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CaptureCapture--RecaptureRecapture ProceduresProcedures basedbased uponupon
CountingCounting DistributionsDistributions

Basic Basic objectiveobjective of CR: of CR: 
estimateestimate populationpopulation sizesize
In In particularparticular of of interestinterest in in 
areasareas wherewhere directdirect
countingcounting isis difficultdifficult such assuch as

a a wildlifewildlife populationpopulation
((historichistoric genesisgenesis))
howhow manymany peoplepeople drivedrive a a 

carcar withoutwithout licenselicense??
howhow manymany practicingpracticing

physiciansphysicians areare alcoholalcohol depdep.?.?
howhow maymay casescases of a of a diseasedisease

remainremain undetectedundetected? ? 

AdjustmentAdjustment forfor undercountundercount



HowHow manymany casescases NN in a in a 
populationpopulation??

SomeSome mechanismmechanism identifiesidentifies nn casescases
pp00 probabilityprobability of of beingbeing notnot identifiedidentified byby
thethe mechanismmechanism
ThenThen::

N= N pN= N p00 + (1+ (1-- pp00 ) N) N
= = unobservedunobserved + + observedobserved casescases
= N p= N p00 + n+ n

((HorwitzHorwitz--ThompsonThompson))
0N̂ = n /(1 -p )



HorwitzHorwitz--ThompsonThompson--ApproachApproach
seemsseems easyeasy, , butbut ......

inclusioninclusion probabilityprobability oftenoften unknownunknown

approachesapproaches differdiffer in in thethe way way theythey
estimateestimate thethe inclusioninclusion probabilityprobability, , 
oror in in otherother wordswords, , howhow theythey
modelmodel pp00



Two sample captureTwo sample capture--recapture method recapture method 
(historic interest)(historic interest)

Animal populationsAnimal populations
Capture a sample of fishCapture a sample of fish

Mark themMark them

Release themRelease them

Recapture a sample at a later dateRecapture a sample at a later date
Look for marksLook for marks

Estimate population sizeEstimate population size



Example Example -- fishfish

Unknown number of Unknown number of 
fish in a lakefish in a lake



Example Example -- fishfish

Unknown number of Unknown number of 
fish in a lakefish in a lake

Catch a sample Catch a sample 
and mark themand mark them
Let them looseLet them loose



Example Example -- fishfish

Unknown number of Unknown number of 
fish in a lakefish in a lake

Catch a sample Catch a sample 
and mark themand mark them
Let them looseLet them loose
Recapture a Recapture a 
sample and look for sample and look for 
marksmarks



Estimate population sizeEstimate population size

nn10 10 = number in first = number in first 
sample, but not in sample, but not in 
second  second  

nn01 01 = number in = number in 
second sample, but second sample, but 
not in firstnot in first

nn11 11 = number in both = number in both 
samplessamples

N = total population N = total population 
sizesize

NNnn+1+1nn+1+1totaltotal

nn0+0+nn0000nn0101

nn1+1+nn1010nn1111

SamSam--
pleple 11

totaltotalSample 2Sample 2



assume that samples are independent:assume that samples are independent:

nn1111/N = (n/N = (n11 11 + n+ n1010)/N  )/N  ×× (n(n11 11 + n+ n0101)/N )/N 
= (n= (n1+1+/N) (n/N) (n+1+1/N) /N) 

= (n= (n1+1+ nn+1+1)/n)/n1111

Lincoln (1896) Lincoln (1896) –– Petersen (1930)Petersen (1930)

Estimate population sizeEstimate population size

N̂



MoreMore samplessamples (traps, (traps, sourcessources))

ID Sample 
1 

Sample 
2 

Sample 
3 

 Counting 
captures 

001 1 0 0 ... 1 
002 0 1 1 ... 2 
003 0 1 0 ... 1 
004 1 0 1 ... 2 
005 1 1 1 ... 3 
... ... ... ...  ... 

 

 

Could use log-linear modelling of multi-way frequency
table (Chapter 6, Bishop, Holland, and Fienberg 1975)



CountsCounts of of capturecapture--recapturesrecaptures as as 
outcomeoutcome of of continouscontinous time time CRCR--

experimentsexperiments
CR of CR of WildlifeWildlife PopulationsPopulations
CR in Public CR in Public HealthHealth and and SurveillanceSurveillance

Study period



TheThe CountingCounting DistributionDistribution

Count of 
identifications i 

Frequency of 
counts with i 

identifications 

observed 

0 n0 no 
1 n1 yes 
2 n2 yes 
3 n3 yes 
4 n4 yes 
… … … 

 

 

… occurs when the mechanism can catch multiple 
identifications (s.a. police identifies and expells an 
illegal immigrant several times)  
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TheThe CountingCounting Distribution: A Distribution: A 
historichistoric ExampleExample

McKendrick´sMcKendrick´s choleracholera datadata
VillageVillage in in IndiaIndia hadhad
householdshouseholds withwith choleracholera
casescases nn11=32, n=32, n22=16, n=16, n33=6, =6, 
nn44=1=1
McKendrickMcKendrick ignoredignored thethe
houseshouses withwith no no casescases
ConstructedConstructed an an estimateestimate
((momentmoment) ) basedbased uponupon a a 
PoissonPoisson assumptionassumption forfor thethe
countscounts

House not affected, 
no cases

House affected, no cases

House affected, m cases

Cholera Epidemic in an Indian 
Village (1915-1920)



Simple Simple DistributionalDistributional CountCount ModelsModels

0

Poisson (for unobservable counts)

( , )  / ! ,  0,1, 2 ...

truncated Poisson (for observable counts)
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Simple Simple DistributionalDistributional CountCount ModelsModels

0

0

after  is identified ...

.... probability of  a zero count: 
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MLML--EstimationEstimation in in ZeroZero--TruncatedTruncated
PoissonPoisson ModelsModels

0

0 1

0

0

Step 1: suppose  would be available

1
           

Step 2: suppose   would be available
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EMEM--AlgorithmAlgorithm
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Step 1 (M-Step): suppose  would be available

1
           

Step 2 (E-Step): suppose   would be available
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TheThe countingcounting distributiondistribution: a : a 
recentrecent exampleexample fromfrom screeningscreening
Lloyd & Frommer Lloyd & Frommer 
(2004, (2004, AppliedApplied
StatisticsStatistics) ) screeningscreening
forfor bowelbowel cancercancer
38,000 38,000 menmen screenedscreened
in in SidneySidney at 6 at 6 
consecutiveconsecutive daysdays byby
meansmeans of of selfself--tesingtesing
forfor bloodblood in in stoolsstools

3,000 3,000 testedtested positivelypositively at at 
least least onceonce and and cancercancer
statusstatus evaluatedevaluated
196 196 werewere confirmedconfirmed
positive to positive to havehave bowelbowel
cancercancer
HowHow manymany of 35,000 of 35,000 
unconfirmedunconfirmed negative negative 
havehave bowelbowel cancercancer??



38,000 men screened

3,000 tested positive 
at least once

196 confirmed
positive 

Men Men withwith cancercancer, , butbut
testedtested alwaysalways negativenegative?



TheThe countingcounting distributiondistribution: a : a recentrecent
exampleexample fromfrom screeningscreening

frequencyfrequency nn00 of of thosethose
testedtested negative at all negative at all 
6  6  timestimes withwith bowelbowel
cancercancer isis unknownunknown
an an estimateestimate of of nn00
mightmight bebe constructedconstructed
fromfrom thethe distributiondistribution
nn1,  1,  nn2, 2, nn3 ….3 ….
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Second Second ExampleExample: : SurveillanceSurveillance
StudyStudy on Drug on Drug UseUse in Thailandin Thailand

MinistryMinistry of Public of Public HealthHealth (Th) (Th) 
collectscollects routinelyroutinely datadata on on drugdrug
useuse via via thethe ONCB on ONCB on drugdrug
usersusers visitingvisiting treatmenttreatment
institutionsinstitutions

In a In a pilotpilot studystudy ((BöhningBöhning, , 
BusabaBusaba, , ChukiatChukiat et al. 2004 et al. 2004 
EUJE)  EUJE)  CRCR--PoissonPoisson mixturemixture
modelmodel appliedapplied to to datadata fromfrom
2001 (last 2001 (last quarterquarter) ) 
Major Major emphasisemphasis on on heroinheroin and and 
metamphetaminmetamphetamin usersusers



ApplicationApplication: : surveillancesurveillance studystudy on on 
drugdrug useuse in Thailandin Thailand

CountCount distributiondistribution
((countingcounting numbernumber of of 
visitsvisits) ) forfor heroinheroin usersusers

n = 7,048 n = 7,048 observedobserved
heroinheroin usersusers (2001, 4)(2001, 4)
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MoreMore General General ZeroZero--TruncatedTruncated CountCount
DistributionalDistributional ModelsModels

general count distribution

         ( ,  , 0,1, 2,...

assoc. zero-truncated  distribution
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OverviewOverview
Motivation and BackgroundMotivation and Background
TruncatedTruncated MixturesMixtures oror MixturesMixtures of of TruncatedTruncated
DistributionsDistributions??
SomeSome EquivalenceEquivalence ResultsResults

Model Model SpacesSpaces and and LikelihoodLikelihood SurfacesSurfaces
Model Model TransformationsTransformations
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MoreMore flexible and robust flexible and robust 
approachapproach throughthrough mixturesmixtures

Simple Simple countingcounting sourcessources distributionsdistributions such such 
as as BinomialBinomial and and PoissonPoisson requirerequire
assumptionsassumptions such as such as homogeneityhomogeneity of  of  
identificationidentification probabilitiesprobabilities thatthat areare seldomseldom
metmet in in realityreality
allowingallowing thethe identificationidentification probabilityprobability to to 
varyvary in in unobservedunobserved subsub--populationspopulations will will bebe
moremore realisticrealistic



MoreMore flexible and robust flexible and robust 
approachapproach throughthrough mixturesmixtures

However, heterogeneity of capture is an ever present problem, and a natural way of 
modeling heterogeneity is to use a mixture distribution for the probability of capture. 
This involves asumming that there are G groups in the population, for which the
probability of capture is constant within each group.

G.A.F. Seber (2001, JABES):

Norris and Pollock (1996, 1998) 
Pledger (2000), Link (2003)



TheThe mixturemixture approachapproach in a in a nutshellnutshell
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twotwo waysways of of settingsetting up up thethe mixturemixture
forfor thethe zerozero--truncatedtruncated countscounts

truncatedtruncated mixturemixture of of PoissonPoisson distributionsdistributions
((primalprimal modal) modal) 

oror … … 

mixturemixture of of truncatedtruncated PoissonPoisson distributionsdistributions
(dual (dual modelmodel))



truncatedtruncated PoissonPoisson mixturemixture
((primalprimal modelmodel))

' '

1

' '

1

 ( ,

1  (0,

k

j j
j

k

j j
j

q Po y

q Po

λ

λ

=

=

)

− )

∑

∑



mixturemixture of of truncatedtruncated PoissonsPoissons
(dual (dual modelmodel))
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Illustration: Illustration: useuse mixturemixture withwith equalequal weightsweights and and 
componentcomponent meansmeans 1 and 4 in 1 and 4 in bothboth modelsmodels

dual dual modelmodel (ring)(ring)

primalprimal modelmodel (+)(+)
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truncatedtruncated PoissonPoisson mixturemixture
((primalprimal modelmodel))

closeclose to to thethe original original problemproblem, , easyeasy to to understandunderstand and to and to 
communicatecommunicate
usedused in in thethe CRCR--literatureliterature: : DahiyaDahiya & & GrossGross (73), (73), 
Blumenthal et al. (79), Blumenthal et al. (79), ScollnikScollnik (97), van der (97), van der HeijdenHeijden et et 
al. (03), Grogger & Carson (91) Cameron & al. (03), Grogger & Carson (91) Cameron & TrivediTrivedi (98), (98), 
Winkelmann (03)Winkelmann (03)
ButBut technicaltechnical difficultdifficult, , becausebecause ofof nonnon--concavityconcavity
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mixturemixture of of truncatedtruncated PoissonsPoissons
(dual (dual modelmodel))

lessless closeclose to to thethe original original problemproblem
butbut convexconvex problemproblem withwith strongstrong resultsresults
availableavailable on NPMLE and global ML on NPMLE and global ML 
estimationestimation
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BenefitBenefit in in usingusing thethe dual dual modelmodel

1 1

1

( ,
( , ) ( , )

1  (0,
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 (NPMLE)nonparametric maximum likelihood estimator



BenefitBenefit in in usingusing thethe dual dual modelmodel

1

Equivalence Theorem for the NPMLE;

(Böhning 82, Lindsay 83):
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McKendrick´sMcKendrick´s choleracholera datadata: : VillageVillage in in IndiaIndia
hadhad householdshouseholds withwith choleracholera casescases nn11=32, =32, 
nn22=16, n=16, n33=6, n=6, n44=1=1

ˆ
1

1

homogenous Poisson: one component mixture

( ,1ˆ( , ) ,  where  ( ,
ˆ( , ) 1

ˆ ˆwhere  puts all mass at 

. .
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BenefitBenefit in in usingusing thethe dual dual modelmodel

AlgorithmsAlgorithms existexist findingfinding thethe globallyglobally thethe
NPMLENPMLE
VDM, VEM, ISDMVDM, VEM, ISDM
EM, EMGFUEM, EMGFU
OthersOthers



SomeSome resultsresults

n=7,048 (n=7,048 (observedobserved))
N=17,278N=17,278
NN--n=10,230 (n=10,230 (hiddenhidden))
Ratio: Ratio: 

observedobserved/hidden=0.69/hidden=0.69



GrdientGrdient FunctionFunction Graph Graph 

forfor Heroin Users in BKK Drug User Heroin Users in BKK Drug User StudyStudy
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SomeSome equivalenceequivalence resultsresults: : HowHow areare
dual and dual and primalprimal modelmodel relatedrelated??

BothBoth shareshare samesame modelmodel spacesspaces!!
BothBoth shareshare thethe samesame likelihoodlikelihood surfacessurfaces!!
MLEsMLEs cancan bebe explicitlyexplicitly transformedtransformed intointo
eacheach otherother
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Model Model SpacesSpaces
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ProofProof (b): M (b): M ⊆⊆ MM´́
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Model Model SpacesSpaces
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EpilogueEpilogue

CanCan wewe estimateestimate somethingsomething whichwhich isis
hiddenhidden oror unobservedunobserved??
And And ifif, , howhow validvalid isis such an such an estimateestimate??



AustralianAustralian ScreeningScreening StudyStudy forfor
ColonColon CancerCancer

Lloyd & Frommer Lloyd & Frommer 
(2004, (2004, AppliedApplied
StatisticsStatistics) ) screeningscreening
forfor bowelbowel cancercancer
38,000 38,000 menmen screenedscreened
in in SidneySidney at 6 at 6 
consecutiveconsecutive daysdays byby
meansmeans of of selfself--tesingtesing
forfor bloodblood in in stoolsstools

3,000 3,000 testedtested positivelypositively at at 
least least onceonce and and cancercancer
statusstatus evaluatedevaluated
196 196 werewere confirmedconfirmed
positive to positive to havehave bowelbowel
cancercancer
HowHow manymany of 35,000 of 35,000 
unconfirmedunconfirmed negative negative 
havehave bowelbowel cancercancer??



38,000 men screened

3,000 tested positive 
at least once

196 confirmed
positive 

Men Men withwith cancercancer, , butbut
testedtested alwaysalways negativenegative?



TheThe countingcounting distributiondistribution: a : a recentrecent
exampleexample fromfrom screeningscreening

frequencyfrequency nn00 of of thosethose
testedtested negative at all negative at all 
6  6  timestimes withwith bowelbowel
cancercancer isis unknownunknown
an an estimateestimate of of nn00
mightmight bebe constructedconstructed
fromfrom thethe distributiondistribution
nn1,  1,  nn2, 2, nn3 ….3 ….
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ResultsResults fromfrom MLML

(NPMLE)(NPMLE)
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Capture-Recapture Validation Sample
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38,000 men screened

3,000 tested positive 
at least once

196 confirmed
positive 

Men Men withwith cancercancer, , butbut
testedtested alwaysalways negativenegative?

Subset of 122 men tested again for 6 days



Distribution of Distribution of countingcounting thethe numbernumber
of of daysdays testingtesting positive positive forfor 122 122 

menmen withwith confirmedconfirmed coloncolon cancercancer
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Capture-Recapture Validation Sample
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In In SummarySummary

ZeroZero--truncatedtruncated CountCount MixturesMixtures HistoricalHistorical
importantimportant and and moremore usefuluseful forfor applicationsapplications
Dual Model Dual Model offersoffers betterbetter propertiesproperties (global (global 
NMLE, NMLE, ConvergencesConvergences of of algorithmsalgorithms, ...), ...)
NeedNeed to to bebe transportedtransported to to practitionerspractitioners


