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HistoryHistory
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HistoryHistory
1981: Professor 1981: Professor SchelpSchelp becamebecame
HeadHead of Institute of Institute forfor SocialSocial
MedicineMedicine withwith emphasisemphasis on on 
EpidemiologyEpidemiology
Professor Professor SchelpSchelp activeactive (at (at thatthat
time) time) withwith severalseveral interventionintervention
projectsprojects in NE Thailandin NE Thailand



HistoryHistory
BesidesBesides cooperatingcooperating in in severalseveral
projectsprojects in SE in SE AsiaAsia
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CaptureCapture--RecaptureRecapture ProceduresProcedures in in 
Public Public HealthHealth

Surveillance Project on Illicit Drug Use Surveillance Project on Illicit Drug Use 
in Thailand using Truncated Counting in Thailand using Truncated Counting 
DistributionsDistributions
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General TopicsGeneral Topics

General General EpidemiologyEpidemiology
Problems of Problems of InferenceInference
in in EpidemiologyEpidemiology
EpidemiologicEpidemiologic
ModellingModelling



General TopicsGeneral Topics

MixtureMixture modelsmodels
ApplicationsApplications in in 
BiometryBiometry and and 
EpidemiologyEpidemiology



General TopicsGeneral Topics

DiseaseDisease MappingMapping and and 
GeographicalGeographical
EpidemiologyEpidemiology
SmoothedSmoothed EstimatesEstimates
of of GeographicalGeographical RiskRisk



General TopicsGeneral Topics

SystematicSystematic ReviewsReviews
and Metaand Meta--Analysis Analysis 
HeterogeneityHeterogeneity, , 
CovariateCovariate and and 
PublicationsPublications Bias Bias 
ModellingModelling
UnifyingUnifying ConceptConcept
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StatisticalStatistical ModellingModelling (1999)(1999)
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ModellingModelling EffectEffect-- and and NuisanceNuisance
Parameter in MultiParameter in Multi--Center Center StudiesStudies

TypicalTypical settingsetting: treatment: treatment-- and and controlcontrol ArmArm
For For treatmenttreatment arm:arm:

For For controlcontrol arm:arm:

number of events 

 person-time 
 event rate 

T

T

T

x

P
λ

, ,  C C Cx P λ



ModellingModelling EffectEffect in Multiin Multi--Center Center 
StudiesStudies: A : A TypicalTypical ExampleExample

606044606015155959
……………
17215180234
502350303
12137362
11321116291

under riskeventsperson-timeevents

ControlTreatmentCenter

T
ix T

iP C
ix C

iP



ModellingModelling EffectEffect-- and and NuisanceNuisance
Parameter in MultiParameter in Multi--Center Center StudiesStudies

parameterparameter of of interestinterest::

nuisancenuisance parameterparameter::

event rate in control arm Cλ

       (for one centep r):
  - log( )

oisson log-likelihood
 - log( )T T T T T C C C C CP x P P x Pλ λ λ λ+ +

risk ratio: /T Cθ λ λ=



ModellingModelling EffectEffect-- and and NuisanceNuisance
Parameter in MultiParameter in Multi--Center Center StudiesStudies

  - log( )  - log( )
becomes using 

T T T T T C C C C CP x P P x Pλ λ λ λ+ +

 /  or  T C T Cθ λ λ λ θλ= =

  - log( )  - log( )C T T C T C C C C CP x P P x Pθλ θλ λ λ+ +



KeepingKeeping thethe parameterparameter of of interestinterest
fixedfixed and and maximizingmaximizing forfor thethe

nuisancenuisance parameterparameter ……

  - log( )  -  log( )
C C C CT T T C C CP x P P x Pλ λ λ λθ θ+ +

  T

C C T

C

x x
P Pθ

λ +
=

+

replacing  by its estimate 
CCλ λ



leadsleads to to thethe beautifulbeautiful simplesimple
Profile Profile LogLog--likelihoodlikelihood ……

log( )  - ( ) log( )T T C C Tx x x P Pθ θ+ +

1

 ... building the profile over all centers:

log( )  - ( ) log( )
k

T T C C T
i i i i i i i

i
x x x P Pθ θ

=

+ +∑



AdvantagesAdvantages

nuisancenuisance parameterparameter eliminatedeliminated
Profile Profile likelihoodlikelihood isis simple (in simple (in thisthis casecase):):

beneficialbeneficial notnot onlyonly forfor effecteffect structuresstructures butbut also also forfor
covariancecovariance structuresstructures ((simplificationsimplification of Fisher of Fisher 
informationinformation))

1
log( )  - ( ) log( )

k
T T C C T
i i i i i i i

i
x x x P Pθ θ

=

+ +∑



Problems Problems lookedlooked at: at: homogenoushomogenous casecase

1
log( )  - ( ) lo

 for all centers 1,..., :

Score equation for profile MLE gives:

)g(
k

T T C C T
i i i
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i ix x x P P
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θ θ

θ θ
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=
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Problems Problems lookedlooked at: at: homogenoushomogenous
casecase

CloseClose connectionconnection to to MantelMantel--HaenszelHaenszel::
armsarms balancedbalanced thenthen: PMLE = MH : PMLE = MH 
NonNon--sparsitysparsity: PMLE and MH : PMLE and MH closeclose
SparsitySparsity: PMLE : PMLE moremore efficientefficient

1

1

(
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ModellingModelling EffectEffect--HeterogeneityHeterogeneity in Multiin Multi--
Center Center StudiesStudies: : 

UnobservedUnobserved HeterogeneityHeterogeneity
AllowingAllowing forfor unobservedunobserved heterogeneityheterogeneity leadsleads to to 
mixturesmixtures of of profileprofile loglog--likelihoodslikelihoods

wherewhere mixingmixing distributiondistribution cancan bebe parametricparametric
oror nonnon--parametricparametric

strongstrong resultsresults on NPMLE  on NPMLE  possiblepossible usingusing convexconvex theorytheory
estimationestimation withwith EM EM oror global global ascentascent algorithmsalgorithms

1
log [ /( ) ] (

T T C
i i i

k
x x xC T

i i
i

P P Q d
θ

θ θ θ+

=

+ )∑ ∫



ModellingModelling EffectEffect--HeterogeneityHeterogeneity in Multiin Multi--
Center Center StudiesStudies: : 

UnobservedUnobserved HeterogeneityHeterogeneity
ComparisonComparison withwith otherother approachesapproaches such assuch as

approximatingapproximating normal (normal (problemproblem: : useuse empiricalempirical
estimateestimate of of trialtrial variancevariance) ) 

multimulti--levellevel approachapproach (a la Murray (a la Murray AitkinAitkin))

1

2

1

                 log  ( log ) /  ( log   

                where  obs. log-rate ratio  and   1/ 1/
         

log [exp(- )( )  exp(- )( ) ] (

C

T C
i i

C

k

i i
i

T C
i i i i

k
x xC T C T C C C C C

i i i i
i

z Q d

z x x

P P P P Q d

λ

λ

φ θ σ θ

σ

θλ θλ λ λ λ

=

=

( − ) )

= +

)

∑ ∫

∑ ∫



ModellingModelling EffectEffect--HeterogeneityHeterogeneity in Multiin Multi--
Center Center StudiesStudies: : ObservedObserved

HeterogeneityHeterogeneity--CovariateCovariate InformationInformation
OftenOften additonaladditonal trialtrial informationinformation isis availableavailable s.as.a. . 
studystudy date, date, treatmenttreatment modificationsmodifications, , patientpatient
characteristicscharacteristics
SupposeSuppose informationinformation isis capturedcaptured in a in a covariatecovariate
vectorvector

  for center :  (GLM-type formulation)
          exp( ' )

i

i i

z i
zθ β β0= +



ModellingModelling EffectEffect--HeterogeneityHeterogeneity in Multiin Multi--
Center Center StudiesStudies: : ObservedObserved

HeterogeneityHeterogeneity--CovariateCovariate InformationInformation
LogLog--likelihoodlikelihood becomesbecomes

StrongStrong resultsresults possiblepossible: : 
HessianHessian has simple has simple structurestructure
HessianHessian has has lowerlower boundbound ((lowerlower boundbound algorithmalgorithm possiblepossible))
GuaranteedGuaranteed convergenceconvergence to MLEto MLE

1

1

using =exp( ' )log ( ) log( )  

( ' ) ( ) log[ exp( ' ) ]

i i

k
T T C C T
i i i i i i i

i
k

T T C C T
i i i i i i i

i

zx x x P P

x z x x P z P

θ β βθ θ

β β β β

0
=

0 0
=

+− + +

= + − + + +

∑
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CaptureCapture--RecaptureRecapture ProceduresProcedures basedbased uponupon
CountingCounting DistributionsDistributions

Basic Basic objectiveobjective of CR: of CR: 
estimateestimate populationpopulation sizesize
In In particularparticular of of interestinterest in in 
areasareas wherewhere directdirect
countingcounting isis difficultdifficult such assuch as

a a wildlifewildlife populationpopulation
((historichistoric genesisgenesis))
howhow manymany peoplepeople drivedrive a a 
carcar withoutwithout licenselicense??
howhow manymany practicingpracticing
physiciansphysicians areare alcoholalcohol depdep.?.?
howhow maymay casescases of a of a diseasedisease
remainremain undetectedundetected? ? 

AdjustmentAdjustment forfor undercountundercount



HowHow manymany casescases NN in a in a 
populationpopulation??

SomeSome mechanismmechanism identifiesidentifies nn casescases
pp00 probabilityprobability of of beingbeing notnot identifiedidentified byby
thethe mechanismmechanism
ThenThen::

N= N pN= N p00 + (1+ (1-- pp00 ) N ) N 
= = unobservedunobserved + + observedobserved casescases
= = N pN p00 + n+ n

((HorwitzHorwitz--ThompsonThompson))
0/ (1 )N n p= −



HorwitzHorwitz--ThompsonThompson--ApproachApproach
seemsseems easyeasy, , butbut ......

inclusioninclusion probabilityprobability oftenoften unknownunknown
and and consequentlyconsequently, , 
approachesapproaches differdiffer in in thethe way way theythey
estimateestimate thethe inclusioninclusion probabilityprobability, , 
oror in in otherother wordswords, , howhow theythey
modelmodel pp00



DevelopmentsDevelopments

Lincoln-Petersen
Estimator

2 x 2 Table
Independence

log-linear
Modelling

Modelling Multiway
Contigency Table

Poisson Binomial

Simple
Distributions

Mixtures of
Simple

Distributions

Modelling the
Counting Distribution

Inclusion Probability
to be modelled



TheThe CountingCounting DistributionDistribution

Count of 
identifications i

Frequency of 
counts with i 

identifications 

observed 

0 n0 no 
1 n1 yes 
2 n2 yes 
3 n3 yes 
4 n4 yes 

… … …

… occurs when the mechanism can catch multiple 
identifications (s.a. police identifies and expells an 
illegal immigrant several times)  
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TheThe CountingCounting Distribution: A Distribution: A 
historichistoric ExampleExample

McKendrickMcKendrick´́ss choleracholera datadata
VillageVillage in in IndiaIndia hadhad
householdshouseholds withwith choleracholera
casescases nn11=32, n=32, n22=16, n=16, n33=6, =6, 
nn44=1=1
McKendrickMcKendrick ignoredignored thethe
houseshouses withwith no no casescases
ConstructedConstructed an an estimateestimate
((momentmoment) ) basedbased uponupon a a 
PoissonPoisson assumptionassumption forfor thethe
countscounts

House not affected, 
no cases

House affected, no cases

House affected, m cases

Cholera Epidemic in an Indian 
Village (1915-1920)



TheThe countingcounting distributiondistribution: a : a 
recentrecent exampleexample fromfrom screeningscreening
Lloyd & Frommer Lloyd & Frommer 
(2004, (2004, AppliedApplied
StatisticsStatistics) ) screeningscreening
forfor bowelbowel cancercancer
38,000 38,000 menmen screenedscreened
in in SidneySidney at 6 at 6 
consecutiveconsecutive daysdays byby
meansmeans of of selfself--tesingtesing
forfor bloodblood in in stoolsstools

3,000 3,000 testedtested positivelypositively at at 
least least onceonce and and cancercancer
statusstatus evaluatedevaluated
196 196 werewere confirmedconfirmed
positive to positive to havehave bowelbowel
cancercancer
HowHow manymany of 35,000 of 35,000 
unconfirmedunconfirmed negative negative 
havehave bowelbowel cancercancer??



TheThe countingcounting distributiondistribution: a : a recentrecent
exampleexample fromfrom screeningscreening

frequencyfrequency nn00 of of thosethose
testedtested negative at all negative at all 
6  6  timestimes withwith bowelbowel
cancercancer isis unknownunknown
an an estimateestimate of of nn00
mightmight bebe constructedconstructed
fromfrom thethe distributiondistribution
nn1,  1,  nn2, 2, nn3 3 ……..

of of countscounts
0
5

10
15
20
25
30
35
40
45
50

0 1 2 3 4 5 6

confirmed
positive

fr
eq

ue
nc

y

Count tested positive



Simple Simple DistributionalDistributional CountCount ModelsModels

0

Poisson (for unobservable counts)

truncated Poisson (for observable co
( , )  / ! ,  0,1, 2 ...

1( , )  / ! ,  1, 2 ...
1

Predicted Probability of  a Zero: 
          (

unt )

,  

s

 

y

y

f y e y y

f y e y y
e

p f y e

θ

θ
θ

θ

θ θ

θ θ

θ

−

−
−

−

= =

= =
−

= ) =



Simple Simple DistributionalDistributional CountCount ModelsModels

0

0

after  is identified ...
.... probability of  a zero count: 
          ( 0,   

1 1

p f y e
n nN
p e

θ

θ

θ

θ −

−

= = ) =

⇒ = =
− −



MLML--EstimationEstimation in in ZeroZero--TruncatedTruncated
PoissonPoisson ModelsModels

0

0 1

0

0

Step 1:

Step 

 suppose  would be available
1           

 suppose   would be available

    
1 1 1

2:

m

i
i

n

i n
n n

n n eN n N n n
p e e

θ

θ θ

θ

θ

=

−

− −

=
+

= = ⇒ = − =
− − −

∑



EMEM--AlgorithmAlgorithm

0

0

0

1

0
0 1 2

0

Step 1 (M-Step):

Step 2 (E

suppose  would be available
1           

suppose   would be available

   

-Ste

 ( | ; , ,...)
1 1
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i
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MLML--EstimationEstimation in in ZeroZero--TruncatedTruncated
CountCount ModelsModels

general count distribution
         ( ,  , 0,1, 2,...
assoc.   distribution

1  ( ,  , 1, 2,...
1

ze

(0,

ro-truncated
f y y

f y y
f

θ

θ
θ

) =

) =
− )



EMEM--AlgorithmAlgorithm

0

0

0 1 2

0
0 1 2

0

Step 1 (M-Step):

Step 

 suppose  is given:

         ,  based upon , , ,...

 suppose   is given:

(0, )    ( | ; , ,...)
1 1 (0,

2 (E-Step):

)

n

MLE n n n

p fn E n n n n n
p f

θ

θ

θθ
θ

=

= = =
− −



MoreMore flexible and robust flexible and robust 
approachapproach throughthrough mixturesmixtures

Simple Simple countingcounting sourcessources distributionsdistributions such such 
as as BinomialBinomial and and PoissonPoisson requirerequire
assumptionsassumptions such as such as homogeneityhomogeneity of  of  
identificationidentification probabilitiesprobabilities thatthat areare seldomseldom
metmet in in realityreality
allowingallowing thethe identificationidentification probabilityprobability to to 
varyvary in in unobservedunobserved subsub--populationspopulations will will bebe
moremore realisticrealistic



TheThe mixturemixture approachapproach in a in a nutshellnutshell

1

1

1

mixture density

component density 
    

:
( , )  ( , ) ... ( , )

     ( ,  is 
( Ex 
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ample:  ( , / !  )
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     is ixing distribu
 ...

t
 

ion

k k

y

k

k

f y f y q f y q

f y
f y e y

q q

λ

θ λ λ

λ

λ λ
λ λ

θ

1

−

= + +

)

) =

⎛ ⎞
= ⎜ ⎟

⎝ ⎠



NestedNested EMEM--AlgorithmAlgorithm
0

0

1

1

0 1 2

 suppose  is given:
... 

 of mixing distribution   
... 

    pro

Step 1 (M-Step):

EM algorithm for mixturesvided by 

 suppose     is given:

    (

Step 2 (E-S

| ; , ,

t
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ApplicationApplication: : surveillancesurveillance studystudy on on 
drugdrug useuse in Thailandin Thailand

MinistryMinistry of Public of Public HealthHealth (Th) (Th) 
collectscollects routinelyroutinely datadata on on drugdrug
useuse via via thethe ONCB on ONCB on drugdrug
usersusers visitingvisiting treatmenttreatment
institutionsinstitutions

In a In a pilotpilot studystudy ((BBööhninghning, , 
BusabaBusaba, , ChukiatChukiat et al. 2004 et al. 2004 
EUJE)  EUJE)  CRCR--PoissonPoisson mixturemixture
modelmodel appliedapplied to to datadata fromfrom
2002 (last 2002 (last quarterquarter) ) 
Major Major emphasisemphasis on on heroinheroin and and 
metamphetaminmetamphetamin usersusers



ApplicationApplication: : surveillancesurveillance studystudy on on 
drugdrug useuse in Thailandin Thailand

CountCount distributiondistribution
((countingcounting numbernumber of of 
visitsvisits) ) forfor heroinheroin usersusers

n = 7,048 n = 7,048 observedobserved
heroinheroin usersusers (2001, 4)(2001, 4)

0

500

1000

1500

2000

2500

3000

1 5 9 13 17

Heroin

Number of visits



CountingCounting contactscontacts to to treatmenttreatment
institutionsinstitutions notnot uncommonuncommon

PreviousPrevious modellingmodelling donedone primarilyprimarily byby
practitionerspractitioners withwith publicationspublications inin

AddictionAddiction, , AddictionAddiction Research & Research & TheoryTheory, Journal of , Journal of 
Drug Drug IssuesIssues, Journal of Quantitative , Journal of Quantitative CirminologyCirminology

ModellingModelling usesuses primarilyprimarily simple simple PoissonPoisson
simple to simple to understandunderstand, to , to applyapply and and useuse,  and to ,  and to 
communicatecommunicate
howeverhowever: : oftenoften notnot appropriateappropriate

betterbetter: : semisemi--parametricparametric modelsmodels forfor countscounts
such as such as PoissonPoisson mixturesmixtures



SomeSome resultsresults

n=7,048 (n=7,048 (observedobserved))
N=17,278N=17,278
NN--n=10,230 (n=10,230 (hiddenhidden))
Ratio: Ratio: 

observedobserved/hidden=0.69/hidden=0.69



Pilot Pilot studystudy forfor Bangkok, 2001 (4)Bangkok, 2001 (4)



taketake
anotheranother

looklook



proofproof usesuses::
a) a) JensenJensen‘‘ss
inequalityinequality
b) b) meanmean of of 
thethe MLE of MLE of 
thethe mixingmixing
distributiondistribution
= = samplesample
meanmean
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mixturesmixtures of of binomialsbinomials

Mixtures of binomials



veryvery recentrecent workwork in in perspectiveperspective

truncatedtruncated mixturemixture of of PoissonPoisson distributionsdistributions

oror ……

mixturemixture of of truncatedtruncated PoissonPoisson distributionsdistributions



truncatedtruncated PoissonPoisson mixturemixture
(dual (dual modelmodel))
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mixturemixture of of truncatedtruncated PoissonsPoissons
((primalprimal modelmodel))

'
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'
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1  (0,

k
j

j
j j

Po y
q

Po
λ
λ=

)
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Illustration: dual Illustration: dual modelmodel (ring) and (ring) and primalprimal modelmodel (+) (+) 
useuse equalequal weightsweights and and componentcomponent meansmeans 1 and 41 and 4



truncatedtruncated PoissonPoisson mixturemixture
(dual (dual modelmodel))

closeclose to to thethe original original problemproblem, , easyeasy to to 
understandunderstand and to and to communicatecommunicate
ButBut technicaltechnical difficultdifficult, , becausebecause of of nonnon--
linearitylinearity

1

1
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mixturemixture of of truncatedtruncated PoissonsPoissons
((primalprimal modelmodel))

lessless closeclose to to thethe original original problemproblem
butbut convexconvex problemproblem withwith strongstrong resultsresults
availableavailable on NPMLE and global ML on NPMLE and global ML 
estimationestimation
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HowHow areare dual and dual and primalprimal modelmodel
relatedrelated??

BBööhninghning and and KuhnertKuhnert (2005, JASA)(2005, JASA)
BothBoth shareshare thethe samesame likelihoodlikelihood surfacessurfaces
MLEsMLEs cancan bebe explicitlyexplicitly transformedtransformed intointo
eacheach otherother

'N N=



OtherOther areasareas ongoingongoing interestinterest

BirthBirth--cohortcohort diseasedisease--freefree withwith applicationsapplications
to BSEto BSE
CountCount datadata modellingmodelling withwith excessexcess zeroszeros
MixtureMixture modelsmodels
Global and Global and reliablereliable algorithmsalgorithms
……


