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diagnostic studies
Dankmar Böhning Applied Statistics, School of Biological Sciences, University of Reading,
Reading, UK and Walailuck Böhning and Heinz Holling Statistics and Methods, Institute for
Psychology IV, University of Münster, Münster, Germany

The paper considers meta-analysis of diagnostic studies that use a continuous score for classification of
study participants into healthy or diseased groups. Classification is often done on the basis of a threshold or
cut-off value, which might vary between studies. Consequently, conventional meta-analysis methodology
focusing solely on separate analysis of sensitivity and specificity might be confounded by a potentially
unknown variation of the cut-off value. To cope with this phenomena it is suggested to use, instead,
an overall estimate of the misclassification error previously suggested and used as Youden’s index and;
furthermore, it is argued that this index is less prone to between-study variation of cut-off values. A simple
Mantel–Haenszel estimator as a summary measure of the overall misclassification error is suggested, which
adjusts for a potential study effect. The measure of the misclassification error based on Youden’s index is
advantageous in that it easily allows an extension to a likelihood approach, which is then able to cope with
unobserved heterogeneity via a nonparametric mixture model. All methods are illustrated at hand of an
example on a diagnostic meta-analysis on duplex doppler ultrasound, with angiography as the standard
for stroke prevention.

1 Introduction

Meta-analysis has become an important tool in the social, bio-medical and pharmaceu-
tical, life and natural sciences for the analysis, integration and deeper understanding
of empirical findings resulting from several studies. Numerous recent books1–5 and
tutorials6 underline a sustainable interest and development in this field.

However, several niches exist experiencing specific problems, which are not well
covered within the existing body of meta-analytic developments. One of these is the
meta-analysis of diagnostic studies. Here, interest has developed in the diagnostic test
accuracy evaluated in a series of diagnostic studies.7,8 The objective lies in determining
the discriminating power of the diagnostic test in separating persons with a specific
condition (diseased) from those without this condition (non-diseased). Widely, two
measures of diagnostic accurracy are considered:

• the sensitivity defined as Pr(positive|diseased) = (1 − α) and
• the specificity defined as Pr(negative|non-diseased) = (1 − β).
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The sensitivity measures the capability of the diagnostic test to recognize a diseased
person correctly, whereas the specificity measures the capability of diagnosing a healthy
person correctly. Consequently, α is the error probability of falsely classifying a diseased
person as healthy and β is the error probability of falsely classifying a healthy person
as diseased. Ideally, α and β should be small if not zero.

Suppose that a series of k diagnostic studies is available. For study i, let

• xH,i be the frequency of (falsely) positively classified persons out of nH,i healthy
ones,

• xD,i be the frequency of (falsely) negatively classified persons out of nD,i diseased
ones,

so that natural estimates for αi and βi are provided as α̂i = xD,i/nD,i and β̂i = xH,i/nH,i.

1.1 An application study: DDU-meta-analysis
We will illustrate these definitions and concepts at hand of a meta-analysis of 14 studies

on the accuracy of duplex doppler ultrasound (DDU) with angiography as the standard
for stroke prevention described previously in Hasselblad and Hedges.9

Table 1 shows for each study the number xH,i of positively classified persons out of nH,i
healthy ones, the number xD,i of negatively classified persons out of nD,i with positive
angiography, and the associated estimated error rates. The latter show considerable
variability: from 0 to 29%. It will be discussed in the following that a separate analysis
of these error rates might be not meaningful, as any meta-analysis of diagnostic accuracy
focusing separately on sensitivity and specificity.10 Sensitivity and specificity might not
be directly comparable between studies because of the cut-off value problem. This is
illustrated in the next section.

Table 1 Studies of duplex doppler ultrasound using angiography
as the standard

Study i xH,i nH,i α̂i xD,i nD,i β̂i Accuracy

1 2 85 0.02 4 30 0.13 high
2 2 7 0.29 1 12 0.08 low
3 8 42 0.19 3 71 0.04 low
4 0 111 0.00 12 86 0.14 high
5 13 112 0.12 20 104 0.19 low
6 7 48 0.15 3 43 0.07 low
7 9 118 0.08 1 17 0.06 high
8 15 221 0.07 20 116 0.17 low
9 2 59 0.03 2 13 0.15 high

10 5 62 0.08 5 96 0.05 high
11 3 45 0.07 9 55 0.16 low
12 2 95 0.02 1 16 0.06 high
13 16 137 0.12 10 68 0.15 low
14 1 75 0.01 4 30 0.13 high
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Figure 1 Diagnostic situation illustrated with two normal distributions with variance of 1: one has mean 0
(healthy population), the other has mean 2 (diseased population).

2 The problem

We suppose that the diagnostic test is providing a continuous outcome. For example, a
psychological test is used (potentially among other procedures) to determine a medical
condition such as the presence of dementia in an elderly person. Often these diagnostic
tests deliver a score and a cut-off value is used to decide the presence or absence of the
condition. This is illustrated in Figure 1, where two normal distributions with equal
variance of one and different means are used. A cut-off value c, here c = 0, determines
sensitivity as 1 − α = 1 − �((c − µD)/σD) and specificity as 1 − β = �((c − µH)/σH),
assuming that values above c indicate positivity of the test and � is the cumulative
distribution function of the standard normal. As has been underlined in the Guidelines
for Meta-analyses Evaluating Diagnostic Tests,8 if c is shifted to the right, the sensitivity
decreases, whereas the specificity increases, and vice versa if c is shifted to the left. This
fact implies that quite different sensitivities and specificities might have been observed in
the different studies though the underlying diagnostic test might have entirely identical
discriminating power. Unless it is verifiable that a common cut-off value has been used
a separate meta-analysis of sensitivity and specificity might lead to biased findings such
as artificial heterogeneity or spurious variance inflation.

Recently, two alternative approaches were reviewed:11 the bivariate random-effects
meta-analysis12,13 and the summary receiver operating characteristic model.14 It has
been suggested, earlier, to use techniques based on the Receiver Operating Characteristic
(ROC)10 to cope with different cut-off values. As can be seen from Figure 1–if c ranges
from −∞ to +∞, a continuum of (1 − α, β)-pairs arises and, if plotted in a (1 − α) ×
β-diagram, the ROC-curve occurs. The advantage of a ROC-analysis lies in the fact that
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the cut-off value problem is incorporated. Two ROC-curves can be directly compared,
and if one is uniformly above the other, the discriminatory power can be uniformly eval-
uated. Consequently, the use of the ROC-analysis has been recommended.1,15 However,
disadvantages of the technique lie in the fact that pairs arising from different studies
might not lie on any smooth curve (as the theory might suggest) and smoothing and
fitting techniques of parametric16,17 or semi- and non-parametric kind18 might need to
be involved.19,20 Also, different diagnostic tests might have incomparable associated
ROCs in the sense that for some range of cut-off values the first ROC-curve is above the
second, whereas for some other range the second ROC-curve is above the first. In addi-
tion, there seems to be a desire from the practical side to have a summary measure
available for each diagnostic test to be compared. Consequently, measures like the Area
Under the Curve (AUC) have been suggested and discussed.20

3 Revisiting Youden's index

Here, we suggest to use as a measure the simple sum of sensitivity and specificity:
(1 − α) + (1 − β), or, equivalently, the sum of the misclassification errors α and β.
Note that (1 − α) + (1 − β) = 1 + J, where J is Youden’s index.21 The motivation for
this suggestion is as follows. It is known that the best cut-off value (in the sense of maxi-
mizing the sum of sensitivity and specificity) is found as one of the points of intersection
between the two normal curves describing diseased and healthy population. If the nor-
mal distributions have the same variance, this point is simply the arithmetic mean of
the two normal distributions, otherwise it is some weighted average of the two means.
Therefore, it is seems likely that some ‘near to optimal’ cut-off value has been chosen
in the individual diagnostic studies. If we now look at changes in sensitivity, specificity
and their sum as is visualized in Figure 2, we see that the sum remains fairly constant,
whereas the individual measures undergo considerable changes.

It can, therefore, be expected that variance inflation in specificity and sensitivity due
to cut-off value variation is diminished for the sum of the two, in other words, when
using Youden’s index.

Youden’s index has appreciated theoretical interest over many years. Biggerstaff22

pointed out that it is in a certain sense the best available summary measure. Hilden
and Glasziou23 give a good geometric characterization of Youden’s index as area under
the curve. They also provide a clinical interpretation of Youden’s index as maximum
proportional reduction in expected regret. However, clinicians appreciate Youden’s
index in terms of simplicity and clarity (for an example in diagnostic studies of asthma
see Pekkanen and Pearce).24

3.1 Diagnostics of cut-off value problem
In practice, the cut-off value itself is often not reported and some other device is

required as indicator for a cut-off value problem. To detect a cut-off value problem
it was suggest to plot specificity against sensitivity, since variation in the cut-off value
would lead to higher values of sensitivity corresponding to lower values of specificity
and vice versa. To diagnose if taking the sum of specificity and sensitivity has dimin-
ished the cut-off value problem, it is suggest to plot specificity and sensitivity and their
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Figure 2 Sensitivity, Specificity and their sum as a function of the cut-off value.

sum against the difference of the two, since when the cut-off values varies from −∞ to
+∞, the difference between specificity and sensitivity will vary from −1 to +1. In other
words, it is suggested to use the change in difference between specificity and sensitivity
as a surrogate measure for change in the cut-off value.

3.1.1 DDU-meta-analysis (continued) These techniques at hand of the meta-analysis
of 14 studies on the accuracy of duplex doppler ultrasound (DDU) with angiography as
the standard for stroke prevention will be demonstrated, as described above. Figure 3
shows a negative trend, at least for higher values of sensitivity. If the sum of specificity and
sensitivity is plotted against their difference, the envisaged effect of cut-off value variation
is diminished, at least for a wider range of the study data of the DDU-meta-analysis.

3.2 Estimation of α + β under homogeneity
With this motivation in mind, it is assumed that there are study-specific error rates,

αi andβi, but there is a homogeneous total of both rates over all studies:αi + βi = λ for all
i = 1, ..., k. One is interested in developing a good estimator for λ, where ‘good’ needs to
be specified. A simple, pooled estimator of the form

∑
i xD,i/

∑
i nD,i + ∑

i xH,i/
∑

i nH,i
might be confounded by study effects and should, therefore, be avoided. We, therefore,
prefer an estimator of the form

∑k
i=1 wi

(
xD,i/nD,i + xH,i/nH,i

)
∑k

i=1 wi

(1)
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Figure 3 Sensitivity versus Specificity for DDU-meta analysis (line corresponds to LOWESS-smoother).

with wi ≥ 0 for all i = 1, . . . , k. Following Böhning and Sarol25 for the risk difference
one write

xD,i

nD,i
+ xH,i

nH,i
= (nD,ixH,i + nH,ixD,i)/n+i

nH,inD,i/n+i

for all i, with n+i = nD,i + nH,i to arrive at the Mantel–Haenszel-type estimator by
taking sums before ratios:

λ̂MH =
∑k

i=1
(
nD,ixH,i + nH,ixD,i

)
/n+i∑k

i=1
(
nH,inD,i

)
/n+i

. (2)

Note that equation (2) is a weighted estimator of the form (1) with wi = (nD,inH,i)/n+i,
and, since the weights are non-random, it is unbiased. In addition, its variance is readily
available:

Var(λ̂MH) =
∑k

i=1

(
n2

D,inH,iβi(1 − βi) + n2
H,inD,iαi(1 − αi)

)
/n2

+i(∑k
i=1 nH,inD,i/n+i

)2 (3)

and, estimating βi(1 − βi) by xH,i/nH,i and αi(1 − αi) by xD,i/nD,i (assuming that αi
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Figure 4 Sum of error rates α̂i + β̂i for studies i = 1, ..., 14 and Mantel–Haenszel estimator of summary error
rate with 95% CI.

and βi are small), the variance estimator

V̂ar(λ̂MH) =
∑k

i=1

(
n2

D,ixH,i + n2
H,ixD,i

)
/n2

+i(∑k
i=1 nH,inD,i/n+i

)2 (4)

can be obtained. Note, as a ‘good’ property that not only equation (2) is less affected by
the occurrence of zeros than the optimal, inverse-variance weighted estimator – as one
would expect from a Mantel–Haenszel-type estimator, but also the variance-estimate
(4) has this property.

3.2.1 The Mantel–Haenszel estimator for the DDU-meta-analysis Let one consider
equation (2) for the data from the DDU-meta-analysis. One finds here that λ̂MH =
0.2101 with estimated variance V̂ar(λ̂MH) = 0.00027 and associated 95%-confidence
interval 0.1778–0.2424. This is illustrated in Figure 4, which also illustrates the gain in
efficiency achieved by the Mantel–Haenszel-estimator, if homogeneity holds.

4 A likelihood approach coping with heterogeneity

Let Xi = xD,i + xH,i denote the sum of misclassifications in study i. Then, E(Xi) =
nD,iαi + nH,iβi holds, and, if the studies are balanced (nD,i = nH,i = ni), then

E(Xi) = nD,iαi + nH,iβi = ni(αi + βi) = niλi,
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where λi = αi + βi is the sum of the two misclassification rates in study i. Furthermore,
it appears justified to consider a Poisson assumption for Xi conditional upon study i,
so that

P(Xi = xi| study i) = e−λini (λini)
xi/xi!. (5)

Furthermore, let λ arise from a random variable �i with probability density function
q(λ), so that the joint distribution of Xi and �i is provided as

P(Xi = xi, �i = λ) = P(Xi = xi|�i = λ) q(λ) = e−λni (λni)
xi

xi!
q(λ)

with associated marginal distribution over �i as

P(Xi = xi) =
∫

λ

e−λni (λni)
xi

xi!
q(λ)d(λ). (6)

One considers the nonparametric likelihood for any distribution Q with associated
probability density function q(λ)

L(Q) =
k∏

i=1

∫
λ

e−λni (λni)
xi

xi!
q(λ)d(λ), (7)

which needs to be maximized over all probability distributions Q. For the approach
in general, see Lindsay26 or Böhning.27 Technically, one considers the likelihood for
discrete mixtures

L(Q) =
k∏

i=1

m∑
j=1

e−λjni (λjni)
xi

xi!
qj, (8)

which needs to be maximized in λ1, ..., λm, q1, ..., qm, and m, where the restriction on
discrete distributions is no limitation of generality. The general theory delivers here a
unique nonparametric maximum likelihood estimator with a certain number of discrete
mass points m. The EM algorithm28 might be used with a specific number of mass points
m. This may be combined with a forward strategy, starting with the smallest possible
number of mass points m = 1, the case of homogeneity, and then working upwards
by increasing m one by one.29 Note that in the case of homogeneity, the maximum
likelihood estimator and the proposed Mantel–Haenszel estimator (2) coincide.

4.1 The mixture approach for the DDU-meta-analysis
To apply the mixture approach on Xi, for this example, one needs to cope with the

situation that most of the studies involved in the meta-analysis are unbalanced so that
one needs to use an approximation such as ni = (nD,i + nH,i)/2. A comparison between
the estimated Poisson variances on the basis of nD,i and nH,i with those on the basis of
ni shows that in most studies the approximation appears to be reasonably good.
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Table 2 Heterogeneity estimated via the nonparametric mixture
approach; m are the number of components in the mixing distribu-
tion and λ̂j and q̂j are the estimates of the parameters in the mixing
distribution for j = 1, ..., m; for m = 2 the NPMLE is reached

m λ̂j q̂j log-likelihood

1 0.1824 1 −44.1221
2 0.1181 0.5053 −40.1592

0.2325 0.4947

Table 2 shows the results for an analysis using mixture models of the form
(8). For the homogeneity case m = 1, the maximum likelihood estimator is simply
λ̂ = ∑

i xi/
∑

i ni = 0.1824. For m = 2, NPMLE is already found to indicate that
increasing the number of components will not lead to any increase in the likelihood.
NPMLE gives almost equal mass to a cluster of studies with a small total misclassifica-
tion error and a cluster with a larger size of misclassification error. The last column in
Table 1 shows the classification based on the maximum posterior probability (MAP).
There appears to be a good separation between studies with high and low diagnostic
accuracy.

5 Discussion

5.1 Alternative measures of misclassification error
Frequently, a different measure for the discriminatory power is suggested: the sum of

log-odds of sensitivity and log-odds of specificity. The suggestion goes back to Hassel-
blad and Hedges9 and has found its entry in the literature including guidelines8,30,31

under the term diagnostic odds ratio (DOR). Glas32 et al. recommend the DOR as a
single measure of diagnostic test performance, in particular for application in meta-
analysis. It is also used more frequently in practical meta-analysis.33 It also plays a
core part in estimating the summary receiver operating characteristic (SROC).1,34 The
motivation behind this measure is that it relates the odds that the test is positive in
the diseased population to the odds that the test is positive in the healthy population.
It was noted by Edwards35 as well as Hasselblad and Hedges9 amongst others that this
measure is remarkably constant in the vicinity of the optimal cut-off value. However,
care must be taken if it is used as an advice for selecting an optimal cut-off value, as
Figure 5 shows. Here, at the optimal cut-off value the lowest value of the log-odds ratio
is found.

This is in contrast to the sum of log-sensitivity and log-specificity, where the optimal
cut-off value occurs at the largest value of the sum of sensitivity and specificity. Both
approaches become equivalent when specificity and sensitivity are high (such as when
both populations are well seperated).

5.2 The approach in the light of alternatives
Note that in the balanced case nD,i = nH,i = ni for all i = 1, . . . , k and for the sit-

uation of homogeneity the Mantel–Haenszel estimator (2) agrees with the maximum
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Figure 5 Sensitivity odds, Specificity odds and their sum (on log-scale) as a function of the cut-off value for
two normal distributions with mean 0 (healthy) and mean 2 (diseased).

likelihood estimator for the ‘singular’ mixture m = 1. Consequently, one might consider
the mixture model as a generalization of the Mantel–Haenszel approach. The measure
sum of the error rates was chosen since it is less prone to the cut-off value problem.
Consequently, any residual heterogeneity is less likely spurious in the sense that it has
been created by a variation of the cut-off value. In the case of the meta-analysis of
the DDU-studies, heterogeneity consisting of two components with high and low diag-
nostic accuracy could be identified and it seems unlikely that this heterogeneity can be
explained entirely on the basis of a cut-off value variation.

It has been mentioned that ROC (or SROC in meta-anaylsis) is used frequently. To
achieve a summary measure for a given ROC, the area-under-the-curve (AUC) is used.
Greiner20 mentions the result of Hilden and Glasziou23 that if there is only one point
in the ROC-space and the ROC-curve is estimated by connecting the three existing
points, then the estimated AUC corresponds to the average of estimated sensitivity and
specificity. Pepe36 points out the connection of Youden’s index to the Kolomogorov-
Smirnov statistic.

In a recent contribution, Le37 recovers and summarizes several favourable properties
of Youden’s index. He points out that a point (u, v) = (β, 1 − α) on the ROC curve is
connected to J as

J = v − u = 1 − α − β

so that a natural modelling of the ROC curve by v = R(u), where R(.) denotes such a
model for the ROC curve, might be used to find an optimal (minimal) cut-off value.
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Finally, one notes that the proposed measure allows an interesting way for construct-
ing a confidence interval. Let X again denote the sum of the errors for one study.
Assuming E(X) = Var(X) = nλ, it is straightforward to construct a confidence interval
on the basis of the pivotal statistic (X − nλ)/(

√
nλ):

µL,R = X + z2/2 ± z
√

X + z2/4

provides a (1 − α)100% confidence interval for nλ, where z = �−1(1 − α). This is in
contrast to the risk difference, for example, where this construction is not possible since
the variance is not a function of the risk difference only. Here, the variance is only the
function of the sum of the error rates and allows the above pivotal construction of a
confidence interval.
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