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The p.f. of each Y; ~ Poisson(\) is

AVe A
fr(y; A) = g
so the likelihood is
n n /\y"67)\ 6*”)‘)\2?:1 Yi
LA) = 1] vy A) = = -
*) z:l_[l v ) z:l_[l Yi! I vi!

The log-likelihood is

() =log L(A\) = —nA + (ﬁ: yz> log A — ilog(yi!).

i=1 i=1

The p.d.f of each Y; ~ Unif(a, b) is

1
fY(y;&ab):b_aa a<y<b
so the likelihood is
n 1
Jy (yi;a,b) = . a<y; <b i=1,...n
H 131 “(b—ar

The log-likelihood is
l(a,b) =log L(a,b) = —nlog(b—a), a<y; <b i=1,...n

The p.f. of each Y; = (Yj1, Yis, Yiz)T ~ Multinomial(1,6,26,1 — 30) is

fr(y:0) =

il 2O = 367

so the likelihood is
" f2-ima Vit (20) 2 ¥z (1 — 30) i Vit
i1 YR = [T yis! Ty vie! TTZq yis! .
The log-likelihood is
0(0) =log L(0)

n 3

<Z yzl> log 6+ (z yﬂ) log(260) + (z yzg) log(1 - 30) — 3° 3" log ().

=1 i=1 =1 =1 j=1
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2.

(d) The p.d.f. of each Y; = Weibull(«) is

e

fy(y;0) = ay* e

so the likelihood is

n n

L(a) = H fr(yi; ) = o™ Hyf"le’zz;lyg.
i—1 i=1
The log-likelihood is
((a) =log L(a) = nlog(a) + (o — 1) Y log(y:) — > -

i=1 i=1

(e) The p.d.f. of each Y; = Pareto(a) is

fr(y;a)=a(l+y) " y>0

so the likelihood is

The log-likelihood is

(o) =log L(a) = nlog(a) — (e + 1) anlog(l + ;)

i=1

(a) Differentiating the ¢(A) from Question 1(a) with respect to A gives

OL(N) 21 Yi
B3 n -+ 7>\ .

So a stationary point A solves

—n+ Zzil Y _ 07
A
which gives
~ 12
)\:— ;= U
> U=

We have )
9°U(A) _Z?:l Yi

ox2 Az
which is < 0 for all values of \, so A = § is the MLE.




(b)

Differentiating the ¢(a,b) from Question 1(b) with respect to a and b respectively
gives

ol(a,b)  n 0l(a,b) n

da  b—a’ ob b—a

We cannot alter the value of a and b to let above scores to become exactly zero.

However, note that the aeg;,b) is always >0, means {(a,b) is increasing with a.

Thus, to maximise ¢(a,b) we just need to find the largest possible value of a.

Since we require a < y; < b, © =1,...n, therefore a < min; y;, which implies the
MLE is just
a = miny;
(2

Similarly, we have

(detail is omitted, please complete it by yourself).

Differentiating the ¢(f) from Question 1(c) with respect to 6 gives
o0l(0) " 1 " 1 " 3
00 (;Zm) 9 + <;y12> 9 (; yi3> 1_35"

So a stationary point 0 solves

)5+ (Soe) - () 75

Simplify the equation gives

(Z Y+ 3/1;2) (1—30) — (Z Z/z3> 30 =0
i=1 i=1
As a result,

0 — 1 2is1 Yin + 200 Vo _ D1 Yin T 2 Ui

32y Vit T i Vi + 201 Yis 3n

Differentiating the ¢(a) from Question 1(e) with respect to a gives

oM(a) n

i=1

So a stationary point & solves

?,L n
=~ Zlog(l + yi)
a4



which gives
n
iy log(1+y:)

S

More over, we have

0%0(a) n

02 a2’
which is < 0 for all values of «, so the obtained & is the MLE.
3. (a) The likelihood is

L(Q) = H ym ngxp eyz =0" exp( ezyz)
i=1

i=1
The log-likelihood is

0(0) =log L(0) = nlog — 0>y

i=1
The score is

u0) = 550 = 5 =S

So a stationary point of the log-likelihood 6 solves

which gives

o 1
D1 Yi Yy
The Hessian is
0? n
HO)=—/00)=—— <0

(b) The likelihood is

=T A0 =110 " =0"T] /"
=1 =1 =1

The log-likelihood is

0() =log L(#) = nlog+ (6 — 1) logy;.

=1



The score is N
n
u(9) = 7" > logy;
i=1
So a stationary point of the log-likelihood 0 solves

which gives

The Hessian is

for all 0, so 0 is the MLE. The Fisher information is

()

E[-H(0)] = E [”} s

5| =
(c¢) The likelihood is

The log-likelihood is

0(0) =log L(0) = nlogh + (f: Yi — n> log(1 —0).

i=1
The score is

nooYiaYi—n

0 1—-46
So a stationary point of the log-likelihood 6 solves

u(f) =

1-0

u(f) =

| 3

which gives

A 1
9 nn - —.
D Yi Y

The Hessian is

n D1 Yi— N

for all 4, as each y; > 1so > ;y; —n > 0. So 0 is the MLE.



4.

The Fisher information is

et 1oy
oy nE(Y;)  n
2 (1-60)2 (1-06)2
n n n
+ —

T2 91 —02 (1-0)7
n[(1—0)%+6 — 67
02(1 — 62)
n(l—0)
02(1 — 0)>2
02(1—0)

(a) The score is
Since E(U(0)) =0,

SO

and Y is an unbiased estimator of #~ 1.

(b) The score is
_n

7 —f-ZlogYi.

=1

U(9)
Since E(U(6)) = 0,
E (—Zlogn> =2

Y

|

1 n
E (— Z log YZ-> =
N5
and —% " logY; is an unbiased estimator of 67!

(¢) The score is
n L Yi—n
f) = — — =i=L7r
w0 =579

Since E(U(0)) =0,




so we have

EY)-1 1
1-6 0’

and 1
E(Y) = -.

(V)=

So Y is an unbiased estimator of 61,

5. The p.f. of each Y; = (Y;y, Yio, Yiz)T ~ Multinomial(1, 6,6, 1 — 6; — 05) is

Iy (y;601,602) = 071 (02)7(1 — 01 — 02)™,

y1!y2!ys!

so the likelihood is

912:1':1 Yit (92)2?:1 Yi2 (1 — 6, — 92)2?:1 Yil
ITis vis! Ty v T2y vis! '

L 01792 HfY %;91;02)

The log-likelihood is

6(91, 02) = log L(Ql, 82)

n 3
(Z ?le> log 61 + (Z yw) log(6s) + (Z %3) log(1 — 6, — 0;) — Z Z log(vi;!)

i=1 i=1 i=1 i=1 j=1

Differentiating the £(6;,6,) with respect to 6; and 65, respectively, gives

00(01,0,) n 1
uy(61,0:) = (812 (Z?Ju) — = (Z%:&) m

and

00(0y,0,) 1
U2<91; ‘92) - (@12 (Z %2) *2 (Z %3) m

=1
Therefore, the negative Hessian is

— (Zivn) @ — (Zi¥s) g gy — (C1 ¥i3) 7o )

—H(01,05) = — Z ) g
(61, 62) ( — (ZL1Y8) goamamy — (X1 vi2) g7 — (S ¥s) aaay

It is straightforward that E(Y;;) = 61, E(Y;2) = 0, and E(Y;3) = 1 — 61 — 5. Hence,
the Fisher informaton matrix is

1(91792) - E(—H(Ql,é’z)) = (01 + 17/;017*927 N @ ) .

1—61—05° 0o + 1—61—6,



6. The p.d.f. of each Y; = (Vi1,...,Y;,)" ~ N(u,0%I,) is

1 (y—p)(y— )
T, o) = exp |— ,
fy(y;pm,07) Gryen p 57
so the likelihood is
- 1 iy — )" (Y — )
L(p,0?) = G, 0%) = ————exp |- ==L .
) = [Tt ot = oo | -

The log-likelihood is

n

U(p,0%) =log L(p,0°) = _%bg(%) — P og(0?) — Z=L

(y: — )" (yi — 1)

2 202
Differentiating the ¢ with respect to g and o2 gives
MH(p,0?) 1 &
2y _ O, 07) 1 T
Ul(“ao- ) - O o2 Z:l(yl IJJ)
and (s, o) 1
2y _ Ot\,07) _  np (o — 1\
UZ(Ha g ) - o2 252 + 2(0_2)2 ;(yl p’) (yl l’l’)

Note here u;(p,0%) € RP and uy(p, 0?) € RL.

So the MLE i and 62 solves u;(f1,62) = 0 and uy(f1, 6?) = 0,which is easy to see the
solutions are:

n np

n . n ) (y, —
fo i e YW m) (Y- p)

9

which is quite similar to the univariate case.

Furthermore, we can derive the negative Hessian matrix is

n . \T

(02)2
Yo (yi—p)

_H(I’l’v 02) = 1 n T np
(02)2 (02)3 Zi:1<yi - /J’) (yl - “) - mu

Thisisa (p+ 1) x (p+ 1) matrix.

Using E(Y;) = p and E(Y; — )7 (Y; — ) = po?, we have the Fisher information matrix
Is

I(n,0%) = E [~H(p,0%)] = (J‘zofp 0 )

2(0.2)2



7. (a) The likelihood is
L(0) =TT fr(wis0) = TLO(L = )" = 0"(1 — ) 2imav.
i=1 ‘
The log-likelihood is

0(0) =log L(0) = nlogl + (Zn: Yi — n> log(1 — 0).

=1

The score is S0
u(@) = 2 — Zi=t¥i 1

0 1-6
The Hessian is s
n L Yi— 1
H _ _ =1
(9) 62 (1—6)2
The Fisher information is
Z(0) = E[-H(9)]
n Y. —n
_ E oY =1 "1
[92 Ty ]
_n nE(Y;)  n
2 (1-60)2  (1-0)?
n n n
= — —Iv— —
02 0(1-0)2 (1-0)?
B n[(1— 9)2 +6— 62]
B 02(1 — 62)
B n(l —0)
a 0%(1 —0)?
B n
(1 -0)

(b) A stationary point of the log-likelihood @ solves

_Z?:lyi_n:

An
u(f) = = = 0,
2 0 1-40
which gives
" n 1
9 frng 7 = —.
2ie1 Yi Yy
The Hessian H(f) < 0 for all 6, as each y; > 1 so >" ,y; —n > 0. So 0 is the

MLE.



The asymptotic distribution of the g is

A 100(1 — «)% confidence interval for 6 is

A A

0 — 215 [Z(0) 12,6+ 215 [Z(H)']/2).

For a = 0.01, we need to know Zi_g = Z0.995, which we can find in R that
20.995 = 2.575829, or 2.58 to two decimal places. We have

A A

_1:92(1—9) _y-1
n n(y)*’

Z(0)
so a 99% confidence interval for 0 is
1 y—1 1 y— 1
l — 258 /Y = 258 [T
y n(y)* y n(y)

8. (a) The log likelihood ratio statistic is

Loy = 2log ([%‘2)) = 2[0(6) — €(0.5)].

From Question 7, the log-likelihood is
0(0) =nllogh + (y — 1) log(1 —0)],
and = 7!, so0 so
Lot = 2n [— logy + (y — 1) 1og(1 — g~ ") —1og 0.5 — (y — 1) log 0.5}

=2n [—log’ng (y — 1D log(1—g~ 1) —glogO.B} :

(b) Under Hy, Lo ~ X3.

(c) We would reject Hy is Lo; > k, where k is the 99% point of the x? distribution.
We can find this value in R that x7 g9 = 6.634897.

So we reject Hy if Loy > 6.63.
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