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Summary

Longitudinal data - Repeated measurements

I Longitudinal data typically refer to data containing time series
observations of a number of units.

I At least two dimension are involved in the analysis of
longitudinal data: a cross-sectional dimension, indicated by
subscript i , and a time series dimension, indicated by subscript
j .

I Repeated measurements are usually time period or units
within clusters

I Observations cannot be assumed independently distributed
across time
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Summary

Common features of longitudinal data

I The sample of individuals n is typically relatively large

I The number of time periods (or repeated measurements) J is
generally short

I Increasing data availability

I Challenging methodology
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Summary

More on...Features

I Increased precision of regression estimates

I Repeated observations on units allow to isolate effects of
unobserved differences between individuals

I Linear mixed models contains both fixed and random effects.

I Linear mixed models are a generalization of linear regression
allowing for the inclusion of random deviations (other than
those associated with the error term)
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Summary

Comments on the required computational burden

I There is a special relationship between the multiple
observations of a particular unit

I Yij = β0 + β1xij + α0i + ϵij = β0 + β1xij + uij
I The presence of α0i produces a correlation among the errors

of the same cross-section unit ⇒ Cov(uij , uij ′) ̸= 0, though
Cov(uij , ui ′j) = 0

I OLS is inefficient in the random effects model, and yields
incorrect standard errors
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Mixed models

Model specification

I In linear random intercept models, the overall level of the
response, conditional on covariates, could vary across units or
clusters

I In random coefficients models, we also allow the marginal
effect of the covariates to vary across clusters

I Yij = (β0 + α0i ) + (β1 + α1i )xij + ϵij
I This allows for the intercept and slope coefficients to vary

across clusters
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Mixed models

Model assumptions

I β0 and β1 fixed intercept and slope

I α0i ∼ N (0, σ2
a0) random intercept effect

I α1i ∼ N (0, σ2
a1) random slope over time

I Cov(α0i , α1i ) = τa0,a1

I ϵij
iid∼ N (0, σ2) random error, independent of α0i ’s and α1i ’s
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Mixed models

Remarks

I The fixed portion Xβ is analogous to the standard regression
model, with β being the regression coefficient to be estimated.

I We assume α is orthogonal to ϵ

I The random coefficients are not directly estimated, but are
characterized by the elements of their variance-covariance
matrix (known as variance components)

I A general specification of the random coefficients
variance-covariance matrix provides flexibility
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Example 1

Example 1: Weight gain of pigs

Repeated measures are collected on units of analysis over time
Consider a study consisting of weight measurements of 48 pigs in 9
successive weeks
Dataset: simplepig.dta

I id: pig identifier

I weight: weight of pig

I week: time of measurement
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Mixed models

Example 1

Figure: Weight trajectories for individual pigs
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Mixed models

Example 1

I Each trajectory is approximately linear in time
↩→ model an intercept β0 and a slope β1

I The pigs are a random sample from a larger population
↩→ pig-specific random effect α0i

I Yij = β0 + β1xij + α0i + ϵij , i = 1, 2, . . . , 48, j = 1, 2, . . . , 9

I β0 and β1 fixed intercept and slope
I α0i ∼ N (0, σ2

a0) random pig effect

I ϵij
iid∼ N (0, σ2) random error, independent of α0i ’s

I Yij weight of ith pig in week j and xij the corresponding time
of measurement

I Anything else . . . ?
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Mixed models
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Random intercept
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Mixed models

Example 1

Figure: Random intercept model

Random pig effect = random intercept ⇒ can only fit parallel lines!
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Mixed models

Example 1

Figure: Random intercept and slope model

Random pig effect and random slope (in time) allow for individual
curves
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Mixed models

Example 1

Random coefficients model

Yij = β0+β1xij +α0i+α1ixij + ϵij , i = 1, 2, . . . , 48, j = 1, 2, . . . , 9

I β0 and β1 fixed intercept and slope

I α0i ∼ N (0, σ2
a0) random pig effect

I α1i ∼ N (0, σ2
a1) random slope (for individual pigs) over time

I ϵij
iid∼ N (0, σ2) random error, independent of α0i ’s and α1i ’s

I Yij weight of ith pig in week j and xij the corresponding time
of measurement
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Mixed models

Example 1

Covariance structures

Stata provides four different covariance structures, illustrated for a
model with two variance components:

I Unstructured:

Cov

[
α0i

α1i

]
=

[
σ2
a0 τa0a1

τa0a1 σ2
a1

]
I Independent:

Cov

[
α0i

α1i

]
=

[
σ2
a0 0
0 σ2

a1

]
i.e. the covariances are zero
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Mixed models

Example 1

Covariance structures (continued)

Stata provides four different covariance structures, illustrated for a
model with two variance components:

I Identity:

Cov

[
α0i

α1i

]
=

[
σ2
a0 0
0 σ2

a0

]
i.e. the variances are equal and the covariances are zero

I Exchangeable:

Cov

[
α0i

α1i

]
=

[
σ2
a0 τa0a1

τa0a1 σ2
a0

]
i.e. the variances are equal and all covariances are equal, too
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In Stata:
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Mixed models
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Model selection
We have fitted an unstructured covariance, i.e.

D = Cov

[
α0i

α1i

]
=

[
σ2
a0 τa0a1

τa0a1 σ2
a1

]
.

The test: LR test vs linear regression tests
H0: σ

2
a0 = σ2

a1 = τa0a1 = 0 vs H1: σ
2
a0 > 0 or σ2

a1 > 0 or τa0a1 ̸= 0

This test is conservative since H0 is on the boundary
↩→ the p-value is an upper bound for the true p-value
↩→ random effects model highly significant over fixed effects model
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Mixed models

Example 1

Model selection

From confidence interval in Stata output: Covariance τa0a1 does
not appear to be significant (at the 5% level)

Test formally using LR test:

I Refit the model using covariance structure independent
↩→ log restricted-likelihood = -870.51473

I Test statistic: 2(−870.43562− (−870.51473)) = 0.15822

I Evaluate on χ2 scale with 1df via
display chiprob(1,0.15822)

I p-value: 0.691, so the covariance τa0a1 is not needed in the
model

22 / 54



. . . . . .

Lecture 3: Random coefficients model

Mixed models

Example 1

Model selection

I For testing covariances of the random effects, the LR test is
not conservative (H0 not on the boundary)

I AIC and BIC can also be used for model selection

I LR tests with REML require identical fixed effects for both
models
↩→ No problem in this example
↩→ Fit with ML when testing fixed effects, and then refit the
final model with REML
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Mixed models

Example 1

Final Model

Yij = β0 + β1xij + α0i + α1ixij + ϵij (1)

where Cov(α0i , α1i ) = 0

Information from Stata output

I Estimate of intercept β0 is 19.36 with 95% CI: 18.57 - 20.14

I Estimate of slope β1 is 6.21 with 95% CI 6.03 - 6.39

I LR test for H0: σ
2
a0 = σ2

a1 = 0 is rejected
(Test statistic = 765.92, p-value (upper bound) = 0.0000)

I Estimates of variance components:
σ2
a0 = 6.92, σ2

a1 = 0.38, σ2 = 1.599
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Predicting random effects

EBLUPs - Empirical Best Linear Unbiased Predictors

I EBLUPs are calculated as the conditional expectations of the
random effects, given the data

I EBLUPs predict values for the random effects based on the
observed data

I Model (in vector form) for the ith pig: Yi = Xiβ + Aiαi + ϵi ,
where αi ∼ N (0,D) is the vector of random effects for pig i

I EBLUPs: α̂i = E [αi |Yi = yi ] = D̂AT
i V̂

−1
i (yi − Xi β̂)

where Vi = Cov(Yi )
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Mixed models

Example 1

Conditional residuals

I A conditional residual is the difference between an observation
and its EBLUP prediction, i.e. in vector form (for pig i):

ϵ̂i = yi − Xi β̂ − Ai α̂i

where α̂i is the vector of EBLUPs for pig i

I Useful for model diagnostics
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Model diagnostics

Yij = β0 + β1xij + α0i + α1ixij + ϵij

Check the following assumptions

I ϵij ∼ N (0, σ2), i.e. normality and constant variance

I
[
α0i

α1i

]
∼ N

([
0
0

]
,D

)
Also plot observations vs predictions to assess overall model fit
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Mixed models

Example 1

Assumption:

ϵij ∼ N (0, σ2), i.e. normality and constant variance

To check constant variance:

Conditional standardized residuals vs cond. fits
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Mixed models

Example 1

Assumption:

ϵij ∼ N (0, σ2), i.e. normality and constant variance

To check constant variance:

Conditional residuals vs week
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Mixed models

Example 1

Assumption:

ϵij ∼ N (0, σ2), i.e. normality and constant variance

To check normality:

Normal plot of residuals
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Mixed models

Example 1

Conclusion for assumption:

ϵij ∼ N (0, σ2), i.e. normality and constant variance

I Standardized residuals vs fits plot shows random scatter with
constant amplitude, and some potential outliers

I Residuals vs week plot shows fairly similar spread for each
week - somewhat higher in weeks 5 and 9, and somewhat
lower in week 2

I Overall, assumption of constant variance seems acceptable

I Normal plot shows approximately a straight line except for
some (potential) outliers at both ends - Normality seems
acceptable
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Mixed models

Example 1

Assumption:[
α0i

α1i

]
∼ N

([
0
0

]
,D

)
To check marginal normality:

Normal plots of EBLUPs
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Mixed models

Example 1

Assumption:[
α0i

α1i

]
∼ N

([
0
0

]
,D

)
To check joint normality:

Scatter plot of EBLUPs (intercept vs slope)
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Mixed models

Example 1

Conclusion for assumption:[
α0i

α1i

]
∼ N

([
0
0

]
,D

)
I Normal plot for random slopes shows approximately straight

line, some concern about random intercepts - Marginal
normality may be acceptable

I Scatter plot could come from a bivariate normal distribution

I Overall, assumption seems acceptable
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Example 1

Observations vs predictions

Approximately a straight line - the model seems to predict well
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More about...pigs

An alternative model would be
Yij = β0 + β1xij + α0i + γj + ϵij

I β0 and β1 fixed intercept and slope

I α0i ∼ N (0, σ2
a0) random pig effect

I γj ∼ N (0, σ2
γ)

I ϵij
iid∼ N (0, σ2) random error, independent of α0i ’s and γj ’s

I Yij weight of ith pig in week j and xij the corresponding time
of measurement

Which is the difference with (1)?
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In Stata:
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Mixed models

Example 2

Example 2: Weight gain of children

Repeated measures are collected on units of analysis over time,
and further covariates are recorded for each unit of analysis

Weight gain of Asian children in a British community - between 1
and 5 weight measurements for each child (Rabe-Hesketh and
Skrondal, 2005)

Dataset: asian1.dta

I id: child identifier

I weight: weight in kg

I age: age in years

I gender: boy/girl

I girl: dummy variable - 0 for boys, 1 for girls
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Mixed models

Example 2

Individual growth trajectories

I The trajectories are not straight lines
↩→ include a quadratic term in the model

I Some children are consistently heavier than others
↩→ include random coefficients
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Example 2

Starting model

I Include systematic differences in weight for boys and girls
through dummy variable girli (0 for a boy, 1 for a girl)

I Include interaction of girli with age

I Yij = β0+β1xij +β2x
2
ij +β3girli +β4girlixij +α0i +α1ixij + ϵij

I β3 is the difference between intercepts for girls and boys

I β4 is the difference between slopes for girls and boys
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In Stata
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Mixed models

Example 2

Model selection strategy

I Cov(α0i , α1i ) seems not significant
↩→ Refit with covariance structure independent and carry
out LR test
↩→ Remove covariance term from the model

I In the new model girl × age interaction seems not
significant
↩→

I Refit using ML instead of REML
I Fit model without interaction in ML and carry out LR test
I Refit preferred model with REML
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Example 2

Model selection strategy

Model LR (df) AIC REML/ML BIC REML/ML

“Full” 0.26 (1) 535.89/523.99 565.48/553.58

Cov(α0i , α1i ) = 0 1.64 (1) 534.13/522.36 560.44/548.67
(from ML)

Cov(α0i , α1i ) = 0, 532.16/522.01 555.18/545.03
no interaction
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Example 2

Conclusions so far

I At a given age, girls are on average 0.616 kg lighter than boys

I Weight growth is quadratic in age

I Random effects α0i ∼ N (0, σ2
a0) and α1i ∼ N (0, σ2

a1) needed
in the model

I However . . .
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Individual growth trajectories

I The trajectories for boys appear to be more variable around
the mean model!
↩→ The variances of the random effects may be different for
boys and girls
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A heteroscedastic model

Consider random effects α0i ∼ N (0, σ2
a0), α1i ∼ N (0, σ2

a1) if the
ith child is a boy, and α2i ∼ N (0, σ2

a2), α3i ∼ N (0, σ2
a3) if the ith

child is a girl

Yij = β0+β1xij+β2x
2
ij+β3girli+α0iboyi+α2igirli+α1iboyixij+α3igirlixij+ϵij

In Stata
Create the necessary dummy variables via
gen boy = !girl

gen boyXage = boy*age

gen girlXage = girl*age
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In Stata
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LR test for equal variances

H0: σ
2
a0 = σ2

a2 and σ2
a1 = σ2

a3 vs not equal

Test statistic: 2(−255.11743− (−259.08094)) = 7.92702 on 2 df

Produces a p-value of 0.0190

AIC and BIC

Model AIC BIC

Equal variances 532.16 555.18
Unequal variances 528.23 557.83

The heteroscedastic model is preferred by LR test and AIC, but
slightly worse on BIC
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