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Proportion estimators are quite frequently used in many application areas. The conventional proportion
estimator (number of events divided by sample size) encounters a number of problems when the data are
sparse as will be demonstrated in various settings. The problem of estimating its variance when sample sizes
become small is rarely addressed in a satisfying framework. Specifically, we have in mind applications like
the weighted risk difference in multicenter trials or stratifying risk ratio estimators (to adjust for potential
confounders) in epidemiological studies. It is suggested to estimate p using the parametric family p̂c and
p(1� p) using p̂c(1� p̂c), where p̂c ¼ (X þ c)=(n þ 2c). We investigate the estimation problem of choosing
c� 0 from various perspectives including minimizing the average mean squared error of p̂c, average bias
and average mean squared error of p̂c(1� p̂c). The optimal value of c for minimizing the average mean
squared error of p̂c is found to be independent of n and equals c ¼ 1. The optimal value of c for minimizing
the average mean squared error of p̂c(1� p̂c) is found to be dependent of n with limiting value c ¼ 0:833.
This might justifiy to use a near-optimal value of c ¼ 1 in practice which also turns out to be beneficial
when constructing confidence intervals of the form p̂c � 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
np̂c(1� p̂c)

p
=(n þ 2c).

1 Introduction

Previous papers (e.g., Agresti and Caffo1 among others) have considered the problem of
estimating the binomial parameter p, highlighting the point that X=n might be not a good
choice as an estimator for p when the sample size n is small. Here, let X be a binomial
variable with event probability parameter p and sample size parameter n, the latter

Q1assumed to be known. The conventional estimate p̂ ¼ X=n encounters a number of
problems if n is small. For example, the variance of p̂, if estimated by p̂(1� p̂)=n, is 0, if
X ¼ 0 (or X ¼ n). This occurs even if p is far away from zero, as Table 1 shows, with
considerable large probability for small n. Having an estimator with considerable variance
p(1� p)=n and having this variance estimated to be zero with large probability might be
considered to be a problem of itself. The paper will suggest some simple solutions for it.
However, the problem becomes even more severe when different proportion estima-

tors are combined by means of optimal pooling. Suppose that k proportion estimators
are available from k independent studies, with data Xi and ni, i ¼ 1, 2, . . . ,k. Typically,
they are combined using

Pk
i¼k wi(Xi=ni)=

Pk
i¼1 wi with efficient weights w�1

i ¼

pi(1� pi)=ni. Unfortunately, these weights are unknown and replaced by sample
weights ŵi ¼ ni=[p̂i(1� p̂i)] which are undefined if Xi ¼ 0 or Xi ¼ ni. Typically, this
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problem is coped with by excluding these study data.2,3 For illustration, consider the
data given in Table 2, representing proportion data with high sparsity in the treatment
group of a multicenter clinical trial with 21 centers involved in treating cancer with a
new treatment. In 10 of these centers (indicated by a*), almost half of all centers
involved, a variance estimate of 0 occured, leading to a considerable loss of data.

Of course, under homogeneity one might use the pooled estimator
P

i Xi=
P

i ni
which occurs if we are using as weights wi ¼ ni=[p(1� p)], so that the term p(1� p),
constant across centers, cancels out. However, center specific variances might be
required for homogeneity testing. The problem becomes more elaborate when coside-
ring two (or more) trial arms where we might be interested in a measure such as
the RDi ¼ pi � qi, where qi is the success probability in the baseline arm and pi is
the corresponding one of the treatment arm in the ith center. Suppose that the risk
difference is estimated in the conventional way as R̂Di ¼ p̂i � q̂i, where p̂i ¼ Xi=ni is the
estimated proportion for the treatment arm and q̂i ¼ Yi=mi for the baseline arm,

Table 1 Probability for X¼ 0 with
p¼0.3 and n¼1, 2, 3, 4, 5

n P(X¼ 0)

1 0.70
2 0.49
3 0.34
4 0.24
5 0.17

Table 2 Proportion data for treatment group of a
multicenter clinical trial with high sparsity

Center i Number of deaths Xi At risk ni

1 3 4
2 3 4
3 2 2*
4 2 2*
5 2 2*
6 1 3
7 2 2*
8 1 5
9 2 2*

10 0 2*
11 3 3*
12 2 2*
13 1 4
14 2 3
15 2 4
16 4 12
17 1 2
18 3 3*
19 1 4
20 0 3*
21 2 4

Source: Cancer and Leukemia Group, Cooper et al.4
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respectively. Then, the variance of the risk difference estimator is Var(R̂Di) ¼
pi(1� pi)=ni þ qi(1� qi)=mi, which depends on the baseline specific propotion estima-
tors q̂i even if effect homogeneity is assumed. A more extensive discussion on this point
is found in Lipsitz et al.3 The paper will demonstrate that this issue can be coped with
by using one of the proportion estimators suggested here.
In the light of the earlier issues and as will be further motivated in Section 2, a class of

estimators is suggested to cope with potential values of 0 (or n) for x. This class is of
parametric form, namely, p̂c ¼ (X þ c)=(n þ 2c). Various choices for c, like 1=6,5,6

1=2,7 11 or 28 have been suggested. These estimators have been suggested often on
merely intuitive grounds such as adding pseudo-observations to the number of successes
and the number of failures. Another argumentation follows the Bayesian line in which a
uniform prior on p is assumed leading to a posterior distribution of beta type with
posterior mean (X þ 1)=(n þ 2).9 Less frequent are conventional analyses with respect
to variance and bias. The variance of p̂c is np(1� p)=(n þ 2c),2 which can be made
arbitrarily small by choosing c large. We note in passing that this is the characteristic of
a shrinkage estimator. On the other hand, if c increases, the bias of p̂c,
c((1� 2p)=(n þ 2c)), is positive and will strictly increase if p < 1=2, and is negative
and will strictly decrease if p > 1=2. As compromise criterion the mean squared error
will be considered and good choices of p̂c will be developed in Section 3. As has been
mentioned previously the estimator p̂c has bias c((1� 2p)=(n þ 2c)) which vanishes to
zero only for p ¼ 1=2, if c > 0. This might still make practitioners to prefer to use
p̂ ¼ p̂c¼0 ¼ X=n, because of its unbiasedness. This argument, however, breaks down
when considering estimating the binomial variance p(1� p)=n with p̂(1� p̂)=n which is
not an unbiased estimator of p(1� p)=n. The bias of p̂(1� p̂) for estimating p(1� p) is
given by �p(1� p)=n. Therefore, we are considering estimating p(1� p) in Section 4
and will develop estimators of the type p̂c(1� p̂c) and study their properties in terms of
bias and mean squared error.
Though confidence interval construction is not the major focus of the paper, a section

on confidence interval estimation ends the paper, as we want to demonstrate that the
developed proportion estimators can also be used to construct confidence intervals in a
simple way. Confidence interval estimation for p is still done frequently using the simple
formula p̂ � 1:96[p̂(1� p̂)=n]0:5 for achieving a 95% confidence interval for p. It
has been solidly demonstrated[1,10–12] that this method of confidence interval estimation
suffers a number of disadvantages including a breakdown of the coverage probability
even for considerable large sample sizes. Though alternatives (usually more cumber-
some) are available, it will be seen in this paper that confidence intervals with
acceptable coverage probability can still be constructed in the simple fashion

p̂c � 1:96
p dVar(p̂c) ¼ p̂c � 1:96

p
np̂c(1� p̂c)=(n þ 2c) using one of the proportion

estimators suggested here.

2 Further motivation: risk di¡erence, relative risk, odds ratio,
capture^recapture estimator

We see some important application areas of the work at hand in more elaborated
measures that involve the proportion such as the risk difference RD ¼ p � q, the
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relative risk RR ¼ p=q, or the odds ratio OR ¼ [p=(1� p)]=[q=(1� q)]. Here p is the
risk in the treatment arm, whereas q is the baseline risk. The relative risk estimator
(X=n)=(Y=m) has infinite moments if there is a positive probability for Y ¼ 0, similarly
for the odds ratio. This is reflected in the sample such that the relative risk or odds ratio
becomes undefined if y ¼ 0 has been observed. Some measures are still defined when
both proportion estimators are 0 (risk difference), whereas others are still defined if
the baseline estimator is nonzero, (relative risk). In contrast, in those cases the estimated
variance is either zero or undefined. Therefore, it appears reasonable to separate the
estimation of the mean of the measure of interest and its associated variance.

2.1 Risk di¡erence
Suppose that the risk difference is estimated in the conventional way as R̂D ¼ p̂ � q̂,

where p̂ ¼ X=n for the treatment arm and q̂ ¼ Y=m for the baseline arm, respectively.
Then, the variance of the risk difference estimator is Var(R̂D) ¼ p(1� p)=nþ
q(1� q)=m, which could be estimated as p̂c(1� p̂c)=n þ q̂c(1� q̂c)=m. Note that this
variance estimator is always positive as long as c> 0 which is a useful property and can
be exploited in inverse-variance weighted proportion estimators which are commonly
used in multicenter studies or meta-analytic applications.

2.2 Relative risk
Estimation of variance in the relative risk setting is conventionally done using the

d-method for the log-relative risk leading to Var( log R̂R) � (1=p2)p(1� p)=nþ
(1=q2)q(1� q)=m ¼ ((1� p)=p)=n þ ((1� q)=q)=m. As both expressions in this sum
are of identical structure ((1� p)=p)=n, we will consider only the first of the two sum
expressions in the following. Using the conventional proportion estimator p̂ ¼ X=n
leads to the well known variance estimate 1=X � 1=n which is undefined if X ¼ 0. If we
use instead p̂c ¼ (X þ c)=(n þ 2c), we arrive at ((n þ 2c)=n)=ð1=(X þ c))� (1=n). Note
that this expression is always positive as (X þ c)=(n þ 2c) < 1, or n((X þ c)=
(n þ 2c)) < n. In addition, it deviates from conventional practices where X is replaced
by X þ c, or X is replaced by X þ c and n is replaced by n þ 2c.

2.3 Odds ratio
Similarly, in the case of the odds ratio, defined as OR ¼ (p=(1� p)=(q=(1� q)),

estimation is done using the d-method for the log-odds ratio, leading to
Var( log ÔR)� (1=[(1�p)p]2)p(1�p)=nþ (1=[(1�q)q]2)q(1�q)=m¼ (1)=((1�p)pn)þ
(1)=((1�q)qm). Again, we just consider the first of the two terms in the sum:
1=(1�p)pn, which becomes 1=Xþ1=(n�X) when estimated using p̂¼X=n. Again, this
estimator becomes undefined if X ¼ 0 or X ¼ n. However, if we use (Xþ c)=(nþ2c) to
estimate p, then the variance estimator becomes ((Xþ c)=(nþ2c)(1� ((Xþ c)=
(nþ2c))n)�1

¼ (1=(Xþ c)þ1=(n�Xþ c))(nþ2c)=n. Note that this estimator is
always defined and positive. In addition, we point out that the usual textbook
recommendation to add c, for example, c¼ 0:5, to the frequencies before inverting
them ignores the correction factor (nþ2c)=n.
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2.4 Odds ratio estimation in matched case^control studies
In matched case–control studies inference is usually based upon the number of

discordant pairs n, which consist of a number of pairs X for which the case is exposed
and the control is nonexposed and a number of pairs Y for which the case is unexposed
and the control is exposed.13 A direct argument shows that the odds ratio OR equals
p=(17p), where p is the probability that the case is exposed and the control is
unexposed conditional upon the pair being discordant. The proportion p is typically
estimated as X=n ¼ X=(X þ Y) which leads to an undefined odds ratio X=Y if Y ¼ 0
has occurred. Using (X þ c)=(n þ 2c) copes with this problem easily.

2.5 Capture^recapture estimator
Capture–recapture (CR) techniques are targeting to provide a reliable technique for

estimating the size of a population which is difficult or impossible to estimate in a direct
way. Historically, developments of CR techniques took place in the area of wildlife and
fisheries though they are now commonplace in almost all areas of science including
demography, social sciences, public health and medicine in general (reviewed in Hook
and Regal,14 and IWGDMF15,16). CR techniques rely on several sources of information
like two or more surveys of the same population, two or more unconnected databases
and so on, and then use the proportion of elements listed two (or several) times to
construct an estimate about the size of the background population.
For the simplest case with two sources, a 2-by-2 table is presented in Table 3, where 1

indicates identification of the associated source.
x.1 are the number of units identified by source 1, x1: are those units identified

by source 2, whereas x11 are those identified by both sources. x22, and consequently,
n are unknown. The simplest estimate known is the Lincoln–Petersen estimate
n̂ ¼ (x:1x1:=x11). For its development consider the parameter layout in Table 4, which
describes the parameters of the background population.

p:1 is the probability that source 1 is identifying a unit, p1: is the probability that
source 2 is identifying a unit, whereas p11 is the probability that a unit is identified by
both sources. Under independence of sources, p11 ¼ p:1p1:, and replacing parameters by
their associated proportion estimators leads to

x11 þ c

n þ 2c
¼

x:1 þ c

n þ 2c

x1: þ c

n þ 2c
(1)

Table 3 Capture–recapture data layout with
two sources

Source 2 Source 1

1 0

1 x11 x12 x1.

0 x21 x22 x2.

x.1 x.2 n
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which can be easily sovled for n to give

n̂ ¼
(x:1 þ c)(x1: þ c)

x11 þ c
� 2c (2)

Note that Equation (2) provides the Lincoln–Petersen estimator if c ¼ 0. If c ¼ 1,
Equation (2) relates to the Chapman-estimator (x:1 þ 1)(x1: þ 1)=(x11 þ 1)� 117,18, the
latter being prefered if the frequencies become small, x11 in particular. Note that the
Chapman-estimator occurs exactly if the proportion estimator (X þ c)=(n þ c) is used
though this choice is less appealing due to the missing symmetry property.

3 Estimating p

In this section, we consider estimating the probability p for an event by (X þ c)=
(n þ 2c). Let us first consider a seemingly more general estimator (X þ c1)=(n þ c2) for
p, where c1 and c2 are non-negative constants. We have Pr(event) ¼ 1� Pr(nonevent),
and also, because it is arbitrary what is called Q2event or nonevent, Pr(nonevent) ¼
(n � X þ c1)=(n þ c2). In other words, Pr(event)¼ (Xþc1)=(nþc2)¼1�Pr(nonevent)¼
1�(n�Xþc1)=(nþc2), or Xþc1¼nþ c2�nþX�c1, or c2¼2c1. This shows
that (Xþc1)=(nþc2) has to be of the form p̂c¼ (Xþc)=(nþ2c). We have the
following properties of p̂c:

1) Var(p̂c) ¼
np(1� p)

(n þ 2c)2

2) bias(p̂c) ¼
c(1� 2p)

(n þ 2c)

3) MSE(p̂c) ¼
np(1� p)þ c2(1� 2p)2

(n þ 2c)2

4) Var(p̂c)�Var
X

n

� �
if c� 0

Note that the properties 1) and 4) show that p̂c is a shrinkage estimator, the larger the c, the
smaller the variance.On the other hand, the larger the c, the higher the bias, unlessp ¼ 1=2.

Table 4 Capture–recapture parameter layout
with two sources

Source 2 Source 1

1 0

1 p11 p12 p1.

0 p21 p22 p2.

p.1 p.2 1
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Unfortunately, it is impossible to find c such that p̂c has smallest MSE for all p.
Consider p ¼ 0: here c ¼ 0 leads to minimal MSE. On the other hand, if p ¼ 1=2, the
smallest MSE is achieved for c approaching infinity. Therefore, we consider the average
MSE with repsect to a uniform prior on [0,1]:

Ð 1
0 MSE(p̂c)dp, in terms of mathematical

statistics the Bayes risk with respect to the euclidean loss function and uniform prior. A
straight computation shows thatð1

0

MSE(p̂c)dp ¼
1

(n þ 2c)2

ð1
0

[np(1� p)þ c2(1� 2p)2]dp ¼
1

6

n þ 2c2

(n þ 2c)2
(3)

To minimize

f (c) ¼
n þ 2c2

(n þ 2c)2

consider

d

dc
f (c) ¼

4c(n þ 2c)2 � 4(n þ 2c)(n þ 2c2)

(n þ 2c)4
¼

4n(c � 1)

(n þ 2c)3

which equals zero on c�0 only for c ¼ 1. The second derivate f 00(c) is positive at c ¼ 1
verifying that c ¼ 1 is indeed a minimum point of f (c). We summarize as follows.

Theorem 3.1. The estimator (X þ 1)=(n þ 2) minimizes the Bayes risk with respect to
uniform prior and euclidean loss function in the class of all estimators of the form
(X þ c)=(n þ 2c).

Any estimator p̂c with c > 0 will have a smaller MSE than X=n at p ¼ 1=2. This is
true in particular for p̂1 ¼ (X þ 1)=(n þ 2). Because of continuity reasons there will be
an interval [0:5� d, 0:5þ d] in which the mean squared error of p̂1 is smaller than the
one of p̂0 (Figure 1). To determine this interval we equate both MSEs:

np(1� p)þ (1� 2p)2

(n þ 2)2
¼

p(1� p)

n
(4)

or equivalently,

p2 � p ¼ �
n

8n þ 4
(5)

and solve for p yielding the two solutions p1,2 ¼ 0:5� 0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(n þ 1)=(2n þ 1)

p
. Note that

f (n) ¼ (n þ 1)=(2n þ 1) is strictlymonotonedecreasingwithn increasingand limitingvalue
limn!1 f (n) ¼ 0:5. Therefore, (X þ 1)=(n þ 2) will have its largest range of improvement
uponX=n if n is small. For any value of n, (X þ 1)=(n þ 2) hasMSEatmost as large asX=n
for p in the interval 0:5� 0:5

ffiffiffiffiffiffiffi
0:5

p
� [0:15,0:85] (Figure 1). We summarize as follows.
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Theorem 3.2. The estimator (X þ 1)=(n þ 2) has MSE smaller than X=n in the
interval

p1,2 ¼ 0:5� 0:5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n þ 1

2n þ 1

r
� 0:5� 0:5

ffiffiffiffiffiffiffi
0:5

p
� (0:15,0:85) (6)

4 Estimating p(1� p)

Sometimes it might be still useful to use X=n to estimate p, whereas in other cases one
might prefer to use (X þ c)=(n þ 2c) with c > 0 to estimate p. Whatever estimate is
used, its variance is (n=(n þ 2c))2p(1� p)=n, with c�0, involving the parameter
y ¼ p(1� p). Therefore, we are interested in providing an improved estimator for
p(1� p) by studying the class p̂c(1� p̂c).

4.1 Finding the smallest average bias
The bias can be easily provided by means of Theorem 4.1.

Theorem 4.1.

E[p̂c(1� p̂c)] ¼
np þ c

n þ 2c
�

np(1� p)þ n2p2 þ 2cnp þ c2

(n þ 2c)2
(7)

¼
n(n � 1)p(1� p)þ (n þ c)c

(n þ 2c)2

Figure 1 MSE of p̂c for different values of c: c ¼ 0 (solid), c ¼ 1 (dashed) and n ¼ 5.
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Proof. The proof is straightforward using that E(X) ¼ np and E(X2) ¼
np(1� p)þ n2p2. j

Figure 2 shows the bias defined as bia = bias(p, n; p̂c)¼Equation (7) 7 p(17p) as
function of p for n ¼ 5. It shows clearly that there is no value of p other than 0 or 1
such that bias(p,n; p̂) ¼ 0. This is in contrast to the other two estimators considered in
Figure 2, namely, for c ¼ 0:5 and c ¼ 1, where two roots in (0,1) exist, such that the
estimator is unbiased. Figure 3 clearly shows that there exists an open interval I � [0,1]
centered at 1=2 such bias

2
(p,n; p̂1) < bias

2
(p,n; p̂0:5) < bias

2
(p, n; p̂c) for any p 2 I.

Infact, bias
2
(p,n; p̂c) is a monotone decreasing function of c in this interval. Unfortu-

nately, this interval does not cover the whole range of p. As bias(p,n; p̂0) ¼ 0 for p ¼ 0
or p ¼ 1 and bias(p,n; p̂c) > 0 for any c > 0 at p ¼ 0 or p ¼ 1 (Figure 2), there exists no
choice of c > 0, such that the associated estimator has squared bias not larger than the
squared bias of X=n(1� X=n) for all p in [0, 1].
As it is impossible to find an estimator in this class which provides zero-bias for all

values of p, we are now looking at an average bias defined as

b(c) ¼

ð1
0

bias(p, n; p̂c)dp ¼
1

3
�

n=6þ n2=3þ cn þ c2

(n þ 2c)2
(8)

which we take as a function of c. Obviously, a good choice of c would be c ¼ cn such
that b(cn) ¼ 0.

Theorem 4.2 There exists a positive root c ¼ cn of b(c) ¼ 0 and it is given as

cn ¼
n

2

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

n � 1

r !
(9)

Figure 2 bias of ŷc ¼ p̂c1 � p̂c for different values of c: c ¼ 0 (solid), c ¼ 0:5 (dashed), c ¼ 1 (dotted) and n ¼ 5.
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and the limiting value is

limn!1cn ¼ limn!1

n

2

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

n � 1

r !
¼

1

2
(10)

Proof. Setting b(c) ¼ 0 is equivalent to

1

3
n þ 2cð Þ

2
�

1

6
n þ

1

3
n2 þ cn þ c2

� �
¼ 0

which can be reduced to the simple quadratic equation

c2 þ nc �
1

2
n ¼ 0

of which Equation (3) provides the positive root. This ends the proof of the first part.
For the second part note that the limit is not changed if 1=n2 is added under the
square root:

limn!1

n

2

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

n � 1

r !
¼ limn!1

n

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

2

n
þ
1

n

2

s
� 1

0@ 1A
¼ limn!1

n

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1þ

1

n
)2

r
� 1

 !
¼ limn!1

n

2
(1þ

1

n
� 1) ¼

1

2

This ends the proof. j

Figure 3 Squared bias of ŷc ¼ p̂c ð1 � p̂c Þ for different values of c: c ¼ 0 (solid), c ¼ 0:5 (dashed), c ¼ 1 (dotted)
and n ¼ 5.
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4.2 Finding the smallest average mean square error
Concentrating solely on the bias ignores the variance of the estimator. A compromise

criterion is the MSE, which is considered in this section. First, we consider finding the
MSE of ŷ ¼ ŷc ¼ p̂c(1� p̂c). We have

MSE(ŷ) ¼ Var(ŷ)þ bias
2
(ŷ) ¼ E(ŷ2)� 2E(ŷ)yþ y2

The expected value of ŷ has been already provided in Equation (7), so that

�2E(ŷ)y ¼ �
2[n(n � 1)p2(1� p)2 þ c(c þ n)p(1� p)]

(n þ 2c)2
(11)

Furthermore, ð1
0

�
2[n(n � 1)p2(1� p)2 þ c(c þ n)p(1� p)]

(n þ 2c)2
dp ¼

�
n(n � 1)=15þ c(c þ n)=3

(n þ 2c)2
(12)

which leaves only the more difficult moment E(ŷ2) ¼ E(p̂c � p̂2
c )

2
¼ E(p̂2

c � 2p̂3
c þ p̂4

c ) to
be evaluated. These will involve the noncentral moments of the binomial distribution up
to the power of 4. We do this in three steps.

4.2.1 E(p̂2
c )

This is the most elementary step and can be simply accomplished by noting that

E(p̂2
c ) ¼ Var(p̂c)þ (E(p̂c))

2
¼

np(1� p)þ (np þ c)2

(n þ 2c)2
(13)

and further, taking the average of the interval [0, 1]ð1
0

E(p̂2
c ) dp ¼

n(n � 1)=3þ n(1þ 2c)=2þ c2

(n þ 2c)2
(14)

we arrive at the averaged second moment.

4.2.2 E(p̂3
c )

E(p̂3
c ) can be written as

E
X þ c

n þ 2c

� �3

¼
E(X3)þ 3cE(X2)þ 3c2E(X)þ c3

(n þ 2c)3
(15)
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where the noncentral moments of X are required. These are:

E(X3) ¼ np þ 3n(n � 1)p2 þ n(n � 1)(n � 2)p3

E(X2) ¼ np þ n(n � 1)p2, E(X) ¼ np

so that Equation (15) becomes

E(p̂3
c ) ¼

np þ 3n(n � 1)p2 þ n(n � 1)(n � 2)p3

þ3cnp þ 3cn(n � 1)p2 þ 3c2np þ c3

(n þ 2c)3
(16)

Taking the average, Equation (16) becomes

ð1
0

E(p̂3
c ) dp ¼

(n=2þ n(n � 1)þ n(n � 1)(n � 2))=4
þ3cn=2þ cn(n � 1)þ 3c2n=2þ c3

(n þ 2c)3
(17)

4.2.3 E(p̂4
c )

We have for E(p̂4
c )

E(p̂4
c ) ¼

E(X4)þ 4cE(X3)þ 6c2E(X2)þ 4c3E(X)þ c4

(n þ 2c)4
(18)

which involves also the 4th noncentral moment of X:

E(X4) ¼ np þ 7n(n � 1)p2 þ 6n(n � 1)(n � 2)p3 þ n(n � 1)(n � 2)(n � 3)p4

so that the numerator of Equation (18) becomes np þ 7n(n � 1)p2 þ 6n(n � 1)
(n � 2)p3 þ n(n � 1)(n � 2)(n � 3)p4 þ 4cnp þ 12cn(n � 1)p2 þ 4cn(n � 1)(n � 2)p3þ

6c2np þ 6c2n(n � 1)p2 þ 4c3np þ c4 and taking the average of Equation (18) we findð1
0

E(X4)þ 4cE(X3)þ 6c2E(X2)þ 4c3E(X)þ c4

(n þ 2c)4
dp

¼

n=2þ 7n(n � 1)=3þ 3n(n � 1)(n � 2)=2

þn(n � 1)(n � 2)(n � 3)=5

(n þ 2c)4

þ

2cn þ 4cn(n � 1)þ cn(n � 1)(n � 2)þ 3c2n

þ2c2n(n � 1)þ 2c3n þ c4

(n þ 2c)4

We summarize these facts in the following theorem.
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Theorem 4.3 Let ŷc ¼ p̂c(1� p̂c), then the average mean square error is provided as:

ð1
0

MSE(ŷc) dp ¼
a2c2 þ a1c þ a0

(n þ 2c)2
� 2

b3c3 þ b2c2 þ b1c þ b0
(n þ 2c)3

þ
g4c4 þ g3c3 þ g2c2 þ g1c þ g0

(n þ 2c)4
þ

1

30
(19)

where the coefficients are as follows: a2 ¼ 2=3, a1 ¼ 2n=3, a0 ¼ 4n(n � 1)=15þ
n=2, b3 ¼ 1, b2 ¼ 3n=2, b1 ¼ 3n=2 þ n(n � 1), b0 ¼ n=2 þ n(n � 1)(n � 2)=4, g4 ¼ 1,
g3¼2n, g2¼2n(n�1)þ3n, g1¼n(n�1)(n�2)þ4n(n�1)þ2n, g0¼n=2þ7n(n�1)=3þ
3n(n�1)(n�2)=2þn(n�1)(n�2)(n�3)=5.

Let us define the function m(c) ¼
Ð 1
0 MSE(ŷc) dp, where the right hand expression is

provided in Equation (19). The function m(c) is plotted in Figure 4 for different values
of n. As can be seen the function attains its minimum in the interval [0, 1]. The function
itself is the ratio of a polynomial of degree 4 and (n þ 2c)4 (also a polynomial of degree
4), for which the minimum appears to be not available in closed form. Let cn be defined
such that m(cn) ¼ minc� 0 m(c). We use the double-precision subroutine DUVMIF for
derivative-free minimization of a univariate function of the IMSL-Mathematical
Library19 (IMSL). The routine DUVMIF uses a safeguarded quadratic interpolation
method to find a minimum point of a univariate function. Both the code and the
underlying algorithm are based on the routine ZXLSF written by MJD Powell at the
University of Cambridge. The results are provided in Table 5.
As can be seen from Table 5 the optimal value of c depends on n. Conditional on n

optimal choices of c are possible, though the variation of cn is limited to the interval
[1=2, 1] for n > 1 with limiting value of 0:833 for cn if n becomes large. If the

Figure 4 Average mean square error of ŷ as a function of c for values of n ¼ 1; 2; 3; 5; 10.
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practitioner prefers to have an integer value for c, the preceeding analysis suggests
clearly a value of c ¼ 1.

5 Simple con¢dence interval estimation

It has been solidly demonstrated1,10–12 that the simple method of confidence interval
estimation p̂ � 1:96[p̂(1� p̂)=n]0:5 suffers a number of disadvantages including a
breakdown of the coverage probability even for considerable large sample sizes. A
number of approximate methods for constructing confidence intervals for a single
proportion are available and the literature on them is extensive including reviews by
Leemis and Trivedi,20 Ghosh,21 Newcombe,22 Vollset,23 Santner and Duffy.24 Clearly,
our objective is not to provide another comparison, but to demonstrate how the simple
Wald interval can be modified using p̂c to achieve rather improved properties.

As an alternative for constructing a confidence interval the Clopper–Pearson25

method might be considered. This method is also called the ‘exact’ method which is
unfortunate as it could be easily misunderstood as having the property of providing a
coverage probability of the desired level. In fact, it provides a coverage probability at
least as large as the desired level with the tendency of providing confidence level too
large with respect to the desired level. Therefore, Agresti and Coull26 argue that

Table 5 Optimal value of c with smallest average
MSE occurs

n cn m(cn)

1 0.36603 0.00556
2 0.58114 0.00583
3 0.65849 0.00512
4 0.69921 0.00449
5 0.72445 0.00398
6 0.74166 0.00357
7 0.75415 0.00323
8 0.76364 0.00295
9 0.77110 0.00271

10 0.77711 0.00251
11 0.78206 0.00234
12 0.78621 0.00219
13 0.78974 0.00205
14 0.79277 0.00193
15 0.79541 0.00183
16 0.79773 0.00173
17 0.79978 0.00165
18 0.80160 0.00157
19 0.80324 0.00150
20 0.80472 0.00144
..
. ..

. ..
.

50 0.82176 0.00063
..
. ..

. ..
.

100 0.82752 0.00032
..
. ..

. ..
.

? 0.83300 0.00000
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‘approximate is better than exact’. Among approximate confidence intervals the score
confidence interval27 performs well. Agresti and Coull26 (p. 120) comment: ‘This article
shows that the score confidence interval tends to perform much better than the exact or
Wald intervals in terms of having coverage probabilites close to the nominal confidence
interval’. Newcombe22 emphasizes in his concluding remarks that ‘of the methods that
perform well only the score method is calculator friendly’. In addition, Böhning10

supported the good performance of the score method. The score interval is easily
derived as follows. Consider the following inequality

L(p)�
X

n
�U(p)

which holds with approximate 95% confidence for any p if L(p) ¼
p � 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(p(1� p)=n)

p
and U(p) ¼ p þ 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(p(1� p)=n)

p
. This inequaltiy can be

easily inverted keeping the identical confidence to form

U�1 X

n

� �
� p�L�1 X

n

� �
(20)

and a direct argument shows that U�1(X=n) and L�1(X=n) are found as the two roots of
the quadratic equation in p

1:962p(1� p)

n
¼

X

n � p

� �2

(21)

to provide the Wilson score interval as

2np̂ þ 1:962 � 1:96
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:962 þ 4np̂(1� p̂)

p
2(n þ 1:962)

(22)

where p̂ ¼ X=n as before. We find it also valuable to look at approximate methods, but
our major emphasis are methods based on p̂c, not a full comparison of approximate
methods. Therefore, we include the Wilson score interval only as a reference method to
which confidence intervals based upon p̂c can be compared. We conclude the paper by
demonstrating that p̂c can be used beneficially in constructing a confidence interval for
the proportion.

5.1 Wald con¢dence intervals based upon p̂c
As the variance of p̂c is np(1� p)=[n þ 2c]2 the ordinary Wald approximate 95%

confidence interval based upon p̂c is given as

p̂c � 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
np̂c(1� p̂c)

[n þ 2c]2

s
(23)
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To evaluate the performance of interval (23), typically, one concentrates on coverage
probability. It is well known1,11 that the coverage probability depends strongly on the
true proportion p. Therefore, the following simulation study was done: the value of p
varied from 0.0001 to 0.9999 in steps of 0.0001, so that there were 9999 values of p.
For each of these, the coverage probability was computed for values of c ¼ 0, 0:5, 1, 2
and values of n from 2 to 20 in steps of 1. The coverage probabilities were found by
simulation with replication size 10 000. As it is difficult to present all 9999 coverage
probabilities for each combination of c and n, we have calculated statistical measures
for each set of 9999 coverage probabilities. Three measures were chosen. The first two
measures have been suggested by Newcombe22 evaluating closeness of the coverage
probability either in the mean or in the minimum to the nominal level. The results of
the evaluation are provided in Table 6. The table shows the well known failure of the
conventional interval (c ¼ 0). It also shows that the interval (23) defined by c ¼ 1

Table 6 Coverage probability of interval (23)

n Measure c¼ 1=2 c¼1 c¼ 2 c¼ 0 Score CI (22)

2 Mean 0.91920 0.89694 0.61554 0.33330 0.95650
Var 0.00481 0.00531 0.12820 0.02222 0.00209
Minimum 0.75380 0.70890 0.00000 0.00020 0.81270

3 Mean 0.92114 0.91805 0.71303 0.49578 0.95597
Var 0.00820 0.00353 0.09030 0.05214 0.00131
Minimum 0.71440 0.73480 0.00000 0.00000 0.82230

4 Mean 0.92419 0.92963 0.78016 0.58336 0.95554
Var 0.00419 0.00199 0.05972 0.06344 0.00103
Minimum 0.68070 0.84170 0.00000 0.00010 0.82420

5 Mean 0.92653 0.93517 0.82818 0.64062 0.95520
Var 0.00490 0.00232 0.03562 0.06363 0.00085
Minimum 0.77800 0.81700 0.00000 0.00000 0.82830

6 Mean 0.92813 0.93808 0.86360 0.68107 0.95489
Var 0.00417 0.00141 0.01760 0.06183 0.00081
Minimum 0.76610 0.79940 0.00000 0.00010 0.82810

7 Mean 0.92945 0.94037 0.89016 0.71138 0.95467
Var 0.00349 0.00150 0.00435 0.05811 0.00056
Minimum 0.76640 0.86060 0.62580 0.00040 0.83170

8 Mean 0.93057 0.94218 0.89929 0.73482 0.95451
Var 0.00300 0.00149 0.00302 0.05551 0.00058
Minimum 0.81060 0.83900 0.65800 0.00020 0.83020

9 Mean 0.93150 0.94345 0.90658 0.75373 0.95421
Var 0.00254 0.00122 0.00227 0.05231 0.00055
Minimum 0.80990 0.86490 0.68590 0.00040 0.82830

10 Mean 0.93242 0.94453 0.91267 0.76927 0.95410
Var 0.00245 0.00125 0.00180 0.04933 0.00046
Minimum 0.80810 0.85990 0.71750 0.00040 0.83020

20 Mean 0.93765 0.94870 0.93842 0.84674 0.95298
Var 0.00118 0.00067 0.00034 0.03050 0.00029
Minimum 0.82960 0.89320 0.87850 0.01840 0.83710

100 Mean 0.94571 0.95083 0.95088 0.92232 0.95114
Var 0.00024 0.00018 0.00011 0.00787 0.00008
Minimum 0.83970 0.92570 0.92700 0.00390 0.83740
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performs well with respect to all three measures, followed by the interval (23) defined
by c ¼ 0:5 (at least for smaller sample sizes).
The mean expresses the average coverage probability, whereas the minimum informs

about the worst case coverage probability. Note that both measures relate to different
‘philosophies’: a method providing good minimum coverage probability will typically
overestimate the desired level, and vice versa. A method of confidence interval
construction is desirable for which the coverage probability is least dependent on p:
this is measured with the variance.

5.2 A modi¢cation suggested by Agresti and Ca¡o
Agresti and Caffo1 suggest for c ¼ 2 to use

p̂c � 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂c(1� p̂c)

[n þ 2c]

s
(24)

instead of Equation (23). Equation (24) is more conservative than Equation (23) as
n=(n þ 2c)� 1 if c� 0. The results of the evaluation (setting is as mentioned earlier)
are provided in Table 7. If we compare Tables 6 and 7, we clearly see that using the more
conservative interval (24) has a positive effect in bringing the coverage probabilities more
into the direction of the desired level. Now, we consider Table 7 alone. Here, the better
methods are provided with c ¼ 1 and c ¼ 2. For smaller sample sizes, the minimum
coverage probability is better for c ¼ 1, whereas the interval (24) defined by c ¼ 2 becomes
better for larger sample sizes (n > 7). On the other hand, the mean coverage probability
becomes better for these larger sample size if c ¼ 1.Overall, the empirical evidence provided
supports a choice of c ¼ 1 when constructing a 95% confidence interval for p.

6 Discussion

During the reviewing process it was pointed out to the authors by a referee that besides
the criteria mentioned already in Section 5 such as average coverage probability,
minimum coverage probability and variation of coverage probabilities over the
parameter space, there is another useful criterion for a confidence interval to possess:
it should avoid generating meaningless limits such as below 0 or above 1. Truncation
does not help much, as they pointed out, if X ¼ 3 and n ¼ 4, then 0 or 1 are impossible
values for p. We agree with this point of view.
It is one of the salutary properties of the Wilson score interval (like the Clopper–

Pearson) that its limits are always in (0, 1) if 0 < X < n. This can be shown by a direct
argument or seen from the way the Wilson score interval is constructed as illustrated in
Figure 5.
In Table 8 confidence intervals are given for the Leukaemia data of Table 2 using the

two methods mentioned in Section 5, namely, confidence interval construction accor-
ding to Equation (23) and Equation (24). For the second method, limits occur outside
the interval [0, 1] in 15 of the 21 centers, whereas for the first method no aberrations
occur. In fact, a direct argument shows that for small sample size n this is necessarily the
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case. For n < 5 and c ¼ 1 the following result and useful property holds: if 0 < X < n,

then p̂c � 1:96
p

np̂c(1� p̂c)=[n þ 2c]2 > 0 and p̂c þ 1:96
p

np̂c(1� p̂c)=[n þ 2c]2 < 1.
This property together with its closeness to the Wilson score favours the interval (23)
in comparison to Equation (24).

Another connection is interesting to note. The midpoint of the Wilson score interval
is (X þ 1:962=2)=(n þ 1:962). Replacing 1.96 by 2 we have p̂c for c ¼ 2. Note also that
any (X þ c)=(n þ 2c) can be written as a weighted average X=n(n=(n þ 2c))þ
1=2(2c=(n þ 2c)) between X=n and 1=2. The larger the values of c, the more weight
is put on the midpoint. Therefore, we can view (X þ 1)=(n þ 2) as a midway
compromise between the midpoint of the Wilson score interval and the conventional
estimator (see also Figure 6 for illustration).

Finally, we would like to point out once more that our major objective was to have a
look at potential improvements of proportion estimators itself. As a by-product we find

Table 7 Coverage probability of internal (24)

n Measure c¼ 1=2 c¼ 1 c¼2

2 Mean 0.95348 0.97681 0.96528
Var 0.00257 0.00093 0.00205
Minimum 0.82550 0.89430 0.80720

3 Mean 0.94793 0.97087 0.96465
Var 0.00505 0.00065 0.00137
Minimum 0.73660 0.90470 0.82350

4 Mean 0.94499 0.96821 0.96473
Var 0.00341 0.00098 0.00090
Minimum 0.81520 0.86600 0.84990

5 Mean 0.94332 0.96645 0.96492
Var 0.00391 0.00062 0.00061
Minimum 0.79810 0.91100 0.88240

6 Mean 0.94250 0.96506 0.96493
Var 0.00292 0.00091 0.00045
Minimum 0.79060 0.89650 0.88860

7 Mean 0.94179 0.96383 0.96460
Var 0.00265 0.00088 0.00041
Minimum 0.83010 0.86900 0.89670

8 Mean 0.94170 0.96276 0.96461
Var 0.00243 0.00075 0.00034
Minimum 0.82830 0.88030 0.90500

9 Mean 0.94175 0.96199 0.96421
Var 0.00218 0.00079 0.00027
Minimum 0.82440 0.90210 0.90930

10 Mean 0.94124 0.96136 0.96378
Var 0.00217 0.00077 0.00028
Minimum 0.82540 0.88540 0.91420

20 Mean 0.94263 0.95772 0.96147
Var 0.00108 0.00054 0.00018
Minimum 0.83670 0.91420 0.92440

100 Mean 0.94677 0.95291 0.95537
Var 0.00024 0.00017 0.00010
Minimum 0.83970 0.92700 0.93440
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that the improved proportion estimator and its associated variance estimator leads also to
an improved approximate confidence interval method. We are aware of the fact that this
is not necessarily the best approximate method, but it is a simple method with reasonable
properties. Agresti and Coull26 (p. 122) comment: ‘The poor performance of the Wald
interval is unfortunate, since it is the simplest approach to present in elementary statistics
courses. We strongly recommend that instructors present the score interval instead’.

Figure 5 Construction of Wilson score confidence interval for n ¼ 5.

Table 8 Proportion data of Table 2 with 95% confidence intervals based upon (23)
and (24)

Center i Xi ni CI (23) CI (24)

1 3 4 0.4357–0.8977 0.3400–1.5206
2 3 4 0.4357–0.8977 0.3400–1.5206
3 2 2 0.5500–0.9500 0.4035–1.8279
4 2 2 0.5500–0.9500 0.4035–1.8279
5 2 2 0.5500–0.9500 0.4035–1.8279
6 1 3 0.1624–0.6376 0.0371–0.7183
7 2 2 0.5500–0.9500 0.4035–1.8279
8 1 5 0.0657–0.5057 70.0094–0.4145
9 2 2 0.5500–0.9500 0.4035–1.8279

10 0 2 0.0500–0.4500 70.0965–0.3479
11 3 3 0.6060–0.9940 0.5037–1.9878
12 2 2 0.5500–0.9500 0.4035–1.8279
13 1 4 0.1023–0.5643 0.0067–0.5339
14 2 3 0.3624–0.8376 0.2371–1.3103
15 2 4 0.2550–0.7450 0.1535–0.9998
16 4 12 0.1538–0.5605 0.1224–0.6586
17 1 2 0.2690–0.7310 0.0999–1.0273
18 3 3 0.6060–0.9940 0.5037–1.9878
19 1 4 0.1023–0.5643 0.0067–0.5339
20 0 3 0.0060–0.3940 70.0963–0.2118
21 2 4 0.2550–0.7450 0.1535–0.9998
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Santner28 makes the same recommendation. ‘Of course, many instructors will hesitate to
present a formula such as (2) (the score interval (22), the authors) in elementary courses’.
And further, Agresti and Caffo1 (p. 281) write: ‘Many student in non-calculus based
courses are mystified by quadratic equations (which are needed to solve for the score
interval) . . .In such courses, it is often easier to show how to adapt a simple method so
that it works well rather to present a more complex method’. We agree with this point of
view and hope that our paper contributes to this perspective.
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particular value of p, some other value of c might be optimal. The bias of ŷc has been
provided with the help of Equation (7) as

1

(n þ 2c)2
[(np þ c)(n þ 2c)� np(1� p)� n2p2 � 2cnp � c2 � p(1� p)(n þ 2c)2] (A1)

where the numerator simplifies to the quadratic

ap2 � ap þ c(n þ c)

with a ¼ n þ 4nc þ 4c2. This quadratic is minimized for p ¼ 1=2 for which Euqation
(A1) attains the value �(n=4)=(n þ 2c)2. This value becomes closer to zero with
increasing value of c. So, from this perspective, it might be good to choose a larger
value of c. On the other hand, this might not be wise though, as the larger the value of c,
the smaller the interval in which the bias of ŷc is smaller than the bias of X=n(1� X=n)
(Figure 2). Theorem A.1 provides such an interval.

Theorem A.1. The roots of ap2 � ap þ c(n þ c), with a ¼ n þ 4nc þ 4c2 are
provided by

p1,2 ¼ 1=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
�

(n þ c)c

4(n þ c)c þ n

s
(A2)

and for large n

p1
1,2 ¼ 1=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
�

c

4c þ 1

r
(A3)

Note that the length Q3of the intervals (A2) and (A3) become smaller with increasing
value of c. Therefore, to guarantee a better pointwise bias, it appears reasonable to
choose a smaller value of c, for example, in the interval [0.5, 1]. Equation (A2) pro-
vides an interval with endpoints corresponding to values of p for which ŷc is unbia-
sed and with smaller bias than ŷ0 inside the interval. The interval, in which ŷc has
smaller bias than ŷ0, can still be increased (Figure 2). The largest interval with this
property is defined by p such that bias(ŷc) ¼ �bias(ŷ0)[ ¼ p(1� p)=n] leading to

Theorem A.2. The roots of bias(ŷc) ¼ (ap2 � ap þ c(n þ c))=(n þ 2c)2) ¼ p(1� p)=
n ¼ �bias(ŷ0), with a ¼ n þ 4nc þ 4c2 are provided by

p1,2 ¼
1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
�

(n þ c)c

4c(n þ 1)þ 4c2(1þ 1=n)þ 2n

s
(A4)
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and for large n

p1
1,2 ¼ 1=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
�

c

4c þ 2

r
(A5)

The term [(n þ c)c]=[4c(n þ 1)þ 4c2(1þ 1=n)þ 2n] is monotone increasing in n
(c fixed) and c (n fixed) implying that the length of the interval (A4) becomes shorter
with increasing value of n (c fixed) and c (n fixed) (Table A.1). This means that if
we take c small such as 0.5, the interval where the bias of ŷ0:5 is smaller than using the
conventional estimator will be largest if n is small. This result is not only interesting but
also of practical value.

Table A.1 Interval defined by (A4) with c¼0.5

n Left end Right end

1 0.1047 0.8953
2 0.1241 0.8759
3 0.1314 0.8686
4 0.1351 0.8649
5 0.1374 0.8626
6 0.1389 0.8611
7 0.1400 0.8600
8 0.1408 0.8592
9 0.1415 0.8585

10 0.1420 0.8580
11 0.1424 0.8576
12 0.1427 0.8573
13 0.1430 0.8570
14 0.1433 0.8567
15 0.1435 0.8565
16 0.1437 0.8563
17 0.1438 0.8562
18 0.1440 0.8560
19 0.1441 0.8559
20 0.1442 0.8558
..
. ..

. ..
.

50 0.1456 0.8544
..
. ..

. ..
.

100 0.1460 0.8540
..
. ..

. ..
.

? 0.1464 0.8536
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