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Abstract. In this paper, we propose a discretization scheme for the two-stage stochastic lin-
ear complementarity problem (LCP) where the underlying random data are continuously dis-
tributed. Under some moderate conditions, we derive qualitative and quantitative convergence
for the solutions obtained from solving the discretized two-stage stochastic LCP (SLCP). We ex-
plain how the discretized two-stage SLCP may be solved by the well-known progressive hedging
method (PHM). Moreover, we extend the discussion by considering a two-stage distributionally
robust LCP (DRLCP) with moment constraints and proposing a discretization scheme for the
DRLCP. As an application, we show how the SLCP and DRLCP models can be used to study
equilibrium arising from two-stage duopoly game where each player plans to set up its optimal
capacity at present with anticipated competition for production in future.

Key Words. Two-stage stochastic linear complementarity problem, discrete approximation,
error bound, distributionally robust linear complementarity problem, ex post equilibrium

1 Introduction

Let ¢ : © — R! be a random variable defined in the probability space (Q, F, P) with support
set 2 C IR! and Y be the space of measurable functions defined on Z. We consider the following
two-stage stochastic linear complementarity problem: find (z,y(:)) € IR™ x ) which solves

0<z Ll Az +E[B()y(&)]+a =0,

0< y(€) L M(E)y(E) + N(E)z + 2(€) > 0, for e € =, (1)

(SLCP) {

where A € R™", ¢; € R", B(-) : R - R™™, M(-) : Rl = R™™, N(-): R - R™", and
q(:) : IR' — IR™ are continuous matrix valued mappings, IR” > a L b € IR" means a’b = 0,
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the mathematical expectation is taken componentwise w.r.t. probability distribution of &, and
abbreviation “a.e.” stands for almost everywhere. In the case when £ follows a finite discrete
distribution, the problem above reduces to a deterministic complementarity problem which has
been extensively investigated over the past few decades, see monographs [12, 15]. Note that
if we consider (E,%) as a measurable space equipped with Borel sigma algebra %, then P
may be viewed as probability measure defined on (£, %) induced by the random variable &
and consequently P is called the probability distribution of £&. Throughout the paper, we use
terminology probability measure and probability distribution interchangeably.

In the first stage of SLCP (1.1), one is supposed to find z € IR"™ here and now before
the random data £(w) is available. At the second stage when z is fixed and a realization of
&(w) = & becomes known, y € IR™ is sought to satisfy the second stage of SLCP (1.1). The
two-stage model arises naturally from first order optimality conditions of a two-stage stochastic
linear program with recourse (see [4, 32]). It can also be used to characterize equilibrium arising
from a two-stage stochastic game where at the first stage players compete for capacity expansion
before realization of uncertainty and at the second stage they bid for producing goods or services
after production capacity is developed and uncertainty (i.e. market demand) is observed.

The two-stage SLCP (1.1) may be regarded as a special case of two-stage stochastic nonlinear
complementarity problem (NCP) and two-stage stochastic variational inequalities (SVI) consid-
ered by Chen, Pong and Wets [6] and multi-stage SVI developed by Rockafellar and Wets [2§],
which synthesize and extend the well investigated Expected Residual Minimization (ERM) mod-
els [5, 7] and expected value models [16, 19] for one-stage SVI. In a more recent development,
Rockafellar and Sun [29] apply the well-known PHM to solve multi-stage SVI and stochastic
NCP (SNCP). However, the application is restricted to the case where the distribution of the
underlying uncertainty is discrete and finite.

In this paper, we discuss discrete approximation of the two-stage SLCP which is partly aimed
to fill out the gap on application of PHM to the continuously distributed SLCP. Moreover, a
discretized two-stage SLCP is virtually a deterministic SLCP which makes it readily solvable by
existing code such as PATH. We are focusing on a two-stage SLCP so that we may concentrate on
the key ideas in our approach and leave the potential extension to multi-stage and/or non-linear
case for future research.

Extending from the two-stage SLCP (1.1), we consider a situation where the true probability
distribution P is unknown but it is possible to use partial information to construct an ambiguity
set P of distributions which contains the true distribution. Consequently, we propose a two-stage
distributionally robust LCP as follows:

0<zlAz+Ep[B)y()]+a =0, VP € P,

0< y(€) L M(©y(E) + N©)r + () >0, for Prac. ez P

(DRLCP) {

The DRLCP requires every solution to satisfy the first stage complementarity condition for all
P € P to mitigate the risk arising from ambiguity of the true distribution. Obviously the new
model is more demanding on its solution than the two-stage SLCP (1.1) and as a result, it
might not have a solution if the ambiguity set is too large. Like the two-stage SLCP (1.1) which
stems from two-stage stochastic linear programming or two-stage stochastic games with contin-
uous actions, the two-stage DRLCP (1.2) can be linked to distributionally robust optimization



and games. Indeed, the two-stage DRLCP (1.2) may be used to characterize the first order
optimality conditions of the so-called ex post optimal solution to a two-stage distributionally
robust optimization problem and the ex post equilibrium of two-stage distributionally robust
games. The notion of ex post equilibrium is a well-known distribution-free solution concept and
is especially prevalent in the auction theory literature, see [2, 13, 18].

The paper has three main contributions.

(i) We provide sufficient conditions for the existence and uniqueness of the solution of the
two-stage SLCP (Proposition 2.1) and propose a discrete approximation scheme for the
problem. We then present some qualitative and quantitative convergence analysis of the
solutions obtained from solving the discretized two-stage SLCP to their true counterparts
(Theorems 3.1 and 3.2). Application of PHM to the discretized problem is outlined (Section
3.3).

(ii) In the absence of complete information on the true probability distribution, we propose
a distributionally robust model for the two-stage SLCP, the model is parallel to the ex
post equilibrium of robust games studied by Aghassi and Bertsimas [2]. We derive a
dual formulation of the DRLCP model and discuss a discretization approach for the latter
(Section 4).

(iii) As an application as well as a motivation, we propose a two-stage distributionally robust
game in a duoploy market where two players need to make strategic decisions on capacity
for future production with anticipation of Nash-Cournot type competition after demand
uncertainty in future is observed. Under some standard conditions, we reformulate the
problem as a two-stage SLCP when the true distribution of the demand uncertainty is
known and a two-stage DRLCP otherwise. We give an academic example to show existence
of a solution to the two-stage DRLCP (Section 5.1).

Throughout the paper, we use the following notation. IR} denotes the non-negative orthant
and IR’ | the interior of R"}. For a vector a € IR", we write (a); for max(0,a), where the
maximum is taken componentwise. For matrices A, B € IR"*", we write A = B and A = B
to indicate A — B being positive semidefinite and positive definite respectively. Differing from
the convention in semi-definite programming, here A and B are not necessarily symmetric. We

use || - || to denote the 2-norm for both vectors and matrices and indicate any other norms
by a subscript such as || - || for the infinity norm. Finally, to ease the exposition, we write
K := {1,---,K} and use the same notation ¢ for both a random vector and a deterministic

vector of variables in IR! depending on the context.

2 Structure of the two-stage SLCP

Although our main emphasis, later on in this paper, will rest on the case where the second
stage of SLCP (1.1) has a unique solution, we believe that it will be helpful to discuss a precise
meaning of the model in a general setting where the second stage of SLCP (1.1) has multiple
solutions for each fixed z and £. Let S(x,&) denote the set of solutions of the second stage of



SLCP (1.1). Then the two-stage SLCP can be written as: find = € IR"™ and y(-) € S(z,&(+))
which solve

0<zl Az +E[By(&)]+q > 0. (2.1)

Here S(x,£(+)) : 2 — Y is a random set-valued mapping, and y(-) is a measurable selection such
that E[B(€)y(&)] is finite-valued. In the case when S(z,&) is a singleton for each z € IR™ and
§E€E, S(x,8) = {y(z, O}

In what follows, we investigate conditions for the existence and uniqueness of a solution to
(1.1). For this purpose, we make the following technical assumptions.

Assumption 1 There exists a positive continuous function k(€) such that E[k(€)] < +oo and
for almost every &,

T , T A B(f) z K Py 2 U 2 gy L m
(7uT) (N(O M(O) <u> > w(€)(I21 + ul®), ¥z e R", ue R™ 22

Moreover, E[[| BE)[I] < oo, E[[M(£)[]] < oo, E[IN(E)[I] < oo and Effj¢(E)]]] < oo

Let D denote the set of m x m diagonal matrices D with diagonal components D;; € {0,1},
for j € m, and M be an m x m positive definite matrix. Let _# denote the power set of
{l,---,n} and J € Z. Let D; € D with

1, if jeJ,
(Dg)js = { 0, otherwise.

It is known that I — D (I — M) is invertible when M > 0, see for instance [10]. Let
Us(M):= (I —Ds(I—M))"'Dj.

By permutation if necessary, we assume for the simplicity of exposition that J = {1,2,---|J|},
where |J| denotes the cardinality of set J. Consequently, we know from [10] that

On><n7 it J = (Z))
M) = —1
Uy (M) <J\4(31 8) , otherwise,

where M is the |J| x |J| sub-matrix of M whose entries of M are indexed by the set J € #.

From time to time in the follow-up discussions, we need to look into positive definiteness
of A— B(§)Us(M(&))N(§) and its inverse. To this end, we state the following intermediate
technical result.

Lemma 2.1 Under Assumption 1, the following assertions hold.

(i) 2T Az > ess SUDgcz k()2 for all z € R™, and u’ M;(&)uy > k(€)||uy||?, for a.e. £ €E,
all uy € RV and J € 7.



(i) A—=B(E)Us(M(E))N(€) is well defined and 2" (A — B()U;(M(€))N(€))z > s(€) 2%, for
a.e. £ €2 and all z € R™.

(iti) | My (&) < g and [I(A = BOU(M(E))N(E)) | < g for a.e. € E.

Proof. We only prove Part (ii) since Part (i) follows straightforwardly from (2.2) and Part
(iii) follows from Parts (i) and (ii). By setting u = —U;(M(£))N(§)z in (2.2), and using
Us(M(§)M(EUs(M(E) = Us(M(E)), we have

2T Az = 2T BUS (M (E)N(€)z = w(E)(I12]1* + 1T (M (€)N(€)=I*) = w(€) 2]
for any z € IR" and a.e. £ € =. [ |
We are now ready to state existence of solutions to SLCP (1.1) and the structure of the

second stage solution.

Proposition 2.1 Let Assumption 1 hold. For any given x and § € =, let D(z,£) € D be an
m-dimensional diagonal matrix with

Dyy(a,€) o= { L (€6 + MO+ 2(6), < 6
Let
W(w.) i= [T - D(a,€)(1 ~ M(©)]"'D(w. ) 2.3
and

J(@,8) = {j : (M(E)y(&) + Nz +2(£)); < y;(O)}-
Then the following assertions hold.
(i) The two-stage SLCP (1.1) has a unique solution (z*,y*(-)) € R™ x V.
(ii) The solution to the second stage of SLCP (1.1) can be written as
y(x, &) = =W (z, &) (N (&)z + ¢2(€)) (2.4)
and (-, €) is globally Lipschitz continuous w.r.t .
(iii) The first equation of SLCP (1.1) can be reformulated as
0<z L (A-E[BEW(,ON(E)])z —EBEW(z,)a(é)]+a =0,  (2.5)

where

I(A = E[BEOW (2, )N(E)) ' < < +o0.

1
E[x(£)]
(iv) Let

F(z) := min (:n, (A—E[B)W (z,6)N(&)])x — E[B()W (x,&)q2(£)] + Q1). (2.6)

Then F is Lipschitz continuous and every matriz V, in the Clarke generalized Jacobian
OF (x) (see definition in [11, Section 2.6]) is nonsingular with ||V, || < d for some constant
d > 0 which is independent of x.



Proof. We only prove Part (i) and Part (iv) as the other parts follow straightforwardly from
[10], Lemma 2.1 and the implicit function theorem [38, Lemma 2.2].

Part (i). For this purpose, we prove monotonicity of the infinite complementarity system
(1.1). Let (-, -) denote the scalar product in the Hilbert space of IR" x ) equipped with L£s-norm,
that is, for z,z € IR"™ and y,u € Y,

(@.9), (zu)) o= 2Tz + / y(&)Tu(€) P(de).

Under Assumption 1, for any (z,y(+)), (z,u(-)) € R™ x Y, we have
Az = 2) + E[B(§)(y(§) — u(§))] r—z
M(E)(y(§) — u()) + N()(x —2) | " \y(&) = u(§)

Eny )T<N§ i)(yéi(é))]

> Elx (5)(H:r—ZH2+Hy (&) — u(©)*)]

The existence and uniqueness of (z*,y*(+)) follow from the monotonicity of problem (1.1), see
[17, Theorem 12.2 and Lemma 12.2].

Part (iv). Let us rewrite F(z) in (2.6) as

F(z) = min(z, Az — E[B(§)y(z, )] + q1),

where g(z,§) is defined in (2.4). By [10, Theorem 2.1],

02y(z,§) conv {lim.; V.5(2,&) = —[I — D(2,§)(I — M(£))] 7' D(2,§)N(€) : §(z,€) is nondegenerate }

C conv{-U;(M())N(&):Je 7},
where “conv” denotes convex hull of a set, 0,y(x,&) denotes the Clarke generalized Jacobian

with respect to  and non-degeneration of 3(z, £) means that {i|(M(£)7(z, &)+ N(&)z+q2()); =
7i(z,€)} = 0. To ease the exposition, let T';(§) := A — B(§)Us(M(&))N (). Then

O, E[Az — B(§)y(z,£) + @] € Elconv{l';(£) : J € 7},

where the expectation is taken in the sense of Aumann [3], and hence
OF (x) € {E[l — D+ DY(&)] : T(€) € conv{T,()}.] € #,D € D,€ € =}, (2.7)

where D is defined immediately after Assumption 1, and Y(&(+)) represents integrable selections
from the convex hull of random set-valued mapping {I';(£(-))},J € #,D € D,&() : @ — E}

On the other hand, under Assumption 1, I';(&) is positive definite for all £ and it follows by
Lemma 2.1 (ii)

n

TE©)z = 3 2(ELH(€)]2): > E(©]]l=]% V=€ R™

=1
This implies
max z; (E[L'7(§)]2)i > ]E[I;(E)]HZHZ, Vz e R".

€N -



For a fixed z € IR", let i := arg max;es 2z (E[' 7(£)]2);. Then
E[k(£)]

- 1211* < 2io (BIC5()]2)io < lzio B (2] (2.8)
from which we deduce E[(6)]
|2io| > m\\z\l. (2.9)

Moreover

|Zio‘2, if Dioio = 0,

2ig (B[ (€)]2)ig,  if Digiy = 1. (2.10)

Zig (I = D)2)ig + 2ig (DE[L'1(£)]2)ig = {

n

2
Let © :=min { (n”g;(f()g)]”) , Elr) } Then we obtain by combining (2.8)-(2.10) that

Zio((I - D)Z)io + Zio(DE[FJ(f)]z)io > GHZHQ
Hence for any z € IR", we have

max z((I — D + DE[T;(€)])2); = max z((I — D)z); + x(DE[L(€)]2); = O] 2|,

1EN €en

which implies that I — D + DE[[';(£)] is a P-matrix! for any D € D. Let

O(E[L;(§)]) := min {maxzi(E[FJ(ﬁ)]z)i}.

||Z||oo:1 €N
It follows from (2.8) and (2.9) that (E[I";(£)]) > © and by [8, formula (1.6)],

- max{1, |[E[l'y({)]llo} _ 1
rggg”([—D—l—DE[Fﬂﬁ)]) Yoo < (ET, ()] < 6max{1,\|]E[FJ(£)]||OO}.

Through (2.7), this implies that every matrix in 9, F(z) is nonsingular and the infinity norm of
its inverse is bounded by max{1, [|[E[l';({)]||cc }/©. [ |

Recall that one of the main objectives of this paper is to develop a discretization scheme
for the two-stage SLCP (1.1) and we will do so in the next section. While it is not necessarily
a prerequisite, we find it is much more convenient, at least from presentational perspective,
to discuss the approach when the support set = is compact. If we made a direct assumption
on the compactness of =, it would exclude a number of practically interesting cases where the
support set is unbounded. In what follows, we try to address the dilemma under some moderate

conditions.

Let € be a small positive number and =¢ be a compact subset of =. Since B(§)U (M (§))N(€)
and B(§)U j¢) (M (€))q2(€) are integrable for all J(§) C {1,--- ,n}, then we can find = C = such
that

<€ and <e.(2.11)

B(E)Uy(e)(M(§))N () P(dE)

E\E.

'/:\: B(&)Uyye) (M (£))q2(6) P(d€)

'Recall that A € IR™*™ is a P-matrix if max;en 2i(Az); > 0 for all nonzero z € IR™.



We consider the complementarity problem

(2.12)

0<wl Az +Ez [B()y()] + a1 >0,
0<y(§) L M(&y(§) + N(§)z + q2(§) 20, for ae.§ €Z,

where Ez [H(&)] := ISGEE H(&)P(dE) with a compact set E.. Note that Ez, may be regarded as
the expected value of H () conditional on £ € Z.. However, we are a little unwilling to write
this as a conditional expectation since it would make the exposition more complex.

Under Assumption 1, it follows by Proposition 2.1 that (2.12) has a unique solution (see
[12, 15]). Let us denote the solution by (x., (., -)) and substitute g(x,, ) = =W (2, &) (N (§)ze+
q2(&)) obtained from the second equation of (2.12) into the first equation, we obtain

0<z L (A=Ez[BEW(z,N(E)])x —Ez [BEW (2,£)q2(8)] + ¢ >0, (2.13)
where W (x, &) is defined as in (2.3).

The following proposition quantifies the difference between x. and the true solution of the
two-stage SLCP (1.1).

Proposition 2.2 Let Assumption 1 hold. Then there exists a positive constant ey such that
the two-stage SLCP (2.12) has a unique solution x. for all € € (0,€p]. Moreover, there exists a
positive constant C such that

|lz* — x| < Ce, Ve € (0, €). (2.14)

Proof. Note that NCP (2.5) and (2.13) can be rewritten respectively as F'(z) = 0 and
Fe(x) = min (z, (A — Bz, [B()W (2, N (§)])r — E=, [B(OW (2,£)@2(§)] + 1) =0,  (2.15)

where F'(x) is defined in (2.6). By (2.11), we have

1F(z) = Fe(o)l < [(EBEW (z,§)N(&)] — Bz [BEW (2, )N (&)])=]|
FE[BEW (x,8)q2(8)] — E=, [B(E)W (z,£)q2(8)]]]
< (A [ll)).
By Lemma 2.1,

I(A = EBEOW (2, )NED T, (A~ Ez, [BEOW (z, )N,

IE[B(E)W (2,)2(€)] + q1] and [Ez, [BE)W (x,€)ga()] + | are uniformly bounded for ¢ €
(0, €0], thus, there exists a positive number p > 0 such that the solutions of NCP (2.5) and
(2.13) lie in the ball B(0, p) of IR", we have

i [1F(z) = Fe(z)] < e(1 4 p).
z||[<p

By Lemma 2.1 (ii), A — E[B(§)W (z,{)N(€)] is positive definite and

WA—EBQWW%ON@m”HS%U.



Thus, there exists a positive constant €y such that for all € € (0, ¢y], we have

A= E= [BOWEON©O] =0 and (4= E=[BEOWEONE) < .
Since || Ez, [B(&)W (x, £)q2(§)]|| is also bounded, there is a positive number «a; such that ||z < aq

for all € € (0, €p]. This enables us to bound p by a positive constant independent of z..

By Proposition 2.1 (iv), there exists a positive constant agy such that
[ze = 2*|| < aa||F(ze) — F(2%)|| = aa|| F(xe) = Fe(xe)l| < aze(l + an).

We obtain the conclusion by setting C' = aa(1 + aq). [ |

The proposition says that the solution obtained from solving (2.12) is close to the solution of
(1.1) when e is set sufficiently small. This means that we can trim off the tail of the probability
distribution P.

3 A discretization scheme

In this section, we move on to discuss discretization approaches for the two-stage SLCP (1.1).
The key challenge is that the second stage of SLCP (1.1) comprises an infinite number of
complementarity problems when £ is continuously distributed. Our idea here is to divide the
support set Z of ¢ into small subsets {Z;} and set y(§) = y; for £ € Z;. This will effectively
reduce the infinite number of complementarity problems at the second stage to a finite number.
We then attach a probability to each of the subset and consequently discretize the continuous
probability distribution P and the two-stage SLCP (1.1). Throughout this section, we assume
that = is a compact and convex set.

3.1 Description of the discretization scheme

=K
=

Let {EZK } be a partition of the support set =, that is, =/* is a compact and convex subset of =

such that,

K =2 mtEf NintEf =0, Vi#j, i,j€K,

=
[1]

Il
i

)

where intS denotes the interior of S. Note that since = is assumed to be a compact set, each
K

—_
—

—

(2

is also a compact set. Let

L with K — p(=K
B H(©) = e [ H©P() with of = PEF) (3.1)
for H(E) = M(€), N(€), B() or g2(€). Let
AES) = max & - &l (3.2)

denote the diameter of ZX. We require max;.z A(EK) — 0 as K — occ.



Let € IR" be fixed. For i € K, we consider the linear complementarity problem
0 < yi L Ecx [M()lyi +E=x [N (e + Exr[aa(6)] 2 0, (3.3)

yi is defined at the beginning of Section 3. Under Assumption 1, M(§) = 0 for all £ € = and
hence E-x [M(§)] = 0. This ensures problem (3.3) has a unique solution. By [10] and Lemma
2.1, we can write the solution of (3.3) as

¥ (@) = ~ W (@) (E=x [N () + Bzxlaa(€)), (3.4)

where
W (z) := [I = DI (2)(I — Ezx [M(€)))] ' Df (),

7
3

DX(z) € D is an m x m-dimension diagonal matrix with

(DK (2));5 = { L (Bap N (€))e + B [M(©)FH (2) + Bzrle(©)); < 5K (@)

0, otherwise.

Let 14(a) denote the indicator function with 14(a) =1 for a € A and 0 otherwise. Let

K
g (2,6) =Y ¥i (@)1=x (8), (3.5)
=1

that is, % (2,¢) = y&(z), V¢ € =K.

We use 7% (,€) as a piecewise step-like approximation to the true solution g(z,&) of the
second stage of SLCP (1.1). Substituting 4’ (z, ) into the first stage of SLCP (1.1), we obtain

0<xz Ll Az +E[BE)7"(z,6)] +q >0. (3.6)

Remark 3.1 Problems (3.3)—(3.6) provide a discrete approxzimation of two-stage SLCP (1.1).
To see this, let pX := P(ZK). Then we can write (3.3)—(3.6) as

0<z L Az + 3K, pZKEEf [B(E)]yi + a1 =0, (3.7)
0<yi LEcx[M(©)lyi + Ezx [N(©le +Ezx[02()] 20, i€ K. |

This is a two-stage SLCP with discrete distribution. The discretization scheme should be dis-
tinguished from the well-known sample average approximation scheme where the second stage
solution is restricted only to the sample points each of which is attached with equal probability.
Our approach is more accurate by exploiting the information of problem data in each set EiK
albeit at the cost of calculating pZ-K.

3.2 Qualitative and quantitative convergence analysis

Let (z%,y®) denote the solution of (3.7) whereby we write y¥ for (yf€,.-- | y¥). Let

Z yilzx (¢ (3.8)

10



We investigate convergence of (€, y®(-)) to (z*,y*(+)), the true solution of the two-stage SLCP
(1.1) as maxycz A(EK) goes to zero. At this point, it might be helpful to emphasize the
difference between y®(¢) and ¢ (z, &) defined in (3.5): the latter depends on each fixed z
whereas the former does not depend on z. Using (3.4) and (3.5), we have

K
5 (@,6) = =3 WK (@) Bxp N ()] + Explga(€)) 12 (). (3.9)
i=1
Substituting the explicit form of 7% (x, &) above into the first equation of (1.1), we obtain

0<x L (A—E

K
B(§) ( 1ok (W] (2)Ezx [N(ﬁ)])D z—Q%(z) >0, (3.10)

—1

where

Q¥ (x):=E

The following theorem states the convergence of (€, y (€)) to (2*,y*(¢)) as K — oo.

Theorem 3.1 Under Assumption 1, the following assertions hold.

(i) The complementarity problem (3.7) has a unique solution (€, y*).

(i) If, in addition, max;c gz A(EK) — 0, then {(z%,y%()))} is bounded on R™ x Y, where the
boundedness of y*(-) is in the sense of the norm topology of L1(Y).

(iii) {x%,y%(-)} converges to the true solution (z*,y*(-)) of problem (1.1), where the conver-
gence of {yX(-)} — y*() is in the sense of the norm topology of L2().

Proof. Part (i). By Assumption 1,
A Ezx[B(§)] 2
T ,T ! 2 2
zZ0,u i > Eox [k(](||z]|° + [|u]|?).
Analogous to Proposition 2.1, we can demonstrate that the discretized two-stage SLCP (3.7)

has a unique solution.

Part (ii). By definition, 2% is a solution to the first stage of SLCP (3.7) and it is the unique
solution for all K. Moreover

W (@) = (I - DF (@) (I = Ezx[M(€)]) 7' DI («5),

where DX (2X) € D, i € K. For any given D; € D, let
Wi = (I = Di(I = Ezx [M(6)))) "' Di and W (€) := (I — Dy(I — M(€))) ™" Ds.
Under Assumption 1, |[W/X(€)|| = ||U;(M(€))] < % for some subset J € _#. Thus |[WE| <

K(€)
ﬁ +1 for all K. Let

K
RK :=E |B(¢) (Z 1ox (6) (W E=x [N (6)] - WF(@N(@))] . (3.11)
i=1
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For D; = DX (25), zX satisfies

K
o< 1 (A -8B (Z 1Eg<s>mf<zv(s>>]> r-Q¥ 20, (3.12)
i=1
where
— K —
O% —E | B(©) (Z 1 (WK Exy [q2<s>]>] —a
1=1
Moreover, (3.12) can be written as
K
0<z L (A ~E|B(¢) (Z lex (5)W(5>N(5>) + RK> z-QF >0 (3.13)
i=1
Note that for any ¢ € =X,
WHE=k [N(€)] = WE(N(€) = W (Bzx [N (§)] = N(€)) + N(W = W), (3.14)
Since max;c gz A(EX) — 0, and both M(-) and N(-) are continuous over =, we have
sup [|M(§) —Ezx[M (]| =0 and  sup [N(§) —Ezx [N(£)]]| — 0.
gesk tesk
Moreover, under Assumption 1, it follows by Lemma 2.1, |[WX|| < m + 1 (note that

k(&) is positive continuous over the compact set =, mingez £(§) > 0). Thus, the first term at the

right hand side of (3.14) goes to zero as K — oo. Likewise, we can show that the second term

at the right hand side of (3.14) goes to zero as K — oco. Summarizing the discussions above, we

are able to claim, by the Lebesgue Dominated Convergence Theorem that,

K
B(¢) <Z 1
i=1

lim E

K—o0

(1

K
B(¢) (Z 1ok <5>W1K<£>N(§>>] =E

=1

and R¥ — 0 as K — oco. By Lemma 2.1,

z! (A—IE

B(¢) (Z 1ok (W Ear [Mé)])

i=1

and

for any {D;} C D. This entails

(A_E

. -1
B(¢) (Z L (W o)y W@])D < 5@l

i=1

f@)Wf(@N(&))]

(3.15)

for all z € R"?. On the other hand, the boundedness of Q¥ implies that ||Q¥ (z)|| is uniformly
bounded w.r.t. z. Together with (3.15), we are able to claim the boundedness of {z®}. This

12



together with integrable boundedness of M (€)™, N(€) and ¢o(€), ensures that y* is bounded
and so is y%(+).

Part (iii). Let # be a cluster point of the sequence {z*} and assume without loss of generality
that X — 2. For any fixed ¢ € Z, there exists {ix} such that & € ﬂEg{ By the implicit
K
function theorem [38, Lemma 2.2], 3 (¢) converges to §(&) which satisfies

0< §(8) L M(©)j(€) + N()i + (€)= 0, for ae. € €E. (3.16)

Moreover, since y*(-) is bounded, by the Lebesgue Dominated Convergence Theorem,

i B [BOy (6] =B | Jim_B©5*(©)] = ELBOIE)

K—oo |:K%oo
Through (3.5) and (3.6), we have
0<2 1L Az +E[BEy(&)]+q > 0. (3.17)

The equation above coincides with the first stage of SLCP (1.1). Since the second stage problem
has a unique solution, (Z,¢(&)) coincides with (z*,3*(£)) a.e. The proof is complete. [ |

In what follows, we take a step further to quantify the discrepancy between (€, 4% (£)) and
(z*,y*(&)) as K — oo. For this purpose, we require the underlying coefficient matrices and
vectors to be Lipschitz continuous w.r.t. £.

Assumption 2 M(-), N(-), q2(-) and B(-) are Lipschitz continuous over a compact set con-
taining = with Lipschitz constant L.

Under Assumptions 2, it is easy to show that
IH(€) — E=x [H(E)]]| < LAEF), V¢ € EF, (3.18)

for H(€) = M(€), N(€), B(€) and gs(¢).

Theorem 3.2 Under Assumptions 1 and 2, there exist a positive number v > 0 and nonnegative
integrably bounded functions c¢(§) and h(§) such that

o —a"ll < E[IBE)lle(§)] L max AE]) (3.19)
and
ly™ (&) = y"(©ll < h(OLmax A(Ef), for Ve € E. (3.:20)

Proof. We first prove (3.19) and proceed it in two steps.

Step 1. By Theorem 3.1, there exists a compact set X C IR™ which encompasses {z®} and z*.
For any fixed £ € = and x € X, we consider the second stage complementarity problem

0<yL M()y+ Nz +q(s) = 0. (3.21)
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As we discussed in the previous section, (3.21) has a unique solution y under Assumption 1.
Moreover, we can write (3.21) equivalently as

®(y,z,£) == min(y, M(§)y + N(§)z + ¢2(¢)) = 0.

Under Assumption 2, ® is locally Lipschitz continuous near (y,z,§). By the implicit function
theorem [38, Lemma 2.2}, (3.21) has a unique locally Lipschitz continuous function §(Z, £) such
that §(x,£) = y and ®(3(%,€), %, &) = 0 for all (&,€) close to (x,€). Likewise, we can show that
there is a unique locally Lipschitz continuous ¥ (z) which satisfies

0 < yi L Exx[M(©)] 1z (€)yi + Ezx V(@) 1z ()2 + Exxx(©)]1(€) 20, (3.22)

for £ € =K i € K. Note that the solution to (3.22) may be represented as in (3.4).

With (3.18), we may regard (3.22) as a perturbation of (3.21). Let n € (0,1) be a constant
and K sufficiently large such that

Ezrc[M(€)] € {QIBEIM(E) — Qll < n}, forie K,

where
8(€) := max (T ~ D+ DM(€)) ' D).

Let a(§) :== B(£)/(1 —n). By [9, Theorem 2.8], for £ € E

195 (2) = g(2, &) < ®(EOI(=N(E)x — a2(6)+ [IE=x [M(€)] — M(€)]]
+a(§)|Ezx [N(]z — N(§)z + Ezx[g2(6)] — ¢2()
< L@EUINE2ll + llg2()1) + )|z + 1) AET)
= Lh(z,§AES), (3.23)
where hy(z,£) := o*()(IN©lllz] + lg2(O) + a(§) (|l + 1).
Under Assumption 1, E[h(z,&)] < oo. The error bound holds for all i € K.

Step 2. By substituting g(z, £) and yX(z) into the first equation of (1.1) and (3.7) respectively,

we have
K K

0<z Ll Ax—i—ZpZ-KEE;K [B(&y(z,&)]+q1 >0and 0 <z L Aa:—i—ZpiKIEEg\f [B(OyE (z)+q > 0.
=1 =1

We write them equivalently as
F(z) = min. {w Ao+ 3B B2, +q1} =0
=1

and

K
F¥(z) := min {x,A:c+ Zﬁ%f[ﬂ&)]?f(ﬂﬁ) +CI1} =0.

=1
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Let X be defined as in Step 1. Since = is compact and g(x, &) is continuous over X x Z, there
is a positive constant o such that ||g(z,§)|| < o for all (z,£) € X x =. Using (3.18), we have

1F () = F¥ ()] <

K
Zpl E-x[B(©)y(x, &) - 3 Pl E=x By ()
=1

< ZPKE—K IBEN5(x,€) =5 ()]
< LrlrggcA (ZPKE~K HIB(E)Ih(x, fﬂ) (by 3.23)
<

LE[[| B(E)lle(¢)] max A(Z; )

where

c(€) = O UN@NIXI + la2©)l) + a©UIX] +1)
and || X | := max{||z| : x € X}. By Proposition 2.1 (iv) and [37, Lemma 2.2],

2" —*|| < ysup | F(z) — F¥ (2)]| < LyE[|BE)(€)] max A(E; i)
zeX eK

for any positive number v > This completes the proof of (3.19).

E[s()] (6)]

Next we prove (3.20). Using the established error bound (3.19) for the z-component of the
SLCP solutions, we can again use [9, Theorem 2.8] for the y-component of the solutions,

ly™ (&) = y*(©) 155 (2%, €) — 5", &)

IA

a2 (O)[[(—N(€)a* — q2(9)+ ||| Ezx [M(&)] = M(&)]
+0(&) [Egxe [N (©)]2K — N(€)7* + Bz [g2(€)] — a2() (3:24)
< Lh(©)_max A(ED),

where (&) = a*()(IN(§)IICo + [la2(§)) + a(§)Co with Co = ([|X]| + 1) + AE[IBE)][le(©)]]-
It is easy to see that E[h(£)] < +oo under Assumption 1. [

It might be helpful to discuss how the partition of = is made. If £ is a single random variable,
then we may divide the interval of the support set = evenly into K subintervals. However, if £
is a random vector which has several components, then K might have to be very large in order
to reduce the size of EZK . In that case, it would be sensible to use Monte Carlo sampling to
generate a set of points 2K := {et ... N3 } and use them to develop the Voronoi partition of
=, that is,

=i c{eesile-dl—mnle-¢1} forick, (3.25)
keK
are pairwise disjoint subsets forming a partition of =.

3.3 Progressive hedging method (PHM)

The discretized two-stage SLCP (3.7) is a deterministic LCP which may be solved by any existing
solvers. However, when K is large, it might be more efficient to solve (3.7) with the well known
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PHM [27] which exploits the two-stage structure. Note that PHM is an iterative approach which
solves finite scenario multi-stage stochastic programming problems at each scenario and then
average them to get a feasible solution at each iterate. The main advantage of the approach is
that the scenario based solutions can be obtained in parallel computation. Recently, Rockafellar
and Sun [29] extend the method to finite scenario multi-stage stochastic variational inequalities.
Here we describe how to apply PHM to solve (3.7).

Let =K .= :f,--- ,HK} and QF = ¢ 1(ZK) fori € K. Let Q:= {Qf, ... QF} and 2 the
sigma algebra over Q. Let P be a probability measure over the measurable space {Q i Yand U :
O — 25" be a random variable (set-valued mapping indeed) with P (U ==K) 1= pK | where p&
is defined as in (3.1). By slightly abusing the notation, we also regard P as a probability measure
over {ZK, #K} where #X is Borel sigma algebra over =X with P(EX) = pX for i € K. Let
(x(-),y(-)) be a measurable mapping from {ZX, #X} to R™™, where x(U) = Zfil SUZ']-EZ.K(U)
and y(U) = Zfil yil=x (U). The linear space £ consisting of all such mappings z(-) from ZX to
IR™"™™ is given with thze expectational inner product. Let 2 denote the space of all measurable
functions defined as such. Define the inner product

K
((@(-),9()): (20)u()) = Epl(@(U), y()) ((U), u@)] = D pff (2] 2 + 5] w),

i=1
where z;,z; € R" and y;,u; € IR™. Let N be the space of all measurable functions of form
(z,y(U)), where z is independent of U. Then we may view N as a subspace of 2 where the
x-component is made deterministic (scenario free). Let

M =N = {w() = (wi(), wa() € Zl{(2,y), (w,wa)) =0, V(z,y()) € N}.

Then w(-) € M implies that (z,w) = Eplz?wi(U)] = 0 and Ep[y(U) w2(U)] = 0 for all
(z,y(-)) € N and therefore E w1 (U)] = 0,ws; = 0,i € K. In what follows, we describe PHM
for solving (3.7) as follows.

For i € K, let B(E[") := Ezx[B(¢)], M(Ef) = E=x[M(€)], N(E[") = E=x[N(¢)] and
G2(ZK) = E=x[g2(€)]. Then the discrete two-stage SLCP (3.7) can be reformulated as:

(3.26)

0<z Ll Az +E3BU)yU)] +q >0,
0<y(U)LMU)yYU)+NU)x+ q@U) >0, UecsK

Algorithm 3.1 (PHM) Given initial points (z°,5°) € N and w® € M with 2°(U) = SN | 201
yO(U) =N o 1—~K(U) and wO(U) = N w1k (U), i € K. Let r > 0 fived and v = 0.

Step 1. For i c K, solve the LCP

(3.27)

0SwiLsz+B(”K)yz+Q1+w1z+7”(i—fﬂi’)ZQ
0 <y L M(EE)y: + NEF)z; + @(ZK) +r(y; —y) >0,

and obtain a solution (2¥,9"),i € K.
Step 2. Foric K, let

+1 _ N v+l _ —v+1 v+1 N v+1 v AV v+1
- § pix;, X; =T ) Y, =Y, Wy _w1i+r(xi - )

= (U);



Setv=v+1, go to Step 1.

Step 1 solves the SLCP per scenario and Step 2 corrects the z-component by averaging
the obtained scenario based solutions. w; is a vector of auxiliary variables corresponding to
multipliers. Note that for any fixed r > 0, the algorithm terminates when

for some specified € > 0.

N
1 _
min{i‘”+1,A:Z‘U+1 + B(EZK)ZJZ}JFI—FCH}

4 Distributionally robust formulation of two-stage SLCP

In this section, we revisit the two-stage SLCP (1.1) by considering a situation where the true
probability distribution P is unknown but it is possible to use partial information such as
empirical data, computer simulation or subjective judgements to construct an ambiguity set of
distributions which contains the true distribution with certain confidence. In such circumstances,
it might be sensible to consider a robust solution to the two-stage DRLCP (1.2). In the case
that P encompasses all probability measures in the support set of &, i.e., Z(Z), the first stage
DRLPC (1.2) reduces to

0<zlAz+B()y()+q >0, VEe€=. (4.1)

The system might not have a solution and consequently one may consider the ERM model by
replacing the complementarity system with

min Ep[|| min(z, Az + B(&)y(€) + ¢1)|?,

)

where P is any continuous distribution with support set =, see [5]. Our focus here is on the case
that P is only a subset of Z?(Z). We make a blanket assumption that the two-stage DRLCP
(1.2) has a solution as it is difficult to figure out simple sufficient conditions for the generic
model, we will come back to this in the next section when we discuss ex post equilibrium of
two-stage distributionally robust games. In what follows, we discuss computational schemes for
solving DRLCP (1.2). To this end, we write the first stage of (1.2) equivalently as

—x <0,
—Az —Ep[B(§)y(§)] — a1 <0, VP eP, (4.2)
o (A + Ep[BOW(O)] +q1) <0, VPEP.

It is easy to verify that the system of inequalities above can be equivalently written as

—x <0,
maXpe'p[—A.%' — Ep[B(ﬁ)y<f)] — ql]i <0, for i € n, (43)
maxpep o7 (Az + Ep[B€)y(€)] + a1) = 0,

where we write [a]; for the i-th component of vector a. Observe that under the first and the
second equations of (4.3), the third equation of (4.3) is equivalent to

n

> _lalimax[Az + Ep[B©)y(¢)] + a1l < 0. (4.4)
=1
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To see the equivalence, we note that (4.4) implies the third equation of (4.3). Conversely, by
(4.2), for every i € n,

[z]i[Az + Ep[B(§)y(§)] + qili <0, VP € P,

which implies (4.4). Thus system (4.3) can be written as

—x <0,

max|—Az — —q}i <0, ori €7,

Pnep{ Ep[B()y(&)] —q1]i <0 for i € s
> lalimax{Az + Ep[B(©)y()] + arls < 0.

i=1

Note that if P is a convex combination of a finite number of known distributions, then the
maximum in P is achieved at the vertices of P and consequently, the problem above reduces to
the two-stage SLCP (1.1).

In what follows, we consider the case when P is constructed through moment conditions:

E =b; forj=1,---
7):: PEQ P[wj(f)] Orj‘ ’ ) S ,
EP[%(S)]Sb forj:S+17"'7t
where all 1; are Lipschitz continuous function of ¢ with Lipschitz constants L defined in As-
sumption 2. Our purpose is to get rid of the maximum operations w.r.t. P in (4.5) when P has
the specific structure. To this end, we need to assume as in the previous sections that the sec-

ond stage of DRLCP (1.2) defines a unique solution g(z, ) for each fixed x and £. Substituting
y(x,§) to the second equation of (4.5), we obtain

Ilglgg[—Ax —Ep[B(§)y(x,&)] — qi]; <0, fori e n.

We also need to consider

r}glea%[Ax +Ep[B(§)y(x,8)] + a]i, forien

in the third equation of (4.5). To ease the exposition, we consider

I}glg%EP[fi(%f)]a for i € n, (4.6)

where f;(x,€) represents the i-th component of —Ax — B(£)y(x,§) — ¢1 when ¢ < n and the
(¢ — n)-th component of Az + B(§)y(z,£) + ¢1 when i > n. Define the Lagrange function

Lie. A P) = [ P9+ (1- [ P >+ZAZ (15~ Loor@). an

Ayi= N = (N, A, - DT )\Z>0 forj=s+1,---,t}, i €n

and

The Lagrange dual of problem (4.6) can be written as

i Li(z, \, P), 4.8
Jmin meve i(x ) (4.8)
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where .# denotes the set of all positive measures over Z. Conditions for strong duality can be
easily established. For instance, we can consider the following Slater type condition

(1708,075*8) € int{«Pv 1>a <P, ¢E>v <Pa 1/11» +Ki:P€ %Jr}’ (4'9)

where Ky := {0} x {05} x ]Rﬁ:s and 05 denotes the zero vector in R®, ¥ = (¢1,--- ,1s) and
1 = (Ys41, -+ ,¥¢). The following proposition comes straightforwardly from Xu, Liu and Sun
[36, Proposition 2.1].

Proposition 4.1 The following assertions hold.

(i) Condition (4.9) is equivalent to
(ke, pr) € nt{((P,¥p), (P,¢r)) + Ky : P € Z(E)}, (4.10)
where Ky = {05} x R*.
(ii) Condition (4.10) is fulfilled if
pp € int {(P,¢g(§)) : P € ()} (4.11)
and there exists P € P(Z) with (P,dp(€)) = up such that
05— € int {(Pg,vr(§)) — pur — R} (4.12)

In the case when s = t, i.e., there is no inequality constraint, condition (4.11) coincides
with condition (4.10). Likewise, when s = 0, i.e., there is no equality constraint, (4.13)
reduces to existence of P € (=) such that

0; € int {(P,97(€)) — pur — R}, (4.13)
which coincides with (4.10).
(iii) Condition (4.11) holds naturally in the case when
{(Pyr(§): Pe Z(E)} =R (4.14)

whereas condition (4.13) is fulfilled if there exists Pp € P (E) with (P,y(§)) = ur such
that

(P, ¢1(8)) — pr <0. (4.15)

Throughout this section, we make a blanket assumption that the strong duality holds.

We now return to discuss (4.8). Through standard analysis of Lagrange duality (see i.e.
discussions at page 308 of [32]), we have

max L;(z,\’, P) Z)\ b +max fi(z, &) — Z)\’w] . (4.16)

pPe#

19



Consequently, (4.5) can be written as

—x <0, A, A5 € 1_\,

—Az — B(€)y(§) —q1 — A ((§) —b) <0, V€ € E,
Tl(Az + B(©)y(&) + 1) — A2(1h(§) — b)] < V¢ € E,

0<y(&) L M(&y(§) + N(&)z +q2(£) > 0, V€ € E,

where A := {A = (AL, AT e R™': —\; <0,for j = s+1,---,t}. We consider the discrete
approximation of (4.17). As what we did for the two-stage SLCP in Section 3, our first step is to

(4.17)

develop a discretize approximation of the infinite inequality system. At this point, it might be
helpful to point out the difference between the two-stage SLCP and (4.17): the former depends
on the true probability distribution of £ whereas the latter is independent of the probability
distribution and it is entirely determined by the support set =. This motivates us to adopt a
slightly different discretization approach by using Monte Carlo sampling.

Let {{’ *, be ii.d samples of £ generated by any probability distribution with support set
E. We consider the following discretization scheme for (4.17):

—x < O,Al,AQ € ]\,

(—A.Z‘ - B(éﬂ)yz - Q1) (Al( ( ) )) (S [:(7 (4 18)
TlAz + B(E)yi+ a1 — A2 (9(€') = b)] < i€k, '
OS.WLM(fi)Yi+N(f’)$+qQ(f’) >0, i€K.

Here y; is determined by the second stage LCP at sampled point ¢¢. This is in contrast to (3.3)
where y; is determined by the average value of the second stage problem data over set E,LK . The
underlying reason is that the first stage inequality system (the first three inequalities of (4.18))
here does not involve any probability distribution. Of course, (4.18) depends on the iid samples
and hence the probability distribution which generates them. We should also point out that
problem (4.18) is a dual formulation of (1.2) with the ambiguity

= = Zfilw(fl):b forj=1
PK—{PGL@('—'K) Zfile({z)ﬁbj fOI']ZS—i-l,,t}’

where Zx = {¢!, .- €KY

Problem (4.18) comprises K'm complementarity problems and K (2n + 1) inequalities with
(1 + 2t)n + K'm variables. It is easy to see that a solution to the true problem (4.17) is also a
solution to the discretized problem (4.18). In what follows, we analyze convergence of the latter
as K — oo.

Theorem 4.1 Let {(x5 Al AKX y5)} be a sequence of solutions of (4.18) with different size
of samples. Assume: (a) Z is a compact set, (b) Assumption 2 holds, and (c) the iid samples
€L €K are generated by randomizing & and attaching to it with a continuous probability
distribution P over E such that

P([[§ = &l < 6) > Co”

for any fized point &y € E and 6 € (0,0d0), where C, v and &y are some positive constants. Then
every cluster point of the sequence {(z, Af, AX)} is the solution of (1.2) w.p.1.
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Proof. By taking a subsequence if necessary, we assume for the simplicity of notation that
{(zX, Af, AKX)} converges to (&, A, Ay). This means that there exists a positive number p such
that [|(z, AK AL < p for all K. Let 2K ... 2K be the Voronoi partition of = centred at
€L ... €K Thus for every &€ € Z, there exists a Voronoi cell = % centred at €% such that & € = _Z-
Moreover, under condition (c), we can easily use [36, Lemma 3.1] to show that max;¢ z A}K — 0
at exponential rate as K — oo. See [20, Proposition 8].

On the other hand, under condition (b), we can show, following a similar analysis to Step 1
in the proof of Theorem 3.2 , that there exists a positive constant C' such that

[5(2, %) = g(x, &) < CLAES). (4.19)
Let
_ [ —Az—By(z,§) — a1 — A1 ((§) —b)
“%AhA”Q”‘< "(Aa+ BEI.E) + 1 - Axw@—wo’
Fj(x,Al,AQ) = ?Eaéch(x,Al,Ag,ﬁ),
and

Ff (2, A1, Az) = max Gj(z, A1, Ag, &), forjen+1.

€K
Then we can write the first three equations in (4.17) equivalently as

Al,AQ S A,
x>0, (4.20)
Fj(z,A1,A2) <0, forjen+1,

and
A, A5 € A,
x>0, (4.21)
FJK(.Z'7A1,A2) <0, forjen+1.

Let
K .
GX (2, A1, Mg, ) i= Y 12k (§)G(w, A1, A, E).
=1
Then FjK(x, A1, As) = maxees GjK(x, Ay, A, €). Under Assumption 2, for any (z, A1, A2) such

that [|(x, A1, A2)|| < p, we have the boundedness of 3(z, {) and then there exists positive constant
(5 such that

max |F(x, A1, A2) — FF (2, A1, Ag)|
ien+1
< max IéleaX‘G i(x, A1, Ao, &) — GiK(JUaAhAzaf)‘
iEn+1 = . .
< _max max(p+ 1) BE)y(z.€) + At (€) - B(&")y(x, &) — App (&)
€K k=12 ¢c=K

< (p+ 1)LCAEK).
This shows

lim sup max |Fj(x, A1, Az) — FE(z,A1, As)| =0, w.p.l.
K= ||(z,A1,As)||<p kENFT

By [34, Lemma 4.2 (i)], any cluster point of the sequence of solutions {(z%, AKX AX)} obtained
from solving system (4.21) is a solution of (4.20) almost surely. [ |
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5 Two-stage distributionally robust game

In this section, we move on to discuss a two-stage distributionally robust game whose ex post
equilibrium can be represented in the form of DRLCP (1.2). The notion of ex post equilibrium
was introduced by Holmstrom and Myerson [18] under the term of “uniform incentive compati-
bility” and first used by Crémer and McLean [13] to provide an important avenue for computing
a Bayesian equilibrium.

We consider a duopoly market? where two firms compete to supply a homogeneous product
(or service) noncooperatively in future. Neither of the firms has an existing capacity and thus
must make a decision at the present time on their capacity for future supply of quantities in
order to allow themselves enough time to build the necessary facilities.

The market demand in future is characterized by a random inverse demand function p(q, £(w)),
where p(q,&(w)) is the market price, ¢ is the total supply to the market, and £ : @ — R is a
continuous random variable. Specifically, for each realization of the random variable £ : @ — IR,
we obtain a different inverse demand function p(q,{(w)). The uncertainty in the inverse demand
function is then characterized by the distribution of the random variable &.

Firm 4’s cost function for building up capacity x; is C;(x;) and the cost of producing (sup-
plying) a quantity of y; in future is H;(y;, &), ¢ = 1,2. Assuming each firm aims to maximize
the expected profit, we can then develop a mathematical model for their decision making: for
i = 1,2, find (27, y;(-)) such that it solves the following two-stage stochastic programming
problem

Jnax Ep[p(yi(€) +y*;(£),§)yi(§) — Hi(yi(§),8)] — Ci(xi) (5.1)
st 0<y(§) <y, |

where the mathematical expectation is taken w.r.t. the distribution of £ and by convention
we write y_; for decision variable of the firm(s) other than i. This is a closed loop two-stage
stochastic Nash-Cournot game where each player (firm) needs to make a decision on capacity
before realization of uncertainty anticipating competition in future (second stage). At this point,
we refer readers to Wongrin et al. [33] for a deterministic model with application in electricity
markets, and a more sophisticated two-stage stochastic model by Luna, Sagastizabal and Solodov
[22] where each player is risk-averse and all players share an identical constraint in the second
stage. Similar models can also be found in Ralph and Smeers [24] for stochastic endogenous
equilibrium in asset pricing. Here we concentrate on reformulation of problem (5.1) as a two-
stage SLCP under some moderate conditions and investigate the latter under this particular
context.

Let us now consider a situation where each player does not have complete information on
the true probability distribution P. However, each player may use available partial informa-
tion to construct an ambiguity set of probability distributions, denoted respectively by Py, Ps.
Assuming both players base their decision on the worst probability distribution, then we may

2The model can be easily extended to an oligopoly, we consider a duopoly for simplicity of exposition so that
we can concentrate on the main ideas.
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consider a distributionally robust game: for i = 1,2, find (z},y/(-)) such that

(z7, 97 () € arg max, Jnin Ep, [p(yi(€) +v*:(£),)yi(€) — Hi(yi(€),&)] — Ci(w;) 52)

s.t. 0 <yi(§) < m.

To see the structure of (5.2) clearly, we write down the optimal decision making problems at
the second stage game after the market demand is observed by both firms, that is, for i = 1,2,
find y; such that

yi(€) € argmax  p(y; +y; E)yi — Hi(yi, §)

(5.3)
s.t. 0 <y <,

where x; is fixed. To analyse (5.3), we need to make some assumption on the cost functions
H;(yi, &) and the inverse demand function p(q,§).

Assumption 3 For ¢ = 1,2, H;(y;,§) is twice continuously differentiable, H/(y;,&§) > 0 and
HY (4;,€) > 0 for y; > 0.

This assumption is standard. It requires that the production cost function of each firm be convex
and sufficiently smooth, see [35] and references therein.

Assumption 4 The inverse demand function p(q, §) satisfies the following conditions.

(i) p(g,&) is twice continuously differentiable in ¢ and pj(q,£) <0 for ¢ > 0 and § € =.

(i) pi(q,€) + apiy(q,€) <0, for ¢ >0 and £ € E.

This assumption is similar to an assumption used by Sherali, Soyster and Murphy [31] and De
Wolf and Smeers [14]. Consider a monopoly market with an extraneous supply ¢ > 0. If the
monopoly’s output is ¢, then its revenue at demand scenario e(w) = £ is ¢(p(q + ¢,&)). The
marginal revenue is p(q + ¢, &) + qpj(q + ¢ €). The rate of change of this marginal revenue with
respect to the increase in the extraneous supply ¢ is py,(¢+¢, §) +qpj,(q+¢,§). Assumption 4 (ii)
implies that this rate is not positive when ¢ = 0 for any £ € =. In other words, any extraneous
supply will potentially reduce the monopoly’s marginal revenue in any demand scenario. See
[31] for a similar explanation for a deterministic leader-followers’ market. The following result
is established by Xu [35].

Proposition 5.1 Under Assumption 4, the following assertions hold.

(i) For fized ¢ > 0,
Py(a+E8) +apg(qa+¢,6) <0, forg >0, € E. (5.4)

(ii) qp(q + ¢, &) is strictly concave in q for ¢ >0, £ € Z.

23



By Proposition 3, we know that problem (5.3) has a unique optimization solution (we are
short of claiming unique equilibrium at this point) for each i. Moreover, we can write down the
Karush-Kuhn-Tucker (KKT) conditions for (5.3) as follows:

0< (?J) L <_p(yi =00 8) =P + - &) + Hili, §) + W) 20 (5.5)

where p;, © = 1,2, are Lagrange multipliers of constraints y;(§) < z;, i = 1,2. Moreover, by
Rosen [30, Theorem 1], the second stage Nash-Cournot game has an equilibrium which means
the second stage complementarity problem (5.5) has a solution. The solution depends on 1, z2
and &, we denote it by g(z, &) and write x for (z1,z2).

With the second stage equilibrium g(x, £), we are ready to write down the first stage decision
making problem for player :
max min Ep [vi(z,&)] — Ci(z;)

x;,yi () Pi€P; (5.6)
s.t. x; > 0,

where
’l)i(l',f) = p(gz(xag) + g—i(x7§)a§)g’t(xa§) - Hz(gz(xag)vf)

A 4-tuple (21,25, y7(-),y5(")) with (y7(-),95(")) = (71(z",-), §2(x",-)) is called a two-stage dis-
tributionally robust equilibrium if (z},x* ) solves (5.6). Following Agassi and Bertsimas [2], we
may introduce so-called ez post equilibrium (x},z* ;) which satisfies

x; € argmax Ep, [vi(x;, 2, &) — Ci(xi), VP, €P;, i=1,2. (5.7)

The latter describes a situation where each player’s response is optimal regardless of probability
distributions (from the ambiguity sets). Ex post equilibrium may not exist but if it does, then
it is a distributionally robust equilibrium. Given that ex post equilibrium is relatively easy to
compute, it provides an attractive avenue for computing a distributionally robust equilibrium.
In the forthcoming discussions, we show that the ex post equilibrium can be represented by the
DRLCP model (1.2).

Assuming that Cj(z;) is continuously differentiable, we may write down the first order opti-
mality condition of (5.7):

0e EPz‘ [aﬁvl(x?g)] - C’Z(xl) +M0,00) (':L‘Z)a VP e Pi,i=1,2, (58)

where Njg o0)(;) denotes the normal cone of interval [0, +00) at x; and dv; denotes the Clarke
subdifferential of v; with respect to x;. Note that under Assumption 4, the second stage problem
(5.3) has a unique solution and the set of Lagrange multipliers defined by the KKT system (5.5) is
a singleton, it follows by Ralph and Xu [25, Lemma 5.2] that v(z, £) is continuously differentiable
w.r.t. x; for x; > 0 and

L(yi(§), Xi(§), pi(§), 1)
dﬂ?i

vxivi(‘raf) = = Ml(g)v

where
L(yi(&), Mi(€), 1i (&), i) := p(y1(§) +y2(£), )i (&) — Hi(yi(€), &) + Ni(§)wi(§) — (&) (i (§) — x).
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Consequently, we can rewrite (5.8) as

Let
9i(Wiry—i:€) = —pWi + y—i,&) — yivy(yi +y—i,&) + Hi(y:,€), for i=1,2.

Note that in the case when x; = 0, y;(£) = 0, we have

Oz,0i(w,8) = {1i(€) : pi(€) = (—9i(0,0,€))4, V€ € = and  Ep[ni(§)] = Ci(x:), VP € Pi}.

Summarizing the discussions above, we can derive the following two-stage ex post complemen-
tarity problem

0 <z LEp[pi(6)] - Ci(w:i) >0, VP eP;, i=1,2,
0< (Z’%) 1 <9i(yz(€),§i’(?é)HM(&)) >0, for Prae £z, i=12 10

5.1 An example

To explain how to reformulate a two-stage duopoly game as a two-stage ex post complementarity
problem (5.10), we consider a simple example where p(q,&) = a(&) — b(&1)q + &2,

1 1 .
Ci(xi) = o + Bixi — 5%‘%2 and H;(y,&1) = si(&1) + G(&)yi + 5771‘(51)%2 for i =1,2,

where £ = (£1,&2)7 is a random vector with support set = := [—1,1] x [~1, 1], &, & are indepen-
dent, a(&1), b(&1), si(&1), Gi(&1) and n;(&1) map from [—1,1] to R4+, and «y, Bi, G, 7, and ~; are
positive constants. The cost functions C;(x;), i = 1,2, are concave which means the marginal
cost for capacity set-up decreases for both players as capacity increases. We assume that the
ratio (;/; is large enough so that the marginal capital cost does not become negative within
any possible capacity that the two players may install. To ease the exposition, let

A= 710,3:20010,N::BT,
0 7 0 001

[ 26(81) +m (&) b(&1) o _ (&) I
e “( e 2b<§1>+n2<51>> 4 M) <_12 0)‘

We can write (5.10) in the following matrix-vector form:

' 0= <2) LA (2) +Ep {B (yl(g)ay2(£)7ﬂ1(§)?/¢2(€))T} - (g;) >0, VPeP,
) e [ o (5
y2(& y2(& 1y a(é) + & — (& - .
O<lu@ | MO ue | TN <x2> 0 >0, VEEE
p2(8) p2() 0

\

Note that matrix M (&;) is positive semidefinite and nonsingular for all £ € =.
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In the stochastic case when P; reduces to a singleton, that is, the true probability distribution,
the two-stage distributionally robust game (5.2) collapses to two-stage stochastic game (5.1) and
consequently (5.11) can be written as a two-stage SLCP,

KE (i) LA (i) +E[B (11(6) 32(6), i (), 12(6) | - (g) >0,
y1(6) y1(&) a(&1) +& — (&) (512)
Y2(&) y2(§) T a(éy) + & — (&) _ .
o= [ | e | G|+ v () - : > 0% € E.
112(8) p2(§) 0

By [30, Theorem 2], the second stage game (5.3) has a unique equilibrium at each scenario
¢ € E, which means that the (y1(£),y2(£))-components of the solutions to the second stage
complementarity problem is unique for each . The Lagrange multiplies p;(§), ¢ = 1,2 are also
unique when z1,z9 > 0.

We then consider the distributionally robust case that the true probability distribution is
unknown and a distributionally robust game described as in (5.2) is played with the ambiguity
set being defined through moment conditions P := {P € & : Ep[{] = 0}.

For the simplicity of analysis, we assume that both players use the same ambiguity set, that
is P1 = Py = P. Moreover, we set 51 = o = B and (1(£1) = (2(£1) = 1 in (5.11). Observe that
(5.11) may have a trivial solution with z1 =z = 0, y1(§) = y2(£) =0 for all £ € = and

wi(&) > (a(&) + & —1)4, VE€E and Ep[ui(§)] > B, VP eP, for i=1,2.
In what follows, we concentrate on non-trivial solutions with both z; and x5 being positive.

We endeavour to obtain an analytical solution to (5.11). For this purpose, we simply assume
that a, b, s; are deterministic positive numbers and 7;(£1) = 7; + &1, where 7; > 1.

By (4.17), the dual formulation of (5.11) can be written as

( X1,T2 2 07

AT - T (B _ &1 -

-4 <T””> B (@) 10 (@ 2(©)” + (5) - 4 ()| 0w e

1 1 T_ (B & -

() [AC) +pm@mem@me) - (5) -2 (3)] sowe= o
y1(§) y1(6) at+&—1
y2(8) y2(§) r1\ |et+t& -1 -

o< | o | v g | =¥ () o |Z0ER
p2(8) 12 (&) 0

where A; = (Azu )\:12 € IR?*2, Since = is a compact set and the underlying functions are
21 22

continuous, problems (5.11) and (5.13) are equivalent in that there is no dual gap in deriv-
ing the Lagrange dual of maximization with respect to P, see [32, page 208]. Let g(§) :=

- - T _ I 1 [a + 52 -1
(31(©). (9) = (e (1787
dominant, therefore §(§) > 0 when a + & — 1 > 0. The following example proposes a way to

. Note that II(&;)~! is positive definite and diagonally

choose (a, b, 71,72, 71,72, §) such that (5.13) has a solution.
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. —B-1
Example 5.1 Choose (a,b, 71, 72,71,72, 3) with a > 2 such that z = II"* <a g 1) satisfies
a— B —

0 < 2z <infees §i(€), for i = 1,2, where

.- 206+ — M b
' b 2b+1s — v

Then we can show that problem (5.13) has a solution (x1, z2, y1(x1, ), y2(x2, ), p1(x, ), pa(z, ), A)
with z; = y;(2;, &) = zi,

Al A -1
1i(2,6) = a+&y—1—(2b+7i+6)zi—bz; and Aj = —Ay = |11 "2} = [* (5.14)
Aol Ao 2o —1

for all &1,& € = and i =1,2.

To see this, we consider second stage complementarity problem of (5.13) (forth equation of
(5.13)). It is not difficult to verify that when x; < g;(€), for all £ € E and ¢ = 1,2, the forth
equation of (5.13) has a solution y;(z;,§) = x;, for i = 1,2 with

pi(z,§) _ 1 a+&—1) o
a+8& —1— (20410 + &)r1 — by _
(a+£2_1_(2b+ﬁi+fl)$1—bm2> >0, V§€E.

In what follows, we show that (z1, z2, y1(21, &), y2(22, &), p1(z,§), ua(z, &)) satisfies the first equa-

<1

tion of (5.13) with A} = —Ag = 71 . With the explicit formulation of y;(x, &) from the

z9 —
second stage of (5.13), the first three equations in (5.13) can be rewritten as
T1,T2 > 0,
[ (71—(26+771+§1) —b )(m) <a+€2—ﬁ—1> A (&1)]<0
- — - — 4] >~
. -b ’}/2—(2b+7]2+£1) i) a+§2—ﬂ—1 52
0 ) (-G )]
T2 —b Y2 — (2b+172 +&1)) \22 at+&—p-1 &)~

for all £ € E. When x1,x2 > 0, we can obtain a solution to (5.15) by solving
1(2)-(230)
T2 a=r= _ (5.16)
S —x1&1+ Ak + Ai2ée =0, VEE€E,
§2 — w281 + A21&1 + A22§2 =0, VE € E,

. —B-1
whereby from the first equation we have z = II~! (Z B g B 1> =z and A1 = z;, Ao = —1 for

i = 1,2 for the second equation.
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It is worth noting that it is easy to choose (a, b, 71, 72, 71, 72, ) such that 0 < z; < infecz 75(§),
for ¢ = 1,2. For example, when 7; > 1, ¢ = 1,2, we have

(infgeg gl(§)> _ oyt (a - 2) 1 <2b+ i+ 1 —b ) (a - 2)
infecs 72(€) a—2 det(II(1)) —b 2b+m+1) \a—2
1 (b+1m2+1)(a—2)
det(IL(1)) \ (b+m1 + 1)(a — 2)

and

z = 1 <2b+ﬁ2_72 —b ><a—,8—1>: 1 ((b+ﬁ2—72)(a—,8—1)>
det(I1) b 2+m—m)\e=B-1)  det(m1) \(b+Mm —n)la=B-1))"

Moreover, when

(o=@ +1+b) _ det(II(1)
(a=B—=1)(7+b—>) ~ det(Il)
we have z; < infeez;(§), i =1, 2.

, fori=1,2, (5.17)

We now move on to verify the discretization scheme discussed in Section 4 for (5.13). To
this end, we set particular values for the underlying parameters in the table below:

Parameters | a1 1 v s1 ¢ 1 a ax P2 2 sz (2 i b
Values 3 5 1 2 1 1 10 3 5 05 2 1 2 5

Let 2 := {¢!,--- €5} be ii.d. samples of &, where ¢ = (£1,&2), & follow truncated normal
distribution over [—1, 1] which is constructed from normal distribution with mean 0 and standard
deviation ¢ independently, ¢ = 1,2. We carry out numerical experiments with different values
of 0. With the specified parameter values, condition (5.17) is satisfied and consequently all
conditions in Example 5.1 are fulfilled. This means we are able to obtain a solution of (5.13)

with x; = y1(€) = 0.2844, 29 = y2(§) = 0.2222 and

1(€) = A.T111 + & — 0.2844¢;, and po(€) = 4.8889 + & — 0.2222¢;, V¢ € E.

Let us now apply the discrete scheme to (5.13). The solution of the discretized problem is
i = (yF)) = 0.2844, 2§ = (y[)y = 0.2222 and

(&) = 47111 + &) — 0.2844¢], and ik (¢7) = 4.8889 + &) — 0.2222¢], for j € K.

Since % = 2 and y® (&) = y(¢) for all £ € Z, where y*(¢) = Z]K:l YjKlaf (&), E]K is deﬁne_d
by the Voronoi partition in (3.25). We only need to investigate the error of u€(¢7), for j € K.
Define the errors of two components of u/* obtained from the discretized problem by

K
errorf = Ellui(§) — (6], where a*(§) =) u*(¢)1zx(€), for i=1,2,
j=1

and the mathematical expectation is taken with respect to the distribution of & (truncated
normal distribution).

28



Note that it is not easy to calculate errorf( directly. Therefore we propose to use sample
average approximation method to estimate the quantity, that is, generate iid samples &1, - -+, &V
with sample size N = 5000, and calculate

N
1 A R
error® ~ errorfy, = N g s (€F) — g (EX)], fori=1,2.
k=1

Here we are using notation ék to distinguish the samples from those in Zx. We carried out
tests with sample sizes K = 5,10, 20,40, 60,100 and the standard deviation ¢ = 0.1,0.5,1,10
of the normal distribution. For each fixed K and o, we generate K samples =g, calculate the
errorf]{\, 100 times and average them. Figures 1-2 depict the decreasing tendency of errorﬁv as
K increases and o decreases.

-3 -3
7 x10 6 x1?
6+ 5t
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3 4+ 3
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