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STABILITY ANALYSIS OF TWO-STAGE STOCHASTIC
MATHEMATICAL PROGRAMS WITH COMPLEMENTARITY
CONSTRAINTS VIA NLP REGULARIZATION"
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Abstract. This paper presents numerical approximation schemes for a two-stage stochastic program-
ming problem, where the second stage problem has a general nonlinear complementarity constraint. First the
complementarity constraint is approximated by a parameterized system of inequalities with a well-known
regularization approach by Scholtes [SIAM J. Optim., 11 (2001), pp. 918-936] in deterministic mathematical
programs with equilibrium constraints; the distribution of the random variables of the regularized two-stage
stochastic program is then approximated by a sequence of probability measures. By treating the approxima-
tion problems as a perturbation of the original (true) problem, we carry out a detailed stability analysis of the
approximated problems, including continuity and local Lipschitz continuity of optimal value functions and
outer semicontinuity and continuity of the set of optimal solutions and stationary points. A particular focus is
given to the case where the probability distribution is approximated by the empirical probability measure
which is also known as sample average approximation.
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1. Introduction. Consider the following two-stage stochastic mathematical pro-
gram with complementarity constraints (SMPCC):

min_ E[f(z, y(w), §())]

z,y()EY

s.t. £ € X and for almost every w € Q,
g(z. y(w),§(w)) <0,
h(z. y(w).§(w)) = 0.
(1.1) 0< Gz, y(w).§(w)) L H(z y(o).§(w)) =0,

where X is a nonempty closed convex subset of R", f, g, h, G, H are continuously dif-
ferentiable functions from R” x R™ x R?to R, R*, R", R™ R™, respectively, £:Q — Eis
a vector of random variables defined on probability (Q, F, P) with support set E C R,
and E[-] denotes the expected value with respect to probability measure P. L denotes the
perpendicularity of two vectors, and ) is a space of functions y(-):Q — R™ such that
E[f(z, y(w),&(w))] is well defined.
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The SMPCC model differs from the classical two-stage stochastic program in that it
contains a stochastic complementarity constraint. It also extends deterministic math-
ematical programs with complementarity constraints (MPCC) by including a random
vector €. The extension is driven by practical need as well as by theoretical interest. For
instance, in an investment model for a firm, one may use a random vector to represent
market uncertainties and a complementarity problem to describe competition from its
competitors; see [15], [45]. Similar SMPCC models can also be found in engineering de-
sign; see, for instance, [12].

Patriksson and Wynter [30] first proposed a two-stage stochastic mathematical pro-
gram with equilibrium constraints (SMPEC) model where the equilibrium constraint is
represented by a general stochastic variational inequality. They investigated a number
of fundamental issues including existence and uniqueness of optimal solutions, differ-
entiability of upper stage objective function, and a numerical method for solving the
problem. In the years since the first SMPEC paper, there have been increasing discus-
sions on SMPECs, most of which have focused on numerical methods. Shapiro [40] first
applied the well-known sample average approximation (SAA) method (also known un-
der different names such as Monte Carlo method, sample path optimization, and sto-
chastic counterpart [31], [34]) to general two-stage SMPECs where the expected value of
random functions are approximated by their sample averages, and he investigated
asymptotic convergence of optimal solutions and optimal values as sample size increases.
Shapiro and Xu [41] presented a detailed analysis of SMPEC structure and demon-
strated the exponential rate of convergence of sharp local minimizers of sample average
approximated problems. Lin, Chen, and Fukushima [25] first investigated SMPCCs and
proposed an implicit smoothing method for solving a discrete SMPCC with a Py-linear
complementarity constraint. Xu and Meng [47] reformulated the SMPCC as a two-stage
stochastic minimization problem with nonsmooth equality constraints and applied the
SAA method to solve it. They obtained an exponential rate of convergence of global
optimal solutions obtained from solving the SAA problem. Moreover, they used a uni-
form law of large numbers for random set-valued mappings to analyze almost sure con-
vergence of generalized KKT points of the sample average approximated SMPCC when
the complementarity constraint is strongly monotone.

Along this direction, Meng and Xu [27] investigated convergence of stationary
points obtained from solving sample average approximated SMPECs where the second
stage problem may have multiple solutions. Specifically they used a nonlinear comple-
mentarity problem (NCP) function which combines Tikhonov regularization and some
smoothing technique to approximate the complementarity constraints with a smooth
nonlinear system of equality constraints. The latter define a unique feasible solution.
The NCP-regularization scheme is restricted to P functions, and as the regularization
parameter is driven to zero, the unique feasible solution of the regularized second stage
problem converges to a measurable feasible solution of the true second stage problem
which is not necessarily optimal. The method is applicable to the case when a decision
maker is not able or keen to find an optimal solution of the second stage at each scenario;
see detailed discussions in [27, p 892]. Putting this another way, an optimal solution or a
stationary point obtained under the NCP-regularized SAA scheme does not necessarily
converge to its true counterpart.

In this paper, we are concerned with numerical approximation of the two-stage
SMPCC (1.1). We ask ourselves two fundamental questions: (a) can we approximate
SMPCC (1.1) by an ordinary two-stage stochastic program with equality and/or in-
equality constraints; (b) can we approximate the stochastic program by a deterministic
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REGULARIZED TWO-STAGE SMPCC 671

nonlinear programming (NLP) problem? Question (a) has been partially answered. For
example, one can use NCP functions such as min-function or Fischer-Burmeister func-
tion to reformulate a complementarity problem as a nonsmooth system of equations and
consequently SMPCC (1.1) as a two-stage stochastic program with nonsmooth equality
constraints; see [47], [27]. Question (b) is classical in stochastic programming. A simple
answer is to use the well-known Monte Carlo sampling method. In the literature on
MPECs, however, the reformulation through NCP functions is not the most popular.
Likewise, in the literature on stochastic programming, there exist discretization/
approximation schemes other than Monte Carlo sampling to deal with the random vari-
ables. This motivates us to consider different schemes to approximate the complemen-
tarity constraints and the probability measure P.

Here we apply a well-known regularization method [42], [38], [17] to tackle the com-
plementarity constraint, and then we consider a sequence of probability measures to
approximate the distribution of & with a particular focus on the empirical probability
measure which is known as SAA. The basic idea of the regularization method is to ap-
proximate the complementarity constraint 0 < z 1 y > 0 by a system of parameterized
nonlinear inequalities z > 0, y > 0, where the components of = and y satisfy z;y; < t for
some small positive parameter ¢t. The regularization method has been widely applied to
solve deterministic MPCCs. The main advantage of the method is that the regularized
MPCC is an NLP which can be solved by existing NLP solvers such as the sequential
quadratic programming methods [1], [17]. Moreover, the regularized NLP satisfies the
Mangasarian—-Fromowitz constraint qualification (MFCQ) under so-called MPEC-
MFCQ of the original problem. It is well known that MFCQ is closely related to the
numerical stability of the problem. In the context of SMPCC, the regularization ap-
proach allows one to approximate SMPCC (1.1) by a parameterized ordinary two-stage
stochastic program which paves the way for the numerical solution of the problem.
However, there are a number of theoretical issues to be resolved in order to justify such
an approximation, and this is indeed one of the motivations of this paper.

Weinclude a brief literature review of the NLP regularization approach for two-stage
SMPCCs. Shapiro and Xu [41] appear to be the first to apply the approach to a two-stage
SMPCC and then use the SAA method to solve it. They predicted the convergence of the
regularized SA A method for a class of SMPCCs with strongly monotone complementarity
constraints but did not give details of the convergence analysis. In a conference paper,
Ralph, Xu, and Meng [32] carried out a convergence analysis of the NLP regularized
SA A method for solving a class of SMPCCs with monotone complementarity constraints
with a particular focus on optimal values and Clarke stationary points.

Since NLP regularization is a very popular approach for solving deterministic
MPECs, we revisit the topic (the application of the approach to two-stage SMPCCs)
but from a different perspective and on a wider class of problems. We consider a two-
stage SMPCC with a general complementarity constraint which is not necessarily mono-
tone; we present a detailed stability analysis of the NLP regularized problem as the
regularization parameter tends to zero. Moreover, for a fixed regularization parameter,
we investigate stability of the NLP regularized two-stage SMPEC when the probability
distribution of & is approximated by a sequence of probability measures. Finally, we
combine the two stability analyses under an empirical probability measure.

As far as we are concerned, the main contributions of this paper can be summarized
as follows:

(a) Different from [41], [47], [48], we consider a two-stage SMPCC where the second

stage problem may have multiple solutions, and we apply the popular NLP
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regularization method to deal with the complementarity constraint. The reg-
ularization scheme is significantly different from NCP regularization in [27]
which is applicable to a specific class of SMPECs. Under MPEC-MFCQ), in-
stead of MPEC linear independent constraint qualification (MPEC-LICQ)
as in [42, Lemma 2.1], we demonstrate that the regularized second stage pro-
blem satisfies MPEC-MFCQ. Consequently, we present a comprehensive sta-
bility analysis of the NLP regularized SMPEC including Lipschitz continuity of
optimal value functions of both first stage and second stage problems as well as
the outer semicontinuity of the set of optimal solutions and stationary points.
This type of analysis is new in the research of SMPECs, and it addresses a fun-
damental problem: under some moderate conditions, two-stage SMPECs can be
effectively approximated by ordinary two-stage stochastic NLPs. This paves
the way for the application of existing numerical schemes developed for classical
two-stage stochastic NLPs (e.g., [6], 39], [22], [50]) to the NLP regularized two-
stage SMPECs.

(b) We carry out a stability analysis of the NLP regularized two-stage SMPECs.
Differing from the existing research on SMPECs, our analysis is performed un-
der general probability measure approximation including empirical probability
measure, optimal scenarios generation, and many others. Our analysis covers
optimal values and optimal solutions as well as stationary points. In particular,
we establish, under general perturbation of the probability measure, uniform
approximation of the Clarke subdifferential of the expected value of a non-
smooth random function and the expected value of the Clarke subdifferential
of a nonsmooth random function. The result strengthens the earlier results on
subdifferential approximation by Birge and Qi [9] and has potential applica-
tions in the research of general nonsmooth stochastic programming and sto-
chastic equilibrium problems.

(¢) We present a combined stability analysis due to NLP regularization and
empirical probability measure and establish exponential convergence of opti-
mal solutions and almost sure convergence of stationary points. This de-
monstrates how our stability analysis could generate concrete asymptotic
convergence results when the probability approximation is restricted to
empirical measure.

2. Preliminaries. In this section, we present some preliminary results in determi-
nistic MPECs, set-valued analysis, and random set-valued mapping.

Throughout this paper, we use the following notation. 7y denotes the scalar pro-
duct of vectors z and y, || - || denotes the Euclidean norm of a vector and a compact set of
vectors. d(z, D) represents the distance from point z to set D, that is, d(z, D)=
inf¢pllz — 2/||. For two compact sets Dy and Dy, D(D;y, Dy) == sup,ep, d(z, Dy) denotes
the deviation of D; from D,, and H(D,, D,) := max (D(D;, D,),D(D,, D;)) denotes the
Hausdorff distance between D; and Dy; D; + D, denotes the Minkowski addition of D,
and Dy, that is, D; + Dy = {z+ y:x € D,y € D,}. For aset C, we use conv C, cl C to
denote the convex hull and closure of set C, respectively. For a real-valued function f(z),
we use Vf(z) to denote the gradient of f at  which is a column vector. When f is a
vector-valued function, V f(z) represents the Jacobian of f at x where the gradient of the
jth component of f forms the jth column of the Jacobian. Finally, for a set
{(z.y) =212€ Z}, I,Z = {z:3y such that (z,y) € Z}.
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2.1. Some basics in deterministic MPECs. Consider the following MPCC:
(2.1) min f(z) s.t.9(2) <0, h(z)=0, 0< G(2) L H(z) >0,

where f:R" - R, g:R" — R* h:R" — R", G:R" — R™, and H:R" — R™ are continu-
ously differentiable and s.t. denotes “subject to.” For a feasible point z*, we define the
following index sets:

Iy(#")={i:Hy(z*)=0,i=1,....,m}
Moreover, we define a family of nonempty index sets J C {1, ..., m} by
(2.2) T() = {10 CTa(z), I € Ty(+)},

where J¢ == {1, ..., m} \ J. We consider the following NLP corresponding to index set J:
NLP;: min f(2)

0, Hy2)>0, iel
(2.3) Gi(2) >0, Hiz)=0, ieJe.

In the literature of MPECs, each of the NLPs correspording to index set J is called an
NLP branch of (2.1), and its feasible set is called a branch of the feasible set of MPEC. It
is obvious that the branches over J € J(z*) form a neighborhood of z* in the feasible set
of (2.1); see [19].

DErFNITION 2.1. MPCC (2.1) is said to satisfy the MPEC-MFCQ at a feasible point
z* if the gradient vectors

{Vhi(z)}ich o AVGi(Z) ez AVHI(Z) bier, o)
are linearly independent and there exists a vector d € R™ perpendicular to the vectors
such that
Vgi(z)Td <0 VieZ,(z").

It is said to satisfy the MPEC-LICQ at z* if the gradient vectors

{Voi(z) bier, iy AV} o AVGI(Z) bz AVHI(Z) e,
are linearly independent.

2.2. Set-valued mapping and subdifferentials. Let X be a closed subset of R".
A set-valued mapping F: X — 2®" is said to be closed at ¥ € X if F(x) is a closed set.
The Painlevé—Kuratowski upper limit of F' at z is defined as

lim F(z) == {v € R™:3sequences 1, — T, v, — v with v, € F(z;)}.
T
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F is said to be outer semicontinuous at & € X relative to X C R" if lim,_,; F'(z) C F()
or, equivalently, lim, ,;D(F(z), F(Z)) = 0. F is said to be locally bounded at & if there
exists a neighborhood U of Z such that | J,.;; F() is bounded. If F is locally bounded at
Z, then the outer semicontinuity of F' at & is equivalent to that F(Z) is closed, and for
every open set OF(? there is a neighborhood U of 7 such that |J,.;; F(z) C O; see [35].

DerFiNTION 2.2 (see [21]). A set-valued mapping F: X CR™ — 28" is said to be
pseudo-Lipschitzian at (z*, 2*), where x* € X and z* € F(x*), if there exist neighbor-
hoods U of z*, V of z*, and a positive real number o such that

F@)nUCF@@)+o|od —2"|B Vo,2" €V,

where B is the closed unit ball in R™.

Consider now a random set-valued mapping F(-,&(-)): X x Q — 2%" (we are slightly
abusing the notation F'), where X is a closed subset of R" and & is a random vector
defined on probability space (Q, F, P). Let z € X be fixed, and consider the measurabil-
ity of set-valued mapping F(z,£(-)):Q — 2®". Let B denote the space of nonempty,
closed subsets of R". Then F(z,&(-)) can be viewed as a single-valued mapping from
Q to B. Using [35, Theorem 14.4], we know that F(z,£(-)) is measurable if and only
if, for every B € B, F(z,&(-)) !B is F-measurable.

Recall that a(z, £(w)) € F(z, £(w)) is said to be a measurable selection of the ran-
dom set F(z, £(w)) if a(z, E(w)) is measurable. The expectation of F(z, £(w)), denoted by
E[F(z,&(w))], is defined as the collection of E[a(z, &(w))], where a(z, £(w)) is an integr-
able selection. The expected value is also known as Aumann’s integral [4].

DEerINITION 2.3. Let f:R™ — R be a lower semicontinuous function, and let it be fi-
nite at x € R™. The proximal subdifferential [35, Definition 8.45] of f at = is defined as

o f(z) =={{€R":30>0,6>0 st f(y)>fla)+{"(y—2)—oly—a|?
Vy € B(z,6)},
the limiting subdifferential (Mordukhovich or basic [28]) of f at z is defined as

0V f(2) == o™ f().

7>z

and the singular limiting subdifferential is defined as
0*f(x)=={veR":v= Alim akok with o* € o7 f(z*) and a* |0, Jrkim},
b—00

where x’im signifies that ©’ and f(2') converge to x and f(x), respectively.

It is well known that a function f:R"™ — R is locally Lipschitz continuous near z if
and only if 0*°f(z) = {0}; see, for example, [26, Proposition 2.4].

Let f:R"™ — R™ be a locally Lipschitz continuous function. The Clarke subdiffer-
ential (also known as generalized gradient) of f at x € R" is defined as

of(z) == conv{yelg.r;lﬁx Vf(y)},

where D denotes the set of points at which f is Fréchet differentiable, and V f(y) denotes
the usual gradient of f. It is well known that the Clarke generalized gradient df(z)
is a convex compact set, and it is upper semicontinuous; see [13, Propositions 2.1.2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



REGULARIZED TWO-STAGE SMPCC 675

and 2.1.5]. When f is locally Lipschitz continuous near z, the Clarke subdifferential of f
at = coincides with the convex hull of the limiting subdifferential, that is,

of (z) = convo f(z);

see [35, Theorem 9.61].

3. NLP regularization and stability analysis. In this section, we apply the
NLP regularization scheme [42] to SMPCC (1.1), and we analyze the stability of the
regularized SMPCC in the sense of continuity and local Lipschitz continuity of optimal
value functions together with outer semicontinuity and continuity of set-valued map-
pings of optimal solutions and stationary points. While our analysis follows general steps
in the stability analysis of parametric programming [20], [21], [10], we need to tackle a
number of new challenges and complications arising from (a) a mix of parameters with
entirely different roles including the first stage decision variable, the random vector,
and the regularization parameter in the second stage problem, and (b) the subtle rela-
tionship between the constraint qualification of the true problems and that of the
regularized problems.

3.1. NLP regularization. In order to apply the NLP regularization scheme, we
first need to reformulate the SMPCC (1.1). Problem (1.1) can be written as

Py: min d(z) = Efv(z, E(w))]

T
T

(3.1) stz e X,

as long as E[(v(z,£)),] < oo and E[(—v(z,£)),] < oo, where (a), = max(0,a) and
v(z, &) denotes the optimal value function of the following second stage problem:

MPCC(z, §): min f(z,9,8)

s.t. g(z,y.§) <0,
h('T’ Y, g) = 0?
(3.2) 0< G(z,y.6) L H(z,y.§) > 0.

The reformulation is well known in stochastic programming; see, for example, [37,
Chapter 1, Proposition 5] and a discussion in [41, section 1] in the context of two-stage
SMPECs. We apply the NLP regularization scheme [42], [38], [17] to the second stage
problem MPCC(z, ) by replacing the complementarity constraint with a parameterized
system of inequalities, that is,

G(z,y.8) >0, H(z,y.£)>0, G(z,9.&) e H(z,y.8) < te,
where ¢ > 0 is a nonnegative parameter, e € R™ is a vector with components 1, and o

denotes the Hadamard product. Consequently, we consider the following regularized
second stage problem:
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REG(z, &, t): min f(z,y, &)
Y

s.t. g(z,y,€) <0,
Mz, y.§) =0,
G(z,y,€) >0,
H(z,y.§) >0,
(3.3) Gz, y.§) e H(z,y.§) < te.

Following the terminology in deterministic MPECs, we call (3.3) a regularized NLP
approximation of the second stage problem (3.2). Let 0(z, €, t) denote the optimal value
of the regularized problem. Then the corresponding first stage problem can be written as

Py: mriné(x, t) = E[(z.&(w). 1)]
(3.4) stz e X.

Observe that when ¢ = 0, REG(z, £, t) coincides with MPCC(z, §), and P coincides with
Py. The underlying reason for us to consider the regularization scheme here is that the
regularized problem is an ordinary stochastic NLP to which existing numerical methods
in the literature of stochastic programming may be applied. From a numerical perspec-
tive, t often takes a small positive value because REG(z, £, t) never satisfies the MFCQ
(which is equivalent to numerical stability) at ¢ = 0. Our focus in this and the following
section is to provide a theoretical justification of the NLP regularization approximation
as t — 0. Specifically, we analyze continuity of optimal value functions and the set of
optimal solutions for both the first and the second stage problems, particularly when
t tends to 0. Note that this kind of stability analysis can be found to some extent in
[42], [38], [17] where NLP regularization is applied to deterministic MPCCs with nonmo-
notonic complementarity constraints. Here the SMPCC involves two stages, and at the
second stage the first stage decision vector z and the random variable & are both treated
as parameters together with the regularization parameter . However, the three para-
meters have to be treated in a different way, which means that we cannot directly apply
the stability results established in [42], [38], [17] where ¢ is the only parameter.

Throughout this section, we use the following notation. F(z, ) and F(z, &, t) de-
note, respectively, the feasible sets of the second stage problems (3.2) and (3.3);
Yoi(z,8) and Y (7,&,¢) denote the sets of global optimal solutions; X, and
Xso1(t) denote the optimal solution sets of the first stage problems (3.1) and (3.4).
We use ¢(t) to denote the optimal value of P;. Observe that F(z,£,0) = F(z,£),
Ysol(x’ S’ 0) = Ysol(x’ S)? and Xsol(o) = Xsol'

In order to avoid technical difficulties in our analysis, we assume throughout this
paper that F(z, §) is nonempty for all z, &, which implies relatively complete recourse of
the second stage problem. A direct consequence of this assumption is that F(z, &, t) # @,
as the former is a subset of the latter.

3.2. Continuity of optimal value functions and solution mappings.

3.2.1. The second stage problem. We start by investigating the continuity of
optimal value function o(z, £, t) and solution set mapping Y, (z, &, t) of the second stage
regularized problem REG(z, &, t) with respect to z, €, and t. We need the following inf-
compactness condition.

Assumption 3.1 (inf-compactness). Let 2* € X. There exist constants § € (—oo, +00),
t* > 0, a compact set ¥ C R™, and a neighborhood U of z* such that
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@ #{y:f(z,y.6) < band y € F(z,6, )} C Y

for all (z,&,¢) € U x 2 x [0, t*].
We make a few comments on the inf-compactness assumption.

1. Inf-compactness conditions are widely used in the stability analysis of para-
metric programming. The conditions here are slightly different from those in
[10, Proposition 4.4] in that the parameters z, &, and ¢ are not treated in a si-
milar fashion. Specifically, x is the decision vector of the first stage problem, and
we need to discuss various topological properties of optimal values and solution
mappings with respect to it. Therefore, we consider it in a neighborhood U of a
considered point z*; t is a regularization parameter, and we are interested in the
case only when it is close to 0. The fundamental reason that we are interested in
a nonzero value of ¢ is that the regularized problem satisfies MFCQ under the
standard MPEC-MFCQ of the true problem when ¢ > 0. Finally, £ is a realiza-
tion of the random vector &(w); instead of requiring differentiability of optimal
values of solution set mapping, we need measurability of these quantities with
respect to £.

2. Both constants 6 and ¢* depend on z*. The inf-compactness condition implies
that the optimal solution set Y (z, £, t) is nonempty and bounded by compact
set Y for all (z,&,t) € U x E x [0, ¢*].

3. The inf-compactness condition holds when f(z,-, &) is uniformly coercive or
strongly convex. Moreover, in the case when G(z, y, §) = y, the condition is im-
plied by some kinds of monotonicity of H(z, -, £). For instance, if E is bounded
and H(z,-, &) is an R, function for every (z,£) € X x E; that is, if, for any se-
quence {y*} with lim;_, || y*|| = +o0, lirlggcnf min{y¥, ..., 5} /|lv*]| > 0, and

tim inf min{ (2. %, 8). ... (2.5} / 94 2 0,
— 00

there exists an index j such that {y}} — 400 and {H(z, y*.£)} — +o0. Insuch
a case, the feasible set of problem (3.3) is uniformly bounded for ¢ € [0, +00); see
[23] for more details. .

Our first technical result is that under Assumption 3.1 the feasible set F(z, £, t) of
the second stage regularized problem is continuous with respect to (z, &, t) as long as it is
restricted to set Y.

ProprosiTioNn 3.2. Let Assumption 3.1 hold at point z* € X and Fy(z,&,t) =
Yn ]A-"(:B &, t). Then there exists a neighborhood U of z* and a scalar t* > 0 such that
Fy(z, &, t) is continuous on U x B x [0, t*].

Proof. Let U and t* be given as in Assumption 3.1 and

h(z, y, &)
9(z, 9, &)
R(z,y,6,1) = —EEIL’ v, g
—H(z,y,
G(z.y.§) o H(z.,y.§) — te

Then Fy(x, &, t) is the set of solutions to the following generalized equations restricted
to set Y

0 € R(z,y,&,t) + Q,
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where Q = 0, x R "™ and 0, is the r-dimensional 0 vector. Under Assumption 3.1,
Fy(z &, t) is nonempty for (z,&,t) € U x E x [0, t*]. Moreover, R(z,y,&,t) is single
valued and continuous. By Lemma 4.2 in [46]," Fy(z,&,t) is Hausdorff continuous
on U x E x [0, t*]. The proof is complete. O

Using Proposition 3.2, we can establish the outer semicontinuity of the optimal so-
lution set mapping and continuity of the optimal value function of the second stage
regularized problem REG(z, £, t).

THEOREM 3.3 (stability of REG(z, £, t)). Let Assumption 3.1 hold at point z* € X.
Then there exists a neighborhood U of «* and a scalar t* > 0 such that

(i) the optimal solution set Yy (z, &, t) of the second stage problem REG(x, &, t) is
outer semicontinuous on U x B x [0, t*];
(i) the optimal value function v(x, &, t) of the second stage problem REG(x, &, t) is
continuous on U x B x [0, t*];
(iii) for any x € U and t € (0, t*], v(x, -) and (=, -, t) are continuous on E.

Proof. Let U and t* be given as in Assumption 3.1. Observe first that 9(z, £, t) is
well defined for all (z,&,t) € U X B x [0, #*]; that is, 0(z, &, t) takes a finite value. More-
over, the optimal solution set Yyu(z, &, ¢) C Y.

Part (i). Let {(2* Sk tr)} be any sequence in U x Ex[0,¢] such that
(2%, & 1) — (2,6, t). Let §F € Ygol( LEF, ;) and § be an accumulation point of se-
quence {9*}. Tt suffices to show that § € Ybol(x &, t). Assume for a contradiction that
7y ¢ Ysol(xé t), that is, 0(z,&,t) < f(=, 9,&). Let y* € Ygol(:zzs t). Then

o(z.§.1) = fz.y". &) < f(2.9.8).

For the given y*, it follows by Proposition 3.2 that there exists a sequence {y*} such that
y' € Fy(aF €%, t;) and ¥ — y* as k — oo. Since f is continuous, there exists k, such
that Afor k> ky, f(ab, y* EF) < f(a*, 9%, €%), which contradicts the fact that
:i}k € Ysol(xk’ Ek9 tk) n

Part (ii). Given the outer semicontinuity of Y, (2, &, t) and the continuity of f, we
can easily use [10, Proposition 4.4] to obtain the continuity of o(z,&,¢) on
U x B x [0, t*]. We omit the details.

Part (iii). The continuity of v(z,-) and 9(z, -, t) follows from part (ii). O

3.2.2. First stage problem. Next, we consider the first stage regularized problem
Pj. Under some moderate conditions, we establish the outer semicontinuity of the op-
timal solution set mapping and continuity of the optimal value function of the problem.
TuroreM 3.4 (stability of Pj). Let X C X be a compact set and Assumption 3.1 hold
for every z € X. Suppose that there exists a positive constant t such that for all t € 0,1,
Xsol( t)N X # @. Then there exists a positive constant t* < t such that
(i) the optimal solution set mapping le( )N X is outer semicontinuous
on [0, t*];
(ii) the optimal value function ¢(t) of problem Py is continuous on [0, t*].
Proof. Part (i). Let € X. Since Assumption 3.1 holds at z, by Theorem 3.3 there
exists a neighborhood U, of x and a scalar ¢, > 0 (depending on z) such that 0(z, &, t) is
continuouson U, x E x [0, t,]. What we need to prove here is that we can find a positive
scalar t* independent of x such that 0(z,&,t) is continuous on U, x E x [0, t*] for all
z € X. Our idea is to use the finite covering theorem: given the fact that we can find

'Tt is obvious that conclusions of the lemma hold when the normal cone is replaced by any closed set-valued
mapping.
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a neighborhood U, for every point z and a positive number ¢, such that 0 is continuous,
we can find a finite number of such neighborhoods U, and positive numbers ¢,,

i=1,..., %, such that the union of the neighborhood U = |J!_; U,, covers the compact
set X, and 9(-,-,-) is continuous on U N X x E x [0, t*], where t* = minletzy.

Part (ii). Under Assumption 3.1, 9(z, &, t) < 8, for some positive constant §, and
from part (i), 0(-, -, -) is continuous on U, x E x [0, t,]. By [37, Chapter 2, Proposition 1],
9(z, t) = E[o(z, &, t)] is continuous on U, x [0, t,]. Using the covering theorem as in the
proof of part (i), we can find § = maxizlézi such that 9(x, &, t) is bounded by § and
9(z.t) = E[d(z, £, )] is continuous on X x [0, t*], where t* is given as in the proof of
part (i). Obviously the level set {z € X:v(z, t) < 8} is nonempty, and its interception
with X is also nonempty. By applying [10, Proposition 4.4], we conclude that the opti-
mal value function ¢(t) of P is continuous on [0, t*]. The proof is complete. O

3.3. Lipschitz continuity of optimal value functions. We use the classical
quantitative stability results in parametric programming to investigate the local
Lipschitz continuity of the optimal value function 9(z, &, t) of the second stage regular-
ized problem REG(z, &, t) with respect to z, ¢ and value function v(z, &) of MPCC(z, §)
with respect to x. A sufficient condition is the pseudo-Lipschitz property of the feasible
solution set mapping which is implied by the MFCQ of the problem; see a discussion by
Klatte in [20, p. 3]. To this end, we discuss the MFCQ of the regularized problem
REG(z, &, t) in Proposition 3.5 under the MPEC-MFCQ of MPCC(z, &).

ProposiTioN 3.5. Let z* € X, £* € E be fized, and y* € F(z*,*). Assume that pro-
blem MPCC(z*, £*) satisfies the MPEC-MFCQ at y*. Then there exist neighborhoods of
y* and (2*,£%), denoted by U, and U, ¢, respectively, and a scalar t* > 0 such that for
all (2,€,1) € U gy x (0, 8°], the regularized second stage problem REG(xz, &, t) satisfies
the MFCQ at any point y € U, N F(x,&,1).

Proof. For simplicity of notation, let z = (z, y, §) and z* = (¥, y*, £*), and through-
out the proof, V denotes the gradient with respect to y. By the definition of MFCQ),
it suffices to show that there exists a neighborhood U of z* and a scalar
t*>0 such that for any ¢t€(0,¢], (z,§) € X xE, and feasible point y of
REG(z, &, t) with (x, y,&) = z € U, the gradient vectors Vh;(z):i=1, ..., r, are line-
arly independent, and there exists a vector d(z) (depending on z) such that

0=Vhi(z)Td(z), i=1,...,m,

0> Vg,(2)Td(2), i€Z,(2),
(3.5) 0> —-VG;(2)Td(2), i €Zql(z),

0> —VH,(2)Td(2), i € Ty(z),

z
0> (Hi(2)VGi(2) + Gi(2)VH(2)"d(2). i € Tgp(2).
where 7 gy (2) = {i|G;(2)H;(z) = t,i = 1, ..., m}. In what follows, we construct such a
vector d(z).
First, by assumption the MPEC-MFCQ holds at y* for problem MPCC(z*, £*). By
the definition of the MPEC-MFCQ, the gradient vectors
{Vhi(z*),i=1,...,mVGi(2*),i € Tq(z*); VH(2*),i € Tg(z*)}

are linearly independent, and there exists a vector d € R™ which is perpendicular to
these gradient vectors, and
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(3.6) Vgi(2)7d <0 forieT,(z).

Second, it is not difficult to show that there exists a neighborhood U; of z* and
t* > 0 such that for any 2z € U, and ¢ € (0, t*], the following relations hold:

and the gradient vectors

Vhi(z), i=1,...,15 VG(2), 1€Zq(2), VHz), i€ZIg(z);
Hi(2)VGi(2) + Gi(2)VH(2), 1€ Lan(2),
are linearly independent.

Third, the linear independence of the gradient vectors in the second step implies
that, for each fixed y and any z € Uy, there exists a nonzero vector d(z, y) with bounded
norm such that

yWhi(2)Td = Vhi(2)Td(zy). i=1.....r
1=VGi(2)Td(2,y), i€Zgl2),
1=VH(2)"d(zy), i€ZIy(2),
—1 = (H{(2)VGi(2) + Gi(2)VH () Td(z.y). i€ Lgup(2).

Indeed, if we use A(z)” to denote the coefficient matrix and b(z, ) to denote the left-
hand side of the linear system of the equations above, then we may choose

d(z.y) = A)[A()TA()] (= p).

Denote A% (z) == A(2)[A(z)T A(2)]"}. The well-definedness of A% (z) (hence of d(z,y))
follows from the linear independence of the column vectors of A(z) as discussed in
the second step. The continuous differentiability of h(z), G(z), and H(z) implies that
there exists a positive constant C such that |A”(z)|| < C for all z € U,. Note that as z
varies, the number of equations in the above system may change but our conclusion on
the boundedness of A% (z) holds.

Fourth, let d(z y) = yd — d(z,y). Then

(3.7) Vhi(2)Td(zy) = Vhi(2)[(yd — d(z.y) =0, i=1,...,r.
Moreover, for any i € Z,(2) and z € Uy,
Voi(2)Td(zy) = yVgi(2)Td = Vgi(2) T d(zy)
= yVgi(2)"d = Vgi(2)T (A7 (2)b(2,y))
= y[Vgi(2)Td - Vgi(2)"(A,(2)Vh(2)"
(3.8) — V()" (4,-(2)(1. 1. -1)7),

~—  ~—

d)]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



REGULARIZED TWO-STAGE SMPCC 681

where A,(z) denotes the matrix which takes the first r columns of A7 (z), and A, (2)
denotes the other part of A% (z). Note that Vh(z)Td tends to zero, Vg(z)Td —
Vg(z)Td <0 as z— 2, and Vg;(2)T(4, (2)(1,1,—1)7) is independent of y and
bounded when z is close to 2*. Therefore, there exists a positive scalar y sufficiently large
and a neighborhood U, C U, of 2* such that Vg;(2)Td(z) < 0 for all z € U,. Let y be
fixed. Since d is perpendicular to VG(z*) and VH(z*), we can choose a smaller neigh-
borhood Us C U, of z* such that for any z € Us,

(3.9) { -VGi(2)Td(zy) = —yVGi(z)TLZ— 1<0, 1€Zq(2),
' ~VH,(2)Td(z,y) = —yVH;(2)Td—1 <0, i€ZIy(z),
and
(Hi(2)VGi(2) + Gi(2)VH(2))Td(zy) = Hi(2)(—yV Gi(2)Td — 1)
+ Gi(2)(—yVH(2)Td - 1)
(3.10) <0, i€Zqgpu(2).

Letting U = Us, U, =T, U, Uy g) = i, U, and combining (3.7)-(3.10), we obtain
d(z) = d(z,y), satistying (3.5) as desired and hence the conclusion.

COROLLARY 3.6. Assume the conditions of Proposition 3.5. Then there exists a
neighborhood U, g of (2°,") and a neighborhood U, of y* such that for all
(7,8) € Uy gy, problem MPCC(z, &) satisfies the MPEC-MFCQ at every feasible point
ye Uyp.

Proof. Let z = (z,y,&) and 2* = (z*, y*, &), and throughout the proof, V denotes
the gradient with respect to y. It is obvious that there exists a neighborhood U, of z*
such that

Ty(2) CT,(2), Zal(2) CTa(2"), Ip(z) CIp(2),
and the matrix A(z) with columns
Vhi(z), i=1,...1 VGi(2), i€Zg(z); VH{(2), i€Iy(z),

has full column rank. Let d be a given vector which satisfies the MPEC-MFCQ at point
y*, and let

d(z) = [I — A(2)(A(2) T A(2)) " A(2) "]d.
Since d(z) — d as z — z*, there exists a neighborhood U C U, of z* such that
Vy(z)Td(z) <0, A(2)Td(z) = 0.

The claim holds for U, =TI, U and U g = 5 U. 0

In what follows we establish the local Lipschitz continuity of o(z, &, t) and v(z, &)
with respect to x and t for all £ € E. We do so by exploiting the well-known stability
results due to Klatte [20], [21] for 9(x, &, t) and a stability result on parametric MPEC by
Hu and Ralph [19] for v(z, §). The key argument we want to use from Klatte’s stability
results is that the local Lipschitz continuity of our objective function f(z, y, §) and the
pseudo-Lipschitzian of the feasible set F (z,&, t) imply the local Lipschitz continuity of
the optimal value function 9(z, &, t). As for v(z, &), Hu and Ralph observed that under
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the MPEC-LICQ), the quantitative stability of the optimal value function is essentially
the same as that in the parametric NLP.

TaeEOREM 3.7. Letz* € X and Assumption 3.1 hold at point x*. Let& € B be fized and
problem MPCC(z*, &) satisfy MPEC-MFCQ at every point in the optimal solution set
Yo (z*,€). Then

(i) there exist a neighborhood U of * and a scalar t* > 0 such that 0(, &, -) is
locally Lipschitz continuous on U x (0, t*];

(i) there exists a neighborhood U of x* such that v(-, &) is locally Lipschitz con-
tinuous on U.

Proof. Part (i). Let U; and ¢; > 0 be given as in Assumption 3.1. We first claim
that there exist a neighborhood U C U; of z* and a scalar 0 < ¢* < {; such that
REG(z, &, t) satisfies MFCQ at every point in the optimal solution set Y ,(z,§&,t)
for z € U and t € (0, t*].

Assume for a contradiction that there exist sequences {z"} — 2%, {#;} — 0, and
y* € Ya(aF, &, t;) such that REG(2%, €, t) fails to satisfy MFCQ at point y*. Under
Assumption 3.1, the optimal solution set Y, (z,&,t) is bounded for all z € U and
t € (0, t*]. Moreover, it follows from Theorem 3.3 that the optimal solution set mapping
Ye(+, -, +) is outer semicontinuous on U x E x [0, t*] and is contained in Y. Therefore,
the sequence {y*} must have an accumulation point §, and any accumulation point must
be in Y, (z*, &). Applying Proposition 3.5 at g, there exist neighborhoods of U, of z*,
U; of jand ¢ > 0 such that for (z, t) € U, x (0, ¢], problem REG(z, &, t) satisfies MFCQ
at every feasible point y € Uj. This means that when 2*, t, and y* enter the neighbor-
hood, the MFCQ holds at yku, a contradiction!

Since functions g, h, G, and H are continuously differentiable and MFCQ holds at
every point in Y (z,£,t) for (z,t) € U x (0,¢], by [20, Proposition 3|, we have
that F(z,&,¢) is pseudo-Lipschitzian at (y;z,t), where (=, ¢)€ U x (0,t"] and
y € Yz, &, t). By [21, Theorem 1], o(x,&,t) is locally Lipschitz continuous
at (z,t) € U x (0,¢"].

Part (ii). Following Corollary 3.6 and a similar analysis of part (i), there exists a
neighborhood of U of z* such that MPEC-MFCQ holds for every optimal solution of
problem MPCC(z, £), where 2 € U. From [19, Formula (8)], we have that for z near z*,

(3.11) o@E) = min v(w.6).

where J(z*,&) ={J|J € J(y).y € V(2" &)} and J(y) is defined by (2.2) with
2" = (2%, y,&). Denote the optimal solution set mapping of problem NLP ;(z, &) (see
(2.3)) by Y;(z,§). For any J € J(2*,&), Y (2, &) N Y(z*, §) is nonempty, and thus
Y;(a*, &) C Y(2*, &). The MPEC-MFCQ assumption therefore gives the MFCQ for
NLP (&) at each y € Y j(z, ). By the proof of part (i), v;(-, &) is local Lipschitz con-
tinuous and so is v(-, &) through (3.11). o

It is important to note that we are short of claiming the local Lipschitz continuity of
0(z,&,t) at point t =0 in Theorem 3.7. This is because the MFCQ established in
Proposition 3.5 is satisfied only for ¢ > 0. We will show the local Lipschitz continuity
in Theorem 4.10, where we can use some estimates of Clarke subdifferentials of the op-
timal value function o for the proof.

4. Stability analysis of stationary points. In this section, we investigate the
stability of stationary points of the regularized first stage problem P; with respect
to parameter t. This complements our discussion on the stability analysis of the optimal
values and optimal solution set mappings in the preceding subsection, and the topic is
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particularly relevant given the nonconvex nature of the regularized problem. We start
our discussion with the second stage problem REG(xz, £, t), namely, the outer semicon-
tinuity of the set of the stationary points as z, &, and ¢ vary.

4.1. Second stage problems. Define the Lagrangian function of the second stage
problem as MPCC(z, &):

L(z,y.& o, B uv) = f(z,y.8) + g(z, y.6)Ta + bz, y.§)"B — G(z.y.&)"u
— H(z,y,&) "o

We consider the following KKT conditions of MPCC(z, £):
0=V,L(z,y,&a,B,u,v),

y € F(z.8),
' Ozuiv i¢IG(37»yv§)»
O:Uis i¢IH(.Z',y,S),
Oguiviv ieIG(x?y7g)mIH(x7va)'

Let W(x, &) denote the set of KKT pairs (y; «, B, u, v) satisfying the above conditions for
given (z,£), and denote by S(z, §) the corresponding set of stationary points, that is,
S(z,&) =M W(z,£). For each (y;a,B,u,v), y is a C-stationary point of problem
MPCC(xz, &), and («, B, u, v) are the corresponding Lagrange multipliers. When the sta-
tionary points are restricted to global minimizers, we denote the set of KKT pairs by
Wi(2.8), that is, W*(z,£) = {(4:0. B, u, v) € W(z.£):y € Vo, £)}.

Analogously, we can define the Lagrangian function of REG(z, &, t) as

L(z.y.&. i, B.y.0.2) = f(z.y.8) + g(w, y. &) Ta + h(z.y.£) 7B — Gz y.&)Ty
— H(z,9.£)70 + (G(a, 9. £) o H(z, 9. £) — te)TA.

The KKT conditions of REG(z, £, t) can be written as

0= Vyﬁ(x, y.& ta,B,y.0,4),
0<—g(z,y9,6) La >0,
(4.2) 0= h(z.y.§).
0< G(z,y,6) Ly>0,
0<H(z,y,) LO>0,
0<te— G(x,y,&) o H(z,y,&) LA1>0.

Let W(zé t) denote the set of KKT pairs (y;«, 8, y, 0, 4) satisfying the above condi-
tions and S (z,&,t) denote the corresponding set of stationary points, that is,
3 (z,8) = HyVAV(I &, t). When the stationary points are restricted to global minimizers,
we denote the set of KKT pairs by W (z,&,1).

Remark 4.1. Under Assumption 3.1 and MPEC-MFCQ, both W*(z,&) and
W*(z, &, t) are nonempty and bounded.

Assumption 4.2. Let z* € X. There exist constants §, t* > 0, a compact set
Y CR™, and a neighborhood U of z* such that @ # F(z,§,t) C Y for all
(z,£,8) € U x E x [0, t*].

Assumption 4.2 implies the inf-compactness condition (Assumption 3.1) in that the
latter only ensures the boundedness of global optimal solutions to REG(z, &, t). In the
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stability analysis of the stationary points, we need the former which ensures the set of
stationary points to be bounded. Under Assumption 4.2, we have the following proposi-
tion which describes a relationship between S(z,&) and S(z,§, t).
Prorosition 4.3. Let {(z*,&€% t;)} C X x E x (0,+00) be a sequence such that
o8 —a*, EF & and t,10. Consider the regularized second stage problem
REG (2%, &%, 1,). Let y* € S'(xk, g%, 1) and y* be an accumulation point of sequence {y*}.
(i) If problem MPCC(x* &) satisfies the MPEC-MFCQ at y*, then y* is a
C-stationary point of MPCC(z*, £).
(ii) If, in addition, Assumption 4.2 holds at point x* and the MPEC-MFCQ holds
at every y € F(z*,§), then

lim  D(S(z & ;). S(z*, ) = 0.

aF st R E .10

Proof. Part (i). For the simplicity of notation, we write Ig(xk, y*, EF) and
T,(2*, y" &) as Ig and Z7. Similar simplification applies to Z¢, Zy, and Z .y, where

Ik&H = {i: Gy(aF, ¥ EM H , (oF, ¥ EF) = t,i =1, ..., m}.

Since y* is a stationary point of REG(z*, &, t;.), there exist multipliers a* € R*, B¥ € R”,
yF € R™, 6% ¢ R™, A¥ € R™ such that

.
0=V, f(z" ob 6+ akv g,(zk, b, &) + ) BEV, (. o, 6F)
=7 i=1
- nyvy Gi('rkv yk’ ék) - ZerUHZ(Ik, yk7 Sk)
i€Th, €Tl

+ > AV [H(ab, gt 8 Gi(ab, ot 8],

—
(S

(4.3)

(4.4)

Let

0 otherwise,

vE

ub == ¢ —JFH, (o, o, EY),
0
0"

v = —AFGi(ah gk EY),
0
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. k * k * k * k k —
Note that for k sufficiently large, we have 2y C 77, 77 C I, 1y C Iy, 10 N1y =@
and Z% NZ% , = @. Then (4.3) can be rewritten as

0=V, f(zF, y*, &) + V,g(aF, yF, 5k
(45) Y,k R B~ V, Gt ot € - v H Ry )+ Rt ot 6,

where
Ri(a*, y*, £%) = Z ﬂlin(Ik»ykvgk)vyGi(Ik7yk7§k)
i€k, N(T%)¢
+ > AG(E yEV H (o ).
i€zt (T3¢

Since MPEC-MFCQ holds at y*, by Proposition 3.5 there exists k, sufficiently large such
that MFCQ holds at point y* for k > k. Moreover, the MFCQ implies that o, B¥, y/*,
0%, and A* are uniformly bounded (see the proof of [18, Theorem 3.4]). Taking a further
subsequence if necessary, we may assume that the limits

of = lima%,  Br= limpr uf = limut, of = limo}
k=00 k—00 k—00 k—00

exist. Moreover, (Z;,)¢ € I3, and (Z73;)¢ C Z%,. Consequently, the limit on (4.5) implies

V(@ v, €) + Vyg(z*, y", ) + V h(z*, vy, E)B* =V, G(z*, y*, &) u*
-V, H(z*, y*.§)v" = 0.

By the definitions of u* and v*, for i € Zf, NIy, if i € ZF, ,
wjvp = lim (A7 H (o, o, €9)) (=47 Gi(a", o, 7)) = 0,
— 00
and if ¢ ¢ ZF, .,

uivi = lim (y¥or 0)(6% or 0) > 0,
k—o00

which indicates that y* is a C-stationary point of problem MPCC(z*, §).

Part (ii). Under the additional condition, the set of stationary points S(z, £) and
S (z, é , t) is bounded for (, é) close to (z*, &) and ¢ sufficiently small. By Proposition 3.2,
F(z,£.t) is continuous on U x Zx [0,#"]. Since MPEC-MFCQ holds at every
y € F(x*, &), we obtain part (ii) from part (i). The proof is complete. |

Note that Proposition 4.3 deals with the Clarke stationary points. If the smallest
eigenvalue of V?/E(xk, y*, &Rk, B P, vF) is lower bounded (the Hessian could be sin-
gular) independent of k, then we can show similar to the proof of [24, Theorem 3.5| that
the stationary points of REG(z* &%, t;) converge to an S-stationary point of
MPCC(z*, &) (note that in [24, Theorem 3.5] Lin and Fukushima derived B-stationarity
which is equivalent to S-stationarity under MPEC-LICQ, but under MPEC-MFCQ),
one can easily derive the S-stationarity under the eigenvalue condition). We leave
the details for interested readers as they are beyond the scope of this paper. In what
follows we investigate the stability of the optimal value functions v(z,&) and/or
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0(z, &, t) in terms of Clarke subdifferentials. The result is crucial for establishing our
main result (Theorem 4.6), and it is also of independent interest.

Prorosition 4.4. Suppose that Assumption 3.1 holds at point x* and problem
MPCC(z*, &) satisfies MPEC-MFCQ at every point y in set Y (2%, &). Then there exists
a neighborhood U of * and a scalar t* > 0 such that

(i) foranyz € U and & € B,

(4.6) 9,0(x,§) C ®(z,8),

where

47 oz = conv{ U V.L(z,y. & a B, u, v)};

(ys,Bu,v)EW* (2.§)

(ii) foranyze U, E€E, and t € (0,t],

~

(4.8) 0,0(x,£, 1) C ®(x,, ), 9,0(x,&,t) C A(w, &, 1),
where
(4.9)  ®(z.£.t) = conv U V. Lz, y.E t;a, By, 6, /1)}

(. B.y 0 N)EW (v.8.1)

and A(z, &, t) = TILW' (2. &, 1) ; the equality in (4.8) holds if the MPEC-MFCQ
is replaced by the MPEC-LICQ;

(iii) ®(-, -) is outer semicontinuous on U X E and (fJ(, -, +) is outer semicontinuous
on U x B x (0, t];

(iv) for every (z.§) € U X E,

lim  D(D(ak, &5, ), D(z.&)) = 0.
& —E,1.10

Proof. By an analysis similar to the proof of Theorem 3.7, there exists a neighbor-
hood U of z* and a scalar ¢* > 0 such that, forz € U, £ € E,and t € (0, t*], REG(z, &, t)
satisfies MFCQ at every point in the optimal solution set Y, (x, &, t), and MPCC(z, §)
satisfies MPEC-MFCQ at every point in the optimal solution set Y ,(z,§).

Part (i). Following an argument similar to the proof of [26, Theorem 4.8|, we can
show that for any z € U and £ € E,

(110) wac{ U Vitlrsepouo)

(yser,B,u,0)EW* (2.,)

Taking the convex hullon both sides of the above inclusion and using the fact that vislocally
Lipschitz continuous with respect to x and conv oM v(x, §) = d,v(x, ), we obtain (4.6).
Part (ii) follows from [18, Theorem 5.3 and Corollary 5.4].
Part (iii). We prove only the outer semicontinuity of @, as the proof for @ is similar.
We first prove the outer semicontinuity of W*(-, -, -). Let (a:k, Sk, t;) be an arbitrary
sequence in U x Ex (0,¢] such that (2%, &% t,) — (7,£,t), where ¢>0 and
(yFs ok, BF, yF, 6%, 2F) € W (2, £, ;). Since MFCQ holds at every point of optimal solu-
tion set Y, (2F, & t;) for k sufficiently large, by the proof of [18, Theorem 3.4],
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(yk;ak, Bk, vk, 0k, a%) € W(ak, €5, t,) are bounded. Taking a subsequence if necessary, we
may assume for simplicity of notation that

(% ok, BE, vF, 05 2F) — (y;, B,y,0,4).

Then (y; o, B,y,0,1) € W(a:, &, 1) as the underlying functions defining the KKT system
are continuous. Moreover, considering a smaller neighborhood U of z* and a smaller
number ¢* if necessary, we have, through Theorem 3.3 (i), that lA/sol(-,~,-) is outer
semicontinuous on U x E X [0,#], which implies ye Yor(z, & t), and hence
(y;t, B,y,0,2) € W(z,&, t), the outer semicontinuity of W(-,-, ).

The outer semicontinuity of o follows from the fact that it is essentially a composite
mapping of V,£ and W* while VL is continuous.

Part (iv). The proof is similar to that of part (iii) except ¢ = 0. Mimicking the proof
of Proposition 4.3 (replacing S(z*, &%, t;,) with f/'sol(a:k,ék, t.)), we can prove that

~ k
V,L(2F, yF, 5t ok, BF, 5 0F, A8 SV, Lz, y £, B u, v),

where (y*;a®, B, yF 0F 2F) € VA\/*(xk,Ek, t;) and (y*;a, B, u, v) € W*(z,€). The conclu-
sion follows. 0

It might be helpful to note that the equality in (4.8) under MPEC-LICQ implies
that the outer bound of the Clarke subdifferentials cannot be improved. Indeed, this
is a key result for establishing the subdifferential consistency in Theorem 4.6. In the
literature on MPECs, Lucet and Ye [26] established a number of estimates for the limit-
ing subdifferentials of optimal value functions of parametric mathematical programs
with variational inequality constraints without MFCQ. When the variational inequality
constraint reduces to a system of equalities, their results recover Gauvin and Dubeau’s
result [18, Theorem 5.3] under MFCQ. However, it seems an open question as to whether
the upper estimates of the limiting subdifferentials of the optimal value functions can be
improved. In our context, it is unclear under which conditions the equality in
(4.10) holds.

Remark 4.5. In the definition of ® and (f>, we use the KKT pairs at the global op-
timal solutions of the second stage problems. It is possible to cover all KKT pairs in the
definitions, that is, to replace W* and W* with W and W. Consequently, we may obtain
larger outer bounds ¥ and ¥, defined as follows for the Clarke subdifferentials of the
optimal value functions:

(4.11) Y(z, &)= conv{ U V.L(z,y, &, B, u, v)}
(yse.B,u,0)EW(2.£)

and

(4.12) ‘i‘(m, &, 1) == conv U Vzﬁ(a:, v, & ta,B,v,0, /1)}

(ye.p.y.0.0)EW(zk D)

4.2. First stage problems. We now move on to investigate stability of stationary
points of the regularized first stage problem P; at ¢t = 0. Our focus is on the Clarke
stationary points. There are two underlying reasons: (a) the optimal value function
0(z, &, t) is locally Lipschitz continuous in x and ¢ for all ¢ > 0, and under mild conditions
E[0(z, &, t)] is also locally Lipschitz continuous, which means that the Clarke generalized
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gradients of both functions are well defined; (b) we need some consistency property of
the subdifferentials of 0(z,&,t) (see (4.16) in Theorem 4.6), and it turns out that the
Clarke subdifferentials can fulfill this under MPEC-LICQ through Proposition 4.4
(ii), while it is an open question as to whether or not the limiting subdifferential can
do the job.

Let us start with the KKT conditions of problem Pyg:

0 € 0B[v(z, &)] + N x(=),

where JE[v(z, £)] denotes the Clarke generalized gradient of E[v(z, §)] and N x(z) is the
normal cone to X at point z. In Theorem 3.7, v(z, &) is proved to be locally Lipschitz
continuous, under MPEC-MFCQ. If the Lipschitz modulus is integrably bounded, then
E[v(z, )] is also globally Lipschitz continuous, and hence 9E[v(z, £)] is well defined.

From the computational point of view, it might be easier to calculate the subdiffer-
ential d,v(z, &) and its expectation. Consequently, we may consider the following KKT
conditions:

(4.13) 0 € E[o,v(z,&)] + N x(z).

It is well known that dE[v(z, §)] C E[d,v(z, §)], and the equality holds when v is Clarke
regular; see, for instance, [13, Theorem 2.8.2], [44], and [46, section 4.2] for recent dis-
cussions related to limiting subdifferentials.

We call (4.13) the weak KKT condition of the first stage problem (3.1). Likewise, we
may consider weak KKT conditions of Pj:

(4.14) 0 € E[0,0(z,&,t)] + N x(z).

Let X, and Xsta(t) denote, respectively, the set of stationary points satisfying (4.13)
and (4.14). In what follows we establish a relationship between the two sets as t — 0.
TraEOREM 4.6. Let Assumption 3.1 hold at point x* and £ € E.
(i) If problem MPCC(z*, &) satisfies MPEC-MFCQ at every point in Y, (z*, &),
then
(4.15) lim D(d(z,&, t), ®(a*,&)) = 0.

z—x*, 0
(ii) If the MPEC-MFCQ is replaced by the MPEC-LICQ, then

(4.16) lim D(0,0(z, €, t), 0,v(z*,€)) = 0.

z—x*, L0

Moreover, if (a) X is a compact set, (b) Assumption 3.1 holds at every point x
in X and MPEC-LICQ holds at any point in Y, (z, &) for every z € X and
€ € B, and (c) 0,0(x, &, t) is integrably bounded® (that is, there exists k(§) such
that ||0,0(x, &, t)|| < k(€)) and the probability measure is nonatomic, then

~

(417) lg(r]l]D)(tha(t)’ X%ta) = 0

Proof. Part (i). By Theorem 3.7, there exists a neighborhood U of z* and a positive
scalar t* such that (-, &, ) is locally Lipschitz continuous on U x (0, t*] and (-, §) is

*The condition is satisfied under Assumption 4.8.
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locally Lipschitz continuous on U. By Theorem 3.3, any accumulation point y* of {y*}

with y* € )A/ASOI(Ik ,&, t;) is contained in Y, (2", ). Mimicking the proof of Proposition 4.3
(replacing S(z*,&, 1) with Y (2%, &, t;)), we can prove that

n k
V,,E(xk, yk’ 3 tk;(xk, ,Bk’ )/k, Hk,/lk) ngzﬁ(x*’ vt Eat, Bk, U*)’
where (y*;a®, B, yF, 08, 2F) € WH(2b, €, t,) and (y*;a*, B*, u*, v*) € W*(2*, £).

Part (ii). Let us first prove the subdifferential consistency (4.16). Under MPEC-
LICQ, the application of [18, Corollary 5.4] to the regularized second stage problem
MPEC(z*, €, t) gives
(4.18) 0,0(x* £, 1) = D(z*, £, 1).

On the other hand, it follows from (4.6) that 0,v(z*, &) C ®(z*, £). In what follows we
show

(4.19) o8 2008 = )  AVLE.yEepouo)

(s, B u,v)EW* (2+.§)

Under the assumption that MPEC-LICQ holds at every point in optimal solution
set Yo (z*, &), it follows by virtue of [19, Theorem 2, Formula (7)] that

vzt Eq) = min V. L(z* y, Ea, B, u,v)Tq),
(z".&9) (y;aﬁ,u’v)ew*(m{ (z*, y. &0, B, u,v) g}

where the directional derivative v’ is with respect to z. Therefore,

(—v)'(z*.6:9) = (y;a,ﬂ’u{%z%(m{—Vzﬁ(x*, y.& o, Bu,0)"q}.

Let

ne U {=V.L(z" y. &, B u,v)}.

(yse.B,u,0)EW*(2*.£)

Then there exists a KKT pair (y;«, B, u,v) € W*(z*, &) such that n = =V, L(z*, y,
&a, B, u,v), and for any ¢ € R",

an = _Vfﬂﬁ('r*’ Y E;Ol, IB’ u, U)Tq < (_’U)l(x*’ E; q) < (_’U)U(I*’ é; q)7
where (—v)°(z*, &; ¢) denotes the Clarke generalized derivative [13] of —v in z. By the

definition of Clarke generalized gradient [13, p. 27|, n € d,(—v)(z*,€), and by [13,
Proposition 2.3.1], d,(—v)(z*, &) = —0,v(z*, &). This shows n € —ad,v(z*, &), and hence

U {_VT’C(I*’ y.&a, B, u, U)} - am(_v)(x*’g) = _axv(x*’é)’

(ys00,B,u,0)EW* (z*,£)

which implies (4.19). This shows 0,v(z*, &) = ®(z*, £), and through (4.15) and (4.18),
the subdifferential consistency (4.16) is shown.
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Let us now prove (4.17). Since Assumption 3.1 holds at every point z in X and
MPEC-LICQ holds at any point in Y (z, ) for every z € X and & € E, we have from
the subdifferential consistency (4.16) that
(4.20) lim D(d,9(7,&,t),0,v(x,&)) =0

7' —x,t[0
for every (z,£) € X x . Let #(t) € Xy, (t), that is,
(4.21) 0 € E[0,0(z(t), &, 1)) + N x(x(t)).

The compactness of X implies the boundedness of X sta(t). Therefore, we may assume
without loss of generality that z(¢) — Z, where Z € X. From (4.21), we have

0 € Tm(E[0,3(a(0). & 0] + N x(a(1))) € E[Tma,ia(0). £, )| + N x(2)
C E[o,v(2.§)] + N'x(2).

where the first inclusion follows from [5, Proposition 4.1] under the integrable bound-
edness of 0,0(z(t), €, t) and the outer semicontinuity of the normal cone N(-), and the
second inclusion follows from (4.20). This implies that Z is a weak KKT point satisfying
(4.13). The proof is complete. O

The first-order optimality conditions (4.13)—(4.14) require the derivative informa-
tion of the optimal value function v(z, §) which may be difficult to calculate. Motivated
by the outer bounds of 9,v(z, §) and d,0(x, £, t) established in Proposition 4.4, we may
consider optimality conditions by replacing d,v(z, &) with ®(z, £) in the weak KKT con-
ditions (4.13) and by replacing 0,9(z, £, t) with ®(z.&, t) in the weak KKT conditions
(4.14). These kinds of optimality conditions are considered by Outrata and Rémisch |29,
Theorem 3.5] and more recently by Ralph and Xu [33] for classical two-stage stochastic
programs. We will not go into details in this direction, as this is not the main interest of
this paper. Likewise, we can consider the KKT condition by replacing the subgradients
with W and ¥ as defined in Remark 4.5. We give a formal definition for the latter as we
need them in section 6.

DermNiTION 4.7. We call the stochastic generalized equation

(4.22) 0 € E[¥Y(z,&)] +Nx(z)

the relaxed KKT conditions of the first stage true problem (3.1), and we call

A

(4.23) 0 € E¥(z,& t)] +Nx(z)

the relaxed KKT conditions of the first stage reqularized problem (3.4). A point z* € X
satisfying (4.22) is called a relaxed stationary point of the true problem if for almost
every £ € B, MPEC-MFCQ holds at any point in the set of stationary points S(z*,&).
A point z* € X satisfying (4.23) is called a relaxed stationary point of the regularized
problem if for almost every & € E, MFCQ holds at any point in the set of stationary points
S (z*, €, 1).

Note that the MPEC-MFCQ and the MFCQ are needed in Definition 4.7 in order to
guarantee that the generalized equations are relevant to the first-order optimality con-
ditions, in that under the constraint qualifications and Assumption 3.1, the two optimal
value functions v and 0 are locally Lipschitz continuous with respect to z on a neighbor-
hood of z*, and the estimates for the Clarke subdifferentials in Proposition 4.4 are valid.
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Note also that in the stochastic programming literature, these types of relaxed KKT
conditions were considered by Ralph and Xu [33] for an ordinary two-stage stochastic
program with equality and inequality constraints and by Xu and Ye in deriving
first-order optimality conditions for a two-stage SMPEC with variational inequality
constraints [48].

Assumption 4.8. For every z € X, there exists an integrable function (&), a neigh-
borhood U of z, and a scalar £ > 0 such that E[x(£)?] < co and

max{[|V,f(z, y, &), Vag(z, . E). IV h(z, y, ). | G, y, E)|I, | H(z, y, &)
IV, G, . O IV H (2, 9. &)l 1T oy W@ )] Ty oW, £, |} < k()

’ ’ b ’ )

forallze U, £ €8, te0.1, and y € S(z.&. ).

Note that Assumption 4.8 holds when the support set E of £(w) is bounded and
vzf(mv Y, é)’ vzg(m’ Y, g)? Vlh(m7 Y, 5)7 V}\z G(.I', Y, S)v VZH(x’ Y, s) are continuous in S
To see this, we note that both W and W are outer semicontinuous, and this property
is retained under orthogonal projections II. It is easy to prove using the finite covering
theorem that a compact outer semicontinuous set-valued mapping is bounded over a
compact set. All other quantities in the curly brackets are continuous functions and
are hence bounded over a compact set. The boundedness of | G(z,y,£&)|| and
|H(z,y,&)|| can be weakened to the boundedness of the two quantities at a fixed point
xy € U because the latter together with the boundedness of ||V,G(z,y, )| and
|V, H(z,y,&)| imply the former. Moreover, under Assumption 4.8, we can easily verify
that V,£ and V,L are bounded, respectively, by k(£)* and «(£)?* for all z € U, &eB,
t€[0,4, and y € S(z,&, ).

Proposition 4.9. Suppose that Assumption 4.2 holds at point x and MPEC-MFCQ
holds for MPCC(z, &) at every y € F(z,&) and & € E. Then there exists a neighborhood
U of z and a scalar t* > 0 such that

(i) both VAV(x,S, t) and W(x,t) are nonempty for (x,&,t) € U xE x (0, t],
W(, -, ) is outer semicontinuous on U x B x (0, t], and W(-, -) is outer semi-
continuous on U X E;

(i) for every (z*,&*) € U X E,

(4.24) D(¥(z. &, t), Y(z*, £)) = 0;

lim
(z.£.8)— (2" £°.0)

A

(iil) under Assumption 4.8, E[¥(x,&,t)] and E[¥(z,&)] are well defined for any
z € U and t € (0, t*] and if the probability measure is nonatomic, then

(4.25) ) iiﬂl()m(ﬁ[@(x,g, 1], E[¥(z*,£)]) =0 Vze U.

Proof. Part (i). By Assumption 4.2, there exists a neighborhood U of z and a scalar
t* > 0 such that the feasible sets F(z,£) and F(z, &, t) are bounded for z € U and
t € (0,t*]. Then the sets of stationary points of both MPCC(z,&) and REG(z, £, t)
are nonempty. Following a proof similar to that in Proposition 4.4 (iii), we can show
that W(-, -, -) is outer semicontinuous on U x E x (0, t*] and that W(-,-) is outer semi-
continuous on U x E.

Part (ii). The proof is similar to that of Proposition 4.4 (iv). We omit the details.

Part (iii). Viewing ¥ as a composition of VL and W, we claim that ¥ is outer semi-
continuous and, through [35, Theorem 14.13], the measurability. The well-definedness
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then follows from the boundedness of ¥ under Assumption 4.8 and the definition of
Aumann’s integral. Finally, we prove (4.25). Notice that ¥ is a closed set-valued
mapping on U x E x (0, t], and it is integrably bounded under Assumption 4.8. Note
that the above analysis also holds for ¥. The conclusion follows via application of [16,
Theorem 2.5] (or [16, Theorem 2.8] and the following remark). The proof is
complete. 0

Note that Proposition 4.9 (iii) implies that any stationary point satisfying (4.23)
converges to the set of stationary points satisfying (4.22). We will use this in section 6.

4.3. Lipschitz continuity at £ = 0. In this subsection, we study the Lipschitz
continuity of o(z, &, t) at t = 0. We are unable to do this in Theorem 4.4 as it requires
some complex arguments related to singular subdifferentials, limiting subdifferentials,
Clarke subdifferentials of 9(z, &, t), and their approximations.

THEOREM 4.10. Suppose that Assumption 3.1 holds at point z* and problem
MPCC(z*,&) satisfies MPEC-MFCQ at every point in the optimal solution set
Yoo (z*, &) for every & € E. Then

(i) there exists a neighborhood U of z* and a scalar t* > 0 such that 9(-,&, -) is
locally Lipschitz continuous on U x [0, t*] for each fized & € E;

(i) if Assumption 4.8 holds at point x*, then there exists a neighborhood U of x*
and a scalar t* such that E[0(-&, )] is locally Lipschitz continuous
on U x [0, t*];

(iii) #f, in addition, the conditions of Theorem 3.4 are satisfied and Assumption 4.8
holds for all z € X (X is given in Theorem 3.4), then there exists a scalar
t* > 0 such that ¢(t) is globally Lipschitz continuous on [0, t*].

Proof. Part (i). By Theorem 3.7, there exists a close neighborhood U of z* and a
scalar ¢t* > 0 such that 9(-, &, -) is locally Lipschitz continuous on U x (0, t*] and v(-, §) is
locally Lipschitz continuous on U. To complete the proof, we only need to show that
0(z, &, t) is Lipschitz continuous at point (z, 0) for every z € U. By [26, Proposition 2.4],
it suffices to show that ofy ) 0(z.§.0) = {0}. From Proposition 4.4 (see (4.8)) and [13,

(wt
Proposition 2.3.15], we have

Oy 02,6, ) C B(x. £, 1) x ILW (2. £, 1).

If we can show the boundedness of ®(z,&,t) and W' (2,&,t) for all z € U and

€ (0,t"), then 9, »9(,£, 1) is bounded and so is o7 0 0(z, &, t); subsequently we have
()( o(z,£,0) = {0} (see the definition of the smguiar subdifferential). Note that the
bpundedness of ®(z,& 1) and LW (,€,t) is implied by the boundedness of

W*(z,&,t). Under Assumption 3.1, Ybol(x, &, t) is bounded. Since MPEC-MFCQ holds
at every point in the optimal solution set Y, (2*, &), by the proof of Theorem 3.7, there
exists a neighborhood U of z* and a scalar #* > 0 such that for z € U and ¢ € (0, '],
REG(z,£,t) satisfies MFCQ at every point in the optimal solution set Y, (z,§, ).
Under the MFCQ, the boundedness of W*(z,&,t) follows from the proof of [18,
Theorem 3.4].

Part (ii). The Lipschitz modulus of o(-,&,-) at point (z,t¢) is bounded by
10(z.50(z, &, t)||. By Proposition 4.4 and Assumption 4.8, the Lipschitz modulus is
bounded by integrable function k(&) for x € U; N U, and t € [0, min{t, t,}], where
Ui, t; are given as in part (i) and U,, ¢, are given as in Assumption 4.8. From
Proposition 2 of [37, Chapter 2] and 9(z, -, t) being continuous on &, E[0(z, &, )] is locally
Lipschitz continuous on U x [0, t*], where U = U; N Uy and t* = min{¢;, t5}.
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Part (iii). Applying the conclusion in part (i) to every point z in X, we can show
through the finite covering theorem (due to the compactness of X) that there exists a
scalar t; such that 0(z, £, t) is locally Lipschitz continuous on X x [0, ¢]. Moreover, since
Assumption 4.8 holds for every = € X, then 9(z, £, t) is integrably bounded and (z, t) =
E[5(z, £, t)] is globally Lipschitz continuous on X x [0, #,]. On the other hand, there ex-
ists a scalar t, > 0 such that for all ¢ € [0, ], X1 () N X # @. Let t* = min{¢;, t,} and
t',t" €10, t*] with ¢ < t’. Tt is easy to verify that

[@(¢) = p(t")] < supld(a. ') = H(a. t")].

zeX
By Lebourg’s mean value theorem [13, Theorem 2.3.7] and Proposition 4.4 (i),

|8(2, #) = 8(z, ") < sup [0, 3(z, t)]||¥' — | < sup E[||9,d(x, &, t)]]|¢' — ¢"]
telt ] telt’.t"]

< sup ]E[HHAVAV(L%-’ O — "] < Elk(§)]]¢ — "],

telt 1"

The last inequality is due to Assumption 4.8. The conclusion follows. a
Note that Theorem 4.10 plays an essential role in the proof of Theorem 6.1.

5. Stability analysis with respect to the probability measure. The regular-
ization scheme discussed in the preceding section is proposed to deal with complemen-
tarity constraints. In this section, we discuss another main challenge in SMPCC (1.1),
that is, the mathematical expectation operation in the objective. If we can obtain a
closed form of the expected values of E[v(z, §(w))] and E[0(z, (), t)], then the resulting
first stage problems are deterministic minimization problems. However, in many prac-
tical instances, this turns out to be very difficult or even impossible.

In this section, we discuss a scheme for approximating the probability measure P.
Specifically, we write E[0(z, £, t)] as [0(x. &, t)dP(€) and then consider a sequence of
probability measures { P, } approximating P. Here P, is assumed to be numerically more
tractable than P. In practice, there are many schemes to approximate P or E[0(z, &, t)].
The most well known examples are empirical probability measure approximation (which
is also known as SAA, to be discussed specifically in section 6) and optimal scenario
generation technique; see sections 4.1-4.2 in the excellent review paper [36] by Romisch
and the references therein. To simplify the discussion, we fix the regularization para-
meter ¢ and the probability measure P is nonatomic throughout this section.

Consider the first stage regularized problem (3.4). Let E be the support set of £(w)
and P be a Borel probability measure on =. Problem (3.4) can be equivalently written as

(5.1) mzinép(:p, t) = / 0(z, &, t)dP(E) stz € X.

=

Let P, be a sequence of probability measures { P, } approximating P in distribution as
v — oo. Instead of solving (5.1) directly, we solve the approximation problem

(5.2) m}népv(fv, t) = / (z, &, t)dP,(§) st.ze X.

We study the perturbation of the optimal value and the set of optimal solutions and
stationary points of (5.2) as P, — P. In the literature of stochastic programming, this
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kind of perturbation analysis is known as stability and /or sensitivity analysis; see a com-
prehensive review by Romisch [36] and the references therein.

Let ¢p(t), ¢pp, (1), Xp(¢), and X} (#) denote the optimal values and solutions of (5.1)
and (5.2), respectlvely

THEOREM 5.1. Let X be a compact subset of X and Assumption 3.1 hold at every
z € X. Suppose that there exists a positive constant t and a positive integer v such that
X*()ﬁf(#@ and X% ()ﬂ)_(;égfor any t € [0,t] and v > V. Then there exists a
positive scalar t <t such that, for every fived t € |0, ﬂ

(i) llmlzaooD(X*‘,( t)n X Xp(t) N X) =0,

Proof By the covermg theorem and Theorem 3. 3 there exist positive constants
<% and § such that d(z.&, t) is continuous on X xEx[0,1] and #(z, £ t) < 5. By
[37, Chapter 2, Proposition 1], 9p(z. t) and 19p (z,t), v=1,2, ..., are continuous on
X x [0, ], and hence they are bounded on the set. Since P, (&) converges to P(£) in dis-
tribution by assumption, then

~

lim  sup (Ip (z.t) — Ip(z.t)) = lim  sup /_ o(z, &, t)d(P, (&) — P(§)) =0.
(0.1

V702 e Xx[0.]] V7O e Xx (0.1

It is well known that the uniform convergence of 9 p, (- 1) to 9(-, t) over compact set X
implies the convergence of its optimal value and optimal solutions; see, for instance,
[46, Lemma 4.1]. 0

In what follows we investigate the stability of the set of stationary points. It is easy
to verify that if 9(z, €, t) is Lipschitz continuous with respect to z for almost every & and ¢
and its Lipschitz constant is integrably bounded under the probability measure P and
P,, then 9p(z,t) and Ip (z,t) are Lipschitz continuous with respect to 2. The KKT
conditions of (5.1) and (5.2) can be written, respectively, as

(5.3) 0€0,8p(z,t) + N x(z)
and
(5.4) 0 € 0, 9p, (z, 1) + N x(2),

where 0 denotes the Clarke subdifferential. Let Sp(¢) and Sp (t) denote the set of sta-
tionary points satisfying (5.3) and (5.4), respectively. Following an argument similar to
that in section 3.2, we may consider weaker KKT conditions of (5.1) and (5.2) defined,
respectively, as

(5.5) 0¢c /ﬁ 0,0(x, £, 1)AP(£) + Ny ()
and
(5.6) 0c / 0,0(z, £, 1)dP, (&) + Ny (2),

where 9,9(z, t) C [20,0(z, &, t)dP(&) and dmf)PV (z.t) C [20,0(z,&, t)dP,(&). The equal-
ity holds when v is Clarke regular; see, for instance, [13, Theorem 2.8.2], [44], and [46,
section 4.2] for recent discussions related to limiting subdifferentials. Let S%(t)
and S}gv(t) denote the set of stationary points satisfying (5.5) and (5.6), respectively.
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We investigate the approximation of S§(t) and Sp() by Sp (t) and Sp, (¢), respectively,
as v — o0o. To this end, we need to show, under some moderate conditions, that
0,9p (z,t) approximates 0,9p(z,t) and that [ 0,0(z. &, t)dP,(§) approximates
[=0,0(z, &, t)dP(€) uniformly as v — oco.

LemMa 5.2 (approximation of subdifferentials). Let F(z,&):R" x E — R™ be a con-
tinuous function, { P, } be a sequence of probability measures, and X be a compact subset
of R™. Assume the following: (a) F(z, &) is locally Lipschitz continuous with respect to ©
for almost every & with modulus L(z, &) which is bounded by a positive constant C' and
L(F(z+ th,§) — F(x,§)) is uniformly continuous with respect to & for z € x, ||h|| <1,
and t sufficiently small; (b) {P,} converges to P in distribution. Then

(i) for every fized x, dEp [F(z,&)] and dEp[F(z,£)] are well defined, and

(5.7) lim sup H(JEp [F(z,§)], 0Ep[F(x,£)]) = 0;

V=0 gex

(i) of 0, F(x, &) is outer semicontinuous in &, then

(5.8) lim sup D(Ep, [0, F(z.§)]. Eplo, F(x.§)]) = 0;

V=00 z€X

if, in addition, 0,F (x,&) is Hausdorff continuous in &, then

(5.9) lim supH(Ep [0,F(z,£)], Ep[d,F(z,£)]) = 0.
V=0 ey
Proof. Part (i). For simplicity of notation, let fp (z)=Ep [F(z,£)] and
fp(x) = Ep[F(z,&)]. Under condition (a), both fp () and fp(z) are globally Lipschitz
continuous; therefore, Clarke’s generalized derivatives of fp (r) and fp(z), denoted by

fp (z3h) and f(z; h), respectively, are well defined for any fixed nonzero vector h € R”,
where

. 1
fp,(@:h) =1lim sup—(fp, (¢' + Th) — fp (')
7 —2,7)0
and

Foah) = Tim sup > (Fp(a’ + h) — [p(e).

¥—a,tl0 T

Our idea is to study the Hausdorff distance H(dfp (z),0fp(x)) through certain “dis-
tance” of the Clarke generalized derivatives f% (z;h) and f%(z;h). Let Dy, D, be
two convex and compact subsets of R™. Let O'(Dlv, u) and o(D,, u) denote the support
functions of D; and D, respectively. Then

D(Dy, Dy) = max(a(Dy, u) — 0(Dy, u))

lull<1
and

H(D,, Dy) = max|o(Dy, u) — o (Dy, u)].

[lull<1

The above relationships are known as Homander’s formulas; see [11, Theorem II-18].
Applying the second formula to our setting, we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



696 YONGCHAO LIU, HUIFU XU, AND GUI-HUA LIN

H(afP,, (z),0fp(z)) = ”S}‘H1£31|‘7(af13,, (z), h) — U(afP\, (z), h)].

Using the relationship between Clarke’s subdifferential and Clarke’s generalized deriva-
tive, we have that f4, (z;h) = 0(dfp, (2), h) and f3(z;h) = 0(9f p(x), h). Consequently,

H(ofp,(z),0fp(x)) = sup |fp(zsh) — fp (3 h)]

al<1

lim sup~ (fp(a + th) — fp(a')) — lim sup~(fp, (&' + 7h)

7—zrl0 T 7—z7l0 T

—fr, (7))

= sup
[Al<1

Note that for any bounded sequence {a;} and {b.}, we have

(5.10) lim supa; — lim supby,

k—o0 k—o0

< lim sup|a; — byl
k—o00

To see this, let {ak]} be a subsequence such that lim sup;_,. a; = limkﬁw ay,- Then

lim supl|a; — by| > lim sup|ay, — by, | > lim sup(ay. — by.)
k—00 ij—r00 ! ! =00 ! !

= lim supay + lim sup(—b;.) > lim supa; + lim inf(—b; )
k—o0 kj—00 ! k—o0 kj—o0 ’

> lim supay, + lim inf(—b;) = lim supa; — lim supby.
k—00 k=00 k—00 k—00

Since a; and b, are in a symmetric position, we have that

lim supl|a; — by| > lim supb;, — lim supay,.
k—o0 k—o0 k—00

This verifies (5.10). Using (5.10), we have

H(0fp, (), 0f p(z)) < sup lim sup

|hI<1 &/—2,2l0

SR o) = Fo() = LU+ o) = ()

T

= sup lim sup
[|h]|<1 2'—=,7]0

[Hrw +eh) - P (- Pv)(é)‘-

T

Since P, converges to P in distribution, and the integrand & (F(2’ + th,§) — F(2,£))
is uniformly continuous with respect to & and is bounded by L, then by virtue of
[7, Theorem 2.1],

L5 + o) - P (e - Pu)(é‘)‘ —0.

(5.11) lim sup sup lim sup .

VOO g X ||h||<1 o/ —x,7)0

Part (ii). We first show that Ep [0,F(x,£)] and Ep[0,F(x, £)] are well defined. The
continuity of F(z,£) in & implies the measurability of F(z,&(-)) and F°(z,&(-);h)
through [4, Theorem 8.2.5]. Since F°(z,&;h) is the support function of d,F(z, &), by
[4, Theorem 8.2.14], 9, F (z, £(+)) is also measurable. Moreover, the Clarke subdifferential
0, F(z, &) is compact set-valued and bounded by C' (under condition (a)), which implies
that Ep[0,F'(z, £)] is nonempty and compact set-valued and that Epl||0,F(z,&)||]] < C.
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In view of a discussion by Artstein and Vitale [2], Ep[0,F(z, £)] is well defined. Using the
same argument, we can show the well-definedness of Ep [0,F(z,&)]. Note that d,F(z, &)
is convex set-valued; we obtain (5.8) through [3, Theorem 4.2], and, (5.9) by virtue of
[3, Theorem 3.1]. The proof is complete. g

We make a few comments about Lemma 5.2 because it is prepared not only for
establishing our main result, Theorem 5.3, but also for general interest such as the sta-
bility analysis of stationary points in general nonsmooth stochastic programming. First,
Birge and Qi [9] investigated pointwise approximation of dEp [F(z,£)] to dEp[F(z,&)]
(i.e., for fixed z) under the condition that P, is a particular class of continuous prob-
ability measures whose distribution function has a piecewise continuous density func-
tion; see [9, Theorem 4.1] for details. Our result (5.7) is stronger than the convergence
result in [9, equation (4.1)] in the sense that the convergence here is uniform and there is
no restriction on the distribution of P,. Second, Artstein and Wets [3] established a
number of convergence results for the integral of random set-valued mappings when
the probability measure P, converges weakly to P. Lemma 5.2 (ii) is a direct application
of their results to Clarke subdifferentials.

THEOREM 5.3 (stability of stationary points). Let X be a compact set and
Assumptions 3.1 and 4.8 hold for all x € X. Let {P,} be a sequence of probability mea-
sures converging to P in distribution. Then there exists a constant t* > 0 such that

(i) 0(z, €&, t) is continuous on X x E x [0, t*] and for any fized & € B, 0(+, €, -) is
Lipschitz continuous on X x [0, t*]; R

(ii) if the Lipschitz modulus of 0(z, €, t), denoted by L(z, &, t), is bounded by a con-
stant C and L (0(z + th, &, t) — 0(z, &, 1)) is uniformly continuous with respect
to & for any (z,&,t) € X x Ex [0,t*], ||h]| <1, and t sufficiently small, then

L E(S}, (1), S3(8) =0
and if 0,0(x, &, t) is outer semicontinuous in &, then
ILm D(Sp (), Sp(t)) = 0.
Proof. Part (i) follows from Theorems 3.3 and 4.10. Part (ii) follows from
[46, Lemma 4.2] and Lemma 5.2. O

Before concluding this section, we point out a popular special case when P, is an
empirical probability measure. That is,

1 v
P,=="Tu(w).
Vi
where £, ...,£" is an independent and identically distributed sampling of & and

_ 1 if &(w) =¢",
L (@) '{0 ifg(Z);eg’f.

It is well known that P, converges weakly to P with probability one (w.p.1); see, for
instance, [43]. In this case

98, [F(5:6)] =13 Pl
k=1

and
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1 v
EP,, [arF(I’ S)] = ; Z azF(I’ Ek)
k=1

From the calculus of Clarke subdifferential, we know that

OEp, [F(z,8)] € Ep [0, F(z,8)],

and equality holds when F(-,&%), k=1, ..., v, is Clarke regular at z. Putting this into
the context of Lemma 5.2, we have, from the law of large numbers, that (5.11) holds
w.p.1 as long as 1 (F (2’ 4 th,§) — F(,£)) is bounded by an integrable function L(§)
(independent of z and 7 it is uniformly continuous with respect to &£. Consequently,
we have

Jim supH(d(%Zy: P, 5’“)>,aEp[awF(x, g)]) —0

V=0 pex =1

w.p.1 and

lim supD(lisz(a:, EF), Eplo, F(z, E)]) =0

V=00 gy v —1

w.p.1. If, in addition, d,F(z,&) is Hausdorff continuous in &, then

lim supH(%iazF(x, E%), Eplo, F(z, S)}) =0
=1

V=00 pe X

w.p.1. Let us point out a subtle difference between the convergence results here and
those in Lemma 5.2. The Lipschitz modulus here is integrably bounded which is ob-
viously weaker than condition (a) in the lemma and our convergence results are also
weaker in that the limits hold w.p.1. In view of Theorem 5.3 (ii), the boundedness of
E(x &, t) by C may be weakened to C(§) w.p.1 and the consequent limits hold w.p.1
rather than deterministically.

6. Sample average approximation. In this section, we discuss SAA of the
regularized two-stage problem. This is a combination of the stability analyses in sec-
tions 3-5, but we have independent interest: we investigate the behavior of optimal so-
lutions and stationary points when the regularization parameter ¢ is driven to zero, and
the probability measure P is approximated by the empirical probability measure
(sample average). By focusing on SAA, we are able to obtain some stronger results which
we cannot do under general probability measures in section 5.

We start by writing the regularized two-stage problem (3.3)—(3.4) in a compact
form:
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minE[f(z, y(0),&(w))]

z.y(")

s.t. z € X, and for a.e. w € Q:

9(z, y(@),&(w)) <0,

(6.1) Gz, y(0).£(®)) » H(z. y(o).£@)) < te.

The equivalence between (6.1) and (3.3)-(3.4) is well documented in the stochastic
programming literature (see, e.g., [37, Chapter 1, section 2.4]). Let &', ...,£&"Y be an
independent identically distributed sample. We consider the following SAA of the
regularized problem (6.1):

Ty )
st.ze X, andfor t1=1,...,N:
gz, v &) <0,
h(z. y'. &) =0,

— G2y, &) <0,
— H(z,y'.£") <0,
(6.2) Gz y' &) o H(z,y', &) < tye,
where ¢y | 0 as N — oo. Note that the dependence of the regularization parameter on

sample size is numerically important, as it allows one to change the parameter value as
the sampling changes.

If we use 9(z, &%, t), i=1,...,N, to denote the optimal value of the regularized
second stage problem (3.3) with £ = &' and assume that (z;%', ...,y") is a global
optimal solution, then problem (6.2) can be written in an implicit form, that is,

1 _
mLmN; o(z, & ty)
(6.3) st. z € X,

which is the SA A of the first stage (3.4). Here “implicit” is in the sense that (6.3) does not
explicitly involve the underlying functions of the second stage problem. The terminology
is used by Ralph and Xu in [33], where SAA is applied to a classical two-stage stochastic
program.

SAA is a very popular method in stochastic programming;; it is known under various
names such as Monte Carlo sampling, sample path optimization, and stochastic counter-
part; see [31], [34], [37] for SAA in general stochastic programming and [8], [40], [47], [27]
for recent application of the method to SMPECs.

The regularized SAA scheme for a two-stage SMPEC problem was first considered
in [41] and with some detailed convergence analysis in a conference paper [32], where
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G(z,y,&) = y and H(z, y, &) is uniformly strongly monotone with respect to y. In this
section, we carry out convergence analysis under weaker conditions; that is, the second
stage problem MPEC(z, &) satisfies MPEC-MFCQ.

We start with a convergence analysis of first stage optimal solutions. Specifically, by
assuming that {zV; 4!, ..., y"} is a global optimal solution to SAA problem (6.2), we
investigate an accumulation point of {2z} as the sample size N increases. From the
numerical perspective, if we obtain an approximate global optimal solution from solving
(6.2) and observe a tendency of convergence of 2V as N increases, then we want to know
how the convergent sequence is related to the optimal solution of the true problem (1.1).

Turorem 6.1. Let {(zV; 9, ..., 9yN)} be a sequence of global optimal solutions of
problem (6.2) and & be an accumulatzon point of {xN} Let X be a closed subset of
X such that w.p.1 2V € X for N sufficiently large and X contains a global optimal solu-
tion x* of the true first stage problem (3.1). Suppose the following: (a) Assumptions 3.1
and 4.8 are satisfied at every point « in X, (b) problem MPCC(z, &) satisfies MPEC-
MFCQ at every point in the optimal solution set Y (z,&) for (z,€) € X x E. Then

(i) w.p.1 Z is an optimal solution to the true problem (3.1).

(il) suppose, in addition, the following: (c) there exists a positive constant t such
that for every z€ X and te [0, ﬂ the moment generating function
E[eC@E0-ER@ENT] of the random variable ¥(z,&,t) — EB[i(x, £, 1)] is finite-
valued for t close to 0; (d) the moment generating function E[e*®)T] of the ran-
dom variable k(§)? is finite-valued for T close to 0, where x(§) is defined as in
Assumption 4.8. Then {2} converges to & with probability approaching one
exponentially fast with the increase of sample size N; that is, for every
€ > 0, there exist positive constants C(¢) and B(€) such that

(6.4) Prob(d(zV, X)) > €) < C(e)e POV

for N sufficiently large.
Proof. Part (i). It suffices to show that > -, 9(z,&', ty) converges uniformly to
E[v(z, £)] over the compact set X, that is,

(6.5) lim sup

N~>:>c v

Z (z,€ ty) — E[v(z,£)]| =0 w.p.1.

=1

Indeed, if (6.5) holds, then we can claim, by virtue of [46, Lemma 4.1] or [35,
Theorem 7.33] (as uniform convergence implies epi-convergence), that the set of global
minimizers of the sample average function - v SN, f}(:r £', ty) within X converges to that
of E[v(z, &)] within X w.p.1. This implies that w.p.1 Z is a global minimizer of E[v(z, §)]
in X, and hence E[v(2,£)] = E[v(z*,£)]. In what follows we prove (6.5).

Since Assumption 3.1 holds at every point z € X, it follows from Theorem 3.7 (ii)
that v(-, ) is continuous on X x & and v(-, £) is locally Lipschitz continuous on X for
every fixed & € E. Moreover, by Proposition 4.4 (i),

l[0zv(z. )| < | (. §)]-
Under Assumption 4.8,

lo(2.6)| <x(§)* V(z.6) € X x &,

where «(£) is as given in Assumption 4.8 and E[x(£)?] < co. Further, the condition z* €
X implies E[v(z*, §)] < co. Therefore, for every z € X,
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[v(w. )] < [o(a*, £)] + k(&2 — 2°],
and hence E[v(z, £)] is well defined and
E[v(z.&)] < E[|v(z*.§)[] + Ex(§)?][|z — 27| < oo.

This implies, through the classical uniform law of large numbers [37, Lemma A1], that

(6.6) lim sup

N~>oo

N
Z [v(z,8)]| =0 w.p.1.
=1

On the other hand, under Assumption 3.1, we know through Theorem 4.10 that o(-,, -)
is locally Lipschitz continuous at (z, 0) for € X. Moreover, by Proposition 4.4 (ii) and
Assumption 4.8,

lo,d(z. &, )| < ITLW(2. &, )| <x(§) ¥ (2.§) € X x E,

where «(&) is as given in Assumption 4.8. Consequently, we have

N . 1 &
> bz, ty) — Efo(z, S)]’ <52

‘ i=1

(.8 ty) — (2. £)]

==

+’%i (0.8 ~ Eloz. )]

1 N . 1 N
67) < YRt 73 (0.6 ~ Bl ]

we obtain (6.5).
Part (ii). Let € > 0 be given. By [14, Lemma 3.2] (or [46, Lemma 4.1]), there exists a
8(€) > 0 such that if

N

0 1) ~ Bl )] < 800,

=1

lim sup
N—o0 reX

then d(2V, X)) < ||z — Z|| < €. Under condition (d), there exist positive constants
C,(e), B1(€), and N sufficiently large such that for N > Ny,

N

Prob(%ZK(E Yty > %5(6)) < Oy(e)e PrloN,

i=1

On the other hand, by virtue of the Lipschitz continuity of v(-, &) together with condi-
tions (c) and (d) of this theorem, we can apply [41, Theorem 5.1] to the sample average
+ 2N vz, &%); that is, for given 8(e) > 0, there exist positive constants Cy(e), B (€),
and Nl > N, such that for N > Ny,
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Prob (sup
reX

N
1 Zv .Z' s)]‘ % ( )) < 02(6‘)67/32(5)]\7.

=1

Combining the above two inequalities with (6.7), we have

N

F 20 E )~ B8] 2 6(0)) < Cule)e PO 4 Cyle)e .

Prob( lim sup
=1

T peX

The conclusion follows by setting C(e) = C;(e) + Cy(e) and setting B(e) =
min(B,(c), Bafe)). O

We now move on to discuss the case when a solution {:I:N syt L yN } obtained from
solving the SAA problem (6.2) is a stationary point but not a global optimal solution.
This happens in numerical solution in that MPECs are generically nonconvex and so are
their counterparts via NLP regularization. This motivates us to have a separate
discussion on the convergence of zV.

Consider the KKT conditions of the regularized SAA program (6.2):

N
(6.8) Z (z, 4 & tal, Byt 00, 27) + N x (),
i=1

and, for i=1,..., N,

0="V,Lixy . Lo,y 000,

0<—g(z,y",&) La’ >0,

0= h(z,y" &),
(69) 0< G(z,y,&) Ly >0,

0< H(z,y', &) LO >0,

0<tye— G(z,y &) H(zy &) LA =0
We note that (y';al, g1, v, 0%2Y), ..., (yV;a, BN, ¥V, 0V, 2Y) change as N changes.
So it would be more accurate to denote each y’ by %" and to do similarly with the
other vectors. To keep the notation simple we will take this point as understood.

The KKT conditions (6.9) imply that (y%a’, B, y%60°,4") is a KKT pair of

REG(z, &, ty); that is,

(vl By, 00 2) € W(x, &', ty).
By the definition of ‘f‘(m, £, t) (see (4.11)),
VTﬁ(x YL E L tal, By, 0000 € ‘f’(x ELt).

Combining this with (6.8), we arrive at

N
(6.10) NZ (2. ty) + Nx(2),
i=1

which implies that (6.10) is an SAA of the relaxed KKT condition (4.23).

TreorEM 6.2. Let {zV;y', ..., y"N} be a stationary point of problem (6.2) and 3 be an
accumulation point of {z™}. Suppose that Assumptions 4.2 and 4.8 hold at 2, and suppose
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that problem MPCC(x,&) satisfies MPEC-MFCQ at every point in the feasible set

F(z,&) for every & € E and that the probability measure is nonatomic. Then w.p.1 &

is a relazed stationary point of the true problem (3.1);that is, T satisfies (4.22).
Proof. Let

Wz k1), t#0,
Al &9 '_{ ¥(r.8). t=0.

By Proposition 4.9, there exists a neighborhood U of Z and a scalar ¢* > 0 such
that A(-,-,-) is outer semicontinuous on U x E x [0,¢*]. Under Assumption 4.8,
A(z,&(+), t) is measurable and integrably bounded. The conclusion follows by applica-
tion of [49, Theorem 4.3]. The proof is complete. |

Theorem 6.2 addresses almost sure convergence of stationary points. It might be
both theoretically and practically interesting to discuss exponential convergence so that
one can estimate the sample size for a prescribed precision. However, this would require
a lot of complicated technical analysis, and such analysis would have significantly in-
creased the length of this paper. We leave this for future research.

Let us now make a few comments on the numerical resolution of SAA problem (6.2).
For a given sample, this is a deterministic NLP. Therefore, theoretically speaking, any
existing NLP solver may be applied to solve it. However, when sample size increases, the
problem size could be very large. Consequently, one may wish to apply some techniques
which exploit the special structure of the problem before plugging it into an NLP solver.
Research like this is perhaps well known in the literature of stochastic programming. Let
us point out some recent development in this direction. Bastin [6] considered a trust-
region-based Schur-complement scheme for solving stochastic NLPs; Shanbhag [39]
proposed a line-search-based decomposition method for solving stochastic MPCCs.
Kulkarni and Shanbhag [22] discussed a novel hybrid algorithm which combines the
SQP-based method and Benders decomposition. Moreover, if (6.1) is a convex program,
the dual method proposed by Zhao [50] may be applicable.
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