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Capture–recapture techniques have been used for considerable time to predict population size.
Estimators usually rely on frequency counts for numbers of trappings; however, it may be the case
that these are not available for a particular problem, for example if the original data set has been lost
and only a summary table is available. Here, we investigate techniques for specific examples; the
motivating example is an epidemiology study by Mosley et al., which focussed on a cholera outbreak
in East Pakistan. To demonstrate the wider range of the technique, we also look at a study for
predicting the long-term outlook of the AIDS epidemic using information on number of sexual
partners. A new estimator is developed here which uses the EM algorithm to impute unobserved
values and then uses these values in a similar way to the existing estimators. The results show that a
truncated approach – mimicking the Chao lower bound approach – gives an improved estimate when
population homogeneity is violated.
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1 Introduction

Capture–recapture methods are widely used in statistics to estimate unobserved populations and
their wide range of use has been demonstrated (Böhning and van der Heijden, 2009; Borchers et al.,
2004; Roberts and Brewer, 2006). They typically rely on count data for the estimators, but what if
the data are obscured or considered unreliable? In disease surveillance, frequently large surveys are
undertaken for monitoring a specific disease in a target population. A study by Mosley et al. (1972)
had the intended purpose of monitoring the spread of a cholera outbreak in East Pakistan (East
Pakistan was a former province of Pakistan which existed between 1947 and 1971, and is now the
independent country of Bangladesh. Without ignoring the historic developments, we will keep the
name East Pakistan for the context of this publication since it refers to the original paper by Mosley
et al. (1972)) so that treatment centres could be setup as a method of containing the outbreak.
Cholera occurs in various forms ranging from mild infection with symptom-free occurrence to more
serious infection. The serious cases lead to hospitalization and treatment where patients as cholera
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cases can be isolated; these patients are the observed subjects. The mild infections are asympto-
matic, and so these are the unobserved population. In monitoring the spread of the disease, it would
also be useful to estimate this part of the population, as those subjects are largely responsible for the
spread of the infection. In the publication by Mosley et al. (1972) there is a table (Table 1) that gives
information on the number of villages with observed cases of cholera. We would like to estimate not
only the total number N of villages affected by cholera, i.e. those with observed cases (n, which is 75
in this case) but also the number f0 of affected villages with no observed cases.

In this situation, one would like to use the classical capture–recapture estimators to monitor the
unobserved population by using the observed distribution counts of cholera cases per village. In
particular, we have the frequency fj of villages with exactly j cases, for j ¼ 1; 2; . . . ;m, where m is the
largest observed count. This information could then be used, for example in the Chao estimator
(Chao, 1987), to provide an estimate of the number of villages affected but with no observed cases,
f̂0 ¼ f 21 =ð2f2Þ, this could then be added to the number with observed cases to give an estimate of the
total number of villages affected by cholera, N̂ ¼ n1f̂0.

However, here we have the added problem that Table 1 is only a summary table that groups the
counts of villages with observed cases. In addition, we could not have access to the original data set
to provide us the required information (this problem was the initial motivation behind the method).
Hence, we have only four counts observed: f11f2 5 41, f31f4 5 15, f51 � � �1f9 ¼ 11 and f101 ¼ 8. In
constructing an appropriate estimator, we will also purposely truncate large counts, so that we will
also have to deal with right-truncation. Therefore, this problem deals with left-truncation (no zero-
counts observed), right-censoring (some counts are only known to be above a certain value) and
interval censoring (some counts are only known to be in a certain interval).

Although this study has motivated the statistical work presented here, we believe that the sug-
gested technique has much wider scope. To demonstrate, a further example of its use is also
described in Section 4 based on a study by Kault (1996) on sexual contacts and partner change
within a population of university students which play an important role in the spread of the AIDS
epidemic. This set of contact count data is also grouped and we argue that due to the nature of the
survey it is sensible in this case to preserve the grouped format.

2 Developing the estimators

2.1 Homogeneity

In order to use the capture–recapture techniques, we need to make some relevant assumptions.
These are usually that the population is closed and that there is no birth or immigration, death or
emigration, while also that the probability of an item being identified is independent of whether it
has been identified before. For this problem, the same villages are analyzed throughout the study,
and we assume that the probability of a case of cholera in any village is independent of whether
there has been an observed case. This is sensible since subjects with the severe form of cholera are
isolated. One way of developing an estimator is to assume population homogeneity (under a
Poisson distribution); in this problem this means that each village in the study has the same

Table 1 Number of cholera cases per village (from Mosley et al., 1972).

Cases per village Villages

1–2 41
3–4 15
5–9 11
101 8
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probability of being affected by cholera (however unlikely this may be). The observed likelihood
under this assumption is

expð�yÞ
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where y is the Poisson parameter and fi are the frequencies of villages with i cases of cholera for a
non-negative integer i. It is difficult to maximize this likelihood directly, but by using the EM
algorithm, in the M-step, we only need to find the maximum likelihood estimate (MLE) of the
expected, unobserved likelihoodYm

j¼0

expð�yÞ � yj

j!

� �ej

¼
Ym
j¼0

PoðjjyÞej ; ð1Þ

where PoðjjyÞ ¼ expð�yÞyj=j! and m being the largest count observed. The likelihood (1) is easily
maximized by ŷ ¼

Pm
j¼0 ej j=

Pm
j¼0 ej. The only problem is the E-step in which we have to

determine the expected values ej ¼ Eðfjjf11f2; f31f4; f51 � � �1f9; f101; yÞ for j ¼ 0; 1; . . . ;m. These
can be derived as follows:

e0 ¼Eðf0jy; nÞ ¼ n�
Poð0jyÞ

1� Poð0jyÞ
;

e1 ¼Eðf1jy; f11f2Þ ¼ ðf11f2Þ � e2 ¼ ðf11f2Þ �
Poð1jyÞ

Poð1jyÞ1Poð2jyÞ
;

e3 ¼Eðf3jy; f31f4Þ ¼ ðf31f4Þ � e4 ¼ ðf31f4Þ �
Poð3jyÞ

Poð3jyÞ1Poð4jyÞ
;

ej ¼Eðfjjy; f51 � � �1f9Þ ¼ ðf51 � � �1f9Þ �
PoðjjyÞ

Poð5jyÞ1 � � �1Poð9jyÞ
;

e‘ ¼Eðf‘jy; f101Þ ¼ ðf101Þ �
Poð‘jyÞ

1� ðPoð1jyÞ1 � � �1Poð9jyÞÞ
;

where j5 5, 6, 7, 8, 9 and ‘ ¼ 11; 12; . . . ;m. We have taken the maximum number m of cases to be
22, as this was the highest number recorded in the study; however, this makes no difference to the
formation of the estimator, and varying this slightly this would have little effect on the results. The
expectation formulae could then be used in the expectation maximization (EM) algorithm, which
uses the available information to impute the unobserved values. Each successive iteration in the
algorithm gives us an increase in the observed likelihood. The EM algorithm has previously been
used in the area of capture–recapture; see Meng (1997) for a historic account and van der Heijden
et al. (2009) for a more recent contribution. After choosing an arbitrary initial value for y and
performing iterations until the algorithm had converged it was estimated that the expected number
of affected villages with no observed cases was 2.5. We believe this to be a low estimate because of
the high frequency of mild infections that occur (4–5 times the number of observed cases according
to Mosley et al., 1972), and also because of previous work in this area by Schnabel (1938) and
Schumacher and Eschmeyer (1943) who suggest that the homogeneous estimator gives a low po-
pulation estimate when there is heterogeneity in the population (this is reiterated in Chao, 1987).

2.2 Heterogeneity

Human populations rarely meet the assumption of homogeneity. Therefore, we look to alternative
methods that do not require the assumption of population homogeneity. In the same way that the
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Chao (1987) and Zelterman (1988) estimators only use information for subjects with one and two
observed cases, under the argument that these subjects will be more similar to those with no
observed cases than those with a larger number of observed cases, here we truncate to villages with
four observed cases. The Chao estimator can be derived by assuming a heterogenous Poisson
population, and through use of the Cauchy–Schwarz inequality a lower bound estimator is found
based on the first two counts only, which in general provides a reasonable estimate of the true value
(there is a slight underestimation with the Chao estimator which is the reason why it is called a lower
bound estimator; but the underestimation bias is usually a lot smaller than the bias that occurs
under falsely assuming homogeneity). The Zelterman estimator finds an estimate of the Poisson
parameter based on the first two counts, here ŷ ¼ 2f2=f1, and then uses this in the Hor-
vitz–Thompson (1952) estimator to provide N̂ ¼ n=ð1� expð�ŷÞÞ, which can also produce a sa-
tisfactory estimate of an unobserved population. This is demonstrated in the original paper and its
performance in the simulations is described in Section 3.1. The reason that we truncate to four
counts as opposed to two like Chao and Zelterman estimators is that due to the aggregated
grouping of the data for this problem, this information would only equate to one number, giving a
naı̈ve estimate of the total population. This also allows us to drop the homogeneity assumption.

This four-truncated approach gives us the following likelihood:

expð�yÞ
Poð1jyÞ1Poð2jyÞ1Poð3jyÞ1Poð4jyÞ
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�
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1
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where n4 is now the truncated total (n4 5 f11f21f31f4). As with the homogeneous case we use the
EM algorithm to maximize the observed likelihood. Again, the E-step is the more difficult step of
the two steps involved. We need to calculate the expected values of the number of affected villages
conditional upon the current value of y and the two values f11f2 and f31f4. The expected values for
the non-truncated values are then calculated in the following way:

e1 ¼ ðf11f2Þ � e2 ¼
Poð1; yÞ

Poð1; yÞ1Poð2; yÞ
ðf11f2Þ ¼

2

21y
� ðf11f2Þ

e3 ¼ ðf31f4Þ � e4 ¼
Poð3; yÞ

Poð3; yÞ1Poð4; yÞ
ðf31f4Þ ¼

4

41y
� ðf31f4Þ:

The expected counts for the truncated values were then derived by following these steps:

e0 ¼ Eðf0jf11f2; f31f4; yÞ ¼ Poð0jyÞ �N

¼ Poð0jyÞ � ðe01f11 � � �1f41e51 � � �1emÞ

ej ¼ PoðjjyÞ � ðe01f11 � � �1f41e51 � � �1emÞ

for j ¼ 5; . . . ;m, so that
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and finally

ej ¼ PoðjjyÞ � ðf11f21f31f4Þ1PoðjjyÞ

�
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j¼1 PoðjjyÞ
� ðf11f21f31f4Þ

¼
PoðjjyÞP4
j¼1 PoðjjyÞ

� ðf11f21f31f4Þ;

ð2Þ

where m is the highest value calculated, in our case 22. In particular, the expected value for zero
counts is calculated using the following:

e0 ¼
f11f21f31f4

y1y2=21y3=61y4=24
;

which is found by applying the above formula (2) for e0. From here an initial value for y could be
chosen and the expected values are calculated, then using Eq. (1) the observed likelihood for y could
be maximized using the EM algorithm as with the homogeneous case previously. The converged
value of e0 can then be added to the n observed cases to give us the four-truncated estimate of the
total number of affected villages in the study. From the results of the EM algorithm, we also get a
converged value of y, the Poisson parameter. This can also be used to construct a different estimate
of N by using this value of y in the Horvitz–Thompson (HT) estimator, we call this estimate the
four-HT estimator.

2.3 Variance estimation

It would also be useful if we could estimate the variance for purposes of confidence interval (CI)
estimation. For this, we use the conditioning method as described by Böhning (2008). In this paper,
the following result is derived:

Var
f̂0;n
ðn1f̂0Þ ¼ VarnfEf̂0jn

ðn1f̂0Þg1EnfVarf̂0jnðn1f̂0Þg:

This splits the variance estimation up into two parts; the variance incurred in the binomial
sampling of n observed objects out of the total population of size N and also the variance incurred
in parameter estimation. We apply this first to the four-truncated estimator. For the first term, we
consider the variance associated with the binomial sampling. We are looking to find Varnðn1f̂0Þ ¼
VarnðnÞ ¼ Np0ð1� p0Þ (where p0 is the probability of a village being affected by cholera with no
observed cases), since we estimate Ef̂0jn

ðn1f̂0Þ by ðn1f̂0Þ. But while we do not have N, we can use the
following relationships Eðf0Þ ¼ N � p0 and 1� p0 ¼ 1� Eðf0Þ=N to find that:

dVarðn1f̂0Þ ¼ f̂0
n

n1f̂0

 !
:

For the other term, Varðn1f̂0Þ, with n given, reduces to Varðf̂0Þ. We then estimate this variance using
the delta method as follows:

Varðf̂0Þ ¼Var
f11f21f31f4

ŷ1ŷ2=21ŷ3=61ŷ4=24

 !
;

Varðf̂0Þ � VarðŷÞ �
ðf11f21f31f4Þ � ð11y1y2=21y3=6Þ

ðy1y2=21y3=61y4=24Þ2

 !2

:

This shows that it only remains to estimate the variance of ŷ, this is done by finding the observed
Fisher information as
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d
InðŷÞ ¼
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This gives us a final variance estimate of the four-truncated estimator as follows:

dVar
f̂0;n
ðn1f̂0Þ ¼ f̂0 �

n

n1f̂0

 !
1 dVarðf̂0Þ: ð3Þ

The variance estimator for the four-HT estimator was also derived by similar methods, and the
result is shown below

dVar
f̂0;n
ðN̂Þ ¼

n� expð�ŷÞ

ð1� expð�ŷÞÞ2
1

n� expð�ŷÞ

ð1� expð�ŷÞÞ2

 !2dVarðŷÞ :

3 Results

3.1 Simulation

Data sets of size N5 100 were generated (as this is of roughly similar size to the data set we are
studying) and the new techniques were used to estimate this population size to assess their per-
formance. These data sets were generated from several distributions (including mixed Poisson and
Gamma) to simulate population heterogeneity, and this process was replicated 1000 times for each
distribution. The results of the analysis (produced with R version 2.8.0) are shown in Table 2. We
have also considered a nine-truncated approach in which all counts larger than nine were truncated.
This gave intermediate estimates between the homogeneous and four-truncated estimates. The
details are omitted here. The results show that the four-truncated and four-HT estimators out-
perform the homogeneous estimator; this is demonstrated by their smaller bias across most dis-
tributions. They also had better 95% CI coverage. As mentioned earlier, the homogeneous
estimator on average greatly underestimates the true population size. The four-truncated and four-
HT estimators also underestimate the population size but are often much closer (relatively) than the
homogeneous estimate. Out of these estimators, the four-HT often outperforms the four-truncated
estimator, with its smaller bias for some of the distributions (when the varying Poisson parameter is
between 1 and 4). However, when the Poisson parameters are further apart (more heterogeneity) it
often greatly overestimates the true value of the total population, this is similar to the performance
of the Zelterman estimator, which also uses the HT estimator (see also Böhning (2010) for a detailed
comparison of Chao’s and Zelterman’s estimators). The four-truncated estimator continues to give
a small underestimate of the true population. Of all the estimators considered, the Chao estimator
gave the best estimates; however, as described earlier, this estimator would not be available in the
original problem, and is only included here for comparison. It can be seen here that the new
estimators are often not too far away from the Chao estimate, and perform reasonably well given
the loss of information.

The variance estimates were also looked at, and it can be seen that for the four-truncated and
four-HT estimators, the variance estimates underestimate the true variance based on the 1000 data
sets for each distribution investigated. The results are displayed in Table 3.

As shown in the original paper by Böhning (2008), the estimates of variance for the Chao and
Zelterman estimators are very good, this is further demonstrated in the results here. The
new variance estimators were then critically analyzed to look for reasons for the relatively large
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Table 2 A comparison of estimators with true N5 100.

Distribution Estimator Mean bias SD RMSE 95% CI coverage

0.5�Poi(1)10.5�Poi(1) Homogeneous 3.03 16.60 16.87 0.960
Four-truncated 2.87 17.21 17.45 0.956
Four-HT 2.86 17.32 17.56 0.955
Nine-truncated 3.03 16.60 16.87 0.960
Chao 3.24 17.92 18.21 0.943
Zelterman 3.97 20.62 21.00 0.951

0.5�Poi(1)10.5�Poi(2) Homogeneous �5.88 7.10 9.22 0.866
Four-truncated �4.51 8.04 9.22 0.926
Four-HT �4.27 8.32 9.35 0.929
Nine-truncated �5.87 7.09 9.21 0.867
Chao �0.78 12.05 12.08 0.959
Zelterman 1.47 15.89 15.96 0.954

0.5�Poi(1)10.5�Poi(3) Homogeneous �11.79 5.09 12.85 0.352
Four-truncated �8.95 5.97 10.76 0.670
Four-HT �8.11 6.40 10.33 0.755
Nine-truncated �11.75 5.09 12.81 0.356
Chao �3.19 9.83 10.33 0.960
Zelterman 2.27 15.57 15.74 0.957

0.5�Poi(1)10.5�Poi(4) Homogeneous �14.79 4.26 15.39 0.060
Four-truncated �10.55 5.11 11.86 0.465
Four-HT �8.55 5.80 10.58 0.663
Nine-truncated �14.64 4.25 15.24 0.061
Chao �2.99 9.57 10.02 0.957
Zelterman 7.98 18.90 20.48 0.932

0.5�Poi(1)10.5�Poi(5) Homogeneous �16.06 4.10 16.57 0.021
Four-truncated �10.78 5.12 11.91 0.442
Four-HT �7.43 6.25 9.71 0.779
Nine-truncated �15.69 4.14 16.23 0.033
Chao �1.47 10.49 10.60 0.957
Zelterman 15.96 23.89 28.73 0.892

0.5�Poi(1)10.5�Poi(6) Homogeneous �17.01 3.87 17.44 0.002
Four-truncated �10.16 5.18 11.41 0.471
Four-HT �4.36 7.21 8.43 0.926
Nine-truncated �16.39 3.90 16.85 0.005
Chao 0.22 11.84 11.84 0.944
Zelterman 24.49 29.90 38.65 0.885

0.5�Poi(1)10.5�Poi(10) Homogeneous �18.15 3.95 18.57 0
Four-truncated 0.78 27.76 27.77 0.993
Four-HT 28.68 66.72 72.62 0.991
Nine-truncated �16.18 4.13 16.70 0.023
Chao 4.29 16.77 17.31 0.956
Zelterman 41.88 50.68 65.74 0.915

Poi(t); t�Unif(0.75,3) Homogeneous �5.66 5.43 7.84 0.825
Four-truncated �3.94 6.18 7.33 0.794
Four-HT �3.76 6.51 7.40 0.824
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difference between the estimates and the true values. Focusing here on the estimator for the four-
truncated estimator (Eq. 3), we look at the two terms in the expression separately. The second term
only depends on our estimate of the variance of y. Comparing these estimates with the true values
(calculated from the 1000 generated data sets for each distribution), it could be seen that there was
very little difference in these values, and not enough difference to have any noticeable difference on
the results, the results are omitted here. For the first term, we estimate f0 with e0. It could be seen in
Table 3 that in general we underestimate the value of f0. Looking at the term it is used in more
closely, it can be seen that if the other term in the expression (n) is kept constant while f̂0 is decreased
then the term as a whole becomes smaller. Therefore, when we underestimate the total population
size we also underestimate the variance. This is further demonstrated by the Chao variance esti-
mator, which is a good estimator because the population size estimate is good, and the Zelterman
estimator which can overestimate the variance when the population estimate is positively biased.

3.2 Mosley data

When using the data by Mosley et al. (1972), we get an estimate of f0 of 13.2 with the four-truncated
approach, giving an estimate of 85.2 for N. This is considerably larger than the homogeneous
estimate. The converged value of y is calculated to be 1.69 and this gives a four-HT estimate for N of

Distribution Estimator Mean bias SD RMSE 95% CI coverage

Nine-truncated �5.63 5.43 7.82 0.828
Chao �1.03 9.14 9.20 0.887
Zelterman 1.64 13.15 13.24 0.909

Gamma(1.5,1) Homogeneous �25.14 6.34 25.93 0.022
Four-truncated �20.25 7.50 21.60 0.216
Four-HT �19.11 7.93 20.69 0.299
Nine-truncated �24.67 6.34 25.47 0.026
Chao �12.44 13.36 18.75 0.872
Zelterman �6.60 19.46 20.55 0.973

Table 2 Continued.

Table 3 Comparison of the variance estimators and the true variance.

Distribution Four-truncated Four-HT Chao Zelterman

Mean-
estimate

True Mean-
estimate

True Mean-
estimate

True Mean-
estimate

True

0.5�Poi(1)10.5�Poi(1) 272.5 296.4 322.4 300.1 314.3 321.1 474.4 425.1
0.5�Poi(1)10.5�Poi(2) 53.8 64.2 69.7 69.2 127.2 145.3 249.6 252.7
0.5�Poi(1)10.5�Poi(3) 23.8 35.7 33.6 40.7 87.4 96.6 247.8 242.5
0.5�Poi(1)10.5�Poi(4) 16.2 26.2 27.5 33.7 92.0 91.5 392.4 357.2
0.5�Poi(1)10.5�Poi(5) 15.1 26.2 33.0 39.1 114.5 110.1 663.8 570.6
0.5�Poi(1)10.5�Poi(6) 17.6 26.9 51.9 52.0 152.9 140.2 1070.0 894.1
0.5�Poi(1)10.5�Poi(10) 261.5 770.6 1607.2 4451.6 191.8 281.2 1628.1 2568.5
Poi(t), t�Unif(0.75,3) 30.6 38.2 40.7 42.4 76.2 83.5 179.6 172.9
Poi(t), t�Gamma(1.5,1) 35.6 56.3 50.4 62.9 123.4 178.5 283.9 378.9
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92.0. The results are shown in Table 4, which also includes the Chao and Zelterman estimates as
they are originally defined. This was possible for the following reason. Although Mosley et al.
(1972) provide only censored and truncated data as given in Table 1, from the environmental
information in the text in Mosley et al. (1972) we were able to reconstruct the information on the
frequency of observed cases in the groups of counts of one, twos, threes and fours, and as a result
the number of villages with 1, 2, 3 and 4 cases could be calculated using simultaneous equations. We
deduce from the information that there were 20 villages with 1 case, 21 villages with 2 cases, 8
villages with 3 cases and 7 villages with 4 cases. We could then use this to calculate the Chao and
Zelterman estimates of the total population, just to compare to our new estimator (these estimates
are shown in Table 4). We also would like to point out that it was impossible to reconstruct the
entire count distribution.

Where the homogeneous, four- and nine-truncated estimates of variance have been calculated, the
bootstrap technique was applied (see van der Heijden et al., 2003; Böhning, 2008 for more details),
and the standard deviation estimates (SD) for the other estimators have been calculated using the
conditioning technique described in Section 2.3. The lower confidence limits for the homogeneous,
Chao and Zelterman estimates are stated as 75.0, and while they were calculated as values below
this, we are sure that the limit is not below 75.0 as there were this number of villages with observed
cases. The standard deviations for the four-truncated and four-HT estimators were also calculated
using the conditioning technique as 5.39 and 7.37, respectively. This gives CIs of (77.6, 98.7) and
(77.6, 106.5), respectively. However, given the underestimation seen in the simulation we consider
the bootstrap estimates to be more reliable. The four-truncated and four-HT estimates are in a
similar range to the Chao estimate. Therefore, due to the performance of the estimators in the
simulation study we have confidence that these are good estimates.

4 Application in a wider context

The technique developed is useful in a wider range of examples. Here, we demonstrate the use of the
estimator in a further case study, but with different groupings of the counts. A paper by Kault
(1996) looked at predicting the spread of HIV by analyzing sexual behaviour of university students,
based on two data sets. The data were obtained from first year students at the Universities in New
South Wales in 1991. One of the variables used in this prediction is partner change rate. This is the
number of partners per unit time and is thought to be proportional to the number of partners to
date (subjects sampled at the beginning of the academic year and asked about their lifetime ex-
periences to date). This variable is used in this paper to determine a persons role (likelihood of being
infected and likelihood in spreading the disease) in an AIDS epidemic. In particular, their role is
proportional to the square of the partner change rate. However, while some subjects at the time of
recording the data had no partners, it is not reasonable to expect that all of these subjects would not
be sexually active over the following years and so this group should not be completely discarded.
The method used to deal with this in the paper by Kault (1996) is to combine the 0 and 1 categories

Table 4 Some estimators of size of the cholera outbreak in East Pakistan.

e0 N̂ S.E. 95% CI

Homogeneous 2.5 77.5 1.55 (75.0, 80.5)
Four-truncated 13.2 88.2 3.79 (80.7, 95.6)
Four-HT 17.0 92.0 3.91 (84.3, 99.7)
Nine-truncated 7.0 82.0 3.47 (75.2, 88.8)
Chao 9.2 84.2 5.06 (75.0, 94.1)
Zelterman 10.5 85.5 8.56 (75.0,102.2)
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(i.e. the number of people with no partners to date, and those with 1). The other count data are also
grouped, and there is also sound reasoning for this as due to the nature of the survey there are likely
to be some subjects who are flexible with their answers; giving subjects the option to answer within
set boundaries is likely to reduce this effect. The data set in question is shown as Table 5 here. The
method can be used to estimate the number of subjects who have had no sexual partners, but whose
partner change rate is not 0 (f0) and thus the total number of subjects with non-zero partner change
rate (N).

For this problem we use an estimator that is identical in derivation to the four-truncated esti-
mator used for the Mosley data but with 1 counts and 2, 3 and 4 counts used as the grouped
information to estimate the unobserved population. The observed likelihood for this estimator is as
follows:

expð�yÞ
Poð1jyÞ1Poð2jyÞ1Poð3jyÞ1Poð4jyÞ

� �n4

�
y1

1!

� �f1
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3!
1

y4

4!

� �f21f31f4

:

In addition, we also have an equivalent homogeneous estimator, and an equivalent four-HT
estimator which follows on easily after deriving the four-truncated estimator. A variance estimator
was also constructed in a similar way to the methods described in Section 3.2. The only difference
here is the calculation of variance of y, which differs due to the different ways in which the counts
are grouped. Again, this is derived by finding Fisher’s information for the observed likelihood.

To investigate whether the performance of the estimators is preserved with this different
groupings, and the equivalent estimators were tested against the same simulated data sets as in
Table 2. The results are displayed in Table 6.

The performance of the four-truncated estimator is comparable with the equivalent estimator
derived in Section 2.2 in that it vastly outperforms the homogeneous estimator. In addition the
4-HT estimator shows better performance for some distributions, for extreme heterogeneity it can
wildly overestimate the true unobserved population. In contrast the 4-truncated estimator while not
always the best estimate is a more consistent performer.

The 4-truncated method predicts that the number of unobserved subjects with non-zero partner
change rate is 101.0 for females and 16.1 for males, while the four-HT estimator predicts these
values as 120.4 for females and 22.2 for males. Further results are displayed in Table 7.

As with the estimates for the Mosely et al. (1972) data, the homogeneous estimator gives much
smaller estimates of e0 than the four-truncated and four-HT estimators. Again here, the bootstrap
estimates of variance are provided. For females the four-truncated and four-HT estimates of
standard deviation using methods from Section 2.3 are 16.43 and 21.24, respectively giving CIs of
(444.8, 509.2) and (454.8, 538.1). For males the four-truncated and four-HT estimates of standard
deviation are 4.95 and 6.93, respectively giving CIs of (205.4, 224.8) and (207.6, 234.7). The larger
estimate of the variance for the conditioning technique for the four-HT estimate of the number of
females with non-zero partner change rate may be an indication that this estimate has a positive
bias.

Table 5 Number of different sexual partners for sampled students (from Kault, 1996).

Number of partners Females Males

0 255 61
1 143 37
2–4 166 94
5–10 43 45
11–20 20 13
211 4 10
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Table 6 Performance of new estimators with different groupings (true N5 100).

Distribution Estimator Mean bias SD RMSE 95% CI coverage

0.5�Poi(1)10.5�Poi(1) Homogeneous 1.80 13.39 13.51 0.947
Four-truncated 1.47 13.93 14.01 0.919
Four-HT 2.86 17.32 17.56 0.955

0.5�Poi(1)10.5�Poi(2) Homogeneous �4.87 7.60 9.02 0.899
Four-truncated �3.72 8.75 9.24 0.840
Four-HT �2.04 9.07 9.45 0.841

0.5�Poi(1)10.5�Poi(3) Homogeneous �11.00 5.29 12.21 0.454
Four-truncated �6.26 6.69 9.16 0.682
Four-HT �4.98 7.26 8.80 0.748

0.5�Poi(1)10.5�Poi(4) Homogeneous �14.36 4.33 14.99 0.082
Four-truncated �7.23 5.93 9.35 0.619
Four-HT �4.19 7.04 8.19 0.798

0.5�Poi(1)10.5�Poi(5) Homogeneous �15.77 4.15 13.30 0.035
Four-truncated �6.73 6.22 9.16 0.683
Four-HT �1.09 8.23 8.30 0.842

0.5�Poi(1)10.5�Poi(6) Homogeneous �16.79 3.88 17.23 0.003
Four-truncated �5.71 6.63 8.75 0.753
Four-HT �3.80 10.30 10.97 0.825

0.5�Poi(1)10.5�Poi(10) Homogeneous �18.13 3.94 18.56 0
Four-truncated 0.71 10.01 10.03 0.897
Four-HT 28.47 22.29 36.16 0.428

Poi(t); t�Unif(0.75,3) Homogeneous �5.15 5.69 7.67 0.863
Four-truncated �2.75 6.72 7.26 0.789
Four-HT �2.20 7.11 7.44 0.817

Gamma(1.5,1) Homogeneous �23.78 6.91 24.77 0.070
Four-truncated �16.61 8.69 18.74 0.535
Four-HT �15.00 9.26 17.63 0.606

Table 7 Estimates of number of people with non-zero partner change rate.

e0 N̂ SE 95% CI

Females
Homogeneous 20.0 396.0 4.35 (387.5, 404.5)
Four-truncated 101.0 477.0 9.17 (459.0, 494.9)
Four-HT 120.4 496.4 9.90 (477.0, 515.8)

Males
Homogeneous 1.4 200.4 1.21 (199.0, 202.8)
Four-truncated 16.1 215.1 4.37 (206.5, 223.6)
Four-HT 22.2 221.2 4.53 (212.3, 230.0)
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5 Discussion

The objective of this paper was to find a more robust population size estimator than the homo-
geneous estimator, when only a summary table is available as in the form of Table 1. Such an
estimator has been found, in the form of the four-truncated estimator that we understand as a
generalized Chao estimator. When only this summary table is available this would appear to be a
suitable alternative, at least superior to computing the potentially highly underestimating homo-
geneous likelihood estimator. This has been demonstrated by its smaller average bias and superior
CI coverage. Other estimators investigated here occasionally outperformed the four-truncated es-
timator (in particular the four-HT estimator); however, these were shown to be less consistent over
the diversity of populations studied. If one had reliable information on the level of heterogeneity in
the distribution of the data, then perhaps these could be used, but when the only information
available is a summary table, it is a safer option to use the more consistent four-truncated estimator.

In future work, the variance estimation should be developed further, due to the fact that the
conditioning method did not work as well as one would hope (likely due to the size of the bias).
While it is smaller than the homogeneous, it is on average larger than that of the Chao estimator,
which is unavailable in this situation, and for which the conditioning technique provides a very
good variance estimate. Another possible method of variance estimation is found by following the
work of Cormack (1992) using the profile likelihood method. This turns out to provide a CI close to
the Bootstrap generated one.

The use of this estimator has been demonstrated for occurences where the full data set is un-
available and when grouping of the data may be a more sensible option than using raw data. There
may be other uses for this estimator, for instance when there is doubt in the validity of a dataset on
a measurement level, but is likely to be valid at a summary level this may then be used as a checking
procedure and also for surveys which have been badly planned. These alternative uses may require
using different groupings of the counts; however, here it has been shown that small alterations to the
groupings do little to change the performance. This could lead to a generalisable method for
population size estimation using any sensible summary table.

Acknowledgements The authors thank the reviewers for their helpful comments. This work was funded by the
Medical Research Council (grant number G0600691).

Conflict of Interest

The authors have declared no conflict of interest.

References
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