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Material for on-line supplement
Appendix A: Proofs for some of the results

Proof for Lemma 3.3

Part (i). For each realization of the random variable ¢, the reaction function Y (X, ) behaves as
that of a deterministic problem with multiple leaders and followers. Moreover, it does not make
any difference to the followers equilibrium whether X is produced by a single leader or multiple
leaders. Hence, the result follows from the analogous result for the model with deterministic
demand and a single leader, which is proven in H. D. Sherali [1983, Theorem 2].

Part (ii). Let ¢ € 7 and y(X,t) be the follower equilibrium. We consider the complementarity

problem
yj(th) Z O7Gj(X7y(X7t)7t) Z 07yj(X7t)Gj(Xay(X7t)at) =0.

It suffices to show the conclusion at points where y;(X,t) >0 as y;(X,t) is a continuous non-
negative function. By the complementarity condition G;(X,y(X,t),t) =0; that is,

—-p (X + Y(Xv t)at) - yj(X7t)p£1 (X + Y(X7t)7t) + C;‘(yj(Xa t)) =0. (20)
By using Clarke’s generalized implicit function theorem [Xu 2005, Lemma 3.2], we obtain

[Pl (X +Y (X, 1),t) +pl (X +Y (X, 8),8)y;(X,t)] (1+0xY(X,1))

aij(X’t)C —p; (X—{—Y(X,t),t)+C;/(yj(X7t))

(21)

Note that at a point where Y (X, ) is differentiable, both OxY (X, t) and dxy;(X,t) reduce to a
singleton.

To show the conclusion, we note that part (i) of this lemma indicates that 1+ dxY (X,t) C
(0,1]. Part (i) of Lemma 2.4 indicates that

Pl (X +Y (X, 6),6) 4 pll (X + Y (X,8), ) 5 (X, ) <0.
By Assumptions 3.1 (i),
—py, (X +Y(X,1),t) + ¢} (y;(X,t)) > 0 > 0.

Thus every element of Clarke subdifferential Oxy;(X,t) is non-positive, which implies that
y;(X,t) is nonincreasing with respect to X.

Part (iii). From Proposition 2.6 (iii), we know that y;(X,t) is piecewise smooth in X. Let
XM, X3 >0 be any two points. By the mean value theorem,

1
Y (X 1) —y;(X® 1) = / ()x (XD +0(XV - X@),1) (XW — X)dp.
0

Under Assumption 3.1, we have from (21) that
|()x (XP +0(XY = X@) )| < (1+y5) Lu(t) /o

The conclusion follows by taking Ly (t) := L, (t)(1+yj)/o. O
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Proof for Proposition 4.2

Observe that Assumptions 2.2, 2.3, 2.5, and 3.2 are satisfied and hence all conditions of Propo-
sition 2.6 hold which means that Y (X,t) is well defined.

Condition (i). We first prove the conclusion under condition (i). The method of proof is similar
to that of [Sherali 1984, Theorem 3] except we use the complementarity reformulation.

Let X (t) denote a point at which the supply of one or more of the followers y;(X,¢) turns
from strictly positive to zero as X increases. From Proposition 2.6 we have that Y (X,t) is
piecewise smooth with respect to X, where the only points at which Y (X, ¢) may not be smooth
are precisely the points X (¢). For points X at which Y (X,t) is differentiable, it is easy to see,
from the linearity of the demand function in X and the fact that the follower cost functions are
quadratic, that y;(X,t) is linear in X for all j. Hence, y;(X,t) is convex in a neighborhood of
such points.

It only remains to show that Y (X,t) is convex in X in a neighborhood of points X(¢) at
which y;(X,t) turns from strictly positive to zero for one or more followers. Let Z(X,t) denote
the index set of the followers with y;(X,t) > 0. Then Z(X (¢)_,t)\Z(X(¢)4,t) is the index set of
followers who turn from positive to zero at X (t), where

T(X(1)-.t) = B T(X (1) — 6.0), T(X(t)y.0) =l Z(X (1) +5.1).
Because y; (X, t) is piecewise smooth in X (nonsmooth only at a finite number of points), we may
assume that in a neighborhood of X (t), y,;(X,t) is differentiable except at X (¢). Because p(q,t)
is linear in X, we have from the complementarity formulation of the followers equilibrium that
G;(X,y(X,t),t) =0 for X in a left neighborhood of X (t)—because in this left neighborhood we
have y;(X,t) > 0. That is

—a(t) + B(t)(X +Y (X, 1) + B(t)y; (X, 1) + ¢} (y;(X, 1)) =0. (22)
Differentiating the above equation with respect to X, we obtain
(B(t) + ¢ (y; (X, ) (y;)x (X, 1) = =B(t) (1 + Yy (X, 1)). (23)

Because c; is quadratic, ¢/ (y;(X,t)) is a constant. To simplify notation, let n; denote c} (y;(X,1)).
Then we have from (23)

B(t)
B(t) +n;

By adding this equation with respect to j € Z(X,t) and observing that

(y;)x (X, 1) = = (1+Yx(X,1)).

Yi(X,t)= Z (yj)/X(X7t)7

JEI(X,t)

we have

V(X t)=— ) B ) 1+Y’(Xt))

JET(X,t)



4 DeMiguel and Xu: Stochastic Multiple Leader Stackelberg Model

This can be rewritten as
u(X,1)

1+u(X,t)’

Z B( )+77J

JEI(X,t)

Let |Z(X,t)| denote the cardinality of the set Z(X,t), then we obviously have |Z(X(t)_,t)| >
|Z(X(t)+,t)] and hence u(X,t) decreases when X changes from X (¢)_ to X(t),, while Y (-,?)
increases. This shows the convexity of Y (X, t) with respect to X.

Yo (X, t)=—

where

Condition (ii). We now prove the conclusion under condition (ii). For the case where all
followers have the same cost function, the production of all followers at equilibrium is identical
y;(X,t)=y(X,t)for j=1,--- ,N. At a point X, such that y(X;,t) =0 we have that y(X,,t) =0
for all Xy > X;—this is true because from Lemma 3.3 (given that Assumptions 2.2, 2.3, 2.5, 3.1,
and 3.2 hold) we have that y(X,¢) is nonincreasing in X and it must be nonnegative. Hence,
clearly y(X,t) is convex (equal to zero) for all X > X;.

It only remains to show convexity at points X such that y(X,¢) > 0 or at points X at which
y(X,t) turns from strictly positive to zero as X increases. For this points, we have from the
complementarity reformulation of the followers equilibrium that

—a(t) + B(t)(X + My(X, 1)) + B(t)y(X, 1) + ¢ (y(X, 1)) =0.
Differentiating the equation above with respect to X twice, we obtain
BEYM + 1)y (X,t) + ¢ (y(X,8)) (yx (X, 1)) + " (y(X, 1) )yx (X, 1) =0,
from which we derive y% (X,t) > 0 because by assumption ¢”’(y) <0. O

Proof for Theorem 4.4

Theorem 4.3 shows that there exists an equilibrium. It only remains to show uniqueness. Because
by Theorem 3.5 the leader objective functions ¢;(z;, X _;) are twice continuously differentiable,
we can apply Theorems 2 and 6 in Rosen [1965]. Hence, we only need to show that the Jacobian
matrix of the function g(z,r) is negative definite for all = € [0,z}] x --- x [0,zY,]. We proof the
results in three steps.

STEP 1. Derive an expression for the Jacobian of g(x,r). Note that under the conditions of
Theorem 3.5, the functions ¢; are twice continuously differentiable. Moreover, note that

(6, (0, X_,) = / et X Y+ X ,1)

2l (T + X+ Y (2 + X, 1),8) (L+ Yy (2 + X4, 1)) ] p(t)dt
—C;(l’l),

and

(i), (0 X i) = Jrer 201+ Y30) +aipf (L4 Y3)? + wapl Y p(t)dt — C (22), i j =i,
VT [ (U Y 4 waplh, (14 Yi)? + 2ipl, Y p(t)dt, it #i.
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Observe that for a given leader ¢, we have that (¢;)”  (x;, X_;) = (¢;)" . (x:;, X_;) for all j, k #i.

LT T

This implies that all the components of the vector V,(¢;),, (z;,¥_;) are equal except for the i-th
component.

Consequently, using the quantities (; and d; defined in the statement of this theorem, we can

obtain the following expression for the Jacobian matrix of the function g(z,r)
Vg(:v, T) - (7“1C17 Tt 7rM<M)TeT + diag(rldla T 7TM(5]VI)7 (24)

where diag(ridy,- -+ ,7am00) € IR™ is a diagonal matrix whose i-th diagonal element is r;d; and
ecIRM is a vector of ones.

STEP 2. The Jacobian matriz Vg(x,r) is negative definite. It suffices to show that the symmetric
matrix W =Vg(x,r)T + Vg(z,r) is negative definite. We do this in three steps.

STEP 2.1. Rewriting Vg(z,r) as the sum of a rank-two matriz and a diagonal matriz. It is clear
from (24) that
W=A+A,

where A:=ae’ +ea”, a:=(r1(1, - ,rular)?, and A :=2diag(r161,- -+, 7). Note that A is
a rank-two matrix and A is a diagonal matrix.

STEP 2.2. Characterizing the two nonzero eigenvalues of the rank-two matriz A. Note that we
can rewrite the matrix A as
A=(e,a)(a,e)".

Let B := (a,e)T(e,a). Then B is a 2 by 2 matrix. It is well known in algebra that the two
eigenvalues of B coincide with two of the eigenvalues of A. Let A\;, A, be the two eigenvalues.

Because

STEP 2.3. The Jacobian matriz ¥V g(xz,r) is negative definite. We have just shown that the matrix

A has only one positive eigenvalue equal to Zf\il riCi+\/ M sz\; r7¢7. Moreover, because p/, <0

and C/(z;) > 0, we know that A is a negative definite diagonal matrix. Hence, the largest
eigenvalue of W is bounded above by

which is negative by assumption. Therefore W is a symmetric negative definite matrix.
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STEP 3. The SMS equilibrium is unique. From Step 2 and Theorem 6 in Rosen [1965], we
have that o(x,r) is diagonally strictly concave. Then, by Theorem 2 in Rosen [1965], we have
that the leaders equilibrium is unique. Then, because Proposition 2.6 shows that the followers
equilibrium is also unique, we have that the SMS equilibrium is unique. O

Proof for Theorem 5.1

Part (i). We first prove the almost sure convergence of a sequence of SMS equilibria of the
SAA problems to the unique SMS equilibrium. For clarity, we break the proof of Part (i) into
three steps.

STEP 1. F(x,z,{(w)) is Lipschitz continuous with an integrable module.

To see this, note that by Assumptions 2.2 and 2.3 and Lemma 3.3, we have that f; is piecewise
continuously differentiable. At a point where f; is differentiable with respect to z;, we have

(fi)l, (@1, sz o, (W) = p (2 + X+ Y (2 + X iy §(w), (W)
2y (2 + X+ Y (2 + X, §(w)), §(w)) (14 Y (2 + X, €(w)))
—Ci(zi).

Likewise, at a point where f(x,---,2;,---,zp,§(w)) is differentiable with respect to x;, we
have for j=1,---,i—1,i+1,--- , M,

(fi)a; (@1, 20w, § (W) = 2ipg (20 + Xy +Y (21 + X, §(w), € (w) (T4 Y (i + X i, §(w)))-
Note that by Lemma 3.3, 1+ Yy € [0,1]. Under Assumptions 3.1 and 3.4,

(i) (s s zi oo, §(W)] < La(§(w) + 2 Lo (§(w)) + max [ C(z))]

z;€[0,z}]

and
‘(fz);](xla ) Ryt 7xM7€(w))| ngLl(g(w))

By the piecewise continuous differentiability of f;, the mean-value theorem Clarke [1983] implies
that there exists a nonnegative function

K(Ew) = Ls(§(w)) + 27 La(§(w)) + max [Ci(z)]

(0,04
such that E[x({(w))] < oo and
|fi(wV,E(w)) = fi(w®,€())] < w(EW))[w® = w® ||,V w® e W, (25)
where w® = (2", 20 o 2T for 1=1,2 and W :=[0,2%] x -+ x [0,2%,]. This implies

F(z,z,&(w)) is Lipschitz with an integrable module.
STEP 2. With probability one, the function ®y(z,z) converges to ®(z,z) uniformly over W x W.

Because F(z,z,&(w)) is Lipschitz with an integrable module, by the uniform strong law of
large numbers [Rubinstein and Shapiro 1993, Sections 2.6 and 6.2] we have that with probability
one

lim  sup |®y(z,2) — P(z,2)|=0. (26)
k—oo (z,2) EWXW
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STEP 3. With probability one, the sequence {x*} converges to the unique SMS equilibrium z*.

Note that because W is a compact set, we know that the sequence {z*} has an accumulation
point Z; that is, there exists a subsequence such that {z%} — Z as k; — co. Then

| D (2%, 2) — ®(7,2)| < | (2%, 2) — B (2, 2) |+ |® (2", 2) — (7, 2)].

By (26), the first term at the right hand side goes to zero uniformly with respect to z with
probability one. Because ®(x,z) is Lipschitz continuous function on the compact set W x W,
®(-, z) is uniformly continuous on W. Therefore the second term at the right hand side goes to

k

zero uniformly with respect to z with probability one as "7 — Z. Let § > 0 be any small positive

number and k; be sufficiently large such that

sup | @y, (¥, 2) — B(7,2)| <8
zeEW

with probability one. Let Z be a global maximizer of ®(Z,z). Observe that
By (2", 289) — (T, 2) = By, (2, 2% ) — B(Z, 2" ) + D (z,2M) — D(z,2) <9,

where the inequality holds because sup, ¢y |®; (2", 2) — ®(7,2)| < and ®(7,2"7) — (7
because z is a global maximizer. Using a symmetric argument, we can show that @y (x5,
®(z,z) > —4. Therefore

| @y, (279, 2%) — ®(z,2)| <0,

and hence
]@(i,xkﬂ') —®(z,2)| < ]@(E,xkj) — <I>kj (a:’“j,xkf)\ + ]<I>kj (xkj,:ckj) —d(z,2)] <20,

which means 2" becomes a 2§-global maximizer of ®(z,-) for k; sufficiently large. Since & can
be arbitrarily small, by driving d to zero and k; to infinity, we show that z is a global maximizer
of ®(z,z) w.p.1. Under the conditions of Theorem 4.4, ®(z, z) is strictly concave which implies
that ®(Z,z) has a unique global maximizer, hence & = z. The uniqueness of the equilibrium
(from Theorem 4.4) indicates that & must coincide with z*.

Part (ii). We now prove that with probability approaching 1 exponentially fast with the increase
of the sample size, the sequence {x*} converges to an approzimate SMS equilibrium satisfying
(14). For clarity, we break the proof into four steps.

STEP 1. The e-subdifferential, OSF(x,2,€) is a random set-valued mapping that is Lipschitz
continuous in Hausdorff metric.

Recall that for a concave function h, the e-subdifferential of h at a point y, denoted by 9°h(y),
is the set of vectors u such that

u' (2 —y) > h(z) — h(y) —€,Vz.

Because F(z,z,£) is a concave function in z, we can define the e-subdifferential of F(z,z,¢)
with respect to z at point z € W as above. To simplify notation we use A°(x, ) to denote the
e-subdifferential, that is,

A (x,8) := 0 F(x,x,€).
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Using a similar discussion to that in [Hiriart-Urruty and Lemaréchal 1993, page 103] and
[Rockafellar and Wets 1998, Theorem 14.37], we know that A°(x, &) is measurable and hence it
is a random set-valued mapping. Moreover, by [Hiriart-Urruty and Lemaréchal 1993, Theorem
4.1.3], A(z,€) is Hausdorff continuous with respect to x.! That is, there exists an integrable
function k(§,€) > 0 such that

H(A(«',€), A(2",€)) < k(& €)ll2" — "], (27)

where x(&,€) = max(2L(£),4L(£)?)/e, L(€) is the Lipschitz constant of F(z,z,£) with respect
to variables (z,z), and H(D;, D,) is the Hausdorff distance between sets D; and D,; that is,

H(D;, Ds) := max{D(D,, D,),D(Dy, D;)},

where
D(Dy, Ds) := sup d(x,D,)
zeDy

and d(z, D) :=inf,/cp ||x — 2’| is the distance from a point z to a set D.

STEP 2. The support function of the e-subdifferential is Lipschitz continuous with an integrable

module.

Note that the e-subdifferential is a random set-valued mapping. Our intention is to use
[Shapiro and Xu 2008, Theorem 5.1] (which for convenience is restated in Appendix B as
Lemma B.2) to show exponential convergence, but this result can only be applied to random
functions. For this reason, we need to use the support function of the e-subdifferential to bridge
the gap.

The support function o(u, D) of a set D is defined as

o(u, D) :=supp’d.
deD

Let B denote the unit ball in IR . We now show that o (u,.A(z,&)) is Lipschitz continuous with
respect to (u,x) and

o(u', A(",€)) — o (u”, A(2", )| < R(&, €) ([[u — u”[| + [|l2" — 2”[]), (28)
forall £ €=, v/,u” € B and 2/,2" € X, where

R(€ €) < max(k(&, €), [| Az, )| + #(€, €) max [[]]),

! Tn more detail, by [Hiriart-Urruty and Lemaréchal 1993, Theorem 4.1.3] we have that 95 F(x, z,¢) is Hausdorff
continuous with respect to z. Moreover, the only nondifferentiable term in the definition of F(z,z,€) is Y (z; +
X_i,&(w)), and this term depends on z; and X_; on the same manner (the sum of the two variables is the
first argument of Y'(.,&(w))). Hence, 9;F(x,z,£) is also Hausdorff continuous with respect to z. Note that the
discussion in Hiriart-Urruty and Lemaréchal [1993] is for convex function but the results are applicable to concave

functions by changing the sign.
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where Z is any fixed point in W and for a compact set S, ||S|| = sup,cg||s||. Obviously &(&,€)
bounds [|.A°(z,§)|| and is integrable because W is a compact set. To show that (28) holds, note
that by the Lipschitz continuity of A¢ we have that A¢(x”,&) C A%(2',€) + k(§,€)B and hence

o(u, A (2, &) —o(u”, A(x",€)) = sup (v)a— sup (u")'a

a€ A€ (2! ,€) acA¢(z".£)
> sup (u)Ta-— sup (u")a
acA¢(z’ ,£) a€A (! ,£)+r(€ €)' —2"|| B
> sup (uW)a— sup (u)a—k(& )|z —2"|
a€ A€ (x!,€) acA¢(x! )
>~ sup (u'—u)"a— k(& e)lla" — 2"
a€A¢(z',§)

> —&(& e )(lu” — [+ |l" = 2"|).
Swapping =/, v’ with ", u”, we obtain (28).
STEP 3. We apply [Shapiro and Xu 2008, Theorem 5.1] to obtain the exponential convergence.

We have shown that o(u, A(z,£)) is Lipschitz continuous with an integrable module. Moreover,
because A°(x,&) is bounded by an integrable function, which is also denoted by #(&, €), we have
for |Ju|| =1

o (u, A(2,8)) = Elo(u, A (2, )] < A (2, O + E[ A“(z, ) I] < ~(€, €) + E[R(E, €)].

Because ¢ has a bounded support set, then the moment generating function of &(¢,€) (that is,
the function E[e’*(¢9)]) is finite valued for ¢ close to zero. Hence, from [Shapiro and Xu 2008,
Theorem 5.1],'* we have that for any « > 0, there exist positive constants C(«) >0 and S(a) >0
such that for k£ sufficiently large we have that

k
1
Prob sup —Z o(u, A(2,¢") —E[o(u, A(x,€))]| > a | <C(a)e Pk, (29)
[|u||=1,2eW k =1
Moreover, because A(x, '), 1=1,--- ,k, is a convex set, then we have (see for instance Artstein

and Vitale [1974])
o(u, Aj(x

k
Z (u, A°(x, "))

where A$ (z) is the average of the Minkowski sum of sets A°(z,&!); that is,
k

Furthermore, by [Papageorgiou 1985, Proposition 3.4]

o(u, E[A(2,£)]) = Elo(u, A*(x,£))].

Therefore, (29) can be rewritten as

?r'\r—‘

??'M—‘

Prob ( sup |o(u, A(z)) — E[o(u, A(z,£))])| > oz) < C(a)e Pk, (30)

[|u||=1,2eW
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Finally, by [Hiriart-Urruty and Lemaréchal 1993, Theorem 4.1.3], for compact convex sets
D17-D2
H(D;, Dy) = max{|o(u, D;) — o(u, Ds)|}.

flull=1
Hence, from (30) we have that
Prob (Sup H(Aj (z), E[A(z,£)]) > a) < Cla)e Pk, (31)
zeW

STEP 4. With probability approaching 1 exponentially fast with the increase of the sample size,

k

x® converges to an approximate SMS equilibrium satisfying (14).

Because 0, P, (2", 2%) C AL (x%), it follows by (14) that x* satisfies

0 € A (2%) + Ny (). (32)

From (31) we then have that with probability 1 — e Ak x* satisfies
0 € E[A(z", )] + My (2F) + aB (33)

where B denotes a unit ball. Following the discussion of e-subdifferentials in [Hiriart-Urruty and
Lemaréchal 1993, pages 130-131], we have that

Az oc | 0.F( 2,9,
zexk 4 /eB
Using the upper semicontinuity of d,F(z*,-, ), we have that for n > 0, there exists € such that
for all z € 2* 4 \/eB3, we have that
1
O.F(2",2,6) CO,F (2", 2", &) + inB,Vf.

The uniformity w.r.t. £ is due to the fact that both p(q,t) and p/(¢,t) and Yx (X,t) are uniformly
continuous w.r.t. ¢ and X by Assumption 3.1, Lemma 3.3 and the boundedness of support set
of £(w). Therefore

E[0.F(a*, z,€)] C E[0.F(z*, 2%, €)] + %T;B.

Note that from Lemma 3.3 it is easy to see that F(a*, 2, &) is piecewise twice continuously
differentiable. Hence

E[0.F(a* 2", §)] =E[V.F(a*, 2" §)] = V. @ (a",2"),

where the last equality is due to the Lebesgue dominated convergence theorem because
V.F(z*,2%,€) is bounded by an integrable random variable. By setting € sufficiently small in
the first place and o = %n, we have

E[A (2", &)] C V. ®(2*, 2*) + nB.

Combining this with (33), we obtain (14). =
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Appendix B: Statement of frequently used results from the literature

LeMMA B.1. ([Ruszczynski and Shapiro 2003, Proposition 2]) Let h(z,§):IR" x = — IR be a
real valued function and & is a random variable. Suppose that: (a) E[h(x,§)] is well defined, (b)
h(-,€) is differentiable at x w.p.1, (c) there exists an integrable function x(§) > 0 such that

1P (21, €) = P22, §)I| < k(&) |21 — 22|
holds w.p.1. Then E[h(z,¢)] is differentiable and

VoE[h(z,§)] = E[V.h(z,E)].

THEOREM B.2. ([Shapiro and Xu 2008, Theorem 5.1]) Let h(z,{): X x Z— IR be a random
real valued function and f(x) =E[h(z,&)]. Let £, ...,&Y be an iid sample of the random vector

¢, and consider the corresponding sample average function fy (z) =+ Zjvzl h(z,&).
We discuss now uniform exponential rates of convergence of fN (z) to f(x). We denote by
M, (t) :=E {eh@0-1@

the moment generating function of the random variable h(x, &) — f(x). Let us make the following
assumptions.

Suppose that: (C1) For every z € X the moment generating function
M,(t):=E {et[h(wvf)—f(w)]}

is finite valued for all ¢ in a neighborhood of zero; (C2) there exists a (measurable) function
k:=— IR, and constant v > 0 such that

72, &) = hl(x, )] < r(§)||l2" — x|

for all £ € Z and all 2/, 2 € X; (C3) the moment generating function M, (t) of (§) is finite valued
for all ¢ in a neighborhood of zero. Then for any e > 0 there exist positive constants C' = C(e)
and 3 = ((e), independent of N, such that

Prob{sup ‘fN(x) — fz)| = e} < C(e)e NAl),

zeEX





