi-

als of degree 1 are used to construct a piecewise linear approximation to a given function,
interpolating at the boundary of each interval. Suppose now that polynomials of degree
(or higher) are used to define a piecewise polynomial approximation to a given nonneg-
ative smooth functionf. Then, the corresponding parameters can be identified with a
vectorp € IR*", but usually we can neither guarantee the nonnegativity op;atior

that an arbitrary vectop € IRi" defines a nonnegative piecewise polynomial function.
Adding smoothness conditions at the endpoints of each interval reduces the dimension of
the parameter space, but the infinite-dimensional cone is still not mapped onto the positive
orthant in the corresponding finite-dimensional space.

If K is acone, thelual cone
K ={zeR"|Vxe K:(zx)>0}
to K is denoted byK™. Thequasi-interiorof K* is the set
Kt:={zeR"|Vz e K\ {0}:(z,z) > 0}.
Next, the notion of minimality or optimality with respect o, has to be defined.

Definition 2.1.2 (Efficiency) Let K C IR" be a set and<, be the binary relation de-
fined by K'. Moreover, letM C IR"™. The pointz € M is efficient with respect te<x if
there does not exist a poigte M with

y<gr and y#uz.



The set of efficient points dff with respect to<, will be denoted by®(M, K).

The setE(M,int(K) U {0}) is called the set ofveakly efficient points with respect
to <y.

It is this notion of optimality that will be used further on. (Weakly) efficient points are
also calledweakly) nondominated points.

Clearly, z € M is efficient if and only if there does not exist a poipte M with
r—ye K\{0},iieeMn(x—K\{0}) =0. NotethatE(M,K) = E(M + K, K)
always holds and that'()M, K') C bd(M) holds for K # {0}.

Since E(M, K,) C E(M, K,) for K, C K, it might make sense to consider cones
enclosing the standard cone used in most applicatititis, In this way, a sensitivity
analysis of the set of efficient points is possible. Moreover, as Example 2.1.1 has shown,
not all discretizations of cones in infinite-dimensional spaces lead to the positive orthant
of the IR™.

It is of prime importance to note that in applications the construction of one minimal
(efficient) element of the set/ is usually not sufficient (the only exception to this rule
is the case of a total ordet i, a case already alluded to and dismissed on page 8). The
set £ (M, K) is for all practical purposes too large to be represented by only one of it's
elements. Moreover, in stark contrast to the standard scalar optimization case, different
efficient points are well distinguished from each other by their differing coordinates. On
the other hand, an explicit construction of the whole set of efficient points is usually out
of question. As a consequence, one has to approxifélé, K') in a certain way. This
is the subject of Section 2.2.3.

2.1.2 Several Objective Functions

Let f : IR — IR"™ be a function which will serve as the objective function to be mini-
mized in the sense of the last section. Definiig:= F'(G), one is not only in search for
the set of efficient point#(M, K), but also for it's inverse imagé¢ ' (E(M, K)). This
inverse image is also called the setRareto-optimalpoints. In the literature, the latter
set is sometimes identified with the set of efficient points. Likewjse(FE (M, int(K) U
{0})) is the set ofveakly Pareto-optimagboints. In theory, the situation is not much more
complicated than above, because if an ordering den€ IR" is given, one might always
search forE(graph f), IR™ x K). Note, however, that any antisymmetry one had in the
relation <j gets lost. A different possibility is discussed in Section 2.2.2.1.
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2.2 Scalarizations

2.2.1 Monotone Functions

The concept of monotonicity of a function mapping real numbers on real numbers can
easily be extended to functions defined on a vector space, provided that two ordering
relations are given.

Definition 2.2.1 (Monotonicity) Let & C IR", L C IR® be two conesS C IR" a set,
and f : S — IR® a function.
The functionf is called (K, L)-monotonically increasing of, if

r<gy = f(z)<Lf(y)

holds forallz,y € S.
The functionf is calledstrictly (K, L)-monotonically increasing of, if

r<gy,rFy <= [flx)<Lfy), f(z)# f(y)

holds forallz,y € S.

As an abbreviation, i = 1 and L = IR, = [0,+o0[, a (strictly) (K, L)-mono-
tonically increasing functiory is called (strictly) K -monotonically increasing ot%' or
simply (strictly) K -monotone onS. If, additionally, K is fixed, one might use an even
less wordier phrasing and speak of monotone and strictly monotone functions.

Functions monotone with respect to an arbitrary binary relatiomare also called
consistent with respect tg, see [92, Chapter 1], arder-preservingsee [28, Chapter 7]
for an overview. These functions play an important role in multicriteria optimization, as
the next theorems show.

Theorem 2.2.1Let K C IR", . C IR’ be two cones and/ C IR" be a set. Let
f: M — IR" be a strictly(K, L)-monotone function od/. Thenz € E(M, K) if and
onlyif f(z) € E(f(M),L).

Proof: See [91, Kapitel 2]. O

Consequently, mapping a s&f whose efficient points are searched for by a strictly
monotone function does not destroy the efficiency property of the points(if, K).
Indeed, the problem at hand might be simplified significantly by choosing a proper map-
ping f. This is shown by the next two theorems.

Theorem 2.2.2 (Face Destruction)_et K C IR" be a cone withHR", C K and letM C
IR" be a nonempty closed convex set. het IR — IR (i = 1,...,n) be strictly

11



convex and strictly monotone (in the usual sense) functions and defilR¢ — IR" by
g:=(g1,...,9,)". Then, each face gf(M/) has at most one point with'(g(M), K) in
common.

Proof: Due to IR} C K, we haveE(M,K) C E(M,IR}) as well asE(g(M), K) C
E(g(M),IR%). The functiong is bijective and strictly(IR"} , IR’} ) -monotone, and there-
fore g(E(M,IR%)) = E(g(M),IR"}) follows.

Let F' be a face ofg(M) which meetsE(g(M), K). Suppose that there exist two
pointsz,y € M with g(z),g(y) € FNE(g(M), K) C bd(g(M)) butg(z) # g(y). Due
to the strict monotonicity of all;, we havezr # y. Moreover,[g(x), g(y)] € F holds.
Now let A €]0, 1[. ThenAg(z) + (1 — X)g(y) € F C E(g(M),R}), and Theorem 2.2.1
shows that: := g~*(\g(z) + (1 — N)g(y)) € E(M,IR?}). But g;' is strictly concave,
and therefore;; > \z; + (1 — \)y; for i = 1,...,n. This is a contradiction. O

Neither monotonicity nor strict convexity of the functignis needed on the whol&.
Instead, it suffices to have this property on the projection of theoordinate of elements
of M.

According to the preceeding two theorems, it is possible to destroy any polyhedrality
that £(M, K') might have by applying a strictly convex transformation. These are rather
good news, since it will be shown later that a polyhedral structure is a major problem
when approximating the set of efficient points by a discrete subset.

On the other hand, it is clear that under the conditions of the theorem above, the
setg ' (E(g(M), K)) can be a strict subset of the sB{()M, K). This is so because
in the caseKX D IR" the functiong is not necessarily strictly X, K')-monotone, but
only strictly (IR, IR} )-monotone. Therefore, Theorem 2.2.1 can not be used to con-
clude equality between the two sets in question. Of course, one might first compute
an approximation of the sef(¢(M), IR’} ), transform this byg~! to an approximation
of the setg~!(E(g9(M),IR%})), and then check if the points computed lie H{}M, K).
This, however, might mean additional work, and it is therefore important to gain knowl-
edge about those points iA(M, K) missing from the sey(F(g(M), K)). To this
end, suppose thak” O IR but K # IR and that there exist an € F (M, K) with
g(z) ¢ E(g(M), K). Because ofy(z) € E(M,IR") there exists & € K \ IR’ with
glx)—&eg(M),i.e.g(x)—& =g(y) forsomey € M,y # x. Butz € E(M, K), and
thereforey — x ¢ —K. Suppose now in addition thatis continuously differentiable.
Then, for small¢ one may writeg(z) — & = g(y) ~ g(x) + ¢'(z)(y — x). Therefore,
¢ =~ ¢'(x)(z — y), which means that a point not iR’ is mapped by the linear transfor-
mation ¢'(z) into K \ IR’;. Note thatg'(z) is a diagonal matrix, so it represents just a
scaling of variables. Accordingly;(x) is not efficient ing(M ) with respect tok’, but
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approximately with respect to the cone

K(z,9):= K\ (¢(@) (K\RY})).

The following heuristic might therefore be of interest. Defining the cone

K(g):= ) K(=.9),
zeM
one sees thaf(¢(M), K(g)) C g(E(M, K)), and the error induced by replacing the
setE(g(M), K) by E(g(M), K(g)) can be controlled by choosing suitable functigns
More precisely, the closey is to the identity mapping (in the sense of an arbitrary norm
on the set of convex functions ol ), the smaller will be the residual sét(g(M), K) \
E(g(M), K(9)).

An interpretation which might be more useful for practitioners can be obtained along
the following way. In the setting abové,c K \ IR’} holds, which means that there exists
at least one index € {1,...,n} such that;; < 0, but possibly¢; > 0 forall j #i. On
the other hand; := x—y ¢ K, so for¢ small we have that; < 0 holds. Theng!(z) has
to be small compared tg(x), j # i. If each functiong; (i = 1,...,n) is interpreted as
a value function mapping a variable with dimension cost to another variable, also with the
dimension cost, one sees that the marginal costs at the pauith respect to criterion
are small compared with the marginal costs of the crit¢séa;.

The results presented up to now have shown that it is possible to replace a multicriteria
optimization problem with an equivalent problem of possibly simpler structure. However,
all these equivalent problems are multicriteria problems, too. The next theorem shows a
well-known connection between multicriteria and single-criteria problems which will be
further exploited in what follows.

Theorem 2.2.3Let K C IR" be acone witl) € K and{0} # K # IR". Letv: M —
IR be a K -monotone increasing function and letce M be a minimum ob in M. If x
is unique or ifv is strictly K -monotone inM , thenx € E(M, K).

Proof: If v is strictly monotone, the result follows with Theorem 2.2.1. For the rest of
the proof, see, e. g., [45, Satz 2.20]. O

As long as only one efficient point is searched for, one may therefore choose an arbi-
trary (strictly) monotone function and minimize this function using standard optimization
techniques. This strategy is callsdalarization and the functiorv is calledvalue func-
tion. (More generally, any kind of function (monotone or not) mapping points/ionto
real numbers is sometimes called a value function.) If more than one efficient point is
searched for, one has to use several monotone functions. Moreover, for reasons of effi-
ciency these functions should be as simple as possible. Clearly, linear forms are
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monotone, but for reasons which will become clear in the next section, one might be
interested in using slightly more complicated functions. For example, suppose that Theo-
rem 2.2.2 is employed with the most simple strictly convex functions monotorie’lan
i.e.gi(z;) := 2% (: =1,...,n), and that after this transformation a linear foume K*

is used to scalarize the multicriteria problem with feasibleggét’). The result can be
written as a scalar problem of the formin,c,; 7, w;z?. The net result is the use of

a quadratic value function instead of a linear one. It is therefore important to discuss the
characteristics of value functions of this type.

Theorem 2.2.4Let K be a closed convex cone IR", let M C IR" be a nonempty
convex set and. be the subspace parallel t@aff(1/). Let @ € IR"*" be a symmetric
positive semidefinite matrix and define the functidoy v(z) := (Qz,z ) forall z € M.
Thenwv is monotonically increasing with respect to, on M if and only if

QM C K*+ L+

holds. Furthermore, if< is closed andnt(K*+L*) # 0, thenv is strictly monotonically
increasing with respect te ;. on relint(A/) if and only if

Qrelint(M) C relint(K*) + L*
holds.

Proof: SinceVu(z) = 2Qx for all z, the convex functiorn is monotonically increasing
on M ifand only if (Qz,z) > O forall z € KN (—z+ M) andz € M. Now let
x € relint(M). Then—z + M is a neighborhood of in L with respect to the induced
topology. As a consequencel)z, z) > 0 holds forallz € KN (—x+ M) if and only if
(Qx,z) >0holdsforallz € KN L. Thisis equivalenttd)z € (KNL)* = K*+ L+,
see [77, Corollary 16.4.2]. Sind€* + L is closed, the relatio@relint(M) C K*+ L+
is equivalenttoQ M C K* + L*.

Using the same way of reasoning, the functiors strictly monotonically increasing
on the set relint)) ifand only if (Qz,z) > 0 forall z € (K'\ {0})N(—z+relint(M))
andx € relint(M). This, in turn, is equivalent tQrelint(AM/) C (K N L)*". SinceK is
closed and itk N L)* = int(K* + L*) # 0, we have by using [45, Satz 2.7 c)] and [77,
Corollary 16.4.2] that K N L)™ = int(K* + L*). Invoking [77, Corollary 6.6.2], we find
that (K N L)* = relint(K*) + L*. O

Depending on the situation at hand, the identity

K4+ Lt =(KNnL)

might become useful.
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The assumption iffl/) # 0 is rather weak, sinc& (M, K) = E(M + K, K), and
the assumption i) # () usually holds in a multicriteria framework. Therefore, the
relationQ(M + K) C K* might be used to check monotonicity ofon M.

Corollary 2.2.5 Let K be a closed convex coneliR” and let) € IR"*" be a symmetric
positive semidefinite matrix. Define the functioby v(z) := (Qx,z ) for all x € IR".
If Qx € K* for an z € IR", then there exists a neighborhodd of = such thatv is
monotonically increasing with respect o, on U'.

Slightly more complicated candidates for monotone functions are norifis' orow-
ever, with these monotonicity olR" can be achieved only {0} # K C K*, see [55,
p. 110] and [45, p. 81]. Fortunately, monotonicity is needed onlybnnot onIR™. The
scalar optimization problems induced by choosing norms or slightly more general value
functions will be further investigated in Section 2.2.3.3 and Chapter 4.

2.2.2 Proper Efficiency

It can be said that there are very few optimization methods for continuous multicriteria
optimization problems which do not use in some way a scalarization of the problem at
hand. With scalarization it is usually meant a rephrasing of the multicriteria problem into
a single-criterion one. The following definition and the accompanying theorem can be
used to achieve such a rephrasing.

Definition 2.2.2 (Proper Efficiency) Let K C IR" be a cone andV/ C IR". A point
x € M is calledproperly efficientwith respect tok, if there exists a poinb € K such
that z is a solution to the problem

st o 3 < 1. @
The set of properly efficient points &f with respect taX” will be denoted by, (M, K).
Because linear functionals € K* are monotone, the next result follows immediately.
Theorem 2.2.6 For K, M C IR" the following statements hold:
1. Let K be a convex cone with e K and {0} # K # IR". Then
E,(M,K)C E(M,K).
2. Let K be a closed convex cone withe K such thatK contains no lines. Led/

be closed and convex. Then

E(M, K) C cl(E,(M, K)).
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3. LetK = IR, and M polyhedral. Then

E(M,K) = E,(M,K).

Proof: Different proofs can be found in various textbooks and original articles. See,
e. g. [45, Satz 2.22], [83, p. 74], or [21]. The first proof of Part 2 is probably due to
Arrow, Barankin, and Blackwell [3]. O

From the above result it is clear that under the assumptions given in the theorem we
might focus our attention on the set of properly efficient points. In the case of item 2
of the theorem, one hak, (M, K) C E(M,K) C cl(E,(M, K)). Butin a numerical
solution method one will usually not be able to distinguish between a sub&&t ahd it’s
closure. As a consequencg, (M, K) is a good approximation t&/' (1, K'). Moreover,
there exist other characterizations of the set of proper efficient points [43], by which it is
clear that the set of proper efficient points consists of those efficient points for which an
unbounded trade-off in the function values is not possible. Note that the main assumption
needed is the convexity df/ . Other scalarizations exist which do not need this convexity
assumption [56]. However, the corresponding objective function is no longer a simple
linear form.

2.2.2.1 Several Objective Functions

The discussion above has shown that we might concentrate on thg(sét /), and the
next theorem gives just one more motivation.

Theorem 2.2.7Let G C IR™ be convex and lef; : G — IR be strictly convexi =
1,...,n). Definef := (fi,..., f,)" and M := f(G). Thenz € E(M,IR") if and only
if there exists anw € IR"} \ {0} such thatz is the solution to the problem

minimize (w,y)
subjectto y e M.

Proof: [45, Satz 2.26] O

The scalarization discussed in the last section is a linear one, i. e. the multiple objective
problem was replaced by a problem with one linear objective function, while the set of
feasible points stayed the same. In the case of Section 2.1.2 and Theorem 2.2.7, the proper
problem consists not only in finding an efficient poing M = F(G), but also of finding
a pointz € f~1(z) in the corresponding inverse image. This however, can be achieved
by introducing artificial variable$; = f;(x) (i = 1,...,n). Let a scalarization vector
w € KT be given. Instead of the scalarized problem (2.1) of Definition 2.2.2, we can now
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consider the problem
minimize (w,t)
subjectto t = f(x), (2.2)
x e G.

Obviously, each solution of (2.2) induces a solution of (2.1) in a trivial way and vice versa.
Moreover, ifw € IR", we can replace the equality constraints f(z) by much simpler
inequality constraints of the type:, t) € epi(f).

2.2.3 Approximating the Set of Efficient Points

By writing
E,(M,K) = |J argmin{(w,y) |y M} (2.3)

weKt
and noting Theorem 2.2.6 and the accompanying discussion, one sees that approximating
the set of efficient points is possible by discretizing thef§etand solving a finite number
of scalarized problems. Now leteseof K" be given, i. e. a convex nonempty detC
K™ such that for eachv € K there exists a unique > 0 and a unique3 € B with
w = A\G. Then (2.3) simplifies to

E,(M,K) = UBargmin{<w,y> |y e M}. (2.4)
we
This is an especially important representationsifis bounded, because then only the
bounded seB needs to be discretized.
Unfortunately, choosing a specific uniform discrete approximation&awill not re-
sult in a uniform approximation ofs, (M, K'), as computational tests [18, 17] and the
following simple example show.

Example 2.2.1Let n = 2 and M := conM({(1,0)",(0,1)"}) as well asK := IR%.
Obviously, E(M, K) = M. The standard base fdt ™ = int(K) is B = relint(M). For

w = (1/2,1/2)", any point in M is a solution to the problemin,c,(w,y ). For all
otherw € B, the solution to the corresponding scalarized problems is ejthén " or
(0,1)". As a consequence, most discretizationgokill result in the poor approximation
{(1,0)7,(0,1)"} of M, and increasing the discretization size will usually not be helpful.

Note that this example can easily be generalized to higher dimensions.
Taking a closer look at the example, one of the main problems occurring when us-
ing linear scalarizations in a naive way can be summarized as followsCLet B be
a dense subset of a bageof K*. For eachw € C, let a solutionz(w) of the prob-
lem min ) (w,y) be given. Then it doesot follow that {z(w) | w € C} is dense in
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E,(M, K). Adding the assumption of uniquenessagiv) for all w € C' does not help,
either. Likewise, ifCy,Cy C B with ¢} C C5 such thatC, is a "better” approxima-
tion to B, then it doemot follow that U,cc, argmin{(w,y) | y € M} is a "better”
approximation tok, (M, K') thanU,cc, argmin{(w,y) |y € M}.

Other methods [17] designed to approximate the set of efficient points avoid the
nonuniformity drawback depicted above, but fail to approximate the set of efficient points
in an even more important respect [17, Figure 3].

2.2.3.1 Linear Scalarizations

Theorem 2.2.2 points the way to sufficient conditions which ensure that a proper dis-
cretization of a base3 of K leads to a good approximation df(M, K). Let M

be closed, nonempty, and convex and let all facetd/fothave at most one point with
E,(M, K) in common. Then, for each € B the functionv with v(z) := (w,z ) has a
unique minimum inE (M, K'). Moreover, the set-valuemptimal argument function

o wr— argmin{(w,y) | y € M}

can be identified in the standard way with a function B — M. Note thatp(B) =
E,(M, K).

Lemma 2.2.8 (Continuity of the Optimal Argument Function) Let the setV be con-
vex, closed, and nonempty and Iethe a base of< *. Suppose that all facets éff have
at most one point wittE, (M, K) in common. Then, the following holds:

1. The functionp : B — M is continuous.

2. There exists a partitioniB;);c; of B of nonempty convex set$;, C B, compact
relative to the induced topology oB, such that the seteelint(B;) are mutually
disjoint and such that for all € I the functiony is constant onB;. Moreover, the
family (p(B;)):er consists of mutually disjoint sets.

Proof:

1. Suppose that there exists a sequefggicn such thatw, € B (k € IN) and
limy 0o wp = w € B, butlim;_.., p(wg) # ¢(w). Then, there exists a converging
subsequence dfp(wy))ren, for otherwise there would exist a facgtof A such
that /' N E,(M, K) has dimensiori or higher. Without loss of generality, we may
assumelimy_., p(wr) =: © € M. Thenz as well asp(w) are solutions to the
problemmin, ey (w, y ), a contradiction.
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2. Usel := E,(M, K) and defineB; := ¢ '(i). The compactness follows from
standard arguments. The convexity®f follows by noting thatv € B; if and only
if —w e NM(Z) O

Note that the uniqueness assumption of points in a base is not used. Only compactness
and convexity of the seB is needed to arrive at the assertions of the lemma.

Remark 2.2.9 In the context of item No. 2 of the last lemma, 1&tC I be the set of

all indicesj for which B; contains exactly one point and defige:= U,c, B;. If B is
discretized according to some discretization scheme producing a finite number of points, it
is obviously unnecessary to consider more than one point from eaéh séth i € 7\ J.
Instead, one has to pay attention to the GetFortunately,p is one-to-one orC'. The
problem of identifying the boundary betweéhand B \ C' remains.

Corollary 2.2.10 Let M be a convex, compact and nonempty set such that all facets
of M have at most one point with,, (M, K') in common. Le3 be a base of{ ™ and C
be a dense subset &f. Then,p(C) C E,(M, K) is dense inE, (M, K).

Proof: Let x € E,(M, K). There exists aw € B such thatz is the unique solution of
the problemmin,ecy(w,y ). Let (wi)ren be a sequence i@ with w as an accumulation
point. This sequence induces a unique sequéncey)).cn Of solutions to the corre-
sponding problems witly(wy) € E,(M, K) (k € IN). According to the last lemma; is
the limit of this sequence. O

Note that the functiorp is not Lipshitz-continuous, as the exampie:= IRi, M =
{(z,—v2)" | € R.} + IRZ shows.

Nevertheless, at least fak O IR"}, we can always use Theorem 2.2.2 to construct
a one-to-one mapping : E(M,K) — E(g(M), K) such that the density argument
holds for E(g(M), K). Sinceg is one-to-one and continuous, a good approximation of
E(M, K) can be constructed by discretizing a basefof and solving parameterized
optimization problems with linear objective function for the feasiblegat/). In these
optimization problems, the parameters will only enter in the objective function, and not
in the constraints. This will be exploited in the next chapter.

2.2.3.2 Quadratic Scalarizations

The discussion on p. 14 has shown that nonlinear scalarizations are useful in their own
right. Moreover, such scalarizations can often be interpreted as a nonlinear transforma-
tion followed by a linear scalarization. In what follows, quadratic value functions are
discussed.
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Theorem 2.2.11 (Quadratic Scalarizations)Let K be a convex cone ant/ be a con-
vex set with nonempty interior. For an arbitrary set of matridgés- IR"*" define

A(M, B) = |J argmin{(Qy,y) |y € M}. (2.5)
QeB
1. Let
Qum.x = {Q € IR"*" positive definiteé QM C K*}.
Then

AM,Qui) C E(M,K).
2. LetK* Cint(IR}) and M C int(IR"} ). Define

Qi = {diagw: /21, ..., wn/2) | z € M,w e K}

Then
E,(M,K) C AM,Qux).

Proof:
1. Apply Theorem 2.2.4 and 2.2.3.

2. Letz € E,(M,K). Then there exists aw € K* such thatz is solution to
min,epn (w,y ). SinceM is convex, this is equivalent tew € Ny (z), where
Ny (z) is the normal cone td/ at the pointz. Defineq; := w;/(2z;) > 0 and
Q :=diaglq). Then—Vf(z) = —2Qx € Ny(x), wheref(y) := (Qu,y). As a
consequences is a minimum of the convex program

minimize (Qy,y) (2.6)
subjectto y € M. |

O

Corollary 2.2.12 Let K be a closed convex cone withe K, K+ C int(IR"}) such that
K contains no lines. Lef\/ be closed and convex with nonempty interior ahd C

int(IR”). Then
Sl(A(M, Qurx)) C l(E(M, K)) = cl(E,(M, K)) € cl(A(M, Qurx)).

Obviously, the situation of highest interest occurs whenever

QM,K C Qumx (2.7)
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aswellas) € K, {0} # K # IR" holds, because then
E,(M,K) C A(M, Qurx) € E(M,K).

To give some sufficient condition for this, suppose thatC int(IR"} ) and defineM ' :=
{(1/z1,...,1/2,)" | = € M}. Moreover, for two pointst,y € IR" definex -y :=
(x1y1,...,22y,) " . This notation is extended to subsetsIR? in the usual way, i. e.
S1-Sy:={zx-y|xe€S,ye S}. With this, the relation

K- M7 MCK* (2.8)
is sufficient for (2.7).

Corollary 2.2.13 Let K = IR",. Moreover, let\/ be convex with nonempty interior and
M C int(IR%). Then

E,(M,K) C A(M,Qux) C E(M, K). (2.9)

Unfortunately, if int M) # 0, the relation(1,...,1)" € int(A/~! - M) holds, and there-
fore (2.8) cannot hold for cones” with K* C IR}, K* # IR}, K+ = int(K*).

In the context of the last corollary, the sd{ M, QM,K) is, as an approximation to
E(M, K), at least as good a5, ()M, K). From a numerical point of view, stronger re-
sults than (2.9) are of no interest, since the three sets in (2.9) can not be distinguished
numerically anyway. Due to the scale-invariance of the problems (2.6) one might concen-
trate on the standard base of(iRt! ) and use

S = {diag(q) |q cint(R}),> ¢ = 1}
=1
instead ofQ y; .

In the general case df # IR}, K™ C IR} there remains the difficulty of the rather
implicit definition of ()5, x. Moreover, a naive parameterization @fMK would in-
volve 2n parameters from a rather large set. Smaller parameter sets can only be used if
a base of con@/~! - K*) is known. A typical strategy would therefore be first to cal-
culate points in a superset of( M, QM,K), and, then, reject those points not belonging
to E(M, K). For example, compute a pointe A(M,S) by solving (2.6) with a matrix
Q € S. Definew :=2Qx € —Ny/(z). If w e KT, thenz € E,(M,K). If w ¢ K™ and
Ny (z) is one-dimensional, then ¢ E,(M, K'). Note thatN,,(z) is one-dimensional as
soon asM is strictly convex and: € bd(M). The latter is always the case for solutions
t0 (2.6)if0 ¢ M. If w ¢ K*,there existsa € —K with (w, z) > 0. This means that
is a direction of increase at for the objective function of (2.6). But then the function
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is not monotone with respect td, in a neighborhood of, and Theorem 2.2.3 can not
be applied to check the efficiency of

There is a clear overhead in computation here in the sense thaffifgt IR", ) is
approximated and then points of the approximation are rejected in order to calculate an
approximation to the sef,, (M, K'), K™ C IR’.. Nevertheless, the possibility to compute
simultaneously an outer and an inner approximation to the set of efficient points may be
interesting.

Note that each minimum of the scalar problems (2.6) is unique, due to the strict con-
vexity of the objective functions considered. Moreover, the objective function is coercive.
This means that if\/ is closed, convex, and nonempty, the set-valued optimal argument
function

Y Qr— argmin{(Qy,y) |y € M}

for the quadratic scalarizations considered in this section can be identified in the standard
way with a functiony : P(n) — M, where P(n) is the set of all positive definite
n X n-matrices.

Theorem 2.2.14 (Lipshitz-Continuity of the Optimal Argument Function) Let M C
IR™ be closed, convex, and nonempty. Then, the funationP(n) — M is locally
Lipshitz-continuous.

Proof: The result holds due to [9, Proposition 4.32]. O
Note that the continuity of> follows already from the fact that each objective function
of (2.6) is strictly convex foiQQ) € P(n).

Corollary 2.2.15 Let M C IR" be closed, convex, and nonempty. BetC P(n) and R
be a dense subset &f. ThenA(M, R) is dense inA(M, B).

Proof: The proof follows the same lines as for Corollary 2.2.10 and is therefore omitted
here. O

The linear and quadratic scalarizations presented in this and the last subsection have
one interesting quality, especially from a numerical point of view: the objective functions
are infinitely often differentiable with respect to their arguments frbmand their pa-
rameters. This makes it especially simple to use them in a numerical algorithm, a subject
to which we will return to in Chapter 3. Other scalarization techniques do not necessarily
lead to smooth objective functions. The next subsection shows that smooth reformulations
of the corresponding scalar optimizations problems are sometimes possible. However, it
is not clear how efficient standard solution techniques are when applied to these refor-
mulations. In the next chapter, we will therefore consider only the linear and quadratic
scalarizations discussed previously.
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2.2.3.3 Norm Scalarizations

All the scalarizations investigated above can be interpreted as special cases of goal pro-
gramming scalarizations, i. e. a scalarizations where norms (or their non-symmetric coun-
terpart, gauges) are used. This is a trivial observation for problems in the context of
Theorem 2.2.11 and its corollaries, but even for (2.3) we simply note that in the case of
Kt MC IR” the norms in use are of the form

Vo) 1= Zwi’%\
=1

with w € KT. Clearly,,(x) = (w,z) forall z € M. Similar scalarizations different
from the ones described above can also be used. We will return to this subject in Chapter 4,
cmp. also [56, 12]. Especially useful might be norm scalarizations of the form

min || Q] (2.10)
subjectto e M

with 1 < p < +o00 and@ € P(n). Clearly, (2.10) is a generalization of (2.6). By a proper
choice of(@, the objective function of (2.10) can be made monotonically increasing. (For
example, if K = IR" one can choose an arbitrary diagonal matrix.) On the other hand,
scalarizations like (2.10) witlp # 2 might be better suited to generate efficient points of
nonconvex sets/. However, the objective function will be nonsmooth, which usually
results in serious difficulties when one tries to solve the scalarized problem numerically.
Therefore, a smooth reformulation of the objective function might be helpful. To this end,
consider the standard idea of replacing (2.10) by

min t
subjectto x € M, (2.11)
(Quz,t) € Ky,

where
Ky = {(y,t) € R"™" | |ly|l, <t}

is the epigraph of the functiof) - ||,. Now the parameter§) occur in the constraints

of the program, a situation which is better avoided, as the discussion in Chapter 3 will
show. Forp = 1 or p = +o0, the cone-constraints are linear. We will discuss the case
1 < p < 4o further in Chapter 4, especially Example 4.5.5.

2.2.4 The Nonconvex Case

It is clear that with the tools introduced in the last section, only locally efficient points
can be characterized if the set of feasible poihisis not convex. Computing globally
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efficient points is, of course, a generalization of single-criterion optimization. As such,
the problem posed in it's general form AP -complete, and therefore there is few hope
for efficient solution methods. However, special cases, especially those of low dimension,
might be solved efficiently. In what follows, only methods able to find locally efficient
points are discussed, albeit briefly. /i discrete points are generated as a candidate set
for (global) efficiency, checking for pairs of points dominating each other can be done
in time O(m?), and this is automatically done by any method for discrete multicriteria
problems.

Theorem 2.2.3 also holds for strictly monotone functienslocal minima ofv are
locally efficient. The strictly monotone quadratic functions discussed in this chapter can
therefore be used to generate locally efficient points.

Note, however, that the set of globally efficient points may not be connected. Even
isolated points may occur. This is illustrated by the following simple example.

Example 2.2.2Forn = 2 let K = IR% and letB(r) := {z € IR" : ||z|. < r} denote
the ball of the max-norm with radius. Define

M= ((5/2,3/2)" + B(1/2)) U ((3/2,5/2)" + B(1/2)).

For this nonconvex set, the set of (locally as well as globally) efficient poiri$ig, K) =
{1,221

Nevertheless, the following theorem holds.

Theorem 2.2.16Let K be a convex cone antl/ be closed such thak(M, K) C K.
Then
E(M,K) C cl(A(M, P(n)))

holds.

Proof: Letz € E(M,K). ThenM N (z— K) = {z} and0 € z — K. Let (Qx)ren be a
sequence of positive definite matrices such thatas the eigenvectar to the eigenvalue
1/|lz||2 for all & € IN and all other eigenvalues diverge 4ox for &k — +oo. Let
(x1)rew b€ a sequence with, € argmin{(Qxy,y) | y € M} forall k € IN. Then
(xx)ken CONVerges tac. O
Heuristically, the problems constructed in the proof "converge” to a problem equiva-

lent to
min ||tz||3

subjectto tx € M,

whose only solution i$ = 1. The assumptiorf(M, K) C K holds, for example, when
IR} € K and M Cint(IR%,).
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Equality between the set of efficient points and the set of solutions of a family of pa-
rameterized scalar optimization problems can be shown even in the nonconvex case [56].
However, the scalar optimization problems considered are nonsmooth, and it is not clear
how these problems can be solved efficiently or how a smooth reformulation should look
like.

Note that the set(M, K) \ A(M, P(n)) might be nonempty, as can be seen by
modifying Example 2.2.2 as follows.

Example 2.2.3Forn = 2 let K = IR>. and letBy(r) := {2 € R" : ||z < r} denote
the ball of the Euclidean norm with radius Define

M= ((2,1)" + By(1)) U ((1,2)" + Ba(1)) .

Then E(M, K) is the lower left boundary of\/ joining the points(1,0)", (1,1)", and
(0,1)7, but there does not exist a positive definite matpbsuch that(1,1)" is solution

to the problem (2.6). Moreover, for a given baBeof P(2) one needs a dense subset
R C B in order to guarantee that(M, R) is dense inE (M, K).

On the other hand, in Example 2.2.2 the sKt\/, P(2)) consists of the set of weakly
efficient points, which can be written ds,b] U [b,c] U [¢,d] U [d, €] with a = (1,3)T,
b=(1,2)",c=1(2,2)",d=(2,1)",andd = (3,1) ", respectively.
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Chapter 3

Interior-Point Methods for Convex
Multicriteria Problems

Standard interior-point methods are concerned with the minimization of a fung¢tion

G — IR over a setG C IR™. Based on the discussion in the last chapter, in the
context of multicriteria programming this functighwill be parameterized according to
parameterg; € IR". If the multicriteria scalarization from Theorem 2.2.11 is used, we
can assume thatc S = {¢ € int(IR"}) | >, ¢; = 1} and f(z) = (diag(q)z,x ). In case
alinear scalarizatiorf(z) = (¢, z ) isusedg € K* holds. If several objective functions
fi:G— IR (: =1,...,n) are given, we can use eithé¢fz) = >, ¢;(fi(x))? resp.
f(z) =31, qifi(x) or the reformulation

minimize (diag(q)t,t)

subjectto f;(z) <t; (i=1,...,n) (3.1)
x €.
resp.
minimize (q,t)
subjectto f;(z) <t; (1=1,...,n) (3.2)
x €.

Accordingly, we can assume that the objective functfors linear or quadratic and the
set of feasible points is fixed, i. e. independent of the parameterization. This is an impor-
tant simplification in order to employ to interior-point methods, since quadratic objective
functions are)-compatible with self-concordant barrier functions [67] and constant sets
of feasible points reduce the amount of work needed to find strictly feasible starting points.
The rest of this chapter is as follows: in Section 3.1, the standard primal path-following
interior-point algorithm as presented in [67] is rehearsed in short. It turns out that the first
stage of the algorithm (the construction of a point close to the "center” of the set of feasible
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points) can be used without any modification in a multicriteria framework. In Section 3.2,
an algorithm is presented in which two scalar linear programs are solved simultaneously
by way of an adapted interior-point technique. Moreover, an efficiency estimate will elu-
cidate the dependence of the number of steps of the algorithm on the perturbation size.
The corresponding algorithmic technique will be generalized to quadratic scalar programs
in Section 3.3 and to smooth convex scalar programs in Section 3.4. Since, on the one
hand, the discussion in Section 2.2.1 has shown that only linear scalarizations need to
be considered when solving multicriteria problems, and, on the other hand, it will turn
out that there exist fundamental differences between linear and quadratic scalarizations
when solving multicriteria problems, only linear scalarizations will be considered from
Section 3.5 onwards. In this Section 3.5, bicriteria problems are considered, and a general
algorithm based on a refinement strategy in the parameter space is proposed. It turns out
that the theoretical complexity of this algorithm is lower than the naive approach of using
a prespecified number of parameter values to achieve a certain density of approximation
in the image spact™ of the multicriteria optimization problem considered. Finally, the
results from Section 3.5 are extended to the case of more than two criteria in Section 3.6.
There, a general algorithm for approximating the set of efficient points of a smooth convex
multicriteria optimization problem is discussed.

3.1 The Standard Primal Path-Following Interior-Point
Algorithm

This section recalls in short how the standard primal path-following algorithm presented

by Nesterov and Nemirovskii [67, Chapter 3] works. Moreover, the notation used in the

rest of this chapter is introduced, together with some slight generalizations and correc-
tions. For most of the proofs of the result presented here, the reader is referred to [67].

3.1.1 The First Stage

Let G C IR™ be a compact convex set with nonempty interior @d int(G) — IR
a self-concordant barrier fa& with self-concordancy parametér > 1. Moreover, let
f : G — be ap-compatible objective function. In a scalarized multicriteria setting, the
discussion of the last chapter has shown that it makes sense to assurfiéstlinear or
at most quadratic. Moreover, a nonquadratic function can be replaced in the usual way by
a linear one. We can therefore assufhe 0.
It is known that for compact set§' the HessiarV?F(x) at an arbitrary point: €
int(G) is positive definite. This allows us to define forc int(G), theNewton decrement
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of F' at x by

A(F,x) = ((VF(@)), (V2F () " VF (@),
cmp. [67, p. 15-16]. The Newton-decrement can be viewed as a measure for the length of
V F(x). More precisely, it is the length of the gradient in the norm induce&@By¥'(z).
Therefore, the smallekx(F, z) is, the closerr is to a minimum ofF".

Define the auxiliary functiow :]0,1/3[— IR by
w(\) :=1—(1=3))Y3
In the standard path-following scheme, there is neededuple
(A1, AL, A, As, Ag) € IR

basically controlling the neighbourhoods to the central path (to be defined below) used,
such that the following system of inequalities holds:

0< (1ii)\i>2§>\’i<>\i<2—\/§ (i=1,3), (3.3)
N < Ag < A, (3.4)
1‘_”8(3;3) <1, (3.5)
% < % (3.6)
w2(A1'1)_(1wJ<r;Z)(X1)) . é 67

see [67, p. 70]. But (3.5) is equivalent &g < 7/24, while (3.6) is equivalent to\, <
37/192. Moreover, some simple calculations show that (3.7) is equivalent to
3
1 1(4 1 2 1
VIS i DY S/ S S (R
33\3 9 3 /27 + 357
Due top > 37/192, (3.4) tells us that we can drop (3.7). As a consequence, the system
(3.3)—(3.7) can be simplified to

0<XN<MN<2-V3 (i=1,3), (3.8)
(1 fx)z <, (3.9)
(1 i3A3>2 <\ < 2—74, (3.10)
Ap < A < g, (3.11)
Ao < % (3.12)
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The first stage of the interior-point method starts at an arbitrary péfhtc int(G) and
calculates an approximatiop”) to the unique minimizer ofF' such that the Newton
decrement ay/) is bounded by\,, i. e.

AF,y7) < X (3.13)

In these iterations, only standard Newton steps for the funcktioare performed. The
number of iterationg needed to achieve this is bounded from above by

A+ VO 9 2
RTIRALN Ay A (R SRS B S
WY <n<a(y<0>,a)> + n()\Q—X1>>’

see [67, Proposition 3.2.3], and only the paramefgrs\;, and \, are used within the
algorithm. In the run-time estimate abovey®), G) is the asymmetry coefficient gf
with respect to7, defined for arbitrary points € int(G) by

a(z,G) :=sup{a >0 |z +alx —G) C G}.

For lower bounds of this number, the reader is referred to Section 4.5. Obviously, for
large ¥ the leading term//d In ¥ in the estimate above has the coefficiefitA; — \;),
so it makes sense to maximiae — \|. Within the bounds given above, the maximum is

taken at
1
A= —1/3{27+3V1054+2 —— +1=10.2290...
/27 +3+/105

and )] = \7/(1—X;)? = 0.0882.... The leading coefficient then becomeg \; —\}) =
7.103. ...

In a multicriteria setting, the computation of an approximation of the analytic center
of G can be executed without any modification at all. If we do not have any further
information on the parameters of the scalarization, no better starting point for minimizing
the scalarized problems is at hand.

3.1.2 The Second Stage

In the second stage, we start at the just obtairiéd:= y) and follow the central path to
a minimum of f by computing discrete approximations’ € G (i € IN) to this central
path. More precisely, we consider the function

Fi(z) = tf(x) + F(z)
as well as theentral path

{z(t) e G| A(F,z(t)) =0; t > 0} = {x(t) € G | z(t) minimum of F;; ¢t > 0}
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and compute parameter valugs) > 0 with lim, ., t(i) = co as well as
. . ) —1 .
20D = 20 (ViFt(iH)(x(z))) Vth(iH)(x(l)), 1=0,1,2,.... (3.14)

The parameter plays the role of the barrier parameter and is increased in each step.
The generated sequen¢e”);.yy is a discrete approximation to the central path of the
problem considered.

The sequence of barrier parameters can be defined by

t(i) == t(1) exp <(i - 1)%) L i=1,2,.... (3.15)

We will take a look at the derivation of this rule in Lemma 3.1.4. Of course, an initial-
ization t(1) of the sequence is needed. A proper way for initializing this starting value is
discussed now.

For a givenz € int(G), define the nornj| - ||..» by

1Yllz,r := (<y, V2F(x)y>)1/2 .

(Recall thatV2F(z) is positive definite.) With this norm, thBikin ellipsoid of F' cen-
tered atz € int(G) with radiusr is defined by

Wiz, r) :={y € R" | ly = zllo.p <7}
One of the most useful relations with respect to this ellipsoid is
W(z,1) C cl(G) (3.16)

for all z € int(G), see [67, Proposition 2.3.2]. In fact, it can be shown [75] that self-
concordancy of the functiof’ is equivalent to this inclusion and just one further inequal-
ity which we will use to proof Lemma 3.1.2 below. As usual, the dual norr td).. »

will be denoted by - || &, i. €.

oIl 7 = sup{{p. y) | lyllo.r <1}

The following lemmas are well-known. Since the results are crucial in the following
derivations, the proofs are given for the sake of completeness.

Lemma 3.1.1 Let there be giver: € int(G), x> 0, and¢ > 0 with

M= )‘(F’ :L“)
LY@l

Then
MNFy, ) < p.
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Proof: See also [67, Proposition 3.2.4]. We have the following chain of inequalities:

_ [WYE@)
MEeT) = S O, PR
oy [0V F G+ 0, 952
L (R E@h)
(.Y (@)
B2 0 VPR )P
= M)+ V@) <

IN

IN

O
As a consequence, with = A3 > X\, > A(F,2(), a sufficiently smallt(1) will
always be sufficient to start with the path-following method.
The denominator of the estimate foin Lemma 3.1.1 can be estimated itself. This is
the purpose of the next two lemmas.

Lemma 3.1.2 Let there be givenr € int(G) with A(F,z) < § < 1/3 andr :=
w(9)/(1 —w(d)) < 1/3. Denote the minimum of by y. Then

Wiz, 7) CW(y,r+7/(1—1))
forall = > 0.

Proof: According to [67, Theorem 2.2.2], we have

wA(F,z)) w(d)
lz = Ylly.r = 7 COE.2)) = 1= w()

which meanse € W(y,r). Due to Theorem 2.1.1 from [67], it follows that

1 —2w(9)
1 —w(9)

forall h € IR™". Now letz € IR™. Then

1Plly.r = (L= )l[Allyr < (0 =l =yllyp)lPlyr < [|5r

1
1z = ylly.r < Iz = 2llyr +llz = yllyr < llz = 2llyp +r < Tz —2llar +7,

-

from which the result follows. O

Lemma 3.1.3 Let there be giverw € int(G) with \(F,z) < 6 < 1/3 and r :=
w(0)/(1 —w(0)) < 1/3. Denote the minimum of’ by y and letp € IR™ be a sub-
gradient of a convex functiofi : G — IR at x. Then

e < (s 1) - 1) @17

T yr+7/(1=7))

forall 7 €]0, (1 —r)?[.
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Proof: Due to the subgradient inequality and Lemma 3.1.2,

Ipllsr =  sup (p,h)
hillBl|, P <1
1
= = sup (ph)
T Rel|hll,, <7
1
= — sup (p,z—=x)
T zeW(x,7)
1
— sup (f(2) — f(x))

T 2eW(z,T)

VAN

1( sup ﬂ@—f@ﬁ

T \zeW (y,r4+7/(1—1))

IN

One can easily get rid of () in (3.17) by using

fa)2 _int  f(2) (3.18)

zeW (y,r

see again the proof of Lemma 3.1.2.
Numerous simple bounds fdjp||; » can be derived from this lemma. For example,
using7 := (1 —r)?/2 andr < 1/3 leads to

e < %( sup f(z)—f(rv)>
r zeW (y,(14r)/2)

< g( sup ﬂ@—f@ﬂ, (3.19)

2eW (y,2/3)

while 7 := (1 —r)(1/2 — r) leads to

[e] 1 R T
Wie < ey (Lo 76— 1)
<o s g6 1),

zeW (y,1/2)

which, together with (3.18), leads to the bound figf|; . used in [67].
We now turn our attention to the efficiency of Newton’s method applied to the func-
tion F;.

Lemma 3.1.4 Let there be given a 5-tuplé\;, A}, A2, A3, \;) feasible for the system
(3.8)—(3.12), letr € int(G) be given such that

AE,z) <\ (3.20)
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holds, and defing by
-1
Y= — (ViFt(x)) V. Fi(z).

Theny € int(G) and
A(F, ) < X, (3.21)

Proof: Due to (3.20),)\; < 2 — /3, and [67, Theorem 2.2.2], we hayec int(G) as
well as N )
ty L
s (255)
Using (3.20) again, it follows that(F}, y) < A\2/(1—X3)?. The result follows with (3.10).
O
As a consequence of this lemma, defining the sequén€®,.n by the Newton-
process (3.14) and the update rule (3.15) will lead\{d;), z~V) < X3 as well as
A Fiy ™) < ) forall i > 1, provided that the starting point generated during the first
stage is used. More precisely, we need; ), 2(”) < A\; and a starting value(1) for
the barrier parameter bounded by the right-hand side of the estimate in Lemma 3.1.1.
It can be shown [67] that the number of iterationseeded to achieve an absolute
accuracy of
f@) —min f(x) <, (3.22)

0<e<1/[|VFf()20 p, is bounded above by

Af’ : K@ (ln <2z9 + %) +1In(1/e) + ((IV (@) 50 )
37 13

i ()\3?)\2»

where the auxiliary functior is defined with the help of the functian by

) = <w<A>>ff—j§§§.

1+

(3.23)

We will call all z € G satisfying (3.22) are-solutionto the optimization problem at
hand. (Note that (3.8) implied; # A;.) The term|[Vf(z©)|° . in this estimate
can be bounded using one of the various estimates given after Lemma 3.1.3. All of these
upper bounds have the forsap, .y, f(2) — f(z(¥) with a suitable setV C G contain-
ing the minimum of . Note also thatf(z(*)) can be replaced by using (3.18). As a
consequence, a scaling of our absolute accuracy meageféects a scaling of the term
va(m(o))H;<o>7F-

Similar to the first stage, for largé the leading termy/d1n¥ has the coefficient
1/(As — A;), and it makes sense to choase= A\; and \; = \|, with A\, \] as above.
It makes then sense to choasg= (A, + \})/2 = 0.1586.. ..
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3.2 Solving Two Single-Criteria Programs with Linear
Objective Functions

Let ¢,é € IR™ with ¢ # 0 # ¢ and letd := ||c — ¢||s > 0. Again, letG be a compact
convex set with nonempty interior. Moreover, suppose fhédt < R holds for a number

R > 0 and allz € G. We are now interested in solving the two linear optimization
problems

minimize (¢, x) (3.24)

subjectto xz e G
and

minimize (¢, x) (3.25)
subjectto z € G.

Note that we danot yetwant to consider the bicriteria program consisting of the two
objective functions(c,-) and (¢, -). This is the subject of Section 3.5. Right now, we
consider two different single-criteria problems and we want to solve both of them. Again,
note that the discussion in Chapter 2 and that at the start of this chapter has shown that we
have to solve many single-criteria linear programs, not just two of them. We discuss here
the case of exactly two for the sake of simplicity.

Since in general we can not solve an optimization problem exactly, we have to be
content with are-solution to each of our problems in the sense of (3.22), wherd) is
our prespecified accuracy measure. Nowtlet G be ans-solution to (3.24) and suppose
that ||c||o = ||¢||2 holds. Then a simple calculation shows thas an (¢ + 2J R) -solution
to (3.25). As a consequence, for sufficiently small perturbatibimsie may accept the
approximative solution to the first problem as an approximative solution to the second
one. The following discussion will lead to an efficient algorithm §oof moderate size.

The two objective functions given by(z) = (¢,z) as well asf(z) = (& z) are
linear and therefore?-compatible with3 = 0 for any self-concordant barrier. Now
let F' be such a self-concordant barrier fGr with self-concordancy parameter. Ob-
viously, we can compute an approximatiof?) to the analytic center ofy in the sense
of (3.13) first, before proceeding to approximate a solution to (3.24) or (3.25). To solve
both problems, we might then start frorf) to execute the second stage for the first prob-
lem, and then restart from®) to solve the second problem, again executing the second
stage. This, however, means that we are "recycling” or "reusing” only the starting point
to solve two different problems which are usually in close connection to each other, i. e.
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lc — ¢|la = § < 1. Obviously, theO-constants in (3.23) get multiplied by a factor Df
independently of the size df.

It will now be shown that we can recycle additional steps of the main stage, and how
the number of reusable steps depends on

Let there be given a 5-tuplé\;, A}, A2, A3, \;) feasible for the system (3.8)—(3.12).
Choose a sixth parameta such that\; < A3 holds and thes-tuple (A1, X}, Aa, As, Aj)
is feasible for (3.8)—(3.12), too. As an example, choase= 0.193, A} = (A\/(1 —
A))2 = 0.057..., Ay = 0.150, Ay = 4/25 = 0.16, X, = 1/9, and A3 = 1/4. Define the
parameterized functiona;, F}, in the usual way, i. e.

F(z) = tf(x)+ Flo),
E(z) = tf(z)+ F(x).

When solving (3.25), we can simply replageby f, i. e. F, by F,. Suppose that we

try to solve (3.24)and (3.25) with the parameter tuple\;, \;, X, A3, ), usingz(® as

a starting point. According to Lemma 3.1.4, inequality (3.20) is sufficient for (3.21) if

updates according to Newton’s scheme are made, and we might therefore concentrate

on (3.20). The idea is now to use the point¥, computed as approximations to the

central path of problem (3.24), as approximations to the central path of the problem (3.25).

More precisely, the point“—1 will be used as an approximation to a point on the central

path of problem (3.25) as long as

A ~

A Fyay, #7D) < Ay (3.26)

holds.

To start with this scheme, we need a starting peint= z® ¢ G and a barrier
parameter valug(1) with A(Fy), w) < A3 as well as)\(Ftu%w) < X3. According to
Lemma 3.1.1, the value

1) — )\3 - )\(F, w)A _ )\3 —O)\(F, 'LAU)O (327)
max{|[Vf(w)|l5, p. [V f(w)ll5, r} - maxtlielle,r, lelle,r}
can be used as a starting value bmth optimization problems. Then, (3.26) holds for

i = 1. Assuming appropriate scaling of the objective functions, by (3.19) we clearly have

A3 — Ao 1

(1) > i :o(—). 3.28

= o Rmax(ell )~ \R (329

Suppose now that (3.26) does not hold forian 1, but that we still have that 2

is close to the central path of the second problem, A(ﬁ(i,l), (72 < \3. How is it
now possible to obtain a poirt‘~2 for which

A

A Fyi-1y, 2072) < X (3.29)
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holds without too much work? (Especially, without running through the whole Stage 2 of
the standard path foIIowing algorithm again?) Inequality (3.29) means that (3.20) holds
with respect toz“~2). With such a point, we can go on with Stage 2 for problem (3.25)
in the following way. Define the pomtgi_2 € IR™ by making Newton steps for the
function Fy;_y), starting at the point~2: sety ", := 2(~2) and

y 5 =y, (VQFM 1) (y)) ™ 1Vth 1) (17), (3.30)

j =0,1,.... According to Lemma 3.1.4 (cmp. also Theorem 2.2.3 and especially the
implication (2.2.39) from [67]), one has due ig < 2 — /3 that

2 ~
)\(F(Z 3 yY ;1)) ( >‘(Ft(z 1) yz( )) ) < )\(Ft(l b, yZ(J)) i
L= MFyi-2), i) 2 5

(7 =0,1,...) holds. Obwously)\(Ft (i—1) yf L) < As/27 for j =0,1,... follows.
Therefore, if we make at least

ke {M-‘ (3.31)

Newton steps in the scheme to computegjﬁé, we arrive at (3.29) by defining -2 :=
yl . Obviously, this is a worst-case estimate, it may be the case that one needs fewer
iterations.

We might envision these additional Newton steps@sector steps(In the example
with the numerical values of th&-parameters given as above, we obtain- 0.64. ..
as a sufficient condition fok, so we need just one corrector step and immediately use
202 = yi(i)Q.) After the corresponding corrector steps, Stage 2 of the interior-point
algorithm can be used on problem (3.25) as usual. In this case, we have saved the com-
putations needed for the first— 1 iterations (i. e. we have savedNewton steps), and
we need an additional amount of work of at masiterations. The number of additional
operationsk, however, is independent of the size of the perturbatipsince the points
already generated are still relatively close to the central path of the second problem in the
sense thah(Fy;_1), 27%) < A holds.

But how long does (3.26) hold, i. e. how long are we allowed to skip iterations to
solve (3.25) while iterating to solve (3.24)? According to (3.16), we have

{zeR" | {((z —2),V*F(z)(z —2)) <1} C G

forall ¢t > 0 andz € int(G), becauser; is self-concordant for alt > 0 (compare
Proposition 3.2.2, Definition 3.1.1, and Definition 2.1.1 of [67]). Side¢as bounded,
V2F,(x) is positive definite. Suppose that there is given a number 0 such that
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|z|]l2 < R holds for allz € G. Denote byu,(z,t),...,u,(x,t) the eigenvalues of
V2F;(x). Then, the inequality
1
pi(z, t) = IR? (3.32)
(7 =1,...,n)holds. Obviously, this bound is independentiondt. All this holds also
if one replaces; by F,. But V2F,(z) = V2F,(z) = V2F(z) andVF,(z) = tc+V F(z)
as well asVF,(z) = t¢ + VF(z). As a consequence, we have

ME,2)? = (VE(x), (V2 E(x) ' VE(z))
= (t(é—c)+tc+ VF(z), (V2 F(2)) " (He— ¢) + te+ VF(x)))
= 2(¢—c,(VF(x) (@ —0) +2t(¢—c, (VF(x)) ' VF(x))
+(VFi(z),(V*F(2))'VF(2))

= 2(¢—c,(VF(2) (e~ ) — 2t (¢ — ¢, Ax) + (A(F}, 2))?,
where Az is the Newton step defined by?F(z)Ax = —V Fi(z). Consider now the
caser = 20~V andt = t(i). Sincez®, (-1 ¢ G (cmp. [67, Proposition 3.2.4 (i)]),
the inequality|| Az, = ||z — 20~ |, < 2R immediately follows. (This is a global,
rather conservative estimate. What is important in what follows is that this estimate is
independent of.) Moreover, the largest eigenvalue ((Wth(Q)(x))*l is bounded above

by 4R? uniformly in = andt (see (3.32)), and\(Fy;), z~Y) < A3 holds for alli (see
Lemma 3.1.4). Therefore, the chain of equations above leads to

A(Eyay, 200) < (42R2(1())? + 4t(i)5R + 2)
(recall § = ||c — ¢||2), which means thak(F;), 20~ < A3 holds as long as
A2 R2(t(1))? 4 4t(i)0R + A2 < A2

holds. Replacing the inequality sign by an equality sign, we obtain a quadratic equation
in ¢(7) with two real-valued solutions, only one of them greater thaithis solution can
be written as

PR R 1y ()
sim S _o(ﬁ)_0<7>. (3.33)

The update rule fot(z) is given by (3.15), while(1) is initialized as in (3.27). What is
needed ig(i) < s. Solving for: yields

A3 + V0
Az — N
+In((A3 = A3+ 1)Y= 1) = In(As — A) —In2).

< 1+

(n(max{|lells, r Iéll5,.r}) —In R —nd
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Note that in this estimate, the terimv does not appear. Define
K = max{e], p, |ell5, 0}
and abbreviate the constant terms by
=7\ A5, Ag) ;= In(A2 = X2+ 1)Y2 — 1) —In(As — X)) —In2. (3.34)

Itis clear that we does not need to take a look at problem (3.25) for the first

A3 + V0

1
Py

(WK —InR—Iné+7) (3.35)

iterations of the primal interior-point method applied to solve (3.24). Only after that we
need tdoranch i. e. take a look at two separate problems. (If the number above is less than
zero, it is understood that branching is immediately necessary.) Note that this is a worst-
case estimate, i. e. it may be the case that one can make more iterations before switching
into a "parallel” process by branching. Moreover,difis replaced by, e. g.9/2, the
number of iterations we are allowed to execute before branching increases\y) .
We will return to this observation in Section 3.5. (Using a larger value AKowhen
definingt(1), like the one given in estimate (3.28), wilicreasethe number of iterations
in which (3.26) holds.)

Recall thate > 0 is the prespecified solution accuracy that we want to obtain and

suppose that
2

2 ()\3 — )\2)267— . 19
02 St cn)2PkR - © (M{R) (3.36)

holds. Taking the result obtained above together and considering (3.23), we see that

2 42 (1 a4 SO0 s (2 )

A3 — N
sV
A3 — A

(MK —InR—Ind+71)—-1+k

= Ay V0 21n 219+C(/\3) +2In(l/e)+In K +InR+1néd (3.37)
N — N\, 2
9
+21n</\3_/\2>—7>+k:+1

Newton-steps are needed instead of

As + VY (A5 9
2+27 (m (2‘“7 +1n(1/5)+1nK+ln()\3_)\2)

Newton-steps in Stage 2 to achieve an accuracy ¢&br both problems. The lower
bound (3.36) just ensures that we have not obtainedcuracy before branching and
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there is still some work to do, and that therefore the estimate above on the number of
steps is a nonnegative number. Instead of introducing (3.36), one might replace (3.37) by
an estimate of the forrmax{0, ...}, where the dots stand for (3.37).

If 0 < 1, there are savings in computation time proportional to

—V9(In R+ In8) = VI In(1/Ro)

iterations. Obviously, substantial savings will take place 4 1/R. Again, note that this
estimate is rather conservative, mainly due to the fact that the ineqliality- 2~ ||, <
2R has been used to derive (3.33). Note also that Stage | is still needed, though.

The following algorithm summarizes the main points of the scheme, and the next
theorem restates the results found by the analysis above.

Algorithm 3.2.1

1. Choosg A, \;, A2, A3, \5) € IR® feasible for the system (3.8)—(3.12).
Choose); € IR such thath; < A; holds and such thath;, N}, Ay, A3, \j) is
feasible for (3.8)—(3.12), too.

2. Compute a point® ¢ int(G) such that (3.13) holds, i. &\(F, 2(")) < \,. (This
is Stage | and can be done along the lines of [67, Section 3.2.3].)

3. (Initialization of barrier parameter, compare (3.27).)

/\3 — )\(F, I(O)>

maxt||ellZo g 1€ll50 2

t(1) :=

4. 1:=1

5. (Solve the first problem.WHILE NOTstopping criterion for problem (3.24) ful-
filled DO

(@) (Do a Newton-step, compare (3.14).)
. . . —1 .
o0 = 26D — (V2 () Vo et )

(b) (Update barrier parameter compare (3.15).)

80+ 1) = 1(i) exp <§+—\>§;—9>

(c)i=1+1
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10.

- Yoy =l

C 20D = Y

(Compute index of branching step.)
i:=max{i >0 | )\(Ft(i),x(i_l)) < A3}

(0) i—1)

yji=1

. (BranchingWHILE A(Fy), 47 7") > A3 DO

(@) (Do a corrector Newton-step, compare (3.30).)
. 1 N i1 —1 N 1
yz(]—)l = 3/1'0—1 ) (v?th(i) (yi(j—l ))) VIFt(i)(yi(j—l )>
(b) j=j+1
(4-1)
i—1

(Solve the second problemWHILE NOTstopping criterion for problem (3.25)
fulfilled DO

(a) (Do a Newton-step, compare (3.14).)
. . A . —1 .
20 = 3070 — (V2Eys) (207Y)) - VaFis (207Y)

(b) (Update barrier parameter, compare (3.15).)

t(i+1) == t(i) exp (ﬁ)

() i:=i+1

Theorem 3.2.2Let G C IR™ be convex and compact with nonempty interior andHet
be a self-concordant barrier fot; with self-concordancy parametetr. Moreover, let
||l < R hold for all 2 € G for a numberR > 0. Letc, ¢ € IR™ with ¢ # 0 # ¢ and
let there be given an accuracy measuare 0. With the \-parameters chosen in Step 1 of
Algorithm 3.2.1 and:(®) computed as in Step 2, define

T =7(A2, A3, 5\3) = ln((j\g — A§ + 1)1/2 — 1) —In(A3 — A2) —In2

as well as

K = maX{HCHZ(O),Fw ||é||Z(O>F}

Suppose that

(A3 — A)(A2 =23+ 1)V2—1)
162(20 + C(\,) /22K R

le —éll2 > &
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as well as0 < eK < 1 holds. Then, the total number of Newton-steps in Steps 5-10 of
Algorithm 3.2.1 needed to achieveaccuracy for both optimization problems is bounded
above by

w (21n (219—1— @) +2In(1/e) +In K +InR+In|c— ¢l
3 A3

9 In s — In\s
21 — S B
+ n(/\g—/\2> T)—’_’V 1112 “—i_

Note again that the lower bound on the perturbation 8ize||c — ¢||» in the theorem
above was introduced just for convenience. For smallérmight be the case that the
WHILEloop in Step 10 is never executed.

We would like to remark here that the exact computation of?heonstants of the run-
time behaviour of Algorithm 3.2.1, as done above, is, unfortunately, not "computational
gymnastics” [76], although we wished that this would be the case. It turns out that we
need precise knowledge of these constants to equilibrate the amount of work necessary
for solving a large number of optimization problems (and not just two of them) between
different parts of a corresponding algorithm. This is the subject of Section 3.5.

Let us also stress that the numbieenters the run-time estimate of the theorem, while
itis not used in algorithm. No knowledge @nis needed other than boundedness and the
fact we know a self-concordant barriér for G.

The approach presented above uses only primal information and makes only few as-
sumptions about the feasible g6t (Most importantly, thatG is compact and that we
know a self-concordant barrier for it.) If primal-dual algorithms are considered, care has
to be taken with respect to the (strict) feasibility of the iterates considered. Indeed, if a
primal objective function is perturbed, the perturbation shows up in the dual constraints,
and it is nota priori clear how dual feasibility might be guaranteed. Up to now, only
primal-dual schemes for problems with special structure, most notably with linear con-
straints and linear objective functions [97] or convex-quadratic objective functions [35]
have been considered.

3.3 Solving Two Single-Criteria Programs with Quadratic
Objective Functions

Suppose now that we have giver¢ € IR™ as well asQ, Q € IR™*™ positive definite.

Defined, := ||c — ¢, anddy == ||Q — Q||. Again, letG be a compact convex set with
nonempty interior such that there is given a numBer 0 with ||z|s < Rforall z € G.
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We are interested in solving the two quadratic optimization problems

minimize (¢, x) + %(x,@x) (3.38)
subjectto z e G

and

minimize  (¢,z) + ;(:E,Qx) (3.39)
subjectto =z € G

The two objective functionsf(z) := (¢,z) + (1/2)(z,Qxz) and f(z) = (&) +
(1/2)(z,Qx) are 3-compatible with3 = 0 for any self-concordant barrier. Lét be
such a self-concordant barrier fof with self-concordancy parametér. We will make
use of the following simple observation.

Lemma3.3.1Let A,AA € IR™™ and b, z, Az € IR™. Suppose thatlz = b as well
as (A+ AA)(x+ Az) = b holds. Moreover, led as well asA + A A be regular. It then
follows thatAz = —(A + AA)~'A Az holds.

Proof: evident. O

Using the same strategy and notation as in the last section, we see that we need an
estimate fort such that\(F}, z) < As holds for allz € int(G) with A\(F}, z) < As. By
definition, we have

(A(F, @) = (VE(@), (Y Ey(2) ' VE())
= (tVf(z) + VF(2), (V*F(x) " (tV f(x) + VF(x))),

and due taV f(z) + VF(x) = t(Vf(z) — Vf(z)) + VF,(z)) we arrive at

(A(F,2))°
= (Vi(@) = VI(@),(V*E(2) (V@) - V(@)
+2t (Vf(2) = Vf(2), (V2E(2)) "' VE(z))

+(VE (@), (V2 E(2) ' VE()).

Since I, is self-concordant, the eigenvalues Gt F} () are bounded below by/4R?.
The estimate

(Vi(@) =V (@),(V*Ei(2)) (Y f(z) = Vf(2))
< ARV f(x) - V(@3 (3.40)
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immediately follows. Suppose that the sequee®);cn (29 € G) is generated by
the standard primal path-following algorithm applied to (3.38) with the bafriekVrite
V2F () = tV2f(x)+ V2F(2) = t(V2f(2) — V2f(z)) + V2F,(z) and use Lemma 3.3.1
with A = V2F,(z), AA = t(V2f(x) — V2f(z)) as well ash = VF,(x). Together with
2@ — 2(+) = (V2F(1))"'V F,(z), this leads to

(V2E(2)) ' VEy(x)
= (I =t(V*E() (V2 f(z) = V2 f(2))) (2D = 2*D) (3.41)

and therefore

(Vi(@) = V[(2),(V*Ei(2)) "' VE(x))
< ||V f(x) = V@)ll2]|l2® = 2o (1 4+ 4RV f(z) — V2 £ (2)]])
< 2R|Vf(x) = V(@)|(1+ 4RV f(z) — V> f(2)])). (3.42)

Moreover, using (3.41) twice again leads to

(VE(x), (V*Fi(2))'VF(x))

(A(Fp, 2))? = t (VF(), (V
A+ |z — 2D |[(V2F
ta® — 2 ED S = (VP E
+ A2

)V E(2)]2 ||V2f( ) = V@)l

V2E(2)) (VP () = V2 (o ))(VzF(I))’1VFt(SC)>
i
W(2) (VA f(2) = V2 (@ ))HHV2 fz) = V2 f ()|

\—/\/

IN A

which results in

(VF(2), (V2 Ey() ' VE,(x))
< N HAR(L AR VA f(2) = V2 (@) IDIV2f (2) = Vf ()] (3.43)

By noting ||V f(z) = Vf(z)||ls < 6.4 o R, ||[V2f(x) — V2f(z)|| = 6, as well as (3.40),
(3.42), and (3.43), we arrive at

(A(Fy,z))? < 4R*(6,+4 0oR)*> + 4Rt(5. + 6o R)(1 + 4R?*5t)
+A3 + 4R%5qt(1 + 4R%6qt)
= 4R*(6] + 6R3.0g + IR*6%)t” + 4R(2R0q + 0c)t + A3
= 4R*(6.+ 3R0Q)*t* + 4R(5. + 2RéQ)t + A3,

Accordingly, \(F}, z) < A3 holds as long as

AR%(6, + 3R00)*t% + AR(8. + 2R\t + A2 < A2,
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Solving fort yields

0. +2Rdq ( o 12\ 1/2 >
" 2o o). 3.44
~ 2R(6. + 3R00)? (1445 - %) (3.44)

It is easy to see thd®. + 2Rdg) /(0. + 3Rég)* > 1/(d. + (9/4)Rdg) holds. Therefore,

(1+3-x)" -1
t =:
< 9R(, 1 (9/2)Réq)

is sufficient for \(F},2) < A;. Clearly, this estimate is a generalization of (3.33). In
virtually the same way as in the last section, we conclude that

1+ l%(ln K —InR—1n(8, + (9/2)Rég) + 7) (3.45)
37 13

iterations of the primal interior-point method applied to solve problem (3.38) can be made
before considering problem (3.39). Here,

K = max{llc + Qe 50 p. &+ Q250 -

Likewise,

VI o1 (29 SO o1/ 4 K+ In R
N — N >

9 9
1 ) 21 _ 1
+n(50+235Q)+ n(/\s_/\2> T>+k+

Newton-steps are needed to solve both problems-¢ptimality. Note that withy :=
max{d., dg} we have that

In R+ In(d. + (9/2)Rég) = O (Ind +In R),

so, from the point of view of complexity theory, the situation is not worse than in the linear
case. On the other hand, it has to be noted that the computation of the quétify,)

needs as many operations as a Newton step for the funétioffhis is in stark contrast

to the linear case, whef@2F,(x) = V2F,(z) holds and it is therefore possible to reuse

the factorization of the corresponding matrices. As such, as long as we do not want to fall
back on heuristics to estimate the number of steps we are allowed to recycle, we have that
at the present moment only the estimate (3.44) is available for saving unnecessary work
during the course of solving two quadratic programs at once. For some heuristics useful
in a primal-dual framework, see [49].
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3.4 Solving Two Single-Criteria Programs with General
Objective Functions

It is easy to see that the ideas from the last section carry over to general case of two
smooth convex objective functionss f € C3(@). Indeed, if uniform bounds,, 4, of the

form |V f(x) — Vf(2)|]2 < 01, |[V2f(x) — V2f(z)| < 0, forall 2 € G are known, the
estimates (3.40), (3.42), and (3.43) immediately lead to

(A(E,x))? < AR25%2 + ARG (1 4 4R%05t) + A2 + 4R%0,t(1 + 4R%0,t)
= 4R*(0; + 2R5,)** +4R(6; + Ro)t + )3

and an analysis similar to the one in the last two sections will lead to similar results, pro-
vided that the parameter needed in definihgompatibility is used in the interior-point
method in the standard way (cmp. (3.15) and [67, Chapter 3]). This case, however, is of
minor interest when discussing the use of interior-point methods for multicriteria prob-
lems, since the results in Chapter 2 have shown that parameterized linear or parameterized
guadratic problems are sufficient for approximating the set of efficient points.

3.5 Solving Many Convex Programs "Simultaneously”

Suppose now that two cost vectars ¢, € IR™ are given and that we want to solve "all”
the problems with set of feasible pointsand with cost vectors(u) := ucy + (1 — p)co
(i €]0,1[). More precisely, we are in search for an approximation of the set
U argmin{(c(p),z) |z € G} (3.46)
pelo1]

by a discrete set of points. This is exactly the situation in standard bicriteria optimization
in with as a coné¥” the dual of the conic hull of the vectors andc, is used.

In a standard approach, our task amounts to discretizing the parameter interjal
by a (prespecified) number of parametetssuch that||c(u;) — c(piv1)|]2 < 6 holds
with a prespecified accuracy measudre|0, 1[. Under the assumptioffic ||2, ||calle < 1
(made without loss of generality) we might use any discretizatipof [0, 1] for which
| — piv1| < /2 holds. With this, we basically have to sol¢s different standard
optimization problems with the same set of feasible paintsio solve these optimization
problems numerically, an accuraey> 0, used in a stopping criterion for the numerical
algorithm used for the standard optimization problems, should also be given.

In what follows, a numerical scheme is described that uses the ideas from the last sec-
tion to approximate the set (3.46). First, a short run-down of the general idea is presented,
before the actual algorithm is described and its complexity is analyzed.
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3.5.1 The General Idea

Using the results from the first section of this chapter, we start by defiiing 1/2 and
to = 1/2. In this way, instead of solving two problems "simultaneously”, we execute
Newton iterations for all problems with cost vectef$:) for which | — 10| < do holds
(i. e. all problems we have to consider) up to the time when we have to "branch”. (Not
counting the ubiquitous Stage 1, this takes

A3 + V0

Az — A
Newton iterations, where

K = max{e(u) so.p | 1 € [0,1]} < 2R)

After that, a "branch” is needed to proceed. Define== 4,/2 = 1/4, p = 1/4,

and M?’ := 3/4. Now, the two problems corresponding to the parameter vatﬁésp?)

are considered. In order to reach the neighborhoods of their central paths, a2Amost
corrector steps, wherg is given as in (3.31), are needed. After these corrector steps,
Newton iterations are executed for all problems with parametéos which | — u@] <

0; holds until we have to branch and after that, Newton iterations are executed for all
problems with parameteys for which |p — ,qu)\ < 6; until branching is needed. (Again,

this means that all possible problems are considered. Moreover, by the estimate (3.35) on
the number of steps saved, it is clear that

A3 + V40
NN X, In2
Newton-steps are made in each branch before the process stops and we have to branch
again.)
Then, definey, := 1/8, u$" = 1/8, u$? = 3/8, 8 = 5/8, us? = 7/8, make4k
corrector steps, and repeat the scheme.
This scheme of branching and refining will be used until we arrive at a stagath
oy = 1/2N+1 < §. Then,1/6y < 1/6 different problems are considered and we can
now solve them ta:-optimality in the standard way. The different parameters: =
1,...,2N*! considered after the final branching step definé-eoveringof the unit
interval [0, 1], i. e. y; € [0,1] for all  and for eachi, € [0,1] there exists an with
ln — | < 6. (In fact, if equality is allowed in the last inequality, the points (i =
1,...,2N+1) define ady -covering.)

(InK —InR+In2+7)

3.5.2 The Algorithm

The scheme presented in the last section can be described more formally by the following
algorithm. Each problem is identified with its parametet [0, 1], and the central path of
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each of these problems is followed by the standard path-following method. With respect
to bookkeeping, for each problem only one vector of variablgss G and one barrier
parametet,, > 0 is needed. In what follows, the abbreviations

o(p) = per+ (1 —pes,
fu(x) = <C(M),ZL’>,
Ff(z) = tf.(z)+ F(x)

will be used.

Algorithm 3.5.1 (Approximating the Efficient Set of a Bicriteria Program)

1.

Choose(\1, N}, A2, A3, \;) € IR® feasible for the system (3.8)—(3.12).

Choose); € IR such thath; < A3 holds and such thath;, N}, Ay, A3, \}) is
feasible for (3.8)—(3.12), too.

Choose a discretization sife< § < 1.

Compute a point: € int(G) such that (3.13) holds, i. &\(F,z) < Ay. (Thisis
Stage | and can be done along the lines of [67, Section 3.2.3].)

(Initialization of the barrier parameter, compare (3.27) and Lemma 3.1.1.)

L )\3 — )\(F, lL')
- max{le(u)sp [ 1€ [0,1]}

3(0) :=1/2, p:=1/2, S(0) :={p}t, j:=0,z,:=x,t,:=t
WHILE §(j) > § DO

(a) FORALLu € S(j) DO
i. WHILE )\(Ef:,a:u) > A3 DO
(corrector steps fof7) )

-1
Ty, =T, — (ViFt!:(xu)) vati<xl4)

ii. WHILE A(F}"Y 2,) < A3 ANDA(F}°Y) 2,) < A; AND NOBtop-
H H
ping criterion for problem with parameter fulfiled DO
(Path following for the problem with parametgruntil branching is nec-
essary.)
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old .__ old .__
A. Ty, =Ty, tu =1,

B. (Newton step)
. 2 i -1 7
Ty =Ty — (V;thu(‘/L‘M)) VmFt#<mM)

C. (Update barrier parameter.)

. eold . gold
.z, = z,°, t, = t/L

(b) (Now z, represents the point along the central path for the problem with
parameten: as far away from the analytic centeras possible.)

J=7+1,0(j) =0d(j—1)/2
(c) FORALLy € S(j) DO(branch)
Tu—5(j) = Tpr Tpts(s) = Ty bu—s(G) = tur tuts() =ty

(d) (refinement)S(j) := {p+0(j),n —6(j) [ p € SG —1)}

7. (Solve all problems irt(;) to a specified accuracy.)

FORALLy € S(j) DO
(@) (Corrector steps for the last refinemeM/HILE A(F/', z,) > A3 DO
. 2 -1 %
Tp 2= Tp — (Vth,L(xu» Vo by, (z4)

(b) WHILE NOTstopping criterion for problem with parameterfulfilled DO

I. (Newton step)
. 2 -1 7
Tp = Ty — <VsztM (xu)) V. Fi, (z4)

ii. (Update barrier parameter.)

ty=t,e ( As = X )
= Xp
T \ N+ Ve
The discrete sets(j) C [0, 1] represent the set of parameters which are considered

as problem parameters in the path-following scheme. Note that, due to step 6 (b) and (d),
we haveS(j —1)N S(5) = 0.
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3.5.3 Analysis

As usual, define

K= max{||e(u) |30 p | 1 € [0,1]},
wherez(© ¢ int(G) is the starting point computed in Step 3 of Algorithm 3.5.1. (Proper
scaling ofc¢; and ¢, ensuresk’ < 9R.) At the jth step of theWHILEIloop of Step 6
of the algorithm ( = 0,1,...), the setS(j) is a d(j)-covering of the parameter set
0,1], and we havei(j) = 1/27! as well as|S(j)| = 2/ Moreover, forj > 0 we have
|S(j)| = 1/6(j — 1). The number of times thé&/HILE-loop of Step 6 is executed is given

i _ | In(1/9)
vou [

The total number of all elements in all sei§j) considered, i. e. the number of branches
made isy, )" [S(j)] = X527 = 2V -1 < 1/6—1. As aconsequence, the total number
of corrector steps in Step 6 (a) (i) is at mastl/d — 1), wherek is the constant given
by (3.31). An additional number of at mostS(N) < k/§ corrector steps is executed
in Step 7 (a). Therefore, the total number of corrector steps executed by the algorithm is
bounded above bgk/o — k.

Assume now in what follows that with respect to the amount of work done the worst
case occurs, i. e. the stopping criterion of WWelILE-loop of Step 6 (a) ii is fulfilled as
soon as possible. Then, the smallest possible number of Newton steps has been executed
since the last branch. According to the analysis in Section 3.2 (see especially (3.35)),
there will be

A v
I:=2+ 3+f(an—lnR+ln2+7')
A3 — Aj
Newton steps made before the first branch occurs. Now ket{1,..., N — 1}. Since

d(7) was replaced by (; — 1)/2 in previous exectution of thé&/HILEloop of Step 6, it
is clear by the estimate (3.35) on the number of steps saved that at most
A3 + V40

1+ {)\3_)\% IDQ-‘
Newton-steps are executed for each problem considered before branching occurs again.
(With the asymptotically optimal (for larg€) values for\; and \; given on p. 34, the
bracketed number is approximativeyd22(0.229 4 v/4J) > 6.050.) This number has to
be multiplied with the number of problems considered during this run throughVHie E
loop of Step 6 of Algorithm 3.5.1, which i8/. Using the same estimate as above, the
total number of Newton steps made in tWBHILE-loop of Step 6 after the first branch is

bounded above by
1 s + V0
(1-1) ([IHQAS_AJ +1)_
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Therefore, the total number of Newton steps executed in Step 6 and 7 (a) is at most

1+<1—1> ({ln2k3+\/l_9-‘+l>+2k—k

J Az — Aj J
< 3+/\3+\/1_9(1HK—11’1R+1112+7')
X — N,
1 A3 + V0 2k
——1)({In2 2 ——k
+(3 )(n NN >+ 5
< 1—/{—1-/\3—’_\/5 ln—2+an—lnR—i—T +2k+2. (3.47)
As— Ay \ 0 J

But after the execution of Step 7 (a) we have for each ofth®) = 2V < 1/6 different
single-criterion problems considered found a point close to its central path as if we had
made at least

[-1+N {m%”gt\:ﬂ
> -1+ <lnl(ié5) - 1) (mzitf _ 1)
> 1+ /\)\i))gt\)/\f (MK —InR+In2+71)+ (% — 1) (1n2%§ — 1>
= 2+ );it\)/\f (InK —InR+ 7+ In(1/0)) — 1n1(i/25)

Newton steps in Stage 2 of the standard primal path-following algorithm. Now suppose
that an accuracy measure> 0 is specified for all problems considered. By assuming

()\3 — )\2)67—
02 “OR(29 + C(\)/2)

and using the estimate above as well as (3.23), we see that we need at most

In(1/9) (3.48)
In2
A 0 Y 9
+ ;’j_g <1n (219 + C(z?’)) +1n(1/e) + In (Ag — A2> +InR—1 +1n(5>

further Newton steps for each of the problems considered to solvedtdptimality,

which is exactly what is done in Step 7 (b) of Algorithm 3.5.1. The lower bound was
introduced for the same reasons as in Section 3.2: it is convenient to assume that none of
the problems considered is already solved{accuracy in Step 6 of our algorithm. If this
assumption is not satisfied, the algorithm will be even faster. Multiplying (3.48)/by
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and adding the result to the actual number of Newton steps already made (see (3.47)), we
see that we need in total at most
15 +V70 2k 1n(1/5)+)\3—|—\/1_9

E In9+In(1/€)+In R4In 54+Cy )+ —2
5 g — oy mHIn(/e)+In Rtin o+ Gy )+ “rd =5 ooy

(In K —In R+C5)

(Cy, Cy suitable constants depending only dn M|, A2, Ag, A, 5\3) Newton iterations to
solveall problems considered to-optimality. Note that, due t@# > 1, (3.8), and (3.10),
(A3 + V1) /(A3 — A;) > 1/In2 holds. Moreover, if the asymptotically optimal (for
large ) values for the\-parameters are used, thia §) /6 -term from above has approx-

imatively the form
Iné
(7.102(V/9 + 0.229) — 1.442)“T
and is therefore negative as long @s< 1. As a consequence, we can drop the term
In(1/4)/6In2 in the estimate above completely by re-adjusting the constant

We summarize our findings in the next theorem.

Theorem 3.5.2 (Complexity Estimate)Let G C IR™ be convex and compact with non-
empty interior and let/” be a self-concordant barrier fo6; with self-concordancy pa-
rametery. Moreover, let||z||. < R hold for all z € G and a numberR > 0. Let
c1,c0 € IR™ with ¢ # 0 # ¢, and let there be given an accuracy measdre> 0.
With 2(©) computed in Step 3 of Algorithm 3.5.1, define

K = max{||uey + (1 p)eal| o | 1 € [0, 1]},
and with the\-parameters chosen as in Step 1 suppose that

Y2 2 1/2 _
5o XD
18R(29 + C(N5)/2)

as well as0 < K < 1 holds. Then, the total number of Newton-steps in Steps 6—
7 of Algorithm 3.2.1 needed to computejacovering (u;); of [0,1], u; € [0,1], and
pointsz,,, , each of them am-solution to the problem

minimize  (picr + (1 — pg)eo, x)
subjectto =z € G,

O(1) (@(lnﬁ +1In(1/e) + n R+ 1nd) + VI(In K — lnR)> :

where theO-constant depends oy, N, As, A3, \j, As.
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In contrast to this, the standard approach consists of solving each problem by starting
from the same starting point (the approximation to the analytic center) without reusing
any information. This strategy needs

0(1)%@(11“9 +n(1/e) + In K)

Newton steps. Clearly, faf small enough, the proposed method has a higher efficiency.
Note that in each step of the algorithm, each of the paintss an £-solution to the
problem parameterized kyy, wheres > 0 is an accuracy measure implicitly defined by

the number of Newton steps already made. More preciselyisithe number of Newton
steps made, theii= O(¥/ exp(i/+/?)) is the accuracy achieved.

We have chosen here a branching into two different branches. Due to thi§; the
covering of the parameter sgk 1] is refined in each step to®2-covering, multiplying
the number of parameters to be considered by a fact@. o€learly, other branching
schemes can also be used, in whichreovering is refined to &/¢-covering,? > 2.

3.6 More than Two Criteria

Consider the case in which > 2 criteria are given, i. e. a con® C IR" is specified
together with abas® c K+ of K. Itis rather easy to adapt the algorithm described in
Section 3.5.2 to this general case. However, we need to discretize-thie-dimensional

set B C IR", which is computationally a nontrivial task. Moreover, it has already been
mentioned in the introduction that we will not get rid of the facto(1/6"!) in the
computational complexity of any algorithm considered. Therefore, instead of pursuing
further theoretical run-time estimates, some strategies about proper implementation tech-
niques for the scheme presented are in order. The main question that we have to answer
is: how do we discretize the ba#e?

3.6.1 Voronoi-Tesselations

Let 1 denote the coordinates of a parameterizationof Usually, © € IR"*. For
example, if K = IR"}, the set dlB) can be parameterized in barycentric coordinates by
the convex hull of the origin and the— 1 Euclidean unit vectors itR" . (And then,B

is parameterized by the relative interior of this hull.) Lg:) € B be the element oB
parameterized by: and define

fu(x) = <w(:u)7x>a
Ff(z) = tfu(z)+ F(x).

53



We can start with one parameterand define’(0) := sup g |lw—w(x)||2. Again, the set

S = S(j) denotes the set of parametersvhich are considered as problem parameters in
the path-following scheme. This set induces a Voronoi-tessel@lip)),cs of B. Since

the variabler, € G (¢ € S) is supposed to represent the solution to all problems in
the Voronoi cellV,, the stopping criterion of thevVHILEloop in Step 6 (a) ii has to be
adapted to

6 (a) ii. WHILE /\(Fti,x“) < M forall v e V,, AND NO'Btopping criterion for
problem with parametet fulfiled DO

Moreover, the setS has to be refined in Step 6 (d) according to some strategy, i. e.
points have to be added or at least one point has to be replaced by two or more points.
If a standard Cartesian grid is used, we arrive at similar complexity estimates as their
counterparts which have been derived in Section 3.5.3.

However, this algorithmic conceptis rather problematic, since itis in no way clear how
the abovementioned stopping criterion can be implemented in an efficient way, given that
we have to compute (or rather update) Voronoi-tesselatioti'ift . Therefore, different
strategies, not necessarily based on Voronoi diagrams might be in order.

3.6.2 Decomposition-based Strategies

A more feasible strategy is to decouple the pairt:) from the subset of the parameter

set which it represents. To this end, let the Set S(j) consist of pairdw(y), S,,) with

w(p) € S, C B such that the finite family.S,,), defines a decomposition @ . Clearly,
\oronoi tesselations are a special case, but the additional degrees of freedom imposed by
the possibility of choosing/(x) € S, arbitrarily as well as choosing the geometry of the
decomposition has some distinct advantages. For example, we might choose an arbitrary
refinement of the setS,, when replacingS(j) by S(j + 1). The most simple example

in the standard cas& = IR", would be to start withS(0) = {((1/n)e, B)} and to use
simplicial refinements only. Techniques for refining simplicial decompositions are well
developed, see, e. g. [52, 51, 94]. Whenever aSgewhich is part of a decomposition

of B is polyhedral, Step 6 (a) ii can be replaced by

6 (@) ii. WHILE A\(F},2,) < s for all vertices v of S,, AND NOTstopping
criterion for problem with parameter fulfilled DO,

a formulation which has obvious advantages for simpli€gs
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3.6.3 Adaptive Grids

The strategies discussed in Section 3.6.1 and 3.6.2 both have their merits when we try to
discretize the bas# up to a certain discretization size. (Which can be measured, e. g.
by maxg, diam(S,), the maximal diameter of the sets considered.) However, we have to
keep in mind that the ultimate goal is not a discretizationB3gfbut of F(M, K). The
only interconnection betweeB and E(M, K) is the functiony : B — E,(M, K),
for which the results from Theorem 2.2.6 and 2.2.8 hold. Therefore, an estimate of the
quality of a discrete approximation df(M, K') should not be based on the quality of a
discretization ofB (which is a trivial problem). Instead, a bad discretizatioEpf M, K)
should be refined locally wherever the quality is worst, thereby inducing a further refine-
ment of the given discretization d$.

One possibility to achieve this is to note that usudllyM, K') C bd(M) holds [45,
Satz 2.9], i. e. the set of efficient points has at most the same dimensiBn asd that
therefore a simplicial decomposition @ (M, K) is in order. For example, l€iS;); be
a triangulation of a surface ilR" such that all vertices(w,) of this triangulation lie in
E(M, K). Moreover, let there be given a topologically equivalent triangulation of the
preimagesv; in B. This triangulation inB induces a one-to-one relation between the
set of n — 1-dimensional simplice$$§-),~ and a corresponding set ef— 1-dimensional
simplices(S;); in B. With this, one example of the refinement step is

6. (d) Let S; be then — 1-dimensional simplex with largest volume asd the
corresponding simplex irB. Divide S; into subsimplicessfj) (7 =1,...,k).
Denote byw® (¢ = 1,...,L) the new vertices. Replacg by the SV, add the
w® to the set ofu; and keep track of the refined triangulation.

Denoting by vol_; the n — 1-dimensional Lebesgue measure of a set, we see that
maxvol,_1(S;) is a global accuracy measure for the approximatior{d/, K) just
constructed, and this measure is monotonically decreasing as the algorithm proceeds.

A simplicial approximation of£'(M, K') has advantages with respect to a visualiza-
tion of the approximation. Two possibilities are immediately at hand. First, each discrete
point computed lying inf (M, K') can be represented by a point in the plane. These pla-
nar points can then be connected according to the edge structure of the decomposition.
The second method computes the dual representation of the graph computed by the first
method. There, every simplex of the approximatiorkgfl/, K) is represented by a point
in the plane, and these points are then connected according to the neighborhood structure
of the simplices. Both graph representations are minimal in the sense that each vertex
of the computed graph is connected to exaatlgther vertices, and both representations
map a neighborhood structure in the #&t\/, K') onto edges of a graph.
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Chapter 4

Generalized Convex Goal Programming

4.1 Introduction

Recall from the discussion in Section 2.2.3.3 that typical scalarization techniques for mul-
ticriteria optimization problems lead to standard single-criterion optimization problems in
which a norm has to be minimized over some set. But these problems occur also quite
naturally in a large number of different applications (let us mention here just least-squares
problems [8] and facility location [20] for the finite-dimensional case and almost arbitrary
problems from approximation theory as well as control theory for the infinite-dimensional
case). It is therefore important to gain as much insight into their structure as possible,
while keeping the theoretical framework as general as possible. This is the purpose of
this chapter.

4.1.1 Goal Programming

Goal Programming is a special scalarization technique in which certain norms or gauges
v : IR" — IR are employed as functions monotone Bn Here, monotonicity is un-
derstood in the sense of Definition 2.2.1 with:= K. Consequently, Theorem 2.2.3
can be used to deduce that a minimunmobver a setM C K is efficient. Moreover,
scalarization techniques leading to a special class of gauges are able to characterize all
efficient points as solutions to corresponding goal programs, even if the feasible set is not
convex [56]. Itis due to this that the study of the corresponding mathematical programs is
important for multicriteria optimization. Note, however, that in applications the notion of
Goal Programming is often reduced to the computation of just one efficient point, in con-
trast to the strategy outlined in the last chapter. Goal programs occur also in linearizations
of nonconvex multicriteria problems, see Chapter 5 and especially Section 5.6.

The origins of Goal Programming date back to the work of Charnes, Cooper and
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Ferguson [15], where at; -estimation regression model was proposed to estimate ex-
ecutive compensation. Since then, and thanks to its versatility and ease of use, it has
become the by far most popular technique for tackling (linear) multiple-objective prob-
lems, as evidenced by the bulk of literature on theory and applications of the field. See,
e.g., [79, 84, 90, 89] and the categorized bibliography of applications therein.

By aNon-Preemptive Goal Programming probleme usually means some particular
instance of the following model: a polyhedrgh C IR™ is given as the set of decisions;
there existV criteria matrices,C1, ..., Cx, with C; in IR™*"; each decision: € P is
valued according to criterion’; by the vectorOjT x, to be compared with a givaarget
set7; C IR™. With this, thedeviationd;(z) of decisionz with respect to the target
setT; is defined as

for some given normy;, while the overall deviation at is measured by

V(dl(x)v SR ,dN(:L‘)),

where is a norm inlR" assumed to béRRY, IR, )-monotone orRY , see [6, 57]. Then,
the solution(s) minimizing the overall deviation are sought. In other words, one solves
the convex program

inf y(di(z), ..., dn(2)). (4.1)

As pointed out e. g. in [19, 78, 79], Non-Preemptive Goal Programming and related
models can be rephrased as minimum-distance problems. This follows from the previous
formulation, since (4.1) is equivalent to

minimize (71 (C{z — 21), ..., Ww(Cla — 2x))
subjectto z € P, 4.2)
ZjET}' (jzl,,N)

Denoting byy the norm inlIR™ x ... x IR"" defined as
Y, . un) =v(nw), . yv(un)),
problem (4.2) can be written as the minimupmnorm problem

minimize (uq,...,uy)
subjectto u; =C/z—2  (j=1,...,N) (4.3)
(z,2) € Px 1L, T;

In many applications, each criteriofi; is assumed to be a vectoy € IR™, so it
valuesz through the scalaf c;, z ) ; each target sef; is then a subset dR of one the
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forms

T; = [tj,+oo], (4.4)
T; = } - Oo’th (4.5)
T - {1k .6

or, in Goal Range Programmingt7], of the form
T; = [t 1;)- (4.7)

This corresponds to g@oal constraintof type (c¢;,z) > t;, (¢;,x) < t;, (¢j,z) =
tj,ort; < (c;,x) < t;, respectively. In other words, one desires to hdve =)
abovet;, belowt;, exactly att;, or betweert; andz;, respectively.

Whereas the choice of the aggregating norns crucial, (although, in applications,
mostly reduced to the casdls: ||; or || - ||~) the choice of the norms; to measure
deviations in the case; = 1 Vj is irrelevant, and we can consider eaghto be equal
to the absolute value function. Then, the deviations take on the more familiar form

max {t; — (¢j,z),0} if T; = [t;, +o0l,
4:@) max {(¢j, ) — t;,0} if Tj =] — 00, 4],
\r) = .
’ [(cj,x) — ] it T; = {t;},

max {t; — (¢;,x),0} + max{{¢;,x) —;,0} if T) = [t;, F].
From these expressions, it should become clear that target sets of type (4.7), (thus also of
type (4.6)) are used only for modeling convenience, since they can be derived from sets of
types (4.4) and (4.5): splitting criterioninto criteria j, j», and definingTj1 = [t;, +oo]

and7; =] — oo, 1,], the deviationd;(z) is simply the sum of the deviations with respect

to T} andT7.

4.1.2 Examples

Applications of Goal Programming abound in the literature; see e. g. the list of 351 appli-
cations papers cited in [79]. However, the range of applicability of (4.1) is by no means
reduced to what is usually classified as Goal Programming: a vast series of important
models in different fields of Optimization can also be seen as patrticular instances of (4.1),
mainly from the perspective of minimum-distance problems. Some of them are briefly
discussed below.
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4.1.2.1 Overdetermined systems of (in)equalities

If a system of linear equalities and inequalities

b
by

<a1,:v)

<a2’x>

(AVARAYS

bp' (4.8)

bpt1

(AVARAYS

<ap’x>

<ap+1>x>

<ap+Q7x> = bp+q

is infeasible, one can look for a so-calle@st infeasiblesolution, i. e. a point:* solving
min v(max(0,by — (a1, x)),...,max(0,b, — (a,,x)),
bps1 — (apr1, )], [Dprg — (pigr 7))

for some normy assumed to bélR% ™, IR )-monotone orlRL . This is simply a Goal
Programming problem in which the vectais (¢ = 1,...,p + ¢) play the role of the
criteria and the components (i = 1,...,p + ¢) of the right hand side vector represent
the targets, see Example 4.3.4 in Section 4.3.

When only equalities appear in (4.8), one obtains the problem of solving an overdeter-
mined system of linear equations, classical in Approximation Theory [69, 86], or, equiv-
alently, the Linear Regression problem [85]. Usuallyis assumed to be ap- ||,-norm,
mainly p = 2 (yielding the well-known Least Squares problem [§])= 1, or p = oo,
see [2].

4.1.2.2 Multifacility location

In Continuous Location [64, 72], distances are usually measurgabges For simplic-
ity, we will consider throughout this chapter only gaugesf the form

v(x) =inf{t > 0: z € tB} (4.9)

for some nonempty convex compaBt C IRY (its unit ball) containing the origin in
its interior. In applications, this additional assumption is usually fulfilled, see, e. g. [23,
64]. Observe that norms correspond to symmetric gauges. Moreover, since the origin is
assumed to be an interior point, the gauge takes always finite values. See e. g. [40] for the
case of gauges with values @, U {+oco}.

Let F' be a nonempty finite set and I8t~ E C F x F. Then(F, E) is a directed
graph. Following e. g. [31, 61J represents the set tHcilities (some of which may have
fixed locations inR" ), whereasE represents the interactions between these facilities.
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For each edge := (f,g) € E, let . be a given gauge itR", which measures the
cost of the interaction between facility and facility g. Let v be a gauge inR” which
is (IRY, IR,.)-monotone inR” .

For a nonempty closed convex s&tC (IR™)¥, consider the optimization problem

inf  y((vrg) (T — 29))(r.0)eE)- (4.10)
(zf)rer€G

The most popular instance of (4.10) is t@ntinuous minisum multifacility location
problem, see [72, 95, 96] and the references therein. There, the noHaseartitioned
into two setsA and V', representing respectively the fixed and the free locations, and
a family (a;)rca € (RM)4 of fixed locations is given. The feasible regigh is then
defined by
G ={z=(2p)ser € RN |2y =asforall f € A}, (4.11)

while the gaugey is taken as thg| - ||;-norm, so that one minimizes the sum of all
interactions between the facilities,

dnf D g (@r — ). (4.12)

vreA (f.9)€E
Let Jrx) be the incidence matrix of the graglt, ), i. e. Jpg € IR”*" is the
matrix in which the rowe := (f,g) € E has zeroes in all its positions except in the
position f, where the entry id, and in positiong, where the entry is-1. Moreover,

define the matrixC' by C' := Jr ) ® Iy, the Kronecker product of . ) with the unit
matrix Iy € IRV*Y . Let v be the gauge ifIR"Y)” defined by

viui= (e)eer — () = [[(e(ue))ecelh

= Z /Ve(ue)'

ecE
Then, problem (4.12) can be written as

minimize v(Cz) = Y(((Cx)e)ecr)

413
subjectto z € G C (IRY)F, (4.13)

which is a particular instance of (4.1).
A similar representation can be obtained for teatinuous minimax multifacility lo-
cation probleni54], in which expression (4.13) holds fordefined by

vioui= (Ue)eer = Y(u) = [[(Ye(tie)eer)loo

= maxye(ue)
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General monotone gaugeshave been suggested by Durier [22, 23]. In the latter
paper, he introduced problems with fixed costs, which can also be accommodated within
this framework. Indeed, for

f _
(xf)lfripe o7 ((%ﬂg) + Vg (@s %))(f’g)GE)

with a given vector(w, ).cz € IR® with non-negative components, one may write

. f o _
(a:f)lfrépecv ((W(f’g) (@irg) s %))(f’g)eE) ’

where eachH, is a gauge inR x IR defined by

Ye(w, 2) = |w| + 7e(2).

With this, again an expression of type (4.13) is obtained.

Our aim is to study a generalized version of Problem (4.1) under some mild assump-
tions on the feasible s&t, namely,G will be assumed to be amsymptotically conical
set. To do this, we have structured the rest of this chapter as follows: In Section 4.2 the
concept of asymptotically conical sets is introduced, and some elementary properties are
discussed. Then, in Section 4.3, the problem under study is formally defined and its dual
is derived. In Section 4.4, the existence of primal and dual optimal solutions is studied in
detail, giving, in particular, sufficient conditions for the attainment of the optimal value.
Then, an Interior-Point method is described in Section 4.5, yielding a unified methodology
for solving problems which, until now, were solved by different (some not polynomial)
techniques.

4.2 Asymptotically Conical Sets and their Properties
Definition 4.2.1 (Asymptotically Conical Sets)A nonempty seb C IR™ is said to be
asymptotically conicalf it admits a representation of the form

S=M+E, (4.14)

for some compact convex skt and some closed convex cofe In such a case, the pair
(M, E') is anasymptotically conical representatian c. r) of S.

The optimization problem addressed in this chapter will have an asymptotically coni-
cal set as its set of feasible points, see Section 4.3. Here, we take a quick look at the basic
properties of such class of sets.

Denote byG,,, the recession cone @f,

Go=1{yecR™: G+yCGY,

see Theorem 8.1 in [77]. We now have the following properties.
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Lemma 4.2.11f (M, E) is an a. c. r. ofG then
Gs = E. (4.15)

Lemma 4.2.2 Let the sets7,, G, C IR™ be asymptotically conical and lét\M,, E),
(M-, E5) be the corresponding asymptotical conical representations. Then,

1. (M; x Msy, Ey x E5) is an a. c. . of the asymptotically conical €t x G,.

2. (M, + My, Ey + E5) is an a. c. r. of the asymptotically conical €t + G5.

Lemma 4.2.3 Let A be an affine transformation of the for!(z) = Az + b with a
matrix A and a vectorb. Then,(AM + b, AE) is an a. c. 1. of A(G).

Remark 4.2.4 Compact sets, polyhedra, affine spaces, and cones are asymptotically con-
ical. Although each of these classes is closed under intersections, this is not the case
of the whole class of asymptotically conical sets. Indeed, take e. g. the following two
asymptotically conical sets ifR®:

Sl = {(w1;x27x3)—r | :I/% Z l’% +x§,$3 Z 0}

and Sy = {(ZL’l,ng,CL’g)T | x1 = 1}, whereas, by Property 4.2.1, no a. c. r. for the hyper-
bola S; N S, exists. Moreover, this example shows that the inverse image of an asymp-
totically conical set under an affine mapping is not necessarily asymptotically conical.

O
Finally, we have the following simple observation.
Lemma 4.2.5Let (M, E) be an a. c. r. ofG. Then, for anyu € IR™,
inf(u,x):{ mingey(u,z) ifu e B, (4.16)
zeQ —00 else.
4.3 The Problem Addressed and its Dual
The problem addressed in this chapter has the form
inf g(2) ==(Ca +0) + {d.a), @17

subjectto =z € G,

where~ is a gauge in thdR", C' is a matrix inIR"*™, ¢ € IR" andd € IR™ are vectors,
andG = M + FE C IR™ is a nonempty asymptotically conical set with asymptotical
conical representatiof/, F).
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Observe that, in particular, problem (4.17) contains as instances all the examples dis-
cussed in Section 4.1.2 and most of the scalarizations discussed in Chapter 2 (see espe-
cially Section 2.2.3.3). Moreover, the caSe= IR™ has been addressed in [59], whereas
the casel = 0 leads to the so-callegauge-or homogeneous progrgraddressed, among
others in [40, 25, 44, 48].

In these references, duals are derived and Slater-type assumptions are made to link
primal and dual optimality. We show below and illustrate by examples how the knowledge
of an a. c. r. can be successfully used to address duality questions and to design efficient
algorithms as well.

A dual for (4.17) can easily be derived using minimax theorems as basic tool. Indeed,
one has

gg(f;v(C’x—l—c) +(d,z) = inf sup ((u,Czx+c)+ (d,z)) (4.18)

zeG 7o (u)<1

= sup ((u,c)+il€1£(CTu+d,x>> (4.19)

7o (w)<1

= sup ((u, c) +min(Cu+d,x >) , (4.20)
70 (<1, zeM
CTutdeB*

where (4.18) follows from the representation of a gauge as the support of its polar unit
ball, see Theorem 14.5 of [77], and (4.19) follows from the Minimax Theorem stated as
Corollary 37.3.2 in [77] and the fact thaf, the dual gauge of;, has compact level sets
(recall that we are assuming that gaugelsas the origin in its interior, which guarantees
the compactness of its dual ball). Finally, (4.20) follows from Property 4.2.5.

Denoting byd¥ the support of a set C IR™,

o5(z) =sup{(z,y) [y € S},

the chain of equalities above yields

inf Y(Cx+c)+ (d,x) = max (u,c) — 04 (=CTu —d)
subjectto v € M + E subjectto CTu +d € E*
7°(u) <1
(4.21)

From this equivalence, we will call the optimization problem

maximize  (u,c) — 03, (=CTu — d)
subjectto CTu+d € E*, (4.22)
7°(u) <1

from the right-hand side of (4.21) tltkial of problem (4.17) and we have already shown
that (4.17) and (4.22) have identical optimal value.
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Before exploring further the relations between (4.17) and (4.22) we now present some
particular instances of (4.17) whose corresponding dual (4.22) has a simple (explicit)
form.

Example 4.3.1 (Compact Feasible Setd)et 4 be a gauge inR™, let x5 € IR™ and let
M = {z € R" | 5(z — z9) < r} for some constant > 0. Since, by definition of dual
gauges,

min{(C’Tu +d,z) | F(xr — ) < 7’} =(CTu+d,xy) —r7°(—C"u—d),
we get the dual

maximize  (u,c) + (CTu+d,xo) —r7°(—=CTu — d)
subjectto CTu+d € E*, (4.23)
7°(u) < 1.

Example 4.3.2 (Unconstrained Problems)SettingG = IR™ and M = {0}, we have
E =IR™ and E* = {0}. Hence, the dual (4.22) takes the form

maximize  (u,c)
subjectto CTu+d = 0,
(u) <
This dual has been derived in [59] using the same idea but lengthier arguments, see their
Theorem 1, Remark 4 and Remark 5. O

Example 4.3.3 (Distance between two Setpiven asymptotically conical set§; C

R™ and G, C IR™, with respective a. ¢c. r.G; = M; + F; and Gy, = M, + E,

and a gauge in IR™, formula (4.21) provides an alternative expression for the distance
0,(G1, Gy) betweenG; andG,. Indeed, since

(57(G1,G2) = inf {’7(1’1 — ZL’Q) | T € Gl,ZL’Q < GQ}
= inf{y(Cx) |z € G},

for G := G, x Gy andC = (I,,, —I,,) and I,,, the m x m identity matrix, one gets

0,(G1,Ga) = max ( min  (u, 1 — X9 ))

u€EfN(—E})NB° \z1€EM1,z2€ M2

= max min  (u,x)
u€(ETN(—E3)NB°) z€M1—M3

where B¢ is the unit ball of the gauge®. Whend, is an affine manifoldz; = {po}+E1
for some vector spacé&; C IR™, and G, is a cone, thus having{0},G;) as a. c. r.
decomposition, we get

0y(G1, Ga) = max {{u,po) | u € EY N (=E3) N B}
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This expression yields a simple characterizationdem G, # (). Indeed, for anyy one
has thatG, N G, # 0 if and only if §,(G1, G2) < 0 (see Corollary 4.4.10), thus (by a
slight abuse of notation)

GiNGy#0 ifandonlyif (u,py) <0 VYue E}N(—E;)NB°
ifand only if (u,pg) <0 Yu € Ef N (—E3)
ifand only if py € — (Ey N (—E3))"
O

The following result will be useful to rephrase the dual (4.22) if the gauge use is a
composite gauge:

Lemma 4.3.1 (Composite Gauges)et~,...,v. begaugesinR™, ... IR"™, and lety
be a gauge inR*, monotone inR” . The gaugey in IR™ x --- x IR™ defined by

Y(uas ) = F(n(u), - () (4.24)
has as dual the gauge® with
V(@ wk) =3 (0 (@), - e (@)

Proof: Let z := (x1,...,2;) € IR™ x ... x IR™. Since# is monotone inlR* , by
definition of a dual gauge one has

YOI (1), ve(Tr))

= max { > (x)

Jj=1

a € IR’_“ny(a) = 1}

= Inax ij(Uj7.f13j>

TR

<
Il
-

a e Ry, y(a) =1, 7;(u;) = 1V,7}

<.
Il
-

I

=

Q

»
——
ke

(oyuj, @j) | € IRI—{HPY(O‘l’Yl(ul% e oYk (uk)) = 1}

I

=

Q

"
——
(]~

<.
Il
-

(ajug, ;) | @€ RE y(n(anw), . y(akuy)) = 1} :

With the change of variables,;u; = w; (j = 1,...,k), we get (abusing the notation
again)

’70(710(111)7 SR vfylz(xk)) = max { Z:l Wi, x] '71(0‘)1)’ s 77k<wk)) = 1}

= (Y1), (@)

This lemma yields a very simple dual for gauges of the form (4.24):
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Corollary 4.3.2 Let C; € IR™*" (i = 1,...,k) be matrices and define the matrix
by CT = (CI,C;,...,C,I). Lete; € R™ (i = 1,...,k) be vectors and set’ :=
(c],...,cl). Moreover, lety be defined as in (4.24) and &t be asymptotically conical
with a. c. . (M, E). Then (4.22) admits the form

k k
maximize Z{( u;, ¢ ) + min <x, Zl Cluj + d>
J= J=
k
subject to Clu;+de E",

<

We illustrate the power of our strategy for deriving the dual by applying it to two
problems previously addressed in the literature, as discussed in the following examples.

Example 4.3.4 (Infeasible Flow Problems)We consider the flow problem of [63]. Let
(F, E) be adirected graph. (Here, the edgeBas not to be confused with the conic part
of an a. c. r. for a given convex subset of tR&'.) Associate with each arce E alower
bound!. and an upper bound. on its capacity,. € [—oo, +o0[, u. €] — oo, +0].
Associate with each nodg¢ € F' its demandi; € IR. Flows on(F, E') are vectorse in
IR”: a flow z is called feasible if it satisfies both flow conservation,

Yo xgg— D, Tgp=dy VgeF (4.25)
f:(f.9)€E f:(9,f)EE
and boundedness,
'Ie Z le
Vee E. (4.26)
Te < U

When no feasible flow exists, McCormick proposed in [63] to consider (4.25)-(4.26)
as goal constraints and to solve the corresponding problem (4.1) fequal to the
(weighted)|| - [|1-, || - |lco-» @nd]| - ||o-norm.

We first reformulate (4.26) as distance constraints following (4.2):

Te € [le,+00[

Te € ] —00,ue

Veec I. (4.27)

Then, the problem can be written as

minimize ~ (( Y. TG T D Tgp— dg) (e = Ue) e » (xe N le)eéE)
fi( €E g€

subjectto  wu, €] — 00, u,) Vee E,

lo € [le, +00] Ve€eE,
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or
minimize vy ( > Ty 2 TehH— dg) (@ =) e (e — 1),
F:(f9)€E f:(9.f)EE geF

subjectto  (x,u,1) € {((0)eer, (te)ecr, (le)ecr)} + (IR x IR x IRY) . (4.28)

Associate dual variables := (7)) jer, 77 = (7] )ecp, andn™ := (7, )ccp With the
three blocks of components in (4.28). Since, in the a. c. r. of (4.28), one has

(R” x IRE x R)" = {0}" x IR” x IRY,

we obtain the dual

maximize Y my(—d,)+ min_ > (=7 u, + > (- )l

geF r=0,u=u,l=I ecE e€E
subjectto 7f >0 Ve€E,

T, <0 Ve € K,
T =np—m, Ve=(fg) €F,

fyo</n" 7T+7 7T7) S 17

. e.
maximize — > wdy — > wiue— > w L.
geF ecE eckE
subjectto 7f >0 Vee€F,
m, <0 Vee FE,
T+, =7 -y, Ve=(f9) € E,
f}/o(W? 7T+7 ﬂ-i) S 17
an expression which includes the particular cases derived in [63]. O

As another application, we derive the dual of the quite general unconstrained multifa-
cility location problem (4.10) introduced in Section 4.1.2.2.

Example 4.3.5 (Facility Location) With the notation as used in (4.10), fé¢# defined
in (4.11), one has that
Goo =[] G7,

feF
whereG/ = {0} c RV if f € AandG/ =R if f ¢ A. Then, one obtains the dual

maximize Z<af, S>ougm— Y. U(h7f)>
er

feA h:(f,h)€EE h:(h,f)
subject to Z U(f,g) — Z Ug,f) = 0 Vf ¢ A,
g9:(f,9)€E g9:(9,f)€EE

70((75 (ue))eeE) < 17
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which covers most of the instances previously addressed in the literature, e. g. [39, 44].
O

Remark 4.3.3 The minimax argument of (4.19) can also be used re-derive (4.21) from
the basic theory of Fenchel conjugacy. Indeed, denoting the function

g9(x) =7(Cr +¢) + (d,x),

and byd the indicator function of~,

0 if r € G,
oc(z) = {
+o00, else,
the conjugate ofy + o is given by
(9+dc) (p) = inf {—( u,c) + sup <x, —CTu+p— d>} : (4.29)
70 (u)<1 zelG

In particular, by inspecting-(g + d¢)* at 0, one obtains again the dual (4.22). O

Example 4.3.6 (Positive Polynomials)n algebra, questions of the following type fre-
quently arise. Suppose that a subSet P, of the setP, of univariate polynomials with
maximal degree: is given. The question is if at least one of the polynomialsSins
nonnegative on the whol®. Now let F,, C P, be the cone of nonnegative polynomials
with maximal degree:. A natural reformulation of the question is then the optimization
problem

minimize  y(p — q)
subjectto pe€ S,
q € Ey,

where v is an arbitrary gauge otP,. Let (M,R) be an a. c. r. ofS and letp €
int(M). The spaceP, is (n + 1)-dimensional, and we choose as a basis the mono-
mials 1,¢,¢%,...,t". Each polynomiap(t) = >, p;t* can then be identified with the
vector (po, ...,p.)" € IR". We interpret all sets and variables in the problem above
as sets and vectors in thR"™ and use the standard scalar producti®™'. The dual
problem can then be written as

minimize . (—u) — (p,u)
subjectto  w € R*N(—E}),
7(u) <1,
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where M = —p+ M and~,;. is the gauge with unit ball/°. Note that we can describe

the setE,, as the image of the cone of all positive semidefinite matriceR{n™)>"+1

under a simple linear operatdr : R®*V*+D) __, |R"*! see Nesterov [66]. Simi-

lar results hold if the domain of the polynomials considered is restricted to a (possibly
unbounded) interval [66]. While the primal problem can be used to construct a certifi-
cate that at least one of the polynomialsSnhas a strictly negative function value (by
constructing such a polynomial and the corresponding function value, i. e. by solving the
primal problem), the dual problem can be used to construct a certificate that no poly-
nomial in S has nonpositive function values (by constructing a strictly positive lower
bound for all function values of all polynomials ifi, i. e. by solving the dual prob-
lem). Polynomial-time algorithms for the primal and the dual problem are discussed in
Section 4.5. O

4.4 Existence of Primal and Dual Solutions

In this section we study the finiteness and the attainment of the optimal value of the
problems (4.17) and (4.22).

Theorem 4.4.1 (Finite Optimal Values) Let B° be the polar of the unit ballB of ~.
The following statements are equivalent.

1. (4.17) (and (4.22)) have finite optimal value.
2. Forally € G, one hasy(Cy) + (d,y) > 0.
3. de (Go)*—C'B°.

Proof: Denote byg., the recession function of and lety € IR™. For arbitraryx € IR™
we have that

_ g(r + Ay) — g(v)
Io(y) = sup 3
g(x + \y) — g(v)
A——+o00 A
Y(C(x+Ay) +¢)+{(d,x+Ay) —y(Cx+¢) — (d,x)
A—+00 A
= v(Cy) + (d,y), (4.30)

where the second equation is due to Theorem 8.5 of [77] and the last equation follows
because of the homogeneity of If (4.17) has a finite optimal value, then Part 2 is
a consequence of (4.30) and Theorem 27.1 (parts (a) and (i)) of [77]. Conversely, if
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Condition 2 holds, we have for any a. c(M, E) of G andforanyz € G, x =z + 2
with z,y € M, 25 € E = G, that

Y Cx+c)+(dx)y = Y(Cxy+Crp+c)+(d,xy)+{(d,zp)
> Y(Cxp)+ {(d,xp) —y(—Cxpy —c) + (d,zp)

> min (—(~Cay — )+ (d2y) > —oc.

showing that Condition 1 holds.
The equivalence between Condition 1 and Condition 3 follows from (4.21) and (4.15).
O

Remark 4.4.2 Conditions 2 and 3 do not imply Condition 1 for setswhich are not
asymptotically conical. As a simple counterexample, téke- {z = (z1,2;)" € IR? |
ry > 23}, let C be thel x 2 matrix C = (1,0), d := (2,0)7, ¢ := (0), and let
v(s) = |s| forall s € IR. ThenG, is the ray expanded by the vect(@r, 1), and thus
v(Cz) + (d,x) = 0 forall x € K. Hence, Condition 2 holds. Moreover,

(Goo)® = {(w1,22)" | 22 > 0},

thus, takingu = 0 € B°, one obtainsd € (G.)* — C"B°, and Condition 3 holds
also. Howeverg((—k,k*)") = v(C(—k,k*)" +¢) + (d,(—k,k*)") = —k for every
integerk, thus the optimal value of (4.17) iscc. O

The duality scheme previously described enables us to easily characterize the (possi-
bly empty) set of optimal solutions of (4.17) in terms of any optimal soluticof (4.22).
See also Theorem 1 of [40] for the case of a polyhedral feasiblé’ser Theorem 1.1
of [44] for related constraint qualification assumptions.

Theorem 4.4.3 (Saddlepoints)Let one of the equivalent conditions of Theorem 4.4.1
hold. Then,

1. The set of optimal solutions of (4.22) is not empty.

2. Letz be feasible for (4.17) and feasible for (4.22). Then is optimal for (4.17)
and u is optimal for (4.22) if and only if the paifz, u) is a saddle-point for the
problem

inf sup (u,Cz+c)+(d,x). (4.31)

2€0 o (u)<1

Proof: By (4.21), under the assumptions of Theorem 4.4.1, the dual (4.22) consists of the
maximization of the continuous function

. T
u — <u,c>+:rcrél]{}<x,0 u+d>
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over the nonempty compact st | C'u + d € E*,+°(u) < 1}. Thus an optimal
solutionu for (4.22) always exists.

For Part 2, observe that, due to Theorem 4.4.1 and (4.21), the saddle value exists and
is finite. Hence, saddle points exist, cmp. e. g. Theorem 4.2.5 in [50]. Moreover, the
set of saddle points coincides with the Cartesian product of the set of optimal solutions
for (4.17) and (4.22), as asserted. O

The characterization of optimal solutions of (4.17) as part of saddle points yields the
following result.

Theorem 4.4.4 (Optimality Conditions) Let (M, E) be an a. c. r. ofG. The feasible
pointz := %y + T, Ty € M, T € E, is optimal for (4.17) if and only if there exists
a pointu € IR" satisfying

7 (1)

Cla+d
(zp,CTu+d) = 0,

Cz+c € Ngo(u).

m oA
tl;e J—‘
-

|

5
=i
g

In that case, such a point is an optimal solution for (4.22).

Proof: By Theorem 4.4.37 is optimal for (4.17) if and only if there exist optimal
for (4.22) such that the paitz, «) is a saddle point. In other words,is optimal for (4.17)
if and only if there exists some € IR" satisfying

Clu+d € E, (4.32)
v s L (4.33)
Y(CZ+c)+(d,z) = (u,CT+c)+(d,T) (4.34)
- fﬁMEJi\}Il,cheE< u,C(zy +2p)) +(d v +25) (4.35)

+(a,c).

But (4.34) holds if and only if
CZ + c € Npo(u).

Moreover, for vectors: satisfying (4.32), it follows from Lemma 4.2.5 that

inf (u,Cz )+ (d,z) = min (u,Cxp ) + (d, zp ),

zeG Ty EM

and thus condition (4.35) is equivalent (for vectarsatisfying (4.32)) to

(u,CZTpr )+ (d,Zpr) = min (a,Cap) + (d,xp), (4.36)

xpr €M

(u,Czg)+ (d,zg) = 0.
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Since (4.36) is equivalent to
CTfL ‘|‘ d € —NM(f]M),

the result follows. O
Note that the conditions derived in [23] and [24] for the single-facility location model
(see Subsection 4.1.2) are special cases of the ones derived in the last theorem.

Remark 4.4.5 (Dual Gap) Letx = xp,+xg (xp € M, xp € E) be primal feasible and
let u be dual feasible. Additionally, let(Cx + ¢) = (u,Cx + ¢) and letd;,(—CTu —

d) = —(xy,CTu+ d). (Note that these two additional conditions are equivalent to
u € 0y(Cx + ¢) andxy € 355,(—CTu — d).) A simple calculation then shows that
(xp,CTu+ d) is the dual gap with respect to the feasible pointandu.

Remark 4.4.6 If G, is a linear subspace the&if, = G , and thus the complementary
condition(Cw + d,Tg ) = 0 in Theorem 4.4.4 is redundant.

We have shown in Theorem 4.4.3 that primal and dual optimal solutions (when they
exist!) are related with each other as saddle point solutions of (4.31). However, the
existence of optimal solutions for (4.17) is not guaranteed when (4.17) has a finite optimal
value. Since in application& = {0} usually does not hold (see Section 4.1), a deeper
analysis is required. This is the purpose of the rest of the section.

For certain instances of (4.17), the non-emptiness and compactness of the set of opti-
mal primal solutions can be derived by ad-hoc procedures, as done, e.g., in [10, 14, 70].
For the general situation we have the following.

Theorem 4.4.7 (Bounds on Primal Solutions)if all nonzeroy € G, satisfyy(Cy) +
(d,y) >0, then

1. The set of optimal solutions is nonempty, convex, and compact.
2. Let(M, E) beana.c.r.ofG and supposé’ # {0}. Let

L

Y

mage (+(~Ca — ) = (d.)).

v

v

min (7(Cz +c) +(d,z)),

ro€ [0, min ~(Ce)+ (d,e)|.

eEFE | le]|l2=1
Then, any optimal solutiom,; +x g for (4.17) withz,; € M andxg € E satisfies

v+ L

|zl <
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Proof: Part 1 follows from the fact that, under these assumptions, the fungtion, is
coercive and thus level bounded. See, €. g., [4].

To show Part 2, let:, € E be given with||zg|2 > (v+ L)/r and letz,, € M. The
triangle inequality now shows that

Y(Cxp + Cxg+c) + (d,zpy ) + < TE
> y(Czg) +(d,zp) —y(~Cxy —c

- tosta () 4 < o)
: )

d $A4

>
) (d,zp) — y(=Cps — ©)
)-

v+ L Crg TE
vy L
r ]2 HzEHz
> v,
contradicting the optimality ok, + z . O

Remark 4.4.8 In Theorem 1 of [59], it is assumed th&tis ap x ¢ matrix (¢ < p) with
rankq, G = IR?, and0 € C'Tint(B°) + d. This is clearly stronger than the assumption in
Theorem 4.4.7. Indeed, for arye GG, one of the two following conditions hold:
max(e,CTu+d) > 0, (4.37)

0

u€ B°
(e,CTu+d) = Vu e B°. (4.38)

If (4.37) holds, then
7(Ce) + (d,e) >0,

whereas if (4.38) holds, then
d+ CTB° € {e}*,

which, sinceC'" B° has full dimension, implies that = 0. Hence,y(Ce) + (d,e) > 0
for all nonzeroe € G . O

When the assumption in Theorem 4.4.7 is invalid, non-emptiness of the set of opti-
mal solutions cannot be guaranteed in general, even for the case of polyhedral recession
coneG . This is shown in the following example.

Example 4.4.1LetC = (1,0)",d = (—1), c= (0,1) ", the feasible set’ = [0, +oc[=
G, and lety be the Euclidean norm in the plane. Then,

Y(Cx+c)+(d,x)=vVa2+1—uzx,

which is always non-negative, but tends to zero whegrows to infinity. Hence, no
optimal solution exists. O
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The casel = 0 (in fact the common one in applications) simplifies the analysis since
then the objective function of (4.17) is bounded below. However, this does not guarantee
the attainment of the optimal value, as shown in the following example.

Example 4.4.2Let G = {(x1, 29, 23) : 23 > 2} + 23, x; > 0,4 = 1,2,3} and letC be

the matrix
1 0 —1
0o -1 0/

Letc=(0,1)", d =0, and lety be the Euclidean norm. Then,

Y(Cx+c)+(d,x) = y(x1 — 13,1 — 29).

r1T = I3
Ty = 1
has no solution ortz, the objective function is strictly positive ofi. However, for the

feasible sequencgk, 1,v/1 + k2)"),en the objective value tends to zero, showing that
the infimum (zero) is not attained. O

Since the system

In spite of this negative result, a geometrical condition can be given to guarantee the
attainment of the optimal value far = 0:

Theorem 4.4.9 (Attainment of Optimal Values) Let ¢ = 0. The following conditions
are equivalent.

1. (4.17) attains its optimal value for eaehe IR"™.
2. The seCG is closed.

Proof: Assume Condition 1 and suppo&&- is not closed. Then there exist a vector
and a sequencer;);en With z; € G forall j € IN such that

‘ligl Cz; =v" ¢ CG. (4.39)
Jj—+oo
However, this would imply that, for = —v*, the objective function value is always

strictly positive but converging to zero for the feasible sequén¢g . This contradicts
the assumption.
Conversely, if Condition 2 holds, then, formulating (4.17) as the problem

minimize ~(y)
subjectto y € CG + ¢
one immediately obtains that (4.17) amounts to finding the point icltsedsetCG + ¢

closest to the origin with respect to the gaugevhich always admits an optimal solution.
O
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Corollary 4.4.10 Let GGy, Go be asymptotically conical sets such thaf{y(z —vy) | z €
Gl,y € GQ} =0. Then,G1 N GQ 7é 0.

Proof: The setG := G, x G is asymptotically conical, see Property 4.2.2. et=
(I,,—1,), where [,, is the n x n identity matrix. ThenCG = G; — G5, which is
asymptotically conical as well, see Property 4.2.2, thus it is closed. By Theorem 4.4.9,
the problem

inf +(Cz)

attains its infimal value (zero), which means that samexists inG; N G,. O

4.5 Solving Goal Programs Efficiently

The aim of this section is to show how the structure of (4.17) can be exploited to derive
polynomial time interior-point schemes for solving the problem at hand. Note that we
arenot considering warm-start techniques to compute several (or all) efficient points of a
given multicriteria optimization problem: this was the purpose of Chapter 3. When the
number of criteria is large, the strategy outlined in Chapter 3 might become to unwieldy,
and a decision-maker might be contempt with the construction of just a few efficient
points. In this case, the technique outlined in this section might be useful.

The discussion below will show that particular instances of the general problem can
be solved by interior-point methods of various types (e. g. primal, primal-dual, short-step,
long-step, etc.), provided that self-concordant barriers for the unit ball of the gauge
and M as well as for the coné&’ are given.

For instance, consider the primal problem (4.17) restated in the form

minimize s +t,

subjectto  (Cz +¢,s) € epi(y),
(d,z) <t,
red

and let B be the unit ball of the gauge. Then epjv) is the conic hull of this unit ball,
i. e.
epi(y) = {(y,A) € R™" [y € AB; A > 0}.

The reformulated problem has therefore a linear objective function, a conic constraint,
and a convex constraint of a rather special structure, which makes it easily exploitable for
interior-point methods.

As a simple example, we might use the standard primal path-following algorithm from
Nesterov and Nemirovskii [67], already outlined in short in Chapter 3. For this, we need
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not only a starting point in the interior of a compact set of feasible points, but also a lower
bound on theasymmetry coefficiertf this starting point. Recall from Chapter 3 that the
asymmetry coefficient(z, G) of a pointz lying in the interior of the convex compact
setG is defined by

a(z,G) :=sup{a > 0|z + alz — G) C G}.

Denoting by~_. the gauge with unit balty — x, one immediately obtains from the
definition that

a(z,G) = sup{l/B>0](z—-G)CB(G—2)}
— (B> 0] (2= G) CHG -}
= (if{f>0|VyeG—x:—yep(G-2)})"
= (nf{B>0|YVyeG—a:y5u(-y) <5}

_ (max oa(— y)>_1. (4.40)

yeG—x

We have the following estimate for a pointe int(G).

Lemma 4.5.1 Let G C IR" be a convex and compact set, et int(G) and letB;, By C
IR™ be convex compact sets with the origin in their interior, satisfying

BlgG—l'ng

Denote byyg, the gauge with unit balB,. Then,
-1
alw,G) = (max s, (~))
Yy

Proof: By assumption and the definition of gauges,

VG—z S YBy -

Hence, it follows from (4.40) that

a(x,G) > (max vB, (— y)>_1

yeG—x

—1
> .
> <£Iéa3’§ VB, (— y))

|

Corollary 4.5.2 Let G C IR" be a convex compact set and lete int(G). Let By
and B; be the unit balls of the| - ||;- and || - ||2-norm, respectively. Moreover, let
r1, o > 0 be two constants such that+ r B; C G and G C x + r,B,. Then

1

\/ETQ ’

a(x,G) >
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Proof: By Lemma 4.5.1,

a(x,G) > (max fynBl(—y)>_1

yEraBa
8]

- (gm0

To \y€B2
1

7"2\/5.

O

Suppose now that we are given a self-concordant bageior the unit ball B with
self-concordancy parametép > 1 and a self-concordant barriéf, for the set of feasi-
ble pointsG with self-concordancy parametéy, > 1. Ifana.c.r.G = M + FE for G is
known, the latter barrier will usually be written &g = b); + b, Whereb,, is a barrier
for the compact sed/, while by is the corresponding barrier for the cohe

Theorem 4 from [41] tells us that it is relatively easy to construct a self-concordant
barrier for the epigraph of explicitly. Indeed, such a barrier takes the form

bt (z,t) = Bbg(x/t) — adpInt, (4.41)

wherea, 8 > 0 are explicitly given constants, depending onlys. Both constants are
of magnitudeO(1). Moreover,b™ has a self-concordancy parameter of or@¢v ).

Let there be given a poinj € int(G). In the next step, we have to assume that we
know a bound® > 0 such that for every solutiom € GG of our primal problem the relation
|||z < 7 holds. See Theorem 4.4.7 for methods for constructing sudloreover, we
assume that is chosen in such a way théy||» + 1 < 7. Define now

op :=v(Cy+c)+(d,y)+3
and

Gp = {(z,51t) e R"? |z e, ||z <7, (Cx+c,s) € epi(y),
(d,z) <t, s+t <op}

Obviously, G is a convex compact set. With:= v(Cy +¢) + 1 andv := (d,y) + 1
we have that the poinj := (y, u, v) is in the strict interior ofG . Moreover,

bp(z,t) := b (Cx +c,t) + b () — In(7 — ||z|3) — In(t — (d,2)) —In(op — 5 — 1)
is a self-concordant barrier f@r » with self-concordancy parameter

1913 = 0(1)193—1-19](—1-3 = 0(193 +19K)
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(see [67, Proposition 5.1.1 and 5.1.2]). This means that we can opt to solve the problem

minimize s+t

subjectto  (z,s,t) € Gp
with an interior-point method, using as a starting point.

Lemma 4.5.3 (Bounds on the Asymmetry CoefficientDenote bye; be theith Eucli-
deanunitvector{=1,...,m)inthelR™. Letds; > 0 be such thay+dge;, y—dge; € G
forall : =1,...,m,and denote by; € IR", i =1, ..., m, the columns of the matrik'.
Define

rp:=min{l, g, 1/v(¢;),1/v(—¢;),1/|di| ;i =1,...,n}
and
-2 . 2 ~ 2\1/2
R:= (i + (op + #[ld|l2)* + (max{|ep|, 7l d]=})?) "

It then follows that

A rp
,Gp) > ———.
oy, Gp) = 2v/n + 2R

Proof: First, let(z, s,t) € Gp. Itthen follows that||z|; < 7,0 < s,and—7||d||; <t <
op. As a consequence, we have< gp + 7||d||2. This means that

Iz, s, 0)[3 = l|z]l3 + * + ¢ < 7 + (0p + 7||d||2)* + (max{|op|, 7||d]2})*

Therefore,
Gp Cy+2RBy,

where B, is the unit ball of the]| - ||-norm in IR™*2.
Second, with theth Euclidean unit vectoe; € IR™ we have for allz € IR™ that
Y(C(z + rpe;) +¢) < y(Cz+c)+ 1 and~y(C(z — rpe;) + ¢) < v(Cz+¢) + 1 for

i=1,...,m. Moreover,(d,y+rpe;) <vaswellas(d,y—rpe;) <v (i=1,...,m).
This means thaf + rpB; C G p, where B, is the unit ball of the|| - ||;-norm in IR™*2.
The result follows with Corollary 4.5.3. O

With the last lemma, it is easy to see that Stage 1 of the standard primal path-following
algorithm from [67] takes

O <\/79P(1n79p +lnn+InkR-— lnrp)>

iterations, while Stage 2 of this method takes

9 (\/E (In9p + In(1/e) + In(op + 2f||d\|2)))

iterations to achieve-accuracy.
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Boundingrp, ¥z, andd, depends, of course, on the nature of the actual data at hand.
We will consider typical examples of goal programming problems in Section 4.5.1.

Note that the dual problem in the formulation (4.23) can be treated in the same way
as the primal one, provided that there are known self-concordant barriefd TprB°,
and E*. A latter one can, at least in principle, be constructed from a self-concordant
barrier for E/, see Section 2.4.1 in [67]. One just has to change the maximization prob-
lem into an equivalent minimization problem and add one slack varialadelR for the
constraint(—C"u — d, s) € epi(7°).

Another possibility is to consider a primal-dual reformulation of the problem. Assume
that the setV/ has non-empty interior, and let, € int(A/) be given. Define the gauge
by its unit ball: 4 := ~vy,_,, . Example 4.3.1 now shows that

minimize 7 (Cz+¢) +3° (=CTu—d) + (d,z) — (Czo+ c,u) — (d,x0)
subjectto xe€ M+ E,

Clu+deE*

7°(u) < 1.

is the primal-dual reformulation of problem (4.17) with objective function valu&lote
that this again is a problem of the same type as (4.17).

Other algorithms, especially long-step methods, can be derived when more knowledge
is available about the problem structure. As a trivial examplé&’ ihs well asB is poly-
hedral, the problem reduces to a linear one, for which methods of higher efficiency then
the one depicted above are readily available. (See also Examples 4.5.2, 4.5.3, and 4.5.4
in the next subsection.) Other possibilities include the cases in which the éores
epi(y) appearing in the problem formulation are direct sums of cones of positive semidef-
inite symmetric real matrices and cones of the form(|epi|). (See Example 4.5.1 in
the next subsection.) The standard barriers for these cones are self-scaled, allowing for
especially efficient algorithms, cmp. [68]. Note, however, that the usepeharm with
p # 2 (an important case in applications [72]) does not allow for a self-scaled cone, and
that a self-dual formulation for the corresponding problem is not readily at hand. Indeed,
interior-point methods proposed up to now for this class of problems do not use a self-dual
formulation, see [96] and Example 4.5.5 in the next subsection.

45.1 Particular Cases

In this section we take a quick look at how self-concordant barriers for the unit balls of
typical gauges encountered in applications can be easily derived. Some of these cases
have already been discussed in [33], in the context of interior point algorithms applied to
specific location problems similar to the one discussed in Subsection 4.1.2.2.
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Example 4.5.1 (Euclidean Norm) (cp. Proposition 5.4.2 and 5.4.3 in [67]) 4f is the
Euclidean norm, a self-concordant barrier with self-concordancy paramigter 1 for

the unit ball B of v is given bybg(x) := —In(1 — ||z||3). Likewise, if the unit ball

of v is an ellipsoid,B = {z € R" | (z,Qz) < 1}, where( is a positive definite

n x n-matrix, a self-concordant barrier with self-concordancy paramgger 1 is given

by bp(z) := —In(1— (z,Qx)). In both cases, the tedious general construction of a self-
concordant barrier for epj) can be avoided by noting that (z,¢) = — In(t*—(z, Qz ))

is a self-concordant barrier for this cone with self-concordancy paramgter 2. Note

that ep(|| - ||2) is just the standard second-order cone, wiiiteis the corresponding
self-scaled barrier for this cone, see [68]. O

Example 4.5.2 (Polyhedral Gauges).et v be a polyhedral gauge whose unit ball is
given by a set ok linear inequalities:B = {z € IR" | Az < g}, A € R, g ¢ IRF. Of

course, the standard logarithmic bargr(z) = — >F , In(g; — a] =) for the polytopeB
can be used to defing;(z,t) = — X% | In(git — a; z), a self-concordant barrier for the
epigraph ofy with self-concordancy parametéf, = k. O

Example 4.5.3 (Skewed Gauges)et v be a gauge, A € IR"*" be a regular matrix
andc € IR" be a vector with°(ATc) < 1. Thend(z) := v(Az) + (c,x) defines a
gauge [71]. Gauges defined like this have important applications in location science, see,
e. g., [72, 36], and are calleskewed gaugedt is easy to see that the unit ball 6fis

given by (c + AT(B°))°. However, finding a barrier for this unit ball does not seem to

be so easy. On the other hand, finding a self-concordant barrier f@y)episimple, as

long as such a barrier for the unit ball of ~ is given. Letb be such a barrier with
self-concordancy parametép and letb™ be a barrier for egty) with self-concordancy
parameteny; (note that we haved;, = O(¢93), according to [41]). Then,

b (x,t) == b (Az,t — (¢,x)) —Int
is a barrier for the epigraph of with self-concordancy parametér = 9}, + 1. This is
a simple application of Proposition 5.1.1 and 5.2.5 from [67]. O

Example 4.5.4 Suppose that we are givéngaugesy; (i = 1,..., k) and we want to use
the gaugey defined by~ (z) := max?_, ~;(z). If B; is the unitball ofy; (i = 1,...,k),
it is easy to see thaB = N'_, B; is the unit ball ofy. Given self-concordant barriets
for the unit ballsB; with self-concordancy parametéf, we have thatg := Zle b; IS
a self-concordant barrier faB with self-concordancy parametép = Zle ;. O

Example 4.5.5 p-Norms) We consider the case thatis a p-norm with p €]1, oo[. By
introducing slack variables for the inequalities describing the unit Baif v, we can
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consider the set

Bp::{($7y7Z)GIR3n | _yznggyzaogyuyfgzz (izla'--an)a

n

=1
Using Proposition 5.3.1 from [67], we see that

n
A~

b(z,y,2) = — Z (ln(yi — ;) +In(y; + ;) +Iny; +1Inz +In (Zil/p - yz))

i=1
—1In (1 — Z zz>
i=1

is self-concordant barrier foB with self-concordancy parametérn + 1. Moreover,
(4.41) tells us how to construct a self-concordant barrier with self-concordancy parameter
¥+ = O(n) for the conic hull

K(By) = {(z,y,2) € R*| (z,y,2) € tB, t >0}
= {(fE,y,Z,t) | —Yi S €T S Yi, 0 S Yi, yf S Zitp_l (l = 1,...,’)7,),

>z <t,0< ¢}
i=1

This set can be used to replace the epigraph of the definition ofGp, see also [33].

Note that, using the result of [41], it is easy to refine the boundorand show that
YT < 86.43n+14.41 holds. In contrast to this, Xue and Ye [96] use different embeddings
to derive barriers for the corresponding conic hulls with self-concordancy parameters of
200n and 200p*n + 100n + 200, respectively.

The construction of a starting point lying in the strict interior of the set of feasible
points and the estimate of the asymmetry of this point can be done as shown in Section 4.5
and is discussed in more detail in [33].

(The rest of this example has been developed in collaboration with Yinyu Ye from the
University of lowa.) Note that, depending on the formulation one is using, either the dual
cone (K (B,))* or K(B,) (1/p +1/q = 1) will appear in the dual problem. But with
the embedding abovéX (B,))* # K(B,) holds. Therefore, an explicit construction of

~

(K(B,))* isin order. To fix notation, recall that

(K(By))* = {(a, 8,7, 7) € R™ (. 5,7, 7), (2,9, 2, 1)) > 0Y(2,y,2.) € K(B,)}.

As a first step, write
K(B,) = K, NK:N K}
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1 . 3n+1
Kp T {($»y7z7t)E|R |_y§x§y7920},
2 3n+1 -
Kp T {(xvyvzat)elR |Zzzgt},
=1
K = {(ayozt) e R™ gy > 0,220,204 <zt L (i=1,...,n)}.

Using [77, Corollary 16.4.2] we have that

A

(K(By))* = (Kp)" + (K3)" + (K37,
S0 we just have to compute the cones on the right-hand side. First,

(a,B,7,7) € R |V
(6%

= {
= {(a,3,7,7) € R |V

—~

x,y,2,t) € f(; (e, 8,7, 7), (x,y,2,t)) > 0}
x,y,z,t)ef(;:
a,z)+(By)+ (v,2)+ 71t >0}

= {(a,3,0,0) € R** | V(z,y,2,t) € K} : (a,z)+ (B,y) > 0}

= {(,3,0,0) € R*"™ | 3>0,|ou| <5 (i=1,...,n)}.

~—~~ o~ =

Second, sincef(]f is a halfspace,

(K2 = {(0,0,7,7) € R™ [0 <7 = 7= = )
= {7(0,0,—¢,1) € R*™*' | 7 > 0}

(with e = (1,...,1) € IR"). Third, let there be givelia, 5,v,7) € (f(;’)*, e (a,x)+
(B,y)+ (v, z)y+7t>0forall (z,y,2,t) € f(g. Since we can choose independently
(and arbitrarily) ofy, z, t we immediately getv = 0.

Let (z,y,2,t) € K3. If t = 0 we havey = 0, and

(Byy)y+{(v,z)+71t>0 (4.42)

holds as long as > 0 (note z > 0). Now consider values of with ¢ > 0. Under this
assumption, the inequality (4.42) is equivalent to

1(ﬁ,y>+1<7,z)+720.

Moreover,y? < z;tP~1 is equivalent to(y; /t)? < z;/t. This allows a change of variables
according tog := (1/t)y and z := (1/t)z. With this, (0, 3,v,7) € (f(;’)* is equivalent
to

(B,9)+(7,2)+720
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forall ¢,z > 0 with 3 < 2, (+ = 1,...,n). As a consequence, we have necessarily
~v > 0 (take z; large) andr > 0 (takey = z = 0). Moreover,

(B,9)+ (7, 2) +7 =2 (Bl +72) + T,
=1
and sincey > 0 we conclude that only the case = 4 (i = 1,...,n) needs to be
considered. But then

n

=1
where fi(4;) := Bi9: + 197 + 7/n. Since only the constraints > 0 have to be fulfilled,
we can minimize each functiofy separately. Ify; = 0, we havef;(y;) > 0 forall §; > 0
if and only if 5; > 0. Consider now the casg > 0. If §; > 0, then f;(g;) > 0 for all
7; > 0 follows. Suppose therefore thgt < 0 and~; > 0. Then the functionf; takes on

its minimal value at
N (—@)wll
yi = 9
P

fi@7) = B9 + %@ +7/n
__pP_
= _|5i|1+ﬁp—1/(p—1)%—1/(p—1) + |6i|p/(p_1)p_p/(p_1)7} = S

1

= _‘ﬁi|p/(p—1),yi—1/(p—1) (p—l/(p—l) _ p_,,/(p_l)) +7/n.

and we arrive at

Define nowq €]1,+o0[ by 1/p+1/¢ =1 and

1—¢
—U/=1) _ yp/ =1 — /e e — (e g - _r

Cp:=1Dp

Then f;(y;) > 0 if and only if
nep|Bi]* < T’Yiq/p-
With ¢/p = ¢ — 1, the inequality above is equivalent to

ney|Gil? < 7"73_1

(ne,)1 B3P < 7771y,

(usep/q = p — 1). In this formulation,3 plays the same role as the primal variable
while v takes over the role of. Of course,r has the same meaning &s
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As a consequence of the discussion above, we arrive at
(K3 = {(0,8,7,7) e R"* |y >0,7 >0,
(ne,)?H(max (=6, 0)) <y ' (i=1,...,n)}
= {(0,8,7,7) € R |y >0,7 >0,
(ne,) 9 (max(—3;,0)) < 4/PrYe (i =1,... n)}
= {(0,8,7,7) e R*" ™ |y > 0,7 >0,
ney(max(—F;,0)) <44 (i=1,...,n)}
which is the cone induced by the set
E’g{(O,ﬁ,v) € IR* | (ne,)? H(max(—£;,0)? < (i =1,...,n)}
Taking the results fotK})*, (K2)*, and(K?)* together, we get

ol
o Al < olt) < gl
(K(By))" = 6[2] —:_6 g | € IR3"H1 B >0, 72 >0, 7B > 0, :
—1le 4~ B o
712 4 718] (nep)P ! (max (=¥, 0)) < (7F)p- 1B

where the exponents, the max-operator as well as the inequalities are understood to be
taken componentwise.

This representation of the dual cone is slightly less economical than the representation
of the primal one. More preciselyin + 2 real-valued variables are needed instead of
3n + 1. Moreover, anothen variables are used when the max-operator is resolved.

It seems also that there is no symmetry at all in this formulation. Fake2. Then
K(By) # (K(By))*. (Justusen! = gl = B =~ = 0. Then (0,0, —rWe, 711 +
78) € (K(B,))*, in contrast toz > 0 if (z,y, z,t) € K(B,).)

But fortunately, an explicit description of a self-concordant barrier (faf( B,))*
poses no problem. By adding variablés IR" to get rid of the max-operator, we can
describe the nonlinear constraints definiig by the barrier function

n

b3(6,0,7) == — Y _(Iné; +In(6; + ;) + In; + In(~;"" — (ne,)45,)),

i=1
which is self-concordant with self-concordancy paraméter From this, we can build a
barrier for the conef{g with self-concordancy parametér(n). All other constraints in
the description o’(K(Bp))* are linear and and can be taken care of in the usual Way.

Example 4.5.6 (Composite Gaugesl.et v be a gauge as in (4.24). Using the fact that
IS monotonic, it is sufficient to consider the set

B = {(Ul,tl, . ,Uk,tk) < IRn1Jr1 X X IRnkJrl ‘ %(ul) < tl (7, = 1,. . .,k’),
’?(tlv"'atk) < 1}
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Obviously, to construct a self-concordant barrier for theBebne can use self-concor-
dant barriersh;” with self-concordancy paramet# for the cones ei;) and a self-
concordant barrieb with self-concordancy parametérfor the unit ball of5 to define

R k

b(ul,tl, Ce ,Uk,tk) = i)(tl, N ,tk) + Zb:_(u“tZ),

i=1

a self-concordant barrier faB with self-concordancy parametér->"*_, 9;". Moreover,
Lemma 4.3.1 can be used to construct barriers for the dual gguged its unit ball. O
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Chapter 5

Nonparametric Descent Methods for
Nonconvex Multicriteria Problems

In case the number of criteria of a given multicriteria optimization problem is large or the
criteria functions are nonconvex, the strategy outlined in Chapter 2 and Chapter 3 might
not be feasible. Moreover, if convexity is missing, the duality results from Chapter 4
do not hold, and consequently all that we can hope for is to efficiently compute locally
efficient points. It is therefore important that we are able to compute such points for
problems of the type mentioned above.

In this chapter, we propose a parameter-free optimization strategy for computing a
point satisfying the first-order necessary conditions for multicriteria optimization. This
strategy generalizes descent direction methods from single-criterion optimization, meth-
ods known for their computationally efficiency when solving large-scale nonconvex prob-
lems. Neither ordering information nor weighting factors or similar value function param-
eters for the different objective functions given are assumed to be known. Moreover, no
value function will be used to scalarize the multicriteria problem at hand.

5.1 The Problem Considered

As in Chapter 2, lefX C IR" be a cone and let th&™ be equipped with the ordering x
induced byK . Suppose that we are in search for a (local) minimum of a given function

F:IR" — IR",

not necessarily convex. A (local) minimume IR™ of F' corresponds to a (local) effi-
cient pointF'(z) € IR" of the manifoldF'(IR™). Constrained problems will be considered
in Section 5.7. In what follows, we assume that the functiors continuously differen-
tiable. Forz € IR™ the Jacobian of” at = is denoted by/ F'(z), ann x m matrix with

87



entries
OF;

= xZ).
5, @
A necessary condition for a pointe IR™ to be a local minimum is

(JF(2))ij

rang€é.JF(x)) N (—int(K)) = 0. (5.1)

Therefore, we will call points that satisfy the above condition (Pdreto-critical points
If a point = is not Pareto-critical then there exists a directioa IR™ satisfying

JF(x)v € —int(K), (5.2)

I. e. a descent direction for the vector-valued objective funciioiwWe have the following
simple observation with respect to (5.2).

Lemma5.1.1 Let K C IR" be convex cone with € K and A € IR™*™ be a matrix. If
Av € —int(K) (5.3)

holds, then it follows that
+
ve (AT(K\ {0})) (5.4)

holds. Moreover, iint(K) # 0 then (5.4) is sufficient for (5.3) if, additionally,
(K*\ {0}) nkern(AT) = 0. (5.5)

Proof: Let Av € —int(K). Then in{k) + 0 and therefore

Av €int(K) = {z € R" |[Vw € K*\ {0} : (w,2) > 0},
which is equivalent to

(w,v) >0forall we AT(K*\ {0}).

From this,v € (AT (K*\ {0}))" follows. Now let in{) # 0. Then (5.5) means that

AT(K\ {0}) = (AT(E*\ {0})\ {0} = (ATE")\ {0}

and the result follows immediately. O

The idea of the general algorithm proposed in this chapter is straightforward: choose
an z and check if (5.1) holds. If not, compute a directiorfor which (5.2) holds and
make a step with a suitably chosen steplength froatongv. This results in a new point,
and the scheme can be repeated.
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In what follows, we will consider only the case of
K = IR:.

Due to this, we can abbreviate:= <g- , and we understand the inequality< y for two
vectorsz, y € IR" componentwise, thatis; < y; forall i = 1,... n. Moreover, (5.1)
just means

rangd.JF'(x)) N —int(IR}) = 0. (5.6)

5.2 Computing the Search Direction
Suppose that we have given a painE IR™. Define
A= JF(x)
and the functionf : IR™ — IR by
f(v) :=max{(Av); |[i=1,...,n}.

Of course,f is convex (as the maximum of linear functions) and positive homogeneous:

FOw) =Af(v) Ve,
Next, consider the unconstrained minimization problem

N Lo
minimize  f(v) + Z[v|3 (5.7)
subjectto v € IR™

Since the objective function is proper, closed, and strongly convey, it has always a unique
solution. Note that a simple reformulation of problem (5.7) to get rid of the nondifferen-
tiabilities would be

S 1,
minimize -
subjectto (Av); < a, i=1,...,n,

which is a convex quadratic problem with linear inequality constraints, readily solvable
by a variety of methods. The next lemma shows the interconnection between Pareto-
criticality and the program (5.7).

Lemma 5.2.1 Let v(x) be the solution of problem (5.7) and x) the optimum value.

1. If z is Pareto-critical, thenv(z) = 0 € IR™ and a(x) = 0.
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2. If z is not Pareto-critical, theruv(z) < 0 and

f) < —5lo@)IE <o
(JF(z)v(z)); < f(v(x)), i=1,...,n.

3. The mappings — v(z) andz — «(z) are continuous.

Proof: All claims are immediately clear from the definition of problem (5.7). O

Remark 5.2.2 If n = 1, we fall back to the single-objective minimization case. In this
case,f(v) = (VF(x)),v) and

v(z) = =V F(z).

So, we retrieve the steepest descent direction for theicasé . We might therefore call
the descent direction computed by solving (5m)lticriteria steepest descent direction
or simply steepest descent direction

Instead of solving problem (5.8xactly it is interesting for algorithmic purposes to
deal withinexactsolutions. So, ifx is not Pareto-critical, we say thatis an approxi-
mated solution of (5.7) with tolerance<]0, 1] if

F(0) + 3ol < oa(z) (5.9

where againf (v) := max?_,(JF(x)v); anda(z) is the optimum value of problem (5.7).
Observe that for = 1 only the exact solution satisfies the above inequality.
Define, forA € IR"™*™,

[ Az o

[E41p

14]loc.2 -= max

Then| - ||w2 IS @norm inlR™*™ . It is easy to see that

1Al := max || A;.[|2

m
n
= max,|> A2
i=1 J
=1

Lemma 5.2.3 Supposer is not Pareto-critical and that is an approximated solution
of (5.7) with tolerancer €]0, 1]. Then

[o]l2 < 2[[All2,c0-

Proof: evident O
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5.2.1 Other Possibilities for the Search Direction

Of course, there is no need for the specific choicélg)]| - |3 as the function which
is added tof to define problem (5.7). In fact, any proper closed strictly convex function
g : IR™ — IR with g(0) =0, g(v) > 0 (v # 0) and g(v) = o(||v||) (v — 0) can be used
to define the minimization problemin,cr~ f(v) + g(v). The results of Lemma 5.2.1
carry over to this generalized case.

Now let us discuss another possibility for choosing descent search directians at
Instead of solving (5.7) we could takeas a solution of

minimize f(v)

subject to ||v]| < 1 (5.10)
This problem can also be reformulated as
minimize h
subjectto (Av); < h, i=1,...,m, (5.11)
[olle < 1,

which is a linear problem. Lek(z) be the optimal function value of (5.11). We have
h(z) < 0, becausg0,0) € IR™"! is feasible for (5.11). As above, fi(z) = 0, the
point = is Pareto-critical. Ifa(x) < 0, it is possible to compute a descent direction by
solving (5.11).

Lemma 5.2.4 Let V' (z) be the solution-set ankl(=) be optimum value of problem (5.10).

1. If x is Pareto-critical, thend € V(x) and h(z) = 0.

2. If z is not Pareto-critical, them(x) < 0 and for anyv € V(z) we have
(JF(x)v); < flv) <0, i=1,...,n.

3. The mapping: — h(z) is continuous.

4. Let the sequence:®™),cn converge taz, let the sequencé®)),cn converge to
v, and letv® € V() hold for all k € IN. Thenv € V(z)

Proof: All the results are obvious. g

The choice of the constrainiv|| < 1 can be replaced by the more general constraint
v € B whereB € IR™ is a closed compact set withe int(B). The obvious advantage
of the choice made is, of course, the simple linear structure of problem (5.11). On the
other hand, every norm or gaugedefines the se3 considered above by its unit ball.
We will return to this observation in Section 5.6.

No matter which auxiliary problem is used to compute a descent direction, note that
there is no need to solve these auxiliary problems exactly. A descent direction is found as
soon as we have a function value in the auxiliary problem of less than zero.
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5.3 Computing the Step Length

Suppose that we have a directiore IR™ with JF(z)v < 0,i.e. (JF(x)v); < 0 for all
1 =1,...,n. To compute a steplength> 0 for the directionv, we use an Armijo-like
rule. Lets €]0, 1] be a prespecified constant. The condition to ac¢eépt

F(x 4 tv) < F(x) + ptJF(z)v. (5.12)
We start witht = 1 and while (5.12) is not satisfied, we set
t:=t/2.

Finiteness of this procedure follows from the fact that (5.12) holds strictly fe) small
enough.

Lemma 5.3.1 (Multicriteria Armijo Condition) If the functionF is differentiable and
JF(x)v < 0 holds, then there exist sorae> 0 (which may depend on, v and 3) such
that

F(x +tv) < F(x) + BtJF(z)v

for all t €]0,¢].

Proof: Since we assume tha&t is differentiable, we have that
F(x+h) = F(z)+ JF(z)h + R(h)
holds with

|R(h)i‘:0 i=1.....n.
h=0 " [|h]]2 ’ o

Define
a:=max{(JF(z)v); |i=1,...,n}

and observe that < 0 andv # 0. Sincef < 1, there exist ar > 0 such that

[R(tv)] _ (1= )]

I<t<e—
[tv]l2 [v][2

, 1=1,...,n.
Hence, for0 < t < ¢ we get

[Ri(tv)] <t(1—=p)lal, i=1,...,n,
and, sincda| = —a = min} | —(JF(z)v);,

R(tv) < —t(1 — B)JF(a)v.
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Therefore

F(x+tv) = F(x)+t(JF(xz)v)+ R(tv)
< F(z)+tp(JF + (=t(1 = B)(JF (z)v))
F(z) +tp(JF

X

(z)v)
(x)v)

for0<t<e. g

Remark 5.3.2 Let v be an arbitrary norm inR™ and +° be the dual norm. Suppose
that JF' is Lipshitz-continuous and

VY(VEW) -VE@) <Lyy—-9, i=1L....n,

forall y,y € IR™.
If JF(z)v <0, define
2(1 — B) max;(JF(z)v);

T ewe

Then
F(x+tv) < F(x) + StJF(x)v

forall t € [0,£].

Under the conditions of the above remarkyifs the Euclidean norm and= v(z), then

ex(1-p)/L.

5.4 The Complete Algorithm

We are now able to state the complete parameter-free descent algorithm for differentiable
unconstrained multicriteria optimization problems.

Algorithm 5.4.1 (Steepest Descent for Multicriteria Problems)
1. Chooses €]0, 1], o €]0, 1], andz™ € IR™, setk := 1.
2. If (¥ is Pareto-critical, stop.
3. Computev®), an approximative solution of (5.7) at= z(*) with toleranceo .

4. Compute a steplength €]0, 1] as the maximum of

Tpi={t=1/2 |j €N, F® +0®) < F®)+ gtIF®)®}.
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5. Setz**1) .= z®) 4 ¢,0®) L=k 4 1, and goto Step 2.
Observe that if Step 3 is reached at iteratigrthenz(*) is not Pareto-critical and
n n 1
ulix(JF (290 ®); < ulix(TF ()0 ®); + 5o < pa() <0

So, JE(z™)v*®) < 0. Hence at this iteration the s&}, is not empty and Step 4 is well
defined. Indeed, note that the computation of the steplength in Step 4 can be done by the
Armijo-like rule outlined above.

Of course, "parameter-free” refers to the fact that the algorithm is meant to solve
multicriteria optimization problems, but do@®t use some sort of scalarization. Any
numerical method has to use some parameters, at the very least for checking the numerical
accuracy of the computed approximated solution. This is what the paramesacdo in
Algorithm 5.4.1 are for.

5.5 Convergence of the Steepest Descent Method

Observe that if Algorithm 5.4.1 terminates after finitely many iterations, then it will ter-
minate at a Pareto-critical point. From now on we suppose that an infinite sequence is
generated, sa(z*)) # 0 forall k € IN.

We present a simple application of the standard convergence argument for the steepest
descent method.

Theorem 5.5.1 Every accumulation point of the sequenaé”),cn produced by Algo-
rithm 5.4.1 is a Pareto-critical point. If the functioA has bounded level sets in the sense
that the set{x € IR™ | F(z) < F(xM")} is bounded, then the sequenge”)c is
bounded and has at last one accumulation point.

Proof. Let y be an accumulation point of the sequericé)),cn and letv(y) and a(y)
be the solution and the optimum value of (5.7)at

o) = ang i, (1,(0) + 5[1013)

veEIR™
and
afy) = inf (f,(0) + 3 ol?)
where

fy(v) :=max {(JF(y)v), | i =1,...,n}.

According to Lemma 5.2.1 it suffices to prove thgt/) = 0.
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Clearly, the sequenc@ (z®)) e is componentwise strictly decreasing and we have

lim F (x(k)) = F(y).

k—+4o00

Therefore
[ (2) = (2], =0

k—+oc0 2
But
F (:p('“)) - F (x(k+1)> > —tiBJF (x(k)) o™ >0,

and therefore
lim #,JF (2%) o® =0 (5.13)

k——+o0
Observe that, €]0,1] for all k. Now take a subsequence*+)),cn converging toy.
We will consider two possibilities:

limsuptg, >0

U——+00

and

limsup g, = 0.
u——+00

First case. Suppose that there exist a subsequect)) . converging toy and satis-
fying

lim tke =t>0

l——+o0

Using (5.13) we conclude that

lim JF (fo@)) o) = 0,

{——+o00

which also implies
lim « (:v(kf)) =0

{——+o00
Sincez — a(x) is continuous, we conclude thaty) = 0, soy is Pareto-critical.
Second caseUsing Lemma 5.2.3 we conclude that the seque(mé’é))ueu\, is bounded.
So we can take a subsequerieé€)), o of (z*+)),cn such that the sequen¢e)), o
also converges to some Note that for anyr we have
mﬁax (JF(ZL‘(k"))U(kT))‘ <o« (x(k")) < 0.

=1
Therefore, passing to the limit for — +o0o we get

I »
- max (JF(y)v); < aly) < 0.

Take some; € IN. Forr large enough,

; 1
kr<§)
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which means that the Armijo condition (5.12) is not satisfiedtfer 1/2¢, i. e.
1 1
(kr) o —q)(kr) (kr) il (kr) ) y(Kr)
F(x —|—2qv )ﬁF(:U )—i—ﬁQqJF(:c )v
(for r large enough). Passing onto the limit for— +oco and using the fact that there are
only finitely many components i’, we get

By (54 570) = Bi) + 05 UF)0),

for at least onej € {1,...,n}. Note that this inequality holds for alf € IN. From
Lemma 5.3.1 it follows that
wha (F(y)0), > 0

=1

which impliesa(y) = 0. So, again we conclude thatis Pareto-critical. O

5.6 Towards an implementable Method

Theorem 5.5.1 guarantees that under suitable conditions the accumulation points of the
sequencez*)),cn are Pareto-critical. But in practice, every iterative algorithm has to
terminate in finite time. So, a stopping criteria other than the theoretical one used in Step 2
of Algorithm 5.4.1 should be used.

In single objective optimization, when the optimal value is neither known nor esti-
mateda priori, the norm of the gradient of the objective function is frequently used in a
stopping criterion. If this norm is small enough, the algorithm in use terminates. This,
however, is not possible in multicriteria optimization since the gradients of the objective
functions usually do not vanish at an efficient point.

But since the direction provided by (5.7) generalizes the steepest descent direction,
the optimal value of the direction search problem (5.7) can be used as a stopping criterion
in an implementation of the algorithm. In this case, we might replace Steps 2 and 3 of the
algorithm by

2. Computev® | an approximative solution of (5.7) at= =) with tolerances . Let
a(x®)) be the function value of (5.7) at®

3. If a(z®) > —7, stop.

Here, 7 > 0 is a prespecified accuracy value. As it can be seen, we do not need to
compute the exact optimal function value of the direction search program, but only an
upper bound for it. This is exactly what a generic minimization technique employed to
solve (5.7) provides.
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Nevertheless, the knowledge of the optimal value®) is useful to accept a direc-
tion v as an approximated solution. This can be seen in inequality (5.9), where the exact
optimal value explicitly appears. The use of this inequality in an iterative algorithm solv-
ing the direction search program makes it necessary to compute good bounds!foy.

Dual (and primal dual) algorithms (and this includes log-barrier methods) also pro-
vides lower bounds for the optimum value, which obviates the calculation of the exact
optimum value of problem (5.7). Furthermore, to work with a primal-dual reformulation
of problem is quite natural, because the dual of (5.8) is

n 2

> 6:A;,

i=1

. 1
maximize ——=

2
subjectto > 6, =1,

1=1

6> 0.

The same consideration applies to search directions based on the linear programming
formulation (5.11). Here, the dual is

maximize —

S 6,A;
i=1

subjectto > 6; =1,
1
> 0.

1

We can see clearly that both duals to the direction search programs proposed here are
equivalent to standard goal programming problems, as considered in Chapter 4. It has
already been noted in Chapter 4 that goal programming problems are usually used only to
generate (some) efficient points, while they appear here as duals of "linearized” nonlinear
multicriteria problems, which might even be nonconvex. Indeed, both duals above are
special cases of the general problem

minimize  y(u)

subjectto weconfA;. |i=1,...,n},

wherev : IR™ — IR is a gauge as in (4.9). Using the results from Section 4.3, it is easy
to see that

minimize  max{—(Av); |i=1,...,n}

subjectto  ~°(v) <1

is the corresponding primal problem. Clearly, both direction search programs described
in Section 5.2 are special cases of this generalization.
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5.7 The Constrained Case

Suppose now that a set of feasible poinisC IR™ is given. Givenz € G, a vector
v € IR™ is atangent directiorof G at z if there exist a sequende )¢y with %) € @
and a scalai > 0 such that

(k) _
lim 2 = 2, lim A : :

e oo 2R —zfly ¢

The set of all tangent direction @f at z is called thaangent conef G at » and will be
denoted byl'(G, z).

Observe that ifz is locally Pareto-optimal and € T(G,z), then we have that
(VFEFi(z),v) < 0 can not hold for alli = 1,...,n. So, anecessaryondition for lo-
cal Pareto-optimality is:

(JF(2)-T(G,2)) N (—int(IR™)) = 0 (5.14)
which is equivalent to saying that the system
(VEi(2),v) <0, veT(G,z) (i=1,...,n) (5.15)
has no solutions. Now suppose tltatis given by
G={zxelR"|gj(x)<0,j=1,...,0}

with continuously differentiable functiong; : IR — IR. Definel := {1,...,¢}. The
set ofactiveconstraints at a feasible pointwill be denoted by/,(z), i. e.

Io(z) :={i e I'| gi(z) = 0},
and thdinearized conet z, denoted byC(z) is defined as
C(z) :=={v e R™| (Vygi(z),v) <0, Vie l(z)}.
We will suppose, as a constraint qualification, that
int(C(z)) = T(G, 2)

holds for all feasiblez. Under this assumption, condition (5.14) (resp. (5.15)) becomes
equivalent to saying that the system

(5.16)
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has no solutior. Let A be the matrix obtained by adding roW& g;(z))T for all active
constraintsj € I,(z) to the Jacobia/ F'(z). Necessary for the condition above is

ranggA) N (—int (IRT‘I“(Z)')) = 0.

We see that we can use the same steepest descent algorithm as above, by adding some
rows in each step according to the active constraints, and use a step length control to
enforce feasibility as well as sufficient decrease. The auxiliary program is virtually the
same as (5.7), the only difference being that the matris replaced by the matrid.

To use the above idea in a convergent algorithm, we replace (5.7) by the following
program. For a given € IR, andz € IR™ define the index sef.(x) by

I(x):={jel]|gi(x)>—c}.
We then use the direction search program

minimize «

subjectto (VF;(z),v)
(Vgj(z),v)
[olle <1,

1=1,...,n,

<
= , (5.17)
<a, j € I.(x),

and denote the optimal function value of this problemdgy;, ). Following the results
found in Zoutendijk [99], we have the following lemmas.

Lemma 5.7.1 Let (M) ,cn be a sequence ity with lim;_.., 2*) = y and let (g )ren
be a sequence iR, with lim;_,.. ¢, = 0. Then we have

lim sup a(z® £1,) < a(y, 0).

k—o00

Lemma 5.7.2 Let Vg; be Lipshitz-continuous with Lipshitz-constdnfor all i € I. Let
reG,veIR™, e €IR,,andp < 0 be given such that

(Vg;(x).v) < p forall j € L(z).
It then follows that

. € p
tv € G forall t [0, {1, -, —2—H :
T+ itv e S min i I

These preliminary results enable us to prove the next theorem.

Theorem 5.7.3Let JF and Vg; (j € I) be Lipshitz-continuous and let? € G. For
a fixede > 0, let the sequencér®™),cn be generated according to the direction search
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program (5.17), where the step length is chosen according to the Armijo criterion (5.12).
Then we either have

lim Fj(z™) = —o0
k——+o0

for at least one index € {1,...,n}, or we have

; (k) —
kgrfooa(x ,e) =0. (5.18)

Proof: We have
L
mem)gF@Wy+mﬂwﬂ%M“+ﬁ§@
wheree = (1,...,1)" € IR" and L is the Lipshitz constant of F' and theg;. Suppose

that (5.18) does not hold. But we always have:*), £) < 0 for all &, which means that
there exists a number < 0 and a subsequencge*/)) ;. with (2%, ¢) < ¢. Then,

L
Fz®y < p(z®)) + ty, 0e + tij € (5.19)

for all j € IN. Without loss of generality, assume2p < ¢ and —2p < L. According to
Lemma 5.7.2:® + tv®) € G holds as long ag < —2p/L. But Lemma 5.3.1 and the
accompanying remark tell us that the Armijo criterion holds@or t < —2o(1 — 3)/L,
and so we have

1-3 1-3

ty € |—0 i ,—20 i

Using this in (5.19), we see that

Fa) < Pa®) — o1 =2 (0= o1 = ) e = P®) - 257 e

holds for allj € IN. As a resultimy,_. ., Fj(z®)) = —c0. O
We can now adapt Zoutendijk’s method of feasible directions to the multicriteria case
considered here.

Algorithm 5.7.4 (Method of Feasible Directions for Multicriteria Problems)

1. Chooses €]0,1[, &; > 0, andzV) € G, setk := 1.

2. Solve (5.17), thereby computing a directioff) and an optimal function value
a(x®) ;) for the auxiliary problem.

3. If a(z®,g) > —&p, Setepy = &,/2, 2D = 20 k= k + 1, and goto
Step 2.
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4. Compute a steplength €]0, 1] such that
F(z® +t,0®) < F(a:(k)) + Bty JF (z)p®
andz® + t,0® € G.

5. Setz**t1) .= z*) 4 ¢,0®) k:=k + 1, and goto Step 2.

Theorem 5.7.5Let JF and Vg, (j € I) be Lipshitz-continuous and let the sequence
(z™)en generated by Algorithm 5.7.4 be bounded. It then follows that the sequence
(z™)en has an accumulation poing with a(y, 0) = 0.

Proof: The proof is identical to the convergence theorem of Zoutendijk’s P1-method [99]
and is therefore omitted here. O

Note that whenF has bounded level sets, the sequee®)).cn is necessarily
bounded.

Similar to the unconstrained case, it is not necessary to solve (5.17) exactly. Instead,
it is sufficient to stop as soon as a function vatluéas been computed with < —¢;. In
casea(r®) g,) > —¢, holds for the optimal function value(z*), ¢,), dual bounds can
be used to stop prematurely.

5.8 A Quadratic Approximation Strategy

Let the functionF' be twice continuously differentiable and let the problem be uncon-
strained. If we use a quadratic approximation

G(v) = (VE(2),0) + %(u V2F(z)v)

at the pointz € IR™ for each component functioh; and define the function : IR™ —
IR" by q(v) := (q:(v),...,q.,(v))", we have the following necessary condition for
being Pareto-optimal:

{q(v) [v e R™} (int(~IR7)) =0 (5.20)

i.e.q(v) £ 0 forall v € IR". This condition can be checked by solving the auxiliary
problem

minimize  max{¢;(v) |i=1,...,n} (5.21)
subjectto v € IR™,
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which can be rewritten as

minimize ¢ (5.22)
subjectto  ¢;(v) <t, i=1,...,n.

If the optimal function value of this auxiliary program-+sco, we can compute a common
descent directions. Otherwise, let(v,¢) be a solution of the auxiliary problem. As
before, ift = 0, the pointz is critical. Else, we have < 0, andwv is a descent direction.

In case the Hessiang?F;(z) are all positive semidefinite, we have as an auxiliary
problem a problem with convex quadratic constraints, readily solvable.

The next results show that solving the auxiliary problem is, in fact, a Newton step for
a disguised scalarized problem.

Lemmab5.8.1Letz € IR™ and letv € IR™ be a solution to problem (5.21). Then there
exists a vectow € IR} = (IR",)* such thatv is a Newton-step for the functiofw, F'(-) )
from the pointz.

Proof: Problem (5.21) is equivalent to Problem (5.22). The Karush-Kuhn-Tucker condi-
tions for (5.22) can be written as

> wi (VE(x) + VF(z)v) = 0, (5.23)
=1
=1
w; > 0, 1=1,...,n, (5.25)
g(v)—t < 0, 1=1,...,n, (5.26)

where thew; (¢ = 1,...,n) are the Lagrange-multiplicators. Equation (5.23) can be
rewritten as . .
(Z inQFi(x)> v=—=> wVFi(z) (5.27)
=1 i=1
from which the result follows by noting (5.25). O
Note that (5.24) just normalizes the vectorinto the standard base dR”.. The
corresponding algorithm making use of the quadratic approximation of the funktisn
now immediately at hand.

Algorithm 5.8.2

1. ChooserV) € IR™, setk := 1.

2. If (5.21) is unbounded below, stop.
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3. Computev® < IR™, a solution of (5.21) att = z® with optimal function
valuety,.

4. If t;, = 0 then stop.
5. Setz*+Y) .= () 4 y*) L .=k + 1, and goto Step 2.

Theorem 5.8.3 Algorithm 5.8.2 either stops after a finite number of iterations at a point
for which (5.20) holds, or generates an infinite sequefc® ). In this case, let the
sequencéz®),cn converge to a point such that the matrice¥?Fj(z) (i = 1,...,n)

are positive definite. Then is weakly Pareto-efficient.

Proof: Only the second part of the theorem has to be proven. As it has been shown in
the proof of Lemma 5.8.1, for each point® there exist multiplicators,*) € IR such

that (5.23)—(5.26) holds. Since all*) belong to the compact standard baséRdf, there
exists an accumulation point of this sequence. Now # 0, and

lim v® = lim 2®*tY — z® =0,
k——4o00 k—+o00

Equation (5.27) together with the assumed positive definiteness of the matrices involved
leads toV,(w, F(z)) = (w, V. F(z)) = 0, which proves the weak Pareto-optimality
of z. O
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