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natural genesis of mixture distributions

through unobserved heterogeneity:

homogeneity
one-parametric density f(x,A)

A parameter of the population,
X in sample space

heterogeneity

x/ xg\ xg/ "

density in subpopulation j: f(x,A)

latent variable Z describing population
membership
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joint density {(x,z) with
f(x,2) = (x| 2)t(z) = {(x,A,)p,
marginal density:
f(x,P) = f(x,A)p;+ {(xX,A) Pt ... + {(X,A) Py

P = (Xl W o} ...pk) is mixing distribution
P needs to be estimated :

log-likelihood
[(P) = Error!= Error!{ Error!}
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Example 1 (popular)

number of death notices in the Times
newspaper, 1910-1912, for women aged 80
years and over,

Number of notices x; 0 1 2 3 4 5 6

/7 8 9
Frequency 162 267 271 185 111 61 27 8 3 1

it was suggested
(Hasselblad 1969, Titterington, Smith, and
Makov 1985)

k =2 components
with parameter estimates

A =1.2561 A,= 2.6634
p, =0.3599 p,=0.6401
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Density

0O 1 2 3 4 5 6 7
Number of Death Notices

Empirical density (solid circle), estimated Poisson

density (+), and estimated
Poisson mixture density (circle)

interpretation

nonparametric

different pattern of death for winter (z=1) and

summer (z=2)
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[ discrete Error!
or .... continuous Error! mixing ? |

Consider
L= {(fx,1), oo f(%02) )T | A € A}
and conv (') ={%pf | £ eI}

J

Then ... (Th. of Carathéodory):

every point in conv (I') can be represented
by a discrete convex sum with at most n
points !
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Global Maximization and Gradient Function

log-likelihood [ concave functional on the set of
all discrete probability distributions Q (number
of components k is not fixed)!

major tool: directional derivative

®(P,Q) = lim; Error!
a—0

= Error!= Error!- n
in particular, for one-point mass at A: Q;
®(P,Q,) = Error!- n = Error!- n
®(P,Q;) = Errorl-n
gradient function:
d(A,P) : = Error!Error!
Example (Poisson):
f(x,A) = Po(x,A) = e”A*/x!

then d(A,P) =
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Error!Error!= Error! Error!

mixture maximum likelihood theorem
(Lindsay 83a,b Ann. Statist.; Bohning 82 Ann.
Statist.)

a) ;" is NPMLE
P CD(P;A,QX) < 0 for all A
= d(?»,P;A )< 1 for all A
Cdpp ) =1

for all support points A of P;A =
AN N\ VAN j

(k;/\l D R o R o I ¥

what is it good for ? (I)

simulated data set of size n=100 from a
homogeneous Poisson distribution with A= 5:

Xi 1 2 3 4 5 6 7

8 9 10
frequency 2 10 17 20 19 12 10 4 4 2
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xX;” =4.78

gradient function d(,x;” )

Gradient Function

conclusion: x;” = NPMLE

(no need for further algorithmic iteration)

9 Hohenried 2000



Euroworkshop on Statistical Modelling

what is it good for ? (II)

Example 2 (popular)

Simar (1976) pioneer in NPMLE for mixtures of
Poisson distributions

Accident data of Thyrion (1960) used by Simar
(1974)

Xi 0 1 2 3 4 S5 6 7
frequency 7840 1317 239 42 14 4 4 1

NPMLE given by Simar is

P, =
Error!

this NPMLE occurs in the lit. frequently including
Carlin and Louis (1996, p. 74, Table 3.2)
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Gradient function for the accident data of Simar
(1976) and the estimator of P given by Simar

1.00 —

0.99 —

Gradient Function

0.98 —
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Gradient function for the accident data of Simar
(1976) and the nonparametric maximum
likelihood estimator of P given as

VAN

P, =
(O. 0.3356 2.5454;0.4184 0.5730 0.0087)

1.00 —-

0.99 —

Gradient Function

0.98 — i i i i
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globally converging algorithms

13

VDM
vertex direction

/
(1-a)P + aQy
step 1. choose Amax to maximize d(P,A) in A

step 2. choose omax to maximize
[ (1-a)P + ochmaX )
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illustration

let
P=(A1A2A3; p1P2 P3 )
and Amax =A4, then

(l—OLmaX) P + Omax kaax =

(M1 oAz A4} P1P2P'3 Omax)

with p}j = (1-omax) p; for j=1,2,3.

disadvantage of VDM

- slow in convergence
- tendency to generate clusters of
components
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VEM bad vertex direction

/
P+ oP(hmin) Q) -Q; }

step 1. choose Amax to maximize d(P,A) in A

step 2. choose Amin to minimize d(P,A)
in support of P

step 3. choose amax to maximize
L(P + oP(hmin) (Q  -Q; )

in o
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illustration

let
P=(A1A2A3; P12 P3 )

and }Lmin= 7\2, 7\‘max =7\44, then

P + omax P(Kmin) {kaax —kain } =

Error!
if amax = 1, then

P + P(Amin) {kaax _kain =

(A1 A3 Aa;p1 ps p2)

the component s is exchanged with A4
(therefore the name vertex-exchange method)

advantages

- VEM is converging much better than VDM
- VEM can discard “bad” components easily
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EM algorithm for fixed number of
components k

the complete likelihood in the mixture model
Error!Error! f(xi,A)Error!p;Error!

where z; are n unobserved realisations of k
component-indicators Zii, ..., Zi

leading to the complete log-likelihood

[

com

(P) =2 2 Z;; log(pj) + 2 2 Zy log f(Xn}bj)

E-step
E(Z;| P, x) = Error!=: e;

M-step
E(l.(P))=2% 2 € log(pj) + 2 % € log f(Xi,XJ-)
maximization leads to new iterates:

pj(new) =2 ¢ /n

A"" = depends on form of f(x,1)
loften = %, e;X;/ %, € |
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the problem of multiple maxima

Seidel et al. (2000): null-distribution of LRS
depends on choice of initial value for EM
algorithm

an illustration

sample of size 100 from exponential

f(x,A) = 1/A exp(-x/A) (A=1)

this test data set is available from my web-site:

www.medizin.fu-berlin.de/sozmed/bol.html
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k=2 (two components)

set initial values | EM iterate (Pxy)
mean |weight| mean |weight
1 1 0.5 ]0.7296|0.5749|-73.3814
2 0.5 ]0.8154/0.4251
2 0.5 0.5 ]0.7590|0.4781|-73.3555
1.0 0.5 |0.7726]0.5219
extreme values
3 0.001 | 0.5 |0.0019|0.0235(-71.0982
3.700 | 0.5 |0.7845|0.9765
quartiles
4 0.180 | 0.5 ]0.0239(0.0939|-69.0262
1.280 | 0.5 |0.8430/0.9061
S 0.5 0.5 ]0.7552|0.5091|-73.3566
1.5 0.5 |0.7774|0.4909

19
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a globally convergent algorithm

idea: use gradient function for improvement

step 0. choose and fix number of
components k;
choose arbitrary starting value

P=M A ... lig D1 D2+ Pic )
for EM algorithm

step 1. use EM algorithm to iterate Pgy,

step 2. determine A, to maximize
d(Pgy,A) 0 A
determine A, to minimize d(Pgy,A)
in support of Py,

step 3. (Exchange A, with A_;,):

P= Pevt Poulhsn) Q) —Qp

min

and go to step 1.

how does this work in practice
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k=2, set 2
iteration |initial values| EM iterate (P:n)
7\,]_ pi kiEM piEM
1 0.5 0.5 ]0.7590[0.4781|-73.3555
1.0 0.5 |0.7726]0.5219
Kmax = 0.002 kmin=0.7590
2 0.002 |0.4781|0.0239|0.0939|-69.0263
0
0.772 10.5219|0.8430|0.9061
6
}\umax = 0002 }\«min = 00239
3 identical to step 2 = stop!

21
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k=3 (three components)

set initial values | EM iterate (Pxy)
mean |weight| mean |weight
1 1 1/3 ]0.7620/0.4046|-73.3550
2 1/3 ]0.7685]0.2944
3 1/3 ]0.7693]0.3044
extreme values
2 0.001 | 1/3 |0.0019/0.0235|-71.0983
0.570 | 1/3 |0.7831|0.5724
3.700 | 1/3 |0.7863|0.4042
quartiles
3 0.180| 1/3 ]0.0239(0.0939|-69.0262
0.570| 1/3 10.8430|0.3740
1.280 | 1/3 ]0.8430/0.5321
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results using global algorithm

k=3, set 1

iterat.

initial values

EM iterate

YPgy)

A

—

P;

EM
A

EM

P;

1/3

0.7620

0.4046

-73.3550

1/3

0.7685

0.2944

WIN|+—

1/3

0.7693

0.3044

Amax =

0.002

7Lmin=0.7620

0.0020

0.4046

0.0239

0.0939

-69.0263

0.7685

0.2944

0.8430

0.9061

0.7693

0.3044

Kk is reduced to k = 2

what to do?
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dimension adjustment of algorithm
(to keep number of components to be k)

step 1. use EM algorithm to iterate Pgy,
step 1.1. if #components = k, go to step 2.

else ( #components of Py, = k-1),
determine A, . to maximize
d(Pgy,A) in A and set

P = (l_amax)PEM T Olmax Qk
and go to step 1.

step 2. determine A, to maximize
d(Pgy,A) 0 A
determine A_;, to minimize d(Pgy,A)
in support of Py,

step 3. (Exchange A, with A

min) .

P = PEM + PEM(}\“min) {kaax N Q?h - }

min

and go to step 1.
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k=3, set 1

iterat.

initial values

EM iterate

UPgy)

A

L.

Pj

EM
A

EM

P;

1/3

0.7620

0.4046

-73.3550

1/3

0.7685

0.2944

WIN|+—

1/3

0.7693

0.3044

Amax

0.002

7\amj1’1=0 .

7620

vertex exchange step

0.0020

0.4046

0.0239

0.0939

-69.0263

0.7685

0.2944

0.8430

0.9061

0.7693

0.3044

k is reduced to k = 2

Amax

0.0020

Omax = 0.0051

vertex direction step

0.0239

0.0934

0.0271

0.0825

-68.8691

0.8430

0.9061

0.8419

0.9073

0.0020

0.0051

0.0017

0.0102
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step 1 (Setl)
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| | | |
0 1 2 3
lam
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step 2 (Setl)
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1.0 —

0.9 —

0.8 —

0.7 —

d(P,lam)

0.6 —

0.5 —

0.4 —

step 3 (Setl)

since for P;A =
(0.0020 0.0239 0.8430;0.0051 0.0934 0.9015)

d,P;" )< 1forall = P;" is NPMLE

>

some idea to choose o,
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consider
o(a) = I (1-0)P + a Q)
=2, log { (1-0) f(x,P) + a f(x,A) }

then derivatives are of simple structure:

Q'(0t) |oeo = Z4 Error!'= %, g(x,A,P)

Q" (o) | oo = - Z4 Error!

=-3 gxA,P)*<0

suggestion:

0. = Newton-Raphson-Correction

=X, g(x,A,P) / 2, g(x,A,P)?

note: o, > 0,if d(A,P) > 1
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