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Summary. The paper discusses the estimation of an unknown population size n. Suppose that
an identification mechanism can identify nobs cases. The Horvitz–Thompson estimator of n
adjusts this number by the inverse of 1 � p0, where the latter is the probability of not identify-
ing a case. When repeated counts of identifying the same case are available, we can use the
counting distribution for estimating p0 to solve the problem. Frequently, the Poisson distribution
is used and, more recently, mixtures of Poisson distributions. Maximum likelihood estimation
is discussed by means of the EM algorithm. For truncated Poisson mixtures, a nested EM
algorithm is suggested and illustrated for several application cases. The algorithmic principles
are used to show an inequality, stating that the Horvitz–Thompson estimator of n by using the
mixed Poisson model is always at least as large as the estimator by using a homogeneous
Poisson model. In turn, if the homogeneous Poisson model is misspecified it will, potentially
strongly, underestimate the true population size. Examples from various areas illustrate this
finding.

Keywords: Capture–recapture; Completeness-of-disease registration; Counting distribution
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1. Introduction

Suppose that some identification mechanism can identify nobs cases of a particular quality of
interest. This quality of interest might be a disease and the identification mechanism might be a
disease registry, or the quality of interest might be illegal immigrant status and the identification
mechanism might be listings that are supplied by the national police. In any case, it is clear that
in these instances it is almost impossible to identify all cases with the quality of interest, and
techniques must be employed to predict the missing number of cases with the quality of interest.
This is also sometimes called the completeness problem.

The simple question arises about how many cases n are there in total? Suppose that the iden-
tification mechanism can identify a case with probability 1 − p0, so that n = np0 + n.1 − p0/.
Note that n.1−p0/ is the expected number of cases identified by the mechanism, which simply
can be estimated by nobs. This leads to the simple estimating equation for n
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n=np0 +nobs, .1/

which in other words states that the total size is the sum of the unobserved and observed cases.
The equation can easily be solved for n to provide the Horvitz–Thompson estimator

n̂HTE =nobs=.1−p0/, .2/

which is the number of observed cases adjusted for the probability of being identified by the
mechanism.

For known p0, n̂HTE is a moment estimator. It is also a maximum likelihood estimator with
respect to the likelihood

L.n/=
(

n

nobs

)
.1−p0/nobsp

n−nobs
0 :

For details see Lindsay and Roeder (1987) or Bishop et al. (1975), chapter 6.
If p0 is known, then the problem is solved and the completeness of the identification device

would be simply the ratio of the observed cases and the estimated total of the population of
cases (2), namely nobs=n̂HTE. Unfortunately, p0 is unknown for most applications and must be
estimated. To accomplish this task the data that are collected by the identification mechanism
are assumed to have a structure that can be used to model and predict p0. Frequently, two types
of structure are used.

In the first type, a case is identified at prespecified occasions, times or sources of identification.
This type of data is called capture–recapture data with different sources. The name stems from
animal sampling designs in which a sample of animals is drawn (caught), tagged and released.
This procedure is repeated independently several times, say m, so that at the end of the procedure
a series of data for each animal is available representing the capture–recapture history of each
animal. Usually, the capture–recapture history is provided as an m-vector consisting of 0s and
1s, where a 1 at the j-position indicates the presence in the jth recapture sample. The frequency
of the vector .0, 0, . . . , 0/T, indicating a case which has never been identified, is not observed
and is the crucial part of the modelling and estimation. Frequently, log-linear modelling is used
to model the arising m-dimensional frequency table. Recently, these approaches have been used
to model the completeness of a disease registry. In this case, different sources of identification
could be physicians, hospitals or laboratories. See Chao (1998, 2001), Wittes and Sidel (1968),
LaPorte et al. (1992), Hook and Regal (1995), Nannan and White (1997), Schouten et al. (1994)
and International Working Group for Disease Monitoring and Forecasting (1995a, b) for fur-
ther details, and Sekar and Deming (1949) for an early public health application of the method.

In the second type, a case is identified at several occasions, but only the repeated counting
information is known. For example, the city police records the number of times that a drug
dealer has been caught dealing drugs, or a surveillance systems counts the number of times that
a heroin user went to a treatment institution. We call this type of capture–recapture data repeated
counting data. For each case, a count can be provided, on how often this case was identified by
the identification mechanism. The repeated counting data provide a frequency n1 for observing
exactly one count, n2 for observing exactly two repeated counts, . . . , nm for observing exactly m

repeated counts where m is the largest observed repeated count. The frequency of zero counts,
those cases which have never been identified, is missing information and needs to be estimated.
See Mao and Lindsay (2003), van der Heijden et al. (2003a, b), Scollnik (1997), Meng (1997) or
Wilson and Collins (1992) for further details.

In ecological statistics, species abundance distributions have a long history going back to the
landmark paper of Fisher et al. (1943). For a review of this aspect see Bunge and Fitzpatrick
(1993) or Norris and Pollock (1998). In this setting, ni is the number of species having abundance
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i, where i > 0. n0 is the number of species that are not seen in the population of interest, from
where the term missing species problem stems. Other fields of application include astronomy,
epidemiology, genomics, linguistics or numismatics (Bunge and Fitzpatrick, 1993).

Clearly, from data structures of capture–recapture with different types of sources, the data
structures of repeated counting type can be constructed, but not vice versa. Both data structures
leave n0 unknown, although different methods are used to estimate it. Occasionally, interest is in
applications where no zero counts can occur, although an estimate of the missing zero counts is of
no interpretative value. As an example, one can think of a traffic survey in which the numbers of
occupants in passing cars are counted. Here, passing cars with no occupants do not occur and it
makes no sense to develop an estimate for them. Nevertheless, the estimation techniques that are
developed in this paper can be also used for these situations to find maximum likelihood estimates
of model parameters. In this paper we shall concentrate on the second type of data structure.

2. The counting distribution and some applications

2.1. The occurrence of the counting distribution
The counting distribution simply occurs when counting the number of repeated identifications
for a given case. Again, there will be no frequency n0 of 0s observed, where, in general, ni

is the frequency of exactly i repeated identifications by the identification mechanism. In sta-
tistical terms, we are dealing with a zero-truncated count distribution. We shall concentrate
here on modelling this distribution. Suppose that f.y, θ/ is a suitable distributional model with
a general parameter θ for the (untruncated) counting distribution of the number of repeated
identifications Y ; then we could simply replace p0 by f.0, θ/ and, from equation (2), this leads to

n̂HTE = nobs

1−f.0, θ/
: .3/

In this contribution, f.y, θ/ will be the Poisson distribution with parameter λ, namely f.y, λ/=
λy exp.−λ/=y! for y=0, 1, . . . and, more importantly, finite mixtures of simple Poisson distribu-
tions given as Σk

j=1f.y, λj/qj, where qj are non-negative weights summing to 1. The truncated
Poisson mixture is

k∑
j=1

f.y, λj/qj

1−
k∑

j=1
exp.−λj/qj

.4/

where y =1, 2, . . . and the (observed) likelihood is formed on the basis of expression (4). Equa-
tion (2) takes the form

n̂HTE = nobs

1−
k∑

j=1
exp.−λj/qj

: .5/

Before we continue the discussion on modelling and estimation, we shall first consider three
applications as illustrations.

2.2. Cholera epidemic in India
The cholera example stems from Mao and Lindsay (2003) and has been discussed previously
in Blumenthal et al. (1978), Scollnik (1997) and others. A cholera epidemic affected a village
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with 223 households in India. Let ni be the number of households with exactly i cases. The
data are n1 = 32, n2 = 16, n3 = 6 and n4 = 1, so nobs = 55. Originally, the data were presented
by McKendrick (1926). According to Meng (1997), the ingenious work of McKendrick was
ignored for a long time. Irwin (1963), as President of the Royal Statistical Society, wrote

‘McKendrick was in earlier life a lieutenant-colonel in the Indian Medical Service. . . . Though an ama-
teur, he was a brilliant mathematician with a far greater insight than many professionals.’

It can be assumed that McKendrick was confronted with the data of the cholera epidemic dur-
ing the period of his service in India. It is interesting to note that also the number n0 = 168 is
reported, the frequency of houses with no cases of cholera. However, McKendrick knew that
some unknown percentage of these houses was affected by the cholera epidemic, though no cases
were observed in these houses. McKendrick was interested in modelling the count Y of cases of
cholera in a cholera-affected household. For any case count Yi >0 the associated ith household
is clearly affected by cholera. If Yi =0 the household might be affected or not, so McKendrick
ignored the 168 households with zero cases since they are not helpful in determining the number
of affected houses with no cases, and he developed a (moment) estimator for the number n0 of
affected housholds with no cases from the distribution of non-zero case counts.

2.3. Illegal immigrants in the Netherlands
The illegal immigrant data are from van der Heijden et al. (2003a) and refer to count data on
illegal immigrants in four large cities in the Netherlands who could not be effectively expelled
from the country. Illegal immigrants who are apprehended by the police often cannot be effec-
tively expelled because either they refuse to disclose their nationality or their home country does
not co-operate in receiving them back. In such cases they will be asked by the police to leave
the country, but it is unlikely that they will abide by this request. The data were collected by the
police and date back to the year 1995. From these data, van der Heijden et al. (2003a) derived
the frequency ni that an illegal immigrant who is not effectively expelled is apprehended exactly
i times: n1 = 1645, n2 = 183, n3 = 37, n4 = 13, n5 = 1 and n6 = 1. In total, nobs = 1880 illegal
immigrants who were not effectively expelled were observed. Clearly, n0 cannot be observed
and needs to be found.

This application points, in more generality, to how the criminal potential in a population
might be estimated, at least in areas, where it is difficult to carry out data collection in a con-
ventional way (the problem of estimating the ‘sleepers’).

2.4. Tomato flower data
The following data, their description and discussion are taken from Mao and Lindsay (2003). A
complementary deoxyribonucleic acid (DNA) library often consists of millions of clones with
each clone representing one copy of complementary DNA from an expressed gene in a target
tissue (Cantor and Smith, 1999). So n denotes the unknown number of expressed genes in the
tissue. When a random sample of clones is sequenced, the single-pass sequences of complemen-
tary DNA fragments will be called expressed sequence tags (ESTs). On the basis of sequence
information or genomic annotation, ESTs are then put into clusters and each cluster is assumed
to correspond to a unique expressed gene. Now, Yi denotes the number of ESTs from the ith
expressed gene and nj is the number of expressed genes that have j ESTs in the sample. In
particular, n0 stands for the unknown number of expressed genes in the tissue from which no
clones were picked up and no ESTs were generated. Consider a tomato flower complementary
DNA library. 2586 ESTs were generated from the library. These ESTs came from nobs = 1825
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clusters. The observed counts are n1 = 1434, n2 = 253, n3 = 71, n4 = 33, n5 = 11, n6 = 6, n7 = 2,
n8 = 3, n9 = 1, n10 = 2, n11 = 2, n12 = 1, n13 = 1, n14 = 1, n16 = 1, n23 = 1 and n27 = 1. Again, n0
needs to be found.

In what follows we discuss modelling by means of truncated mixture models and maximum
likelihood estimation via the EM algorithm.

3. Maximum likelihood estimation for truncated counting distributions

3.1. A simple model for the counting distribution: the Poisson mixture
For the time being we ignore the fact that zero counts are truncated and consider the sample
as untruncated. A simple distributional model for counts y =0, 1, 2, . . . is given by the Poisson
model

f.y, λ/=λyexp.−λ/=y!, y =0, 1, . . . .6/

with, specifically, p0 =f.0, λ/=exp.−λ/. Note that E.Y/=λ. We shall also call this the homoge-
neity model. Let us also consider the heterogeneity model. For this model it is assumed that there
is unobserved heterogeneity, e.g. that λ has some unknown, not further specified, distribution
Q. This implies that Y has (marginal) density

f.y, Q/=
∫ ∞

0
f.y, λ/ Q.dλ/

=
∫ ∞

0
{λyexp.−λ/=y!} Q.dλ/, y =0, 1, . . . , .7/

which is a Poisson mixture density. A direct argument shows that E.Y/ =µ where E.Y/ refers
to the density in equation (7) and µ is the expected value EQ.Λ/ with Λ being a random vari-
able having distribution Q; in other words, the marginal mean equals the mean of the mixing
distribution.

Theorem 1. Let Y have density according to equation (7). Then,

EQ exp.−Λ/� exp{−EQ.Λ/}= exp{−E.Y/}:

The result follows from Jensen’s inequality, using that exp.−x/ is a convex function. The
left-hand side is used by the heterogeneity model to predict a zero observation whereas the
right-hand side is used to do so by the homogeneity model. Theorem 1 is mirrored for sample
data. E.Y/ is estimated by Ȳ for any of the two models, and for the homogeneity model Ȳ is also
the maximum likelihood estimator of λ. Let n0 be the frequency of zero counts and n1 the
frequency of counts of 1, . . . , and let m denote the largest non-zero count. Consider the log-
likelihood for mixtures of Poisson densities:

m∑
i=0

ni log
{

k∑
j=1

exp.−λj/λj

i!
qj

}
:

Let Q̂ = Σk
j=1 q̂jδλ̂j

denote the nonparametric maximum likelihood estimator (NPMLE) of
Q, defined as that distribution which maximizes the log-likelihood in all discrete distributions
on λ, where δλ denotes the one-point mass at λ. Since the log-likelihood is concave, the NPMLE
always provides the global maximum. Local maximum likelihood solutions can exist only for
component sizes that are smaller than the component size of the NPMLE. For details on the
existence, uniqueness and size of support of the NPMLE see Laird (1978), Lindsay (1983) or
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Böhning (2000). The NPMLE is frequently computed by using the EM algorithm by fixing the
component size k, and gradually increasing it stepwise from 1 to the maximum component size
of the NPMLE. The EM steps for mixtures are well known and have the following form.

3.1.1. EM algorithm for Poisson mixtures
Let q̂

.j/
l and λ̂

.j/
l be the estimates at cycle j. Then, define

e
.j/
il =f.i, λ̂.j/

l /q̂
.j/
l =f.i, Q̂

.j/
/

and compute new estimates as

q̂
.j+1/
l = 1

n

m∑
i=0

nie
.j/
il ,

λ̂
.j+1/
l =

m∑
i=0

inie
.j/
il =

m∑
i=0

nie
.j/
il :

For the NPMLE, the fixed point equations above will be fulfilled exactly, so

q̂l = 1
n

m∑
i=0

nieil

and

λ̂l =
m∑

i=0
inieil=

m∑
i=0

nieil,

with eil =f.i, λ̂l/q̂l=f.i, Q̂/. It follows that the mean of the estimated mixing distribution equals
the sample mean: Σk

j=1 q̂jλ̂j = Ȳ .

Theorem 2. Let Y1, Y2, . . . , Yn be a sample from density (7) and let Q̂ = Σk
j=1 q̂jδλ̂j

be its
NPMLE. Then,

k∑
j=1

q̂j exp.−λ̂j/� exp
(

−
k∑

j=1
q̂jλ̂j

)
= exp.−Ȳ /:

The point of theorem 2 lies in the fact that the estimated probability of a zero observation
under the heterogeneity model (the left-hand side of the above inequality) is at least as large as
the estimated probability of a zero observation under the homogeneity model. Since 1=.1−x/

is a monotone increasing function, the inequality of theorem 2 extends to the corresponding
Horvitz–Thompson estimators of the sample size. At present, the result is without point since
the sample sizes are known. However, we shall need these to obtain a major finding.

3.2. Maximum likelihood estimation for zero-truncated models
Suppose that f.y, θ/ is a count model with a general parameter θ for which the maximum like-
lihood estimator is readily available, if the frequency of 0s, n0, is given. However, if θ is given,
then also n̂ is provided by equation (2), or n̂0 = n̂−nobs. Thus, we could construct an algorithm
as follows.

3.2.1. EM algorithm for zero truncation
First, choose some initial value for n̂

.0/
0 and set j =0.
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Step 1: use the complete frequency table n̂
.j/
0 , n1, . . . , nm, to compute a new maximum likeli-

hood estimator θ̂.j+1/.
Step 2: compute n̂.j+1/ =nobs={1−f.0, θ̂.j+1//}, and n̂

.j+1/
0 = n̂.j+1/ −nobs, set j = j +1, and

go back to step 1.

This algorithm is a version of the EM algorithm (Dempster et al. (1977); see also Meng (1997)
for a historical review and Dietz and Böhning (2000) for a general approach to zero-modified
models). It should be noted that the EM algorithm for zero truncation provides an estimate
which seeks to maximize the following likelihood of truncated densities:

m∏
i=1

{
f.i, θ/

1−f.0, θ/

}ni

:

In the EM terminology, this is called the observed, incomplete-data likelihood. The corresponding
unobserved, complete-data likelihood is

f.0, θ/n0
m∏

i=1
f.i, θ/ni

which is maximized in step 2 of the EM algorithm for zero truncation with n0 = n̂
.j+1/
0 , the

expected value of n0 conditional on the previous value of θ.

3.3. Maximum likelihood estimation for zero-truncated Poisson mixtures
We now apply the concepts of the previous section to a more flexible framework. Let f.y, λ/

denote the Poisson density as before, and let f.y, Q/ denote its associated mixture. Then, the
zero-truncated Poisson mixture distribution is given as

f.y, Q/

1−f.0, Q/
, y =1, 2, 3, . . . , .8/

where

f.y, Q/=
k∑

j=1
qjλ

y
j exp.−λj/=y!:

As before, if Q is given, then n can be estimated as nobs={1 − f.0, Q/} and, if n0 is provided,
Q is estimated by maximum likelihood.

3.3.1. EM algorithm for Poisson mixtures with zero truncation
First, choose some initial value for n̂

.0/
0 and set j =0.

Step 1: use the complete frequency table n̂
.j/
0 , n1, . . . , nm, to compute a new maximum likeli-

hood estimator Q̂
.j+1/

.
Step 2: compute n̂.j+1/ =nobs={1−f.0, Q̂

.j+1/
/}, and n̂

.j+1/
0 = n̂.j+1/ −nobs, set j = j +1 and

go back to step 1.

In step 1 of the EM algorithm for Poisson mixtures with zero truncation (EMIXZT) the
NPMLE of the mixing distribution Q needs to be calculated algorithmically itself. This can
be done by one of the algorithms that are discussed in Böhning (2000) or by using the EM
algorithmic framework for mixtures of distributions (McLachlan and Peel, 2000), as developed
for the Poisson case in the previous section. In the latter case, we have a nested EM algo-
rithm. Using the notation of Section 3, the solution of step 1 takes the following form. Define
e

.j/
il =f.i, λ̂.j/

l /q̂
.j/
l =f.i, Q̂

.j/
/ and let n0 = n̂

.j+1/
0 . Then, for l=1, . . . , k,
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Table 1. Zero-truncated Poisson modelling for three data sets using different
numbers of components k†

k λ̂j q̂j L(Q̂k) n̂0 95% confidence
interval

Cholera data
1 (NPMLE) 0.9722 1.0 −54.78 33 13–51

Immigrants data
1 0.3089 1.0 −901.95 5194
2 (NPMLE) 0.1331 0.9722 −872.23 11465 4629–18301

1.2363 0.0278

Tomato flower EST data
1 0.7379 1.0 −1872.83 1718
2 0.4563 0.9895 −1505.39 3152

7.2190 0.0105
3 0.2625 0.9630 −1449.90 5452

2.3318 0.0350
13.5735 0.0020

4 (NPMLE) 0.2437 0.9582 −1445.42 5804 2990–8618
2.1013 0.0396

10.7656 0.0019
23.3690 0.0003

†λ̂j is the parameter estimate of the jth component and q̂j the associated com-
ponent weight estimate; L.Q̂k/ is the log-likelihood that is associated with the
k-component model; n̂0 is the predicted number of missed zero counts with 95%
confidence interval.

Step 1.1: q̂
.j+1/
l = .1=n̂.j+1//Σm

i=0nie
.j/
il :

Step 2.2: λ̂
.j+1/
l =Σm

i=0inie
.j/
il =Σm

i=0nie
.j/
il .

Steps 1.1 and 1.2 are repeated until convergence before the algorithm returns to step 2 to
compute a new n̂

.j+1/
0 , and so on. This nested EM algorithm is discussed in more detail in

McLachlan and Krishnan (1997).

3.4. Applications
The analysis for the data sets of Section 2 is provided here (see also Table 1).

3.4.1. Cholera epidemic in India
Under the homogeneity model n̂0 = 33 is found. This is also the NPMLE, since allowing for
heterogeneity (k> 1) leads to the same one-component estimate.

3.4.2. Illegal immigrants in the Netherlands
Maximum likelihood estimation is carried out for the homogeneity model and the heterogeneity
model with two mixture components. Models with larger sizes of components lead to identical
maximum likelihood solutions, so the two-component model is already the NPMLE. Using this
model, the estimate for missing 0s is n̂0 =11465.

3.4.3. Tomato flower expressed sequence tag data
The analysis for the tomato flower data gives insight into several heterogenity models. Starting
with the homogeneous Poisson model, different heterogeneity models up to four components
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can be found. Using the NPMLE (the four-component model), an estimate for the missing 0s is
n̂0 =5804. We would argue here to use the estimate that is based on the NPMLE, since it accounts
for all unobserved heterogeneity. We shall come back to this point in the following sections.

In all these data sets, it can be observed that n̂ of the population size is larger under the
heterogeneity model than under the homogeneity model. In the next section, we shall show this
in more generality.

3.5. A monotonicity property for the nonparametric maximum likelihood estimator
We can now state (and prove) a main result of this paper.

Theorem 3. Let Y1, Y2, . . . , Yn be a sample from a Poisson mixture density as given in equation
(7), where zero counts are not observed, and let nobs denote the frequency of non-zero counts.
Also, let n̂ be the estimate of n by using the EM algorithm for Poisson mixtures with zero
truncation and let

Å
n be the estimate of n by using the EM algorithm for a homogeneous

Poisson model with zero truncation. Then,

n̂� Å
n: .9/

Proof. Let .n̂
.j/
0 /j�0 and .

Å
n

.j/
0 /j�0 be the sequences of estimated truncated zero counts by

using the EM algorithm with zero truncation for the Poisson mixture and the homogeneous
Poisson model respectively. Also, let .n̂.j//j�0 and .

Å
n

.j/
/j�0 denote similar sequences for the

estimated sample sizes.
For j = 0 inequality (9) is fulfilled since both algorithms are started from the same initial

value. Now, suppose that the result holds for some current value of j. Let us define the sample
means with respect to the currently estimated values of n and n0:

ˆ̄y
.j+1/ = .n̂

.j/
0 0+n11+ . . . +nmm/=n̂.j/,

Å
ȳ

.j+1/ = .
Å
n

.j/

0 0+n11+ . . . +nmm/=
Å
n

.j/
:

Since n̂
.j/
0 � Å

n
.j/
0 it follows that

ˆ̄y
.j+1/ �

Å
ȳ

.j+1/
: .10/

Now, let Q̂.j+1/ =Σk
l=1q̂

.j+1/
l δλ̂l

.j+1/ be the NPMLE that is supplied in steps 1.1 and 1.2 of the
EM algorithm for mixtures with current value n̂

.j/
0 for n0. According to theorem 2 it follows that

k∑
l=1

q̂
.j+1/
l exp.−λ̂l

.j+1//� exp.− ˆ̄y
.j+1/

/

and, furthermore,

k∑
l=1

q̂
.j+1/
l exp.−λ̂l

.j+1//� exp.− ˆ̄y
.j+1/

/� exp.−Å
ȳ

.j+1/
/, .11/

using inequality (10) and the fact that exp.−x/ is strictly monotone decreasing. Since

n̂.j+1/ =nobs

{
1−

k∑
l=1

q̂
.j+1/
l exp.−λ̂l

.j+1//

}−1
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and
Å
n

.j+1/ =nobs{1− exp.−Å
ȳ

.j+1/
/}−1,

using inequality (11) and the fact that 1=.1−x/ is strictly monotone increasing, we have that

n̂.j+1/ � Å
n

.j+1/
.12/

and, by complete induction, inequality (12) holds for all j =0, 1, 2, . . . . Thus, it must hold also
for the limiting value and result (9) follows. This ends the proof.

The monotonicity property of theorem 3 has been noticed before. van der Heijden et al. (2003a)
illustrated that the population size estimator increases if measured covariates are included in
the modelling.

4. Confidence interval estimation and model evaluation

4.1. Confidence interval estimation
For confidence interval estimation bootstrap resampling techniques were used as described in
van der Heijden et al. (2003a). If p0 in equation (2) is known, the only source of variation in the
estimator n̂HTE would arise from sampling the nobs elements out of n. If p0 is estimated by using
the truncated Poisson mixture model, a second source of random variation arises. To mimic both
sources of variation the bootstrap is realized in the following fashion. Firstly, n

.b/
obs is sampled

from a binomial distribution with success parameter p=nobs=n̂ and sample size parameter n̂,
where n̂ as well as the parameters in the truncated mixture are estimated from the original data
set. Secondly, frequencies n

.b/
1 , n

.b/
2 , . . . are sampled from the truncated Poisson mixture model

with parameters as estimated in the original data set, with Σi n
.b/
i =n

.b/
obs. For each of these B re-

samples, n
.b/
0 is estimated by using the EM algorithm for the truncated mixture model, and these

resample data are used to compute standard errors and confidence intervals. It was found that
the statistics of interest stabilized beyond B=1000, so B=5000 was considered to be sufficient
in all the bootstrap calculations. Following van der Heijden et al. (2003a) confidence intervals
were calculated as asymptotic normal intervals.

van der Heijden et al. (2003a) compared coverage properties based on the bootstrap approach
with the desired confidence levels for the homogeneous Poisson case and found that the boot-
strap confidence intervals achieved good coverage probabilities. For the data sets of Section 2,
the confidence intervals are also provided in Table 1.

4.2. Model evaluation
Two aspects will be considered. Given a parametric class of models, which model should be
selected? Secondly, how good is the fit of the model selected? For the first aspect, several selec-
tion criteria have been suggested. McLachlan and Peel (2000), pages 202–219, provided an
overview in the context of mixture models. The criteria are constructed in the way that the log-
likelihood is penalized with a function of the model complexity, and criteria differ in the way
that they measure model complexity. We consider Akaike’s information criterion

AICα=2 L.Q̂k/−α.2k −1/,

with α=2. Miloslavsky and van der Laan (2003) suggested considering values of α other than
2 to steer the penalizing effect. Here, we just look at α= 1 and α= 3 in addition to α= 2. A
further criterion is the Bayesian information criterion, which is defined as
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Table 2. Results for some selection criteria for the number of components k in
the zero-truncated Poisson mixture models in the seven data sets

k L(Q̂k) AIC1 AIC2 AIC3 BIC

Cholera data
1 (NPMLE) −54.78 −110.56 −111.56 −112.56 −113.57

Immigrants data
1 −901.95 −1804.90 −1805.90 −1806.90 −1811.44
2 (NPMLE) −872.23 −1747.46† −1750.46† −1753.46† −1767.08†

Tomato flower data
1 −1872.83 −3746.66 −3747.66 −3748.66 −3753.17
2 −1505.39 −3013.78 −3016.78 −3019.78 −3033.31
3 −1449.90 −2904.80 −2909.80 −2914.80 −2937.35†
4 (NPMLE) −1445.42 −2897.84† −2904.84† −2911.84† −2943.41

Brain vessel data
1 (NPMLE) −824.40 −1649.80 −1650.80 −1651.80 −1654.70

Death notices data
1 −1534.95 −3070.90 −3071.90 −3072.90 −3076.74†
2 (NPMLE) −1530.82 −3064.64† −3067.64† −3070.64† −3082.16

Hard candy data
1 −1082.07 −2165.14 −2166.14 −2167.14 −2170.01
2 −893.87 −1790.74 −1793.74 −1796.74 −1805.35†
3 −888.86 −1782.72 −1787.72† −1792.72† −1807.07
4 (NPMLE) −887.70 −1782.40† −1789.40 −1796.40 −1816.49

Accident data
1 −1042.51 −2086.02 −2087.02 −2088.02 −2092.41
2 (NPMLE) −1007.60 −2018.20† −2021.20† −2024.20† −2037.37†

†Model selected by the criterion.

BIC=2 L.Q̂k/− .2k −1/ log.nobs/,

which is known to penalize complex models more strongly than the Akaike-type criteria.
Given that a certain model has been selected, the goodness of fit is simply evaluated by using

the χ2-distance defined as Σm
i=1.ni − n̂i/

2=n̂i where n̂i is the fitted frequency under the respective
truncated model. Cells having fewer than three observations were collapsed.

For all the data sets of Section 2, the criteria suggest that we consider the largest heterogeneity
model provided by the NPMLE (Table 2). For these models, the goodness of fit is quite good
in all three data sets (Table 3).

4.3. Performance of population size estimator in data sets with known size
We shall now look at four cases for which the 0s are observed but ignored in the estimation
process. This will allow a comparison between estimated and real population sizes. The first
two data sets can be modelled sufficiently well with a Poisson mixture. The final two data sets
experience zero inflation, and here it will be particularly difficult to model and predict the fre-
quencies of 0s. The first data set (brain vessel) has been used before in Böhning (1994) and
the test for overdispersion showed no evidence of Poisson heterogeneity. The data are the daily



732 D. Böhning and D. Schön

Table 3. χ2 goodness-of-fit values
for the data and models as in Table 2†

k m df χ2

Cholera data
1 (NPMLE) 3 1 0.01

Immigrants data
1 5 3 112.18
2 (NPMLE) 1 1.05

Tomato flower data
1 9 7 35985.60
2 5 88.54
3 3 5.14
4 (NPMLE) 1 2.01

Brain vessel data
1 (NPMLE) 14 12 5.78

Death notices data
1 8 6 22.15
2 (NPMLE) 4 1.21

Hard candy data
1 18 16 10467.40
2 14 22.63
3 12 13.14
4 (NPMLE) 10 10.53

Accident data
1 6 4 639.50
2 (NPMLE) 2 1.08

†k is the number of components in the
mixture model; m is the largest count
observed and df = 2k − 1 − 1 are the
degrees of freedom (cells with frequen-
cies less than 3 were collapsed).

numbers of deaths of women with brain vessel disease (international classification of diseases
430–438) in Berlin West for the year 1989: n0 = 1, n1 = 4, n2 = 15, n3 = 31, n4 = 39, n5 = 55,
n6 =54, n7 =49, n8 =47, n9 =31, n10 =16, n11 =9, n12 =8, n13 =4 and n14 =3. Here, no heter-
ogeneity was observed in the original data set and this is also found when n0 is truncated since
the one-component solution provides the NPMLE, and n̂0 = 0. The details of analysis are in
Table 4.

The second data set (death notices) was used by Hasselblad (1969) and consists of the daily
number of death notices of women of age 80 years and older, which appeared in the Times
newspaper in the period 1910–1912: n0 = 162, n1 = 267, n2 = 271, n3 = 185, n4 = 111, n5 = 61,
n6 = 27, n7 = 8, n8 = 3 and n9 = 1. Here, a two-component mixture was found by Hasselblad
(1969) in the original data set and this is reproduced when n0 is truncated, and n̂0 = 154. The
details of analysis are in Table 4. In both of these cases, the prediction is quite good and the
95% confidence intervals include the true number of missing 0s. The model selection is no issue
for these two data sets, although it should be pointed out that the Bayes information criterion
chooses the homogeneous Poisson model for the death notices data set (Table 3), which is evi-
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Table 4. Zero-truncated Poisson modelling for four data sets with known n0 by
using different number of components k†

k λ̂j q̂j L(Q̂k) n0 n̂0 95% confidence
interval

Brain vessel data
1 (NPMLE) 6.5042 1.0 −824.40 1 0 0–2

Death notices data
1 2.2709 1.0 −1534.95 107
2 (NPMLE) 1.3640 0.3951 −1530.82 162 154 74–234

2.7011 0.6049

Hard candy data
1 5.1124 1.0 −1082.07 2
2 3.0136 0.7487 −893.87 13

10.7563 0.2413
3 2.4573 0.5857 −888.86 102 19 7–31

6.1147 0.2558
12.4637 0.1487

4 (NPMLE) 0.2115 0.2394 −887.70 102 99 54–144
3.0022 0.5059
7.4175 0.1524

12.8740 0.1024

Accident data
1 0.4665 1.0 −1042.51 2726
2 (NPMLE) 0.3356 0.9851 −1007.60 7840 3882 2908–4856

2.5453 0.0149

†λ̂j is the parameter estimate of the jth component and q̂j the associated component
weight estimate; L.Q̂k/ is the log-likelihood that is associated with the k-component
model; n̂0 is the predicted number of missed zero counts with 95% confidence interval
and n0 is the observed number of zero counts.

dently the wrong model for these data. This puts a warning sign on the application of the Bayes
information criterion in such situations.

The third data set (hard candy) shows a mild form of zero inflation (a mild form of model
misspecification) and was used by Böhning (2000). It consists of the weekly number of individual
packs of a hard candy product and concept test that was purchased within the previous 7 days
in 456 stores. ni represents the frequency with which stores were selling exactly i packages. The
data are in detail n0 =102, n1 =54, n2 =49, n3 =62, n4 =44, n5 =25, n6 =26, n7 =15, n8 =15,
n9 = 10, n10 = 10, n11 = 10, n12 = 10, n13 = 3, n14 = 3, n15 = 5, n16 = 5, n17 = 4, n18 = 1, n19 = 2
and n20 =1. Here, a four-component mixture with an extra small weight component at zero was
found by Böhning (2000) in the original data set and this is reproduced when n0 is truncated,
with n̂0 =99. The details of analysis are given in Table 4. Even in this case of model misspecifica-
tion, the estimate of 99 for the frequency of truncated zero counts appears reasonable when the
heterogeneity model of the NPMLE (k =4) is used. The model selection criteria toggle between
the three- and four-component model (see Table 2), both providing an acceptable goodness of
fit (see Table 3). The confidence interval that is based on the three-component model does not
include the true number of missing 0s, whereas the four-component model does. This example
supports the argument for using the NPMLE in estimating the population size if model selec-
tion is in doubt since, in line with the monotonicity result, ignoring heterogeneity, even small
amounts as in this example, might underestimate the population size.



734 D. Böhning and D. Schön

The fourth data set (traffic accidents) shows a strong form of zero inflation (a strong form
of model misspecification) and was used by Simar (1976), in which count data were studied
which were accident counts of accident insurance policies reporting exactly yi claims during a
particular year for n=9461 policies issued by La Royal Belge Insurance Company. The data are
taken from Thyrion (1960) and have been used on various occasions in the literature, including
Böhning (2000) and Carlin and Louis (1996). ni represents the frequency of accident poli-
cies reporting exactly i claims. The data are in detail n0 = 7840, n1 = 1317, n2 = 239, n3 = 42,
n4 = 14, n5 = 4, n6 = 4 and n7 = 1. Here, a two-component mixture with an extra large weight
component at zero was found by Böhning (2000) in the original data set and this is not repro-
duced when n0 is truncated, and estimated as n̂0 =3882. This is only about half the size of the
observed frequency of zero claims. All model selection criteria agree on one model (Table 2)
which achieves an excellent fit (Table 3). However, the estimate of the population size underes-
timates strongly and the confidence limits do not include the true size. Model evaluation and
diagnostics do not help to avoid this error. In this example, obviously the method has reached
its limits.

5. Discussion

The algorithms that were used in Section 3 need some initial value n̂
.0/
0 . In theory, any non-neg-

ative value for n0 is possible, from 0 to very large values. However, good inital values are of
importance since the procedure can be very slow in converging. It is also not guaranteed that
the algorithm EMIXZT will converge to a global maximum, although this problem did not
occur in any of the examples. Different initial values might be tried to diagnose a potential for
multiple maxima. One choice for an initial value of n (and consequently for n0) would be the
McKendrick estimator (see Meng (1997)). It is a moment estimator under homogeneity (single
Poisson). Because the mean and the variance of the Poisson model coincide, there are two ways
to estimate λ from the sample mean and variance: λ̂ = n−1Σyi and λ̂ = n−1Σy2

i − n−2.Σyi/
2.

These two equations might be used to find estimators for λ and, more interestingly, for n,
providing

n̂Mo = .
∑

yi/
2={∑

y2
i −∑

yi}:

McKendrick noticed that the right-hand side does not depend on the number of 0s since a 0
does not change the value of any of the sums that are involved.

Finite mixture models have been considered previously in the context of capture–recapture
models. Norris and Pollock (1996, 1998) suggested an estimation procedure for n that is based
on the full likelihood and it might be interesting to compare this with the algorithm EMIXZT
of Section 3. Norris and Pollock (1998) considered the likelihood

l.n, Q/= n!(
m∏

i=1
ni!

)
.n−nobs/!

f.0, Q/n−nobs
m∏

i=1
f.i, Q/ni .13/

as a joint function of n and Q and found for each integer value of n the associated mixing
distribution which maximizes equation (13) conditional on the value of n. The maximum
likelihood estimator is then found by maximizing the occurring profile likelihood. The pro-
cedure EMIXZT will monotonically increase likelihood (13) at each step as well, as we demon-
strate as follows. Clearly, for any given n̂.j/, the M-step in algorithm EMIXZT will find Q̂

.j/

by means of the EM algorithm for mixtures which maximize f.0, Q/n̂.j/−nobs Πm
i=1f.i, Q/ni ,

corresponding to all the terms in equation (13) that involve Q. Also, for given Q̂
.j/

in the E-step,



Nonparametric Maximum Likelihood Estimation 735

E.n|nobs, Q̂
.j/

/=nobs={1−f.0, Q̂
.j/

/} will maximize likelihood (13) in n. This is easiest to see if
we write likelihood (13) as the product of two other likelihoods, namely l.n, Q/= l1.n, Q/ l2.Q/

where

l1.n, Q/= n!
.nobs!/.n−nobs/!

f.0, Q/n−nobs{1−f.0, Q/}nobs , .14/

l2.Q/= nobs!
m∏

i=1
ni!

m∏
i=1

{
f.i, Q/

1−f.0, Q/

}ni

: .15/

The second likelihood l2.Q/ does not involve n, so l.n, Q̂
.j/

/ can be maximized in n by maximiz-
ing l1.n, Q̂

.j/
/ in n. This is accomplished by noting that l1 is a simple binomial likelihood with

fixed success parameter and the result follows (see Bishop et al. (1975), page 232). In passing,
we note that it is exactly likelihood (15) which algorithm EMIXZT is maximizing. In summary,
algorithm EMIXZT will lead to a sequence of estimates which will monotonically increase not
only likelihood (15) but also likelihood (13), and, given that the full likelihood is bounded,
it will converge to a stationary point, usually a local maximum. It will be interesting to see
how algorithm EMIXZT behaves in an example for which Norris and Pollock (1998) demon-
strated their profile method. The data are the observed bird abundance for 1995 from the North
American breeding bird survey—a counting distribution with very long tails. Observed abun-
dances range from 1 to 54. We give here only the observed non-zero counts of abundances (for
details see Norris and Pollock (1998)): n1 =11, n2 =12, n3 =10, n4 =6, n5 =2, n6 =5, n7 =1, n8 =
3, n9 = 2, n10 = 4, n12 = 1, n13 = 1, n14 = 1, n15 = 2, n16 = 1, n18 = 2, n25 = 1, n29 = 1, n30 = 1, n32 =
1, n39 =1, n44 =1, n53 =1 and n54 =1. The profile method delivers an estimate n̂ of 76 with asso-
ciated five-component mixing distribution Q̂ giving mass 0:574, 0:194, 0:127, 0:061 and 0:044
to five Poisson component parameters 2:23, 7:42, 13:73, 30:34 and 48:79. Using the latter value
of Q̂ as a starting value for algorithm EMIXZT, the new estimate of n from the E-step is 76:75,
providing an increased value for the full likelihood. Algorithm EMIXZT converges to n̂=77:25,
which gives a truncated integer estimate of 77. The associated mixing distribution Q̂ at con-
vergence gives mass 0:571, 0:198, 0:127, 0:060 and 0:044 to five Poisson component parameters
2:13, 7:62, 13:69, 30:34 and 48:79. The differences between both procedures in this example are
quite minor and potentially due to rounding errors.

Also, Pledger (2000) considered finite mixtures to give a unified linear logistic framework for
capture–recapture modelling. She concluded that

‘For many data sets, a simple dichotomy of animals is enough to substantially correct for heterogene-
ity-induced bias in the estimation of population size, although there is the option of fitting more than
two groups if the data warrant it’.

Indeed, the analysis of the data sets that is given here provides empirical evidence that the
incorporation of heterogeneity is almost always required and that, occasionally, more than two
components in the mixture are necessary. Dorazio and Royle (2003) compared the beta–bino-
mial, logistic–normal and finite mixture (also called latent class) models and concluded that the
finite mixture model gives more biased estimates of the population size than those based on the
parametric mixtures. Their conclusion was based on a simulation study using the parametric
mixture (beta or normal) to model heterogeneity. In the fitting of the finite mixture only two
classes were considered. In the light of the discussion above, it can be expected that, allowing
for component sizes that are larger than 2, the bias in estimating population sizes based on the
NPMLE of the mixing distribution will be reduced. Dorazio and Royle (2003) also pointed
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out that not every component model in a binomial mixture is identifiable. In fact, for binomial
mixtures only subclasses are identifiable. Link (2003) used this fact of missing (complete) iden-
tifiability of binomial mixtures to construct counter-examples showing non-identifiability of
population size. Böhning and Patilea (2004) showed under mild assumptions the identifiability
of mixtures of power series distributions, a family incorporating the truncated Poisson distribu-
tion, implying identifiability of the population size in the sense that, if two truncated mixtures
based on two mixing distributions Q and Q′ coincide such that

k∑
j=1

f.y, λj/qj

1−
k∑

j=1
exp.−λj/qj

=

k′∑
j=1

f.y, λ′
j/q′

j

1−
k∑

j=1
exp.−λ′

j/q′
j

for all y = 1, 2, . . . , then the associated mixture distributions Q and Q′ coincide as well as the
associated population sizes. Nevertheless, the work of Link (2003) clearly demonstrates the
strong dependence of unbiased inference on the correct specification of the count distributional
model.
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Böhning, D. (1994) A note on a test for Poisson overdispersion. Biometrika, 81, 418–419.
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