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CaptureCapture--RecaptureRecapture experimentsexperiments
come come fromfrom BiologicalBiological SciencesSciences
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…… areare meanwhilemeanwhile usedused in in thethe life life 
and and medicalmedical sciencessciences
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…… as well as in as well as in thethe socialsocial sciencessciences
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ObjectiveObjective

developdevelop a a populationpopulation sizesize estimatorestimator usingusing
capturecapture--recaputrerecaputre techniquestechniques
interestinterest in in populationpopulation sizesize estimatorestimator whichwhich
isis validvalid underunder a wider a wider rangerange of of scenariosscenarios
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CountsCounts of of capturecapture--recapturesrecaptures as as 
outcomeoutcome of of continouscontinous time time CRCR--

experimentexperiment
CR of CR of WildlifeWildlife PopulationsPopulations
CR in Public CR in Public HealthHealth and and SurveillanceSurveillance

Study period
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Situation in Situation in ContinuousContinuous CR ExperimentCR Experiment
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Illustration: Project on Illustration: Project on illicitillicit drugdrug useuse in in 
Bangkok 2001 (4th Bangkok 2001 (4th QuarterQuarter))

1 2 3

1 2 3 4

0

                       , , ,...,
frequencies of drug users with 1, 2,3,  ...,   contacts
to treatment institutions (hospitals):
   2955, 1186, 803, 611,...
      is number of hidden (unsee 

mf f f
m

f f f
f

f

f= = = =

0 0

   adjusted size of drug user population:
               6966

n) drug users

N n ff= + = +



Bielefeld March 2007Bielefeld March 2007 1010
0 1 2 3 4 5 6 7 8 9 10 1112 1314 1516 1718 1920

0

1000

2000

3000

j

f(
j)

FrequencyFrequency Distribution of BKKDistribution of BKK--Drug Drug 
Users Users withwith j j ContactsContacts

Simple Poisson



Bielefeld March 2007Bielefeld March 2007 1111

IdeaIdea of of ModellingModelling
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IdeaIdea of Mixed of Mixed ModellingModelling
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IdeaIdea of of ChaoChao
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IdeaIdea of of ChaoChao
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I-- a a newnew diagnosticdiagnostic devicedevice
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A A newnew diagnosticdiagnostic devicedevice forfor
heterogeneityheterogeneity: : somesome examplesexamples

Drug Drug useruser datadata Bangkok (1/4 Bangkok (1/4 yearyear))
Drug Drug useruser datadata L.A. (L.A. (HserHser 1992)1992)
Drug Drug useruser datadata ScotlandScotland ((HayHay and and 
SmitSmit 2003)2003)

1( 1)
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ConclusionConclusion
Ratio Ratio plotplot seemsseems to to workwork as a as a diagnosticdiagnostic devicedevice
forfor presencepresence of a of a mixedmixed PoissonPoisson

1 2 0 0
ˆ ˆ                                                   /
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11982 3893 20198 18439     38637          0.52
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ExtendingExtending thethe ideaidea of of ChaoChao::
way IIway II

0 0
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ExtendingExtending thethe ideaidea of of ChaoChao::
way IIway II
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ExtendingExtending thethe ideaidea of of ChaoChao::
way II: a way II: a diagnosticdiagnostic devicedevice forfor thethe

Power Power seriesseries distributiondistribution
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…… byby thethe way:way:
generalisedgeneralised ChaoChao boundbound
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An An exampleexample: : mixedmixed binomialbinomial

Binomial with size parameter :
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…… byby thethe way:way:
generalisedgeneralised ChaoChao boundbound
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ExemplifiedExemplified at a at a recentrecent exampleexample
fromfrom screeningscreening

Lloyd & Frommer Lloyd & Frommer 
(2004, (2004, AppliedApplied
StatisticsStatistics) ) screeningscreening
forfor bowelbowel cancercancer
38,000 38,000 menmen screenedscreened
in in SidneySidney at 6 at 6 
consecutiveconsecutive daysdays byby
meansmeans of of selfself--tesingtesing
forfor bloodblood in in stoolsstools

3,000 3,000 testedtested positivelypositively at at 
least least onceonce and and cancercancer
statusstatus evaluatedevaluated
196 196 werewere confirmedconfirmed
positive to positive to havehave bowelbowel
cancercancer
HowHow manymany of 35,000 of 35,000 
unconfirmedunconfirmed negative negative 
havehave bowelbowel cancercancer??
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TheThe countingcounting distributiondistribution: a : a recentrecent
exampleexample fromfrom screeningscreening

frequencyfrequency ff00 of of thosethose
testedtested negative at all negative at all 
6  6  timestimes withwith bowelbowel
cancercancer isis unknownunknown
an an estimateestimate of of ff00
mightmight bebe constructedconstructed
fromfrom thethe distributiondistribution
ff1,  1,  ff2, 2, ff3 ….3 ….
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mixedmixed binomialbinomial
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binomial with size parameter 6 :
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ConclusionConclusion
Ratio Ratio plotplot seemsseems to to workwork also as a also as a diagnosticdiagnostic
devicedevice forfor heterogeneityheterogeneity forfor thethe Power Power seriesseries
distributiondistribution
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Distribution of Distribution of countingcounting thethe numbernumber
of of daysdays testingtesting positive positive forfor 122 122 

menmen withwith confirmedconfirmed coloncolon cancercancer

NowNow frequencyfrequency ff00 of of 
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at all 6  at all 6  timestimes withwith
bowelbowel cancercancer isis
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ConclusionConclusion
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OverviewOverview

IntroductionIntroduction
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IdeaIdea of Mixed of Mixed ModellingModelling

10
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IdeaIdea of Mixed of Mixed ModellingModelling
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IdeaIdea of Mixed of Mixed ModellingModelling
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Illustration of Illustration of approximationapproximation
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EstimationEstimation
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Zelterman‘sZelterman‘s as as truncatedtruncated estimatorestimator

1 2
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write (truncated Poisson likelihood for count 1 or 2)
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BenefitsBenefits of of thethe truncatedtruncated likelihoodlikelihood
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ExtendingExtending Zelterman‘sZelterman‘s estimatorestimator to to 
thethe Power Power SeriesSeries
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An An exampleexample: : mixedmixed binomialbinomial
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ExampleExample: : ScreeningScreening forfor BowelBowel
CancerCancer byby takingtaking StoolStool Samples at Samples at 

6 6 ConsecutiveConsecutive Days Days 

1 2 0 0 0
ˆ ˆ                                                              /

 Chao             37 22          196     26       222            
Zelterman      37 22  

0
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CriticalCritical appraisalappraisal of of Zelterman‘sZelterman‘s
conventionalconventional estimatorestimator

Collins and Wilson (1992 Collins and Wilson (1992 BiometrikaBiometrika):):
…For …For althoughalthough itit oftenoften doesdoes havehave a a smallersmaller

biasbias thanthan thethe otherother estimatorsestimators, , itit doesdoes so so 
at at thethe costcost of of havinghaving a larger a larger standardstandard
deviationdeviation whichwhich overwhelmsoverwhelms thethe reducedreduced
biasbias ……
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GeneralisingGeneralising ZeltermanZelterman
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GeneralisingGeneralising ZeltermanZelterman
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Zelterman‘sZelterman‘s as as tripletriple truncatedtruncated
estimatorestimator
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((lowerlower boundbound) ) estimatorsestimators
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TheThe ((lowerlower boundbound) ) estimatorsestimators
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ClassicalClassical estimatorestimator underunder PoissonPoisson
homogeneityhomogeneity

MM

2 3 4 2 3 4

1 2 3 1 2 3

31 2

0 1 2

under  Poisson sampling

2 3 4 ... 2 3 4 ...      
... ...

ˆ          ˆ1 ex

32              

p( ) 1 exp( )

           ...

ˆ

           

ˆM

p p p f f f
p p p f f f

n nN

pp p
p p p

θ

θ

θ

θ

θ

+ + + +
= =

+ + + + + +

= =
−

= = = =

− − −

⇒ ⇒



Bielefeld March 2007Bielefeld March 2007 6363

OverviewOverview

IntroductionIntroduction

Chao‚sChao‚s IdeaIdea and and LowerLower BoundsBounds
ExtendingExtending ChaoChao: Way I: Way I
ExtendingExtending ChaoChao Way IIWay II

Upper Upper BoundsBounds and and ZeltermanZelterman approachapproach
MotivationMotivation
Zelterman‘sZelterman‘s EstimatorEstimator as an Upper as an Upper BoundBound
GeneralisingGeneralising ZeltermanZelterman

A Simulation A Simulation StudyStudy:: DesignDesign



Bielefeld March 2007Bielefeld March 2007 6464

SixSix ExperimentsExperiments
N=100N=100, replication=1,000, replication=1,000

0:     (0.5)                               
1:     (0.5)0.5 ( )          
2:     (0.5)0.5 ( )         
3:     (0.5)0.9 ( )  

(
(
(
(           

4:     (0.5)0

0.5 1
0.5 5
0.

1.
1

9
1

0( .

f
f
f
f

Po
Po Po
Po Po
Po Po
Pof

θ
θ
θ
θ
θ

=
= +
= +
= +
)
)
) +

)

=

)

( )    
   
5:     (0.5)0.5
             ( ) ( )

5

0.1 1 0.1 2 0 (.1 3) 0.1 4 0.1 5( ) (
(

)

Po

Po
Po Po Po Po P

f
o

θ =
+ + + + +
)



Bielefeld March 2007Bielefeld March 2007 6565

OverviewOverview

IntroductionIntroduction

Chao‚sChao‚s IdeaIdea and and LowerLower BoundsBounds
ExtendingExtending ChaoChao: Way I: Way I
ExtendingExtending ChaoChao Way IIWay II

Upper Upper BoundsBounds and and ZeltermanZelterman approachapproach
MotivationMotivation
Zelterman‘sZelterman‘s EstimatorEstimator as an Upper as an Upper BoundBound
GeneralisingGeneralising ZeltermanZelterman

A Simulation A Simulation StudyStudy:: ResultsResults



Bielefeld March 2007Bielefeld March 2007 6666

M
ea

n

130

120

110

100

90

80

70

60

Mean for the Six Estimators (N=100 is true)

Z1 Z2 Z3 C1 C2 M
Z1

C2

M

Z1

C2

M

M

C2

Exp 0         Exp 1         Exp 2          Exp 3       Exp 4        Exp 5



Bielefeld March 2007Bielefeld March 2007 6767

V
ar

ia
nc

e

3000

2500

2000

1500

1000

500

0
Exp 0       Exp 1        Exp 2        Exp 3       Exp 4        Exp 5

Variance of the Six Estimators

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M



Bielefeld March 2007Bielefeld March 2007 6868

M
SE

3500

3000

2500

2000

1500

1000

500

0

Z1 Z2 Z3 C1 C2 M
Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Z1 Z2 Z3 C1 C2 M

Mean Squared Error

Exp 0           Exp 1         Exp 2          Exp 3       Exp 4        Exp 5

estimators



Bielefeld March 2007Bielefeld March 2007 6969

Illustration: Project on Illustration: Project on illicitillicit drugdrug useuse in in 
Bangkok 2001 (4th Bangkok 2001 (4th QuarterQuarter))
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improveimprove uponupon Z3 Z3 ??
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improveimprove uponupon Z3 Z3 ??
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