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CaptureCapture--RecaptureRecapture experimentsexperiments
come come fromfrom BiologicalBiological SciencesSciences
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…… areare meanwhilemeanwhile usedused in in thethe life life 
and and medicalmedical sciencessciences
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…… as well as in as well as in thethe socialsocial sciencessciences
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ObjectiveObjective

developdevelop a a populationpopulation sizesize estimatorestimator usingusing
capturecapture--recaputrerecaputre techniquestechniques
interestinterest in in populationpopulation sizesize estimatorestimator whichwhich
isis validvalid underunder a wider a wider rangerange of of scenariosscenarios
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CountsCounts of of capturecapture--recapturesrecaptures as as 
outcomeoutcome of of continouscontinous time time CRCR--

experimentexperiment
CR of CR of WildlifeWildlife PopulationsPopulations
CR in Public CR in Public HealthHealth and and SurveillanceSurveillance

Study period
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Situation in Situation in ContinuousContinuous CR ExperimentCR Experiment
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Illustration: Project on Illustration: Project on illicitillicit drugdrug useuse in in 
Bangkok 2001 (4th Bangkok 2001 (4th QuarterQuarter))
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IdeaIdea of of ModellingModelling

0 1 2 3
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IdeaIdea of Mixed of Mixed ModellingModelling
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IdeaIdea of of ChaoChao
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IdeaIdea of of ChaoChao
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I
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ExtendingExtending thethe ideaidea of of ChaoChao::
way Iway I-- a a newnew diagnosticdiagnostic devicedevice
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A A newnew diagnosticdiagnostic devicedevice forfor
heterogeneityheterogeneity: : somesome examplesexamples

Drug Drug useruser datadata Bangkok (1/4 Bangkok (1/4 yearyear))
Drug Drug useruser datadata L.A. (L.A. (HserHser 1992)1992)
Drug Drug useruser datadata ScotlandScotland ((HayHay and and 
SmitSmit 2003)2003)

1( 1)
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ConclusionConclusion
Ratio Ratio plotplot seemsseems to to workwork as a as a diagnosticdiagnostic devicedevice
forfor presencepresence of a of a mixedmixed PoissonPoisson

1 2 0 0
ˆ ˆ                                                   /

    2955 1186   6966   3681    10647          0.65
11982 3893 20198 18439     38637          0.52
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LA:
Scotl.:    
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    180       827           0.78
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ExtendingExtending thethe ideaidea of of ChaoChao::
way IIway II

0 0
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ExtendingExtending thethe ideaidea of of ChaoChao::
way IIway II
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ExtendingExtending thethe ideaidea of of ChaoChao::
way II: a way II: a diagnosticdiagnostic devicedevice forfor thethe

Power Power seriesseries distributiondistribution
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…… byby thethe way:way:
generalisedgeneralised ChaoChao boundbound
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An An exampleexample: : mixedmixed binomialbinomial

Binomial with size parameter :
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…… byby thethe way:way:
generalisedgeneralised ChaoChao boundbound
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ExemplifiedExemplified at a at a recentrecent exampleexample
fromfrom screeningscreening

Lloyd & Frommer Lloyd & Frommer 
(2004, (2004, AppliedApplied
StatisticsStatistics) ) screeningscreening
forfor bowelbowel cancercancer
38,000 38,000 menmen screenedscreened
in in SidneySidney at 6 at 6 
consecutiveconsecutive daysdays byby
meansmeans of of selfself--tesingtesing
forfor bloodblood in in stoolsstools

3,000 3,000 testedtested positivelypositively at at 
least least onceonce and and cancercancer
statusstatus evaluatedevaluated
196 196 werewere confirmedconfirmed
positive to positive to havehave bowelbowel
cancercancer
HowHow manymany of 35,000 of 35,000 
unconfirmedunconfirmed negative negative 
havehave bowelbowel cancercancer??
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TheThe countingcounting distributiondistribution: a : a recentrecent
exampleexample fromfrom screeningscreening

frequencyfrequency ff00 of of thosethose
testedtested negative at all negative at all 
6  6  timestimes withwith bowelbowel
cancercancer isis unknownunknown
an an estimateestimate of of ff00
mightmight bebe constructedconstructed
fromfrom thethe distributiondistribution
ff1,  1,  ff2, 2, ff3 ….3 ….
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mixedmixed binomialbinomial
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binomial with size parameter 6 :
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ConclusionConclusion
Ratio Ratio plotplot seemsseems to to workwork also as a also as a diagnosticdiagnostic
devicedevice forfor heterogeneityheterogeneity forfor thethe Power Power seriesseries
distributiondistribution

1 0 02 0̂
ˆ ˆ      ˆ ˆ                                             /

           37 22          196     26       222            0.12
f f n Nf fn Nf +=
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Distribution of Distribution of countingcounting thethe numbernumber
of of daysdays testingtesting positive positive forfor 122 122 

menmen withwith confirmedconfirmed coloncolon cancercancer

NowNow frequencyfrequency ff00 of of 
thosethose testedtested negative negative 
at all 6  at all 6  timestimes withwith
bowelbowel cancercancer isis
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validationvalidation samplesample

0

5

10

15

20

25

30

35

0 1 2 3 4 5 6

confirmed
positive

fr
eq

ue
nc

y

Count tested positive



Bielefeld March 2007Bielefeld March 2007 3737

ConclusionConclusion
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OverviewOverview

IntroductionIntroduction
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MotivationMotivation
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IdeaIdea of Mixed of Mixed ModellingModelling

10

look at 

             / ! / ! 

(to capture heterogeneity in )
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IdeaIdea of Mixed of Mixed ModellingModelling
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IdeaIdea of Mixed of Mixed ModellingModelling
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2 1 1
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Illustration of Illustration of approximationapproximation
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EstimationEstimation
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Zelterman‘sZelterman‘s as as truncatedtruncated estimatorestimator

1 2

2

2 2

write (truncated Poisson likelihood for count 1 or 2)
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BenefitsBenefits of of thethe truncatedtruncated likelihoodlikelihood

2
2 2 2 1 2
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ExtendingExtending Zelterman‘sZelterman‘s estimatorestimator to to 
thethe Power Power SeriesSeries

1 1
1 2

1 2 1 2
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write (truncated Poisson likelihood for count 1 or 2)
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An An exampleexample: : mixedmixed binomialbinomial

2 1 2 2
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ExampleExample: : ScreeningScreening forfor BowelBowel
CancerCancer byby takingtaking StoolStool Samples at Samples at 

6 6 ConsecutiveConsecutive Days Days 

1 2 0 0 0
ˆ ˆ                                                              /

 Chao             37 22          196     26       222            
Zelterman      37 22  

0
 

.1
  

ˆ ˆ ˆ 
2

     

     196     75       

f f n f N Nf fn+=

0 0

271            

     from validation

0

 sample: 22, / 22 /122 (tr

.26

0.1 ue)8 f f N= = =
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CriticalCritical appraisalappraisal of of Zelterman‘sZelterman‘s
conventionalconventional estimatorestimator

Collins and Wilson (1992 Collins and Wilson (1992 BiometrikaBiometrika):):
…For …For althoughalthough itit oftenoften doesdoes havehave a a smallersmaller

biasbias thanthan thethe otherother estimatorsestimators, , itit doesdoes so so 
at at thethe costcost of of havinghaving a larger a larger standardstandard
deviationdeviation whichwhich overwhelmsoverwhelms thethe reducedreduced
biasbias ……
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GeneralisingGeneralising ZeltermanZelterman
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GeneralisingGeneralising ZeltermanZelterman
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Zelterman‘sZelterman‘s as as tripletriple truncatedtruncated
estimatorestimator

1 2 3 2

2

2 2 3 2

3 2

3 2 3

write (truncated Poisson likelihood for count 1,2  or 3)
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((upperupper boundbound) ) estimatorsestimators
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TheThe ((lowerlower boundbound) ) estimatorsestimators
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TheThe ((lowerlower boundbound) ) estimatorsestimators
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ClassicalClassical estimatorestimator underunder PoissonPoisson
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SixSix ExperimentsExperiments
N=100N=100, replication=1,000, replication=1,000
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Illustration: Project on Illustration: Project on illicitillicit drugdrug useuse in in 
Bangkok 2001 (4th Bangkok 2001 (4th QuarterQuarter))
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improveimprove uponupon Z3 Z3 ??
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improveimprove uponupon Z3 Z3 ??

2
1

1

2 3
3

1 2

2 3 4
4

1 2 3

ˆ       Three Estimators:  
1 exp( )

  Z1:  

         

              

ˆ

2ˆ                     

2 3ˆ

         

    Z3:       

                  2 Z4:    

       

3 4ˆ 

 

  

Z

f
f

n

f f
f f

f f f
f f f

N
θ

θ

θ

θ

=

+
=

+

+ +
=

+ +

=
− −

         



Bielefeld March 2007Bielefeld March 2007 7373

Exp 0          Exp 1         Exp 2         Exp 3         Exp 4        Exp 5

M
SE

5000

4000

3000

2000

1000

0

 MSE for Three Generalized Zelterman Estimators 

Z1 Z3 Z4

Z1 Z3 Z4

Z1 Z3 Z4

Z1 Z3 Z4

Z1 Z3 Z4

Z1 Z3 Z4



Bielefeld March 2007Bielefeld March 2007 7474

Key-References

Böhning, D. and Kuhnert, R. (2006). The Equivalence of 
Truncated Count Mixture Distributions and Mixtures of 
Truncated Count Distributions. Biometrics 62, 1207-1215. 

Böhning, D. and Schön, D. (2005). Nonparametric maximum 
likelihood estimation of the population size based upon the 
counting distribution. Journal of the Royal Statistical Society, 
Series C, Applied Statistics 54, 721-737.

Böhning, D. and Patilea, V. (2005). Asymptotic Normality in 
Mixtures of Power Series Distributions. Scandinavian Journal of 
Statistics 32, 115-132. 
Papers download at (also copy of this talk): 

www.reading.ac.uk/~sns05dab



Bielefeld March 2007Bielefeld March 2007 7575

Thank you!


