SOME EXAMPLES OF INVARIABLY GENERATED GROUPS
ASHOT MINASYAN

ABSTRACT. A group G is invariably generated (IG) if there is a subset S C G such that for every
subset S’ C G, obtained from S by replacing each element with a conjugate, S’ generates G.
Likewise, G is finitely invariably generated (FIG) if, in addition, one can choose such a subset S
to be finite.

In this note we construct a FIG group G with an index 2 subgroup N < G such that N is
not IG. This shows that neither property IG nor FIG is stable under passing to subgroups of
finite index, answering questions of Wiegold and Kantor-Lubotzky-Shalev. We also produce first
examples of finitely generated IG groups that are not FIG, answering a question of Cox.

1. INTRODUCTION

A subset S invariably generates a group G if for every function f : S — G the subset {s/ (s) |
s € S} is a generating set of G. We say that G is invariably generated (IG) if it contains an
invariable generating subset (equivalently, if G invariably generates itself). Similarly, G is finitely
invariably generated (FIG) if it has a finite invariable generating subset.

The term “invariably generated” was invented by Dixon [6] in 1988, though the notion itself
appeared in the literature earlier. In 1975 Wiegold [26] considered the class of groups X such that
G € X if and only if for every transitive action of G on a set 2, with |Q| > 2, at least one element
g € G acts on 2 without fixed points. The fact that the latter property holds for all finite groups
was proved by Jordan [12] in 1872, more that 100 years earlier. Jordan’s theorem was revisited
by Serre [24] in 2003, who gave several applications to Number Theory and Topology.

In [26] Wiegold observed the following.

Remark 1.1. For a group G the following statements are equivalent:
o G ek,
e for each proper subgroup H < G, UgGG HY £ G,
e if S is a subset of G containing a representative from each conjugacy class, then G = (S);
in other words, G is IG.

Given two subsets A, B of a group G we will say that A is pointwise conjugate into B if A C B,
i.e., each a € A is conjugate to some b € B. The above remark tells us that G is IG if and only if G
is not pointwise conjugate into a proper subgroup. Wiegold proved that the class & of IG groups
is closed under extensions and restricted direct products [26]. Since finite groups (by Jordan’s
theorem [12]) and abelian groups are in X, it follows that all virtually solvable groups are IG. On
the other hand, the easiest examples of non-IG groups are non-abelian free groups [26].

In 2014 Kantor, Lubotzky and Shalev [13] studied invariable generation for infinite linear groups
and defined the property FIG. Similarly to Remark 1.1, a group is FIG if and only if there is
a finite subset S C G which is not pointwise conjugate into any proper subgroup of G. One of
the main results from [13] states that a finitely generated linear group is FIG if and only if it
is virtually solvable. They also showed that the class of FIG groups is closed under extensions
and contains all finitely generated abelian-by-polycyclic groups. In fact, the argument from [13,
Lemma 2.8] (see also [26, Theorem 2.1.(i)]) proves the following.

Lemma 1.2. Suppose that G is a group, N < K < G and N<1G. If S is an invariable generating
subset of K and T is an invariable generating subset of G/N then SUT) is an invariable generating
subset of G, where T1 C G is any preimage of T in G.
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This lemma easily yields that each of the properties IG and FIG is inherited by finite index
overgroups. Wiegold [27, p. 573] and Kantor, Lubotzky, Shalev [13, Open Problems 1,2] asked
whether the same can be said for finite index subgroups. Our first result gives a negative answer
to these two questions.

Theorem 1.3. There exists a torsion-free group G with a subgroup N <1 G, of index 2, such that
G is invariably generated by two elements but N is not invariably generated. More precisely, there
are two elements a,b € G such that all of the following hold.

(i) {a,b} invariably generates G;

(ii) the subgroup N = (a?,b,aba™"') has index 2 in G;
(iii) H = (a?,b) is free of rank 2, freely generated by {a?,b}, and |N : H| = oo;
(iv) N =Usen H.

Note that the first example of a non-IG subgroup of an IG group was given by Wiegold in [27].

More examples of IG, FIG and non-IG infinite groups have been recently obtained in [7, 8, 3,
5]. Property FIG implies IG, by definition; in fact, FIG is strictly stronger as any non-finitely
generated abelian group is IG but not FIG. However, prior to this work none of the known
examples answered the following basic question, asked by Cox in [5]: is property IG equivalent to
FIG for finitely generated groups? Our second theorem shows that this is not the case.

Theorem 1.4. There exists a finitely generated torsion-free group G which is IG but not FIG.
More precisely, G is generated by two elements and there is an infinite family of subgroups H; < G,
7=0,1,2,..., such that all of the following conditions are satisfied.

(1) For all j € NU{0}, H; is a malnormal finitely generated free subgroup of G
(i3) for each i € N there exists 7 € H; \ {1} such that (r) N gH,;g~' = {1}, for any j < i and
all g € G;
(i1i) every finite subset of G is pointwise conjugate into H;, for some j € NU{0};
(iv) the intersection hH;h™' N H; is cyclic, for all i # j and all h € G;
(v) if M is a proper subgroup of G, then there exists j € N U {0} and v € G such that
M C ijv_l.

Recall that a subgroup H of a group G is called malnormal if gHg 'NH = {1} forall g € G\ H.
The fact that any group G satisfying properties (i)—(v) from Theorem 1.4 is not FIG follows from
(iii). Condition (ii) shows that G # U,cq H]g for any given j € NU {0}, and since each proper
subgroup of G is conjugate into some Hj, by (v), we can use Remark 1.1 to conclude that G is
IG.

Thus even for finitely generated groups property FIG is more restrictive than property IG. In
view of Theorems 1.3 and 1.4, [5, Corollary A] implies that every finitely generated group can be
embedded in a FIG group that has a non-IG subgroup of finite index or in a finitely generated
IG non-FIG group. In particular, there is a continuum of such groups.

After this paper was written, the author learned that Goffer and Lazarovich obtained similar
results to Theorems 1.3,1.4 independently in [9]. Their work also answers the questions of Wiegold,
Kantor-Lubotzky-Shalev and Cox mentioned above. Both our paper and [9] are based on the small
cancellation theory over hyperbolic groups developed by Ol’shanskii [21]. However, [9] works with
this theory directly, while our approach uses the author’s previous results from [18].

1.1. Ideas of proofs. Let us briefly outline the constructions of the groups from Theorems 1.3
and 1.4. In both of them the group G is obtained as a direct limit of torsion-free hyperbolic
groups, using a “small cancellation quotient theorem”. In the original form such a theorem was
proposed by Gromov [10, 5.5], and then proved by Ol’shanskii in [21]. The statement has later
been extended to relatively hyperbolic groups by Osin [23] and then to acylindrically hyperbolic
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groups by Hull [11]. The version that we will use here was obtained by the author in [18, 17]
and allows to preserve certain quasiconvex subgroups in the small cancellation quotient: see
Theorem 2.6 below. This version has an advantage over the versions from [23, 11] in not having
to require that the preserved collection of quasiconvex subgroups be malnormal in the ambient
hyperbolic group, which is important for the constructions that we present here.

To prove Theorem 1.3 we start with a group Gy, freely generated by {ag, bo}, let Hy = (a3, bo)
and Ny = (a2, bo, bo’) < Go. We enumerate all elements of Go: fo = 1, fi, f2,..., and construct
non-elementary torsion-free hyperbolic groups G, G, ... by induction, so that for each G, 41 is
a quotient of G,,, n > 0. To obtain G,+1 from G, together with an epimorphism ¢,11 : G,, —
Gp+1, we first embed G, into an HNN-extension L,,, in which the image of f,+; is conjugate to an
element of the image of Hy U (ag). We then use Theorem 2.6 to produce a torsion-free hyperbolic
group Gn41, and an epimorphism 7,11 : L, — Gpy1 such that 1,41 is injective on the image of
Hy in L, and Gy is generated by the images of ag and bg”“. In particular, 9,+1(Gpn) = Gnt1
and we set ¢n4+1 : G — Gpy1 to be the restriction of 1,41 to G,. We define the epimorphism
Ypy1 : Go = Gpy1 by Yng1 = dpy1 0 -0 ¢, and set ant1 = Ypy1(a0); bng1 = Ynt1(bo),
Hyt11 = Ynt1(Ho) and Nyy1 = ¥p11(Np). By carefully controlling the kernel of 7,41 we ensure
that Np41 still has index 2 in G,,41 and ¥y 11(fnt1) is conjugate into H,+1U(a,+1) via an element
of Ny+1 in Gp4q. Finally we define G as the direct limit of the sequence (G,,)22 ), let a,b € G and

H, N < G be the natural images of ag, by € Gy and Hy, Ng < Gg respectively. By construction,
every G; is generated by a; and b;pi(fi), whence G = (a,bf) for all f € G, so that {a,b} is an
invariable generating set of G. On the other hand, the condition that v;(f;) € HlN “U{a;)Ni in Gy,
i € N, is sufficient for showing that N = | FEN H7. The actual argument is somewhat technical,
since various conditions need to be preserved at each step in order for the inductive argument to
work and for Theorem 2.6 to be applicable.

The proof of Theorem 1.4 is more involved because the difference between properties IG and
FIG is quite subtle. We start with a free group Gy of rank 3, set Hypp = {1}, and enumerate
all of the finite subsets Sy = ), S1,S9, ..., and all of the finitely generated subgroups Yy = {1},
Y1,Ys, ... in Gy. The torsion-free hyperbolic group G, 41, together with a collection of malnormal
quasiconvex subgroups Hyy1; < Gpy1, j =0,...,n+ 1, are constructed by induction on n. We
define L,, as an HNN-extension of the free product G, * X, where X is a free group of finite rank
and the image of 5,41 is pointwise conjugate into X in L,. Thereafter G, is produced as a small
cancellation quotient of L, in such a way that the natural homomorphism 7,41 : L, — Gpy1 is
surjective on G, and on the image of Y,,+1 in GGy, unless this image is cyclic or is contained in
a conjugate of Hy; in Ly, for some j = 0,...,n. We let H,,11; < Gp41 be the image of H,;,
for j < mn, and Hyi1p+1 = Nnt+1(X). As before, G is defined as the direct limit of the sequence
(Gn)y, and for each j > 0, H; is defined as the image of H;; under the natural epimorphism
Gj — G. It is straightforward from the construction that every proper finitely generated subgroup
of G (being the image of some Y}), will be contained in a conjugate of Hj, for some j > 0. The
much stronger condition (v) is proved by combining the malnormality of each subgroup Hj; < G;
with property (iv) from the claim of the theorem.

The constructions we use to prove Theorems 1.3,1.4 are fairly flexible and one can produce
examples with additional properties: see Remarks 3.1,3.2 and 4.5.

Acknowledgements. The author would like to thank Charles Cox whose talk on the paper [5]
motivated this work, and who gave useful comments on a preliminary version of this article. The
author also thanks the anonymous referee for many useful suggestions which led to improvements
of the exposition.
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2. PRELIMINARIES

2.1. Notation and terminology. In this paper we will denote by Z the set of all integers, by
N = {1,2,...} the set of all natural numbers, and by 2N = {2,4,...} the set of all even natural
numbers.

Let G be a group, x,y € G be any elements and A, B C G be any subsets. We will use the
following notation:

a¥ =gyt AT =2Ax' AP = {bab™' |a € A,b € B}.

G
We will say that x is commensurable to y in G, x =~ y, if some non-zero power of x is conjugate

G
to some non-zero power of y in G. Note that ~ is an equivalence relation on G.
As usual, Cg(z) = {g € G | gz = xg} will denote the centralizer of z in G.

Definition 2.1. Let n : L — G be a homomorphism between groups L and G, and let Q C L
be any subset. We will say that n preserves conjugacy on Q if for all z,y € Q, n(y) € n(z)¢ in
G implies that y € ¥ in L. We will also say that n preserves centralizers on Q if Cg(n(z)) =
n(Cr(x)) for all z € Q.

Finally, recall that a group is called elementary if it has a cyclic subgroup of finite index.
Throughout the paper we will often use the basic fact that a torsion-free elementary group is
necessarily cyclic.

2.2. One subgroup of a free group. The following elementary facts about a specific subgroup
of a free group of rank 2 will be used in the proof of Theorem 1.3.

Lemma 2.2. Let G be a free group of rank 2 with free generating set {a,b}, let H = (a®,b) < G
and N = (a®,b,b%) < G. Then
(i) N <G and |G : N| =2, in particular, |N : H| = oo;
(ii) HN H® = (a?);
(iii) if a* € hC, for some h € H and some | € Z, then o' € h¥;
(iv) Cg(al) = {a) for any 1 € Z\ {0}, and Cg(u) C H if u € H\ (a®)".

Proof. Claim (i) follows from the observation that N is the kernel of the homomorphism from G
onto Z/27Z, sending a to 1 and b to 0, which also implies that {a?, b, b%} is a free generating set of
N. Therefore H N H® = {a?), as H* = {a?,b%), so (ii) holds.

Now, suppose that h = xa'z~' € H for some x € G and | € Z. Since a ¢ N and H C N we
see that [ must be even, so a! € H. As |G : N| = 2, there exist k € {0,1} and t € N such that
x = ta*, so h = ta't™! in N. Observe that H is malnormal in N, being a free factor, hence either
I=0and h =1orte H. This proves claim (iii).

The fact that Cg(a!) = (a), for any I € Z\ {0}, is obvious. Now suppose that v € H is an
element such that Cg(u) € H. Since H is malnormal in N, there must exist v € Cg(u)\ N. Thus
v = fa for some f € N,sou=u"= fu?f~!, and w = f~luf = u® € H® is conjugate to u € H
in N.

Recall that N is freely generated by S = {a? b,b%}, and H = (a?b), H* = (a? b%) are
freely generated by subsets of S. Therefore we can write © = huih™! and w = hwh'~!, where
ui,h € H, wi,h' € H* and the elements uy, wy are cyclically reduced over S. The conjugacy
criterion for cyclically reduced elements in the free group N (see [15, Proposition 1.2.14]) implies
that u; = a™ = wy, for some n € 2N. Hence u = ha"h™' € (a?)¥, and (iv) holds. O

2.3. Hyperbolic groups and quasiconvex subsets. Let G be a hyperbolic group in the sense
of Gromov [10]. This means that G is generated by a finite set S, and the Cayley graph I'(G, S)
is 0-hyperbolic, for some § > 0 (see [4, Part III.H] for a detailed exposition). A subset @ of G is
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said to be quasiconvez if there exists € > 0 such that any geodesic joining two elements of @ in
I'(G, S) is contained in the e-neighborhood of Q.
We outline basic properties of quasiconvex subsets in the following remark.

Remark 2.3. Let G be a hyperbolic group and let Q C G. Then

(1) the quasiconvexity of @ is independent of the choice of a finite generating set S for G;

(2) any elementary subgroup of G is quasiconvex;

(3) if G is a free group of finite rank then any finitely generated subgroup of G is quasiconvex;

(4) finite unions and products of quasiconvex subsets of G are also quasiconvex;

(5) if K is a quasiconvex subgroup of G then K is itself hyperbolic and any quasiconvex subset
of K is also quasiconvex in G.

Properties (1)—(3) are well-known (cf. [1, Chapter 3] and [25]); see [16, Lemma 2.1 and Propo-
sition 0.1] for property (4). Finally, property (5) follows from [1, 3.3.8] and [18, Remark 6].

Lemma 2.4. If G is a torsion-free hyperbolic group and ¢ € G is a non-trivial element then
Ca(c) is a malnormal infinite cyclic subgroup of G, generated by some d € G. In particular,

Ca(d™) = (d), for any m € Z\ {0}.

Proof. This is an immediate consequence of [21, Lemma 1.16] and the fact that torsion-free ele-
mentary groups are cyclic. O

Lemma 2.5. Let G be a torsion-free hyperbolic group and let x,y,z € G be elements satisfying
y! = zab271, for some k,1 € Z\ {0} . Then y € Cg(x)>.

Proof. By Lemma 2.4, Cg(z)* = Cg(2?) is malnormal in G, so, since G is torsion-free, y' € Cg(x)?
implies that y € Cg(z)?. O

Following [18] we say that a subset @ of a group G is small relative to a subgroup F < G if
F ¢ PLQ~'QP; for any finite subsets Py, P; of G.

The next result was obtained by the author in [18], as part of his PhD thesis [17], and generalized
an earlier theorem of Ol’shanskii [21].

Theorem 2.6. Suppose that L is a torsion-free hyperbolic group, F' < L is a non-elementary
subgroup, @ C L is a quasiconvex subset and U = {uy,...,u,} is any finite collection of elements
of L. If Q is small relative to F in L then there exist elements wy,...,w, € F satisfying the
following. Let K <1 L be the normal closure of the elements u;w;, i = 1,...,n, let G = L/K and
let n: L — G be the natural homomorphism. Then

(a) G is a non-elementary torsion-free hyperbolic group;

(b) the restriction of n to Q is injective and n(R) is quasiconvex in G for every quasiconvex
subset R of L with R C Q;

(c) n preserves centralizers on Q (in the sense of Definition 2.1);

(d) n preserves conjugacy on Q (in the sense of Definition 2.1).

Proof. The statement is essentially a special case of [18, Theorem 1] (indeed, any non-elemen-
tary subgroup of a torsion-free hyperbolic group is a G-subgroup by [21, Theorem 1]). The main
difference is that here we do not require the homomorphism ¢ to be surjective on F, but we
simply ask for the image of F' to contain the images of the given elements u;, ¢ = 1,...,n. This
allows us to specify that ker ¢ = K is the normal closure of elements of the form wu;w;, for some
w; € F,1=1,...,n. The latter can be seen from the explicit form of the extra relators imposed
on L to obtain G in the proof of [18, Theorem 1]: see equation (21) and Section 7 in [18]. O

In the case when @ is a finite union of cosets of quasiconvex subgroups the condition of being
small relative to F' was characterized in [18] as follows.
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Theorem 2.7 ([18, Theorem 3|). Let L be a hyperbolic group and let F < L be any subgroup.
Suppose that Hy, ..., Hy are quasiconvex subgroups of L such that |F : (FNgH;g~ )| = oo for all
ge L and alli=1,...,k. Then the quasiconvex subset Q) = Ule H; C L is small relative to F
in L.

The next lemma shows that the map 7 from Theorem 2.6 preserves malnormality of any sub-
group contained in Q.

Lemma 2.8. Suppose that n : L — G is a homomorphism between groups L and G, and H is a
malnormal subgroup of L. If n preserves conjugacy and centralizers on H then n(H) is malnormal
in G.

Proof. Assume that d = ¢9, for some ¢,d € n(H) \ {1} and some g € G. Choose a,b € H \ {1}
such that 7n(a) = ¢ and 7(b) = d. Since 1 preserves conjugacy on H, b = a”, for some h € L,
which implies that h € H as H is malnormal in L.

Now, ¢ = d = "™ in G, so n(h)~'g € Ca(c) = n(CL(a)), since 1 preserves centralizers on H.
Moreover, Cr(a) C H, as H is malnormal in L, so g € n(h)n(Cr(a)) € n(H). Therefore n(H) is
malnormal in G. U

The following statement is essentially a corollary of one of the author’s results from [19].

Lemma 2.9. Let Hy, Hy be subgroups of a hyperbolic group L, with Hy quasiconvex, let G be
any group and let n: L — G be a homomorphism. Suppose that the following two conditions are
satisfied:

(i) n preserves conjugacy on Hy U Hoa;
(ii) the intersection H{ N Hy is elementary, for every g € L.

Then for all h € G, the intersection n(Hy)" Nn(Hy) is elementary in G.

Proof. Choose any h € G and denote A = n(H;)" Nn(Hy) < G. Thus A < n(Hz) is conjugate into
n(Hp) in G. Let B < Hy be a preimage of A under 7. Then B is pointwise conjugate into Hj by
(i), and, as L is hyperbolic and H; is quasiconvex, we can apply [19, Proposition 1] to conclude
that |B : (BN HY)| < oo for some g € L. But BN H{ C HyN HY is elementary by condition (ii),
hence B is elementary, and so is A = n(B). O

2.4. HNN-extensions. We will need the following statements about HNN-extensions.
Lemma 2.10. Let G be a hyperbolic group, let X = (x), Y = (y) be infinite cyclic subgroups of

G
G. Suppose that either X or'Y is malnormal in G and x % y. Then the HNN-extension
L=Grxoy = (Gt tat™ =)
is hyperbolic, and for any quasiconvex subgroup H < G, H is quasiconver in L.

Proof. The hyperbolicity of L under the above assumptions was first proved by Bestvina and
Feighn [2, Corollary 2.3]. Since cyclic subgroups in hyperbolic groups are always quasiconvex
(see Remark 2.3), G will be quasiconvex in L by a result of Kharlampovich and Myasnikov [14,
Theorem 4]. Claim (5) of Remark 2.3 now shows that H is quasiconvex in L. O

Lemma 2.11. Suppose that G is a group and X,Y < G are isomorphic subgroups, with an
isomorphism 7 : X =Y, and C < G is any subgroup. Let L be the HNN-extension

L=Grxiey = (G t]tet ™! = 7(z), z € X).

(a) If C and Y are malnormal in G and C MY = {1} then C is malnormal in L.
(b) If u,v € G are elements such that v ¢ u“ and u ¢ X¢ UYC then v ¢ u* in L.

Proof. See [18, Lemma 10.1] for (a) and [20, Lemma 3.4] for (b). O
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3. INVARIABLE GENERATION MAY NOT PASS TO FINITE INDEX SUBGROUPS

Proof of Theorem 1.3. The desired group G will be constructed as a direct limit of torsion-free
hyperbolic groups. Let Gg be a free group freely generated by two elements ag,by € Gp. Let
Ny = <ag,bo,a0boaal>, so that |Go : No| = 2, and let Hy = (a?,by) and Qo = Hop U H°. Then
{a3,bo} is a free generating set for Hy, and Hy, Q) are quasiconvex in Gg by part (3) of Remark 2.3.
Let {fo =1, f1, f2,...,} be an enumeration of all elements of Gy.

For each ¢ € N we will construct a group G; and an epimorphism ¢; : G;_1 — G;, so that
for ; = ¢pio---o¢1 : Go = Gi, ai = VYi(ao) € Gi, bi = Yi(bo) € Gi, i = Yi(fi) € Gi,
N; = ¢;(No) = (a2, b, a;ibia; ') < Gy, Hy = ;(Hp) = (a?,b;) < G; and Q; = ¥;(Qo) = H; U HY
the following conditions hold:

1) G, is a torsion-free hyperbolic group generated by a;, b;;

2) |G;: Ni| =2, so that (a;) N N; = (a?);

) 1 is injective on Qy, H; and @Q; are quasiconvex in Gj;

) Cg,(al) = (a;), for alll € Z\ {0}, and Cg,(u) C H; if u € H; \ (a?)™
) if at € h¥, for some | € 2N and h € H;, then at e h'fi;
)wGHMUw>,

) Gi = (a;;b]").

Setting ¢ : Go — G to be the identity map, we see that for i = 0 conditions (3.1)—(3.7) are all
satisfied (either by construction or by Lemma 2.2). We now proceed by induction, and thus assume
that for some n € NU {0}, groups G, ..., Gy, enjoying properties (3.1)—(3.7), have already been
constructed. We are going to construct a group G,11 and an epimorphism ¢,41 : G, = Gpy1 SO
that (3.1)—(3.7) hold for i =n + 1.

Denote ¢ = ¥, (frn+1) € G We shall first define an intermediate torsion-free hyperbolic group
L, containing G,,, and an index two normal subgroup M,, < L,, such that M, NG, = N, and

€ (H, U{ay))t, for some t € M,,. If ¢ = 1 then set L, = Gy, M,, = N,, and t = 1. So, assume
that ¢ # 1 and let d € G,, be an infinite order element such that Cg,, (c) = (d) (cf. Lemma 2.4).
If d HfLV" in G,, then set L, = G, M,, = N,, and let t € M,, be any element such that

d,c € H!. Similarly, if d GR? an, then d,c € Cg, (a,)?, for some z € G,, by Lemma 2.5. So,
recalling (3.4), we get d, c € {a,)! in G, where t € N,, is the element such that z = taf,, for some
e € {0,1}. Thus we can again take L, = G,,, M,, = N,, and t as above.

So, further we can assume that d is not commensurable to a,, in G,, and d ¢ H,JZV".
Case 1: d ¢ N,. We claim that d cannot be commensurable to any element from H,, so

(3.8) (d)S N H, = {1}.

(3.
(3.
(3.3
(3.4
(3.5
(3.6
(3.7

Gn . .
Indeed, if d & u € H,, then d would be conjugate into Cg, (u) by Lemma 2.5. But u ¢ (a,)%",

Gn
as d % ap, hence Cg, (u) C H,, C N, by (3.4). The latter would imply that d € N,,, because N,
is normal in GG, contradicting the assumption of this case.
So, in Case 1 we define L,, as the HNN-extension

(3.9) Ly = (Gt || ta,t™ = d).

Case 2: d € N,,. Since H, = Hj is non-elementary, by [21, Lemma 3.8] there exists an infinite
order element e € H,, such that

Gn Gnp,
(3.10) e & ap, e % dand Cg, (e) = (e).
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Thus in Case 2 we define L,, as the HNN-extension
(3.11) Ly = (G, t| tet™ = d).

Now suppose that we are in one of the above two cases. The group L, is torsion-free and
hyperbolic, and H,, is quasiconvex in L, by Lemmas 2.4, 2.10. Therefore @, = H, U H3" is
quasiconvex in L, by Remark 2.3. Let £ : G,, — Z/27Z denote the epimorphism with kernel V,,.
Observe that in each of the presentations (3.9), (3.11) above the free letter ¢ conjugates elements
which have the same image under £ in Z/27Z. Therefore £ can be extended to an epimorphism
£: L, — Z/27 by letting g(t) = 0. Observe that M, = ker(g) is the normal closure of N,, and ¢
in L, and satisfies

(3.12) |L,, : M| =2 and M,, NG,, = N,.

We shall now check that conditions (3.4) and (3.5) are satisfied for i = n, when G, is replaced
by L, and N, is replaced by M,,. Note that the associated subgroups ({(a,) and (d) in Case 1,
and (e) and (d) in Case 2) of the HNN-extension L,, are malnormal in G,, by Lemma 2.4, and
their G,,-conjugates can only intersect trivially. Therefore any malnormal cyclic subgroup of G,
will remain malnormal in L,, by part (a) of Lemma 2.11. It follows that

(3.13) CLn(afl) = (an), Y1 € Z\ {0}, and Cr, (u) = Cg, (u) € Hyp, Yu € Hy \ <ai>H”.

Assume that for some [ € 2N, al, is conjugate in L, to an element h € H,. We will show
that these two elements are actually conjugate in G,. Arguing by contradiction, suppose that
h ¢ (al)C. If h € (a¥)@n, for k # I, then, since (a,,) is malnormal in L,, a¥ cannot be conjugate
to al, in Ly, contradicting our assumption. Thus h ¢ (a,,)“". If we are in Case 1 above, the latter,
combined with (3.8), implies that al, ¢ h" by part (b) of Lemma 2.11, which again contradicts
the assumption that h is conjugate to @, in L,. Similarly, in Case 2, in view of (3.10) and the

Gn
assumption that a, % d, part (b) of Lemma 2.11 shows that h ¢ (al )", leading to another
contradiction. Thus we have shown that a!, € h». After recalling (3.5), we see that the following
has been established:

(3.14) if ! € h¥" | for some | € 2N and h € H,, then a!, € h".

We will now construct the group G,41 as a quotient of L,, using Theorem 2.6. Denote F' =
{an,bS) NN, < G, and observe that |{a,,b’) : F| = 2. Note that the subgroup (a2,b¢) < F is
non-elementary (otherwise al, = (b¥)¢, for some I € 2N, k € Z\ {0}, which, by (3.5), would imply
that a!, € (bF)"n, contradicting the fact that a? and b, freely generate H, by (3.3)). Therefore
F' is non-elementary.

Let us prove that @, = H, U H" is small relative to F' in L,,. Indeed, by Theorem 2.7, it is

sufficient to show that |F': (F'N HZ)| = oo for all x € L,,. Arguing by contradiction, assume that
(3.15) |F': (FNHY)| < oo for some x € Ly,

Since a2 € F, by (3.15) there must exist [ € 2N and h € H,, such that a!, = h*. So, in view of
(3.14), we can find y € H,, satisfying a!, = h¥. The latter yields that h = y~taly = x~'al x, so that
ry~! € Cr, (al) = (a,) by (3.13). Hence z = aky, for some k € Z, and H¥ = af H,a_*. Since F is
normalized by a,, by definition, the latter, combined with (3.15), implies that |F : (FNH,)| < oo
and |F: (FNH)| < oo, hence

(3.16) |F: (FN(H,NHI))| < oo.
But, by the injectivity of ¢, on Qg (3.3) and part (ii) of Lemma 2.2, we have
H, N H = n(Ho) N n(HE®) = ¢n(Ho N HG®) = ¢n({ag)) = {a7).



SOME EXAMPLES OF INVARIABLY GENERATED GROUPS 9

Thus (3.16) yields |F : (F N (a2))| < oo, contradicting the fact that F is a non-elementary
subgroup of G,,. Hence we have proved that @, is small relative to F in L,.

Therefore we can apply Theorem 2.6 to L, F, @, and U = {b,,t}. Let wi,ws € F be the
elements from the claim of this theorem, let K, denote the normal closure of the elements b, w
and twy in Ly, let Gp41 = Lp/K,, let ny41 @ L, — Gpy1 be the natural epimorphism and
On+1 : G, — Grya1 be the restriction of 1,41 to Gy, < Ly,. Denote ¢ 11 = dpr10¢n : Gog = Gy,
ant1 = Gnti1(an) = Ynt1(ag), bpt1 = Gni1(bn) = ¥nt1(bo), ete., as in the beginning of the proof,
for ¢ = n + 1. Then the following conditions will be satisfied by Theorem 2.6.

(a) Gp41 is a torsion-free hyperbolic group. Moreover, since L, = (an, by, t) and n,4+1(t) =
nn+1(w2_1) € Mn+1(Gr), we see that n,4+1(Gp) = Guy1, i€, Opi1 : G — Gpq is surjective
and Gp41 = (@p41,bn41). Hence (3.1) holds for i = n + 1.

(b) The restriction of ¢p4+1 to @y, is injective and Hy11 = ént1(Hp)y, Qni1 = dnt1(Qn) are
quasiconvex in Gyp4+1. Thus (3.3) holds for i = n + 1.

(c) For all x € Hy, Ca,,. (Mm+1(x)) = Mn41(Cr, (x)). In view of (3.13) and the injectivity of
Nn+1 on H,, this implies that (3.4) holds for i = n + 1.

(d) nn41 preserves conjugacy on H,. In view of (3.14), this implies that (3.5) holds for
1=n+1.

Observe that byi1 = ¢ny1(bn) = bur1(wy?) € ¢ni1(F) in Guiq. Since F C (ay,bS) and
Grt1 = (an+1,bn+1), we can conclude that Gp+1 = dpt1({an,bs)) = (an+1,bfl’jjf), where g,11 =
Ont1(¢) = Ypt1(fns1). Thus (3.7) holds for ¢ = n+ 1, and it remains to check that G,,41 satisfies
(3.2) and (3.6).

Note that Ny1+1 = ¢nt1(Ny) is a normal subgroup in Gp4+1 of index at most 2 because ¢y, 11 is
surjective and |G, : N,| = 2. Obviously Ny, 11 C np41(My,). The opposite inclusion follows from
the fact that M, is generated, as a normal subgroup of L,, by N, and ¢, and

(3.17) Nnt1(t) = nn+1(w§1) € Mt1(F) € Nuy1(Nn) = Npy1.

Hence Np41 = np+1(My,) in Ly,. Recall that, by construction, b,,t € M, and wy,ws € F C M,
in Ly, yielding that kern,+1 = K, C M,. Therefore Gy+1/Nynt1 = L, /M, = Z/27, i.e., Npi+1
has index 2 in Gp41. It follows that condition (3.2) holds for ¢ = n + 1.

By construction, ¢, (fn,+1) = c either belongs to (a,)! (Case 1) or to H! (Case 2) in L.
Therefore condition (3.6) for i = n + 1 follows from (3.17). This concludes the inductive step in
our argument, and thus finishes the construction of a sequence of hyperbolic groups Gg, G1, G, . . .,
together with epimorphisms ¢; : G;—1 — G, i € N, satisfying properties (3.1)—(3.7) above.

We can now define the group G as the direct limit of the sequence (G;_1,¢;)ien. In other
words, G = Go/K, where K = |72, ker ¢);. Let ¢ : Gy — G be the natural epimorphism, so that
kervy = K and @ factors through ¢; : Gy — G, for each ¢ € N.

Let a = v(ag), b = ¥(bo), H = ¥(Hp) = (a?,b) < G and N = (Ng) = (a?,b,b%) < G. We will
now check that G, H and N satisfy the properties from the claim of Theorem 1.3.

The group G is torsion-free as a direct limit of torsion-free groups G;. The index |G : N| = 2
because, by (3.2), kervy; C Ny for all i € N. By (3.3), each 1); is injective on @, hence the same
is true for ¢. It follows that H N H® = ¢ (Hy N H{®) = (a®) (by Lemma 2.2), and H = Hj is
freely generated by a? and b. If [N : H| < oo then |N : H%| < oo, since a normalizes N, hence
N : (HN H*)| < oo, which would mean that N is virtually cyclic, contradicting the fact that it
contains a non-abelian free subgroup H. Therefore we can deduce that [N : H| = oo.

Given any x,y € G, the subgroup (a®,b¥) is conjugate to the subgroup (a, b?), where g = x~1y.
By construction, g = 9(f;), for some ¢ € N U {0}, and (3.7) implies that G; is generated by
ai = i(ap) and b = wi(bgi). It follows that G = (a,bY), since 9 factors through ;. Hence
G = (a”,bY) and {a, b} is an invariable generating set for G.
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It remains to show that every element of N is conjugate to an element of H in N. Indeed, (3.6)
easily implies that G = H™ U (a)", and since

(@ NN =({a)n NN = (a®N c HY,
we can conclude that N = HY as required. This finishes the proof of Theorem 1.3. O

Remark 3.1. Let G be the group constructed in the proof of Theorem 1.3. Then centralizers of
non-trivial elements in G are cyclic.

Indeed, for any g € G\ {1}, g has infinite order and g2 € N, so, by claim (iv) of the theorem,
g% is conjugate to some element u € H \ {1}. If Cg(u) C H, then Cg(u) = Cy(u) is cyclic, as
H is free. Otherwise, (3.4) implies that u € (a?)" and Cg(u) is conjugate to (a). Thus Cg(u)
is cyclic, so the same is true for Cg(g?). Therefore Cg(g) must also be cyclic, as a subgroup of

Ca(g?) (in fact, in this case Cg(g) = Ca(g?)).

Remark 3.2. The construction of the group G and its index two subgroup N in Theorem 1.3 is
fairly flexible, and many additional properties can be achieved:

e by adding a sufficiently large finite subset of G; to @Q); at each step, one can ensure that
G is lacunary hyperbolic (see [22] for the definition and properties of lacunary hyperbolic
groups);

e by modifying Ny and G with the help of Theorem 2.6, one can arrange N to be a quotient
of any given torsion-free non-elementary hyperbolic group; in particular, N and G can be
made to satisfy Kazhdan’s property (T);

e by changing the construction at each step, one can achieve even more and ensure that N
is a common quotient of all non-cyclic torsion-free hyperbolic groups;

e it should be possible to extend the method of proof to produce examples of FIG groups with
non-IG subgroups of index k, for every k > 2, though additional technical modifications
will be necessary.

4. FINITELY GENERATED IG GROUPS THAT ARE NOT FIG

Proof of Theorem 1.4. As before, the desired group G will be constructed as a direct limit of
hyperbolic groups G, @ > 0. Let G be the free group of rank 3, freely generated by {ao, by, co},
and set Qo = Hoo = {1} < Go. Let Sy = 0,51 = {1}, S9,... be an enumeration of all finite
subsets of G, let Yy = {1}, Y1 = (ao), Y2 = (ag, bo), ... be an enumeration of all finitely generated
subgroups of Gj.

Let G1 be a copy of Gy, with a fixed isomorphism ¢; : Go — G1. Define Hig = ¢1(Hoo) = {1},
Hyy = (b1, c1), where by = ¢1(bo) € G1, c1 = ¢1(co) € G1, and let Q1 = Hig U Hy1 = ¢1(Qo) U
Hq C Gy

Now suppose that for some n > 1 and each i = 1,...,n we have already constructed a group
G, an epimorphism ¢; : Gj_1 — Gj;, and subgroups H;; < G;, j = 0,1,...,4, such that H;; =
¢i(Hi—1,5), whenever j € {0,...,i —1}. We let ¢; : Go — G; be the epimorphism defined by
Vi = ¢io- -0, set T = 1;(S;) C Gy, Z; = (Vi) < Gy and Q; = U Hij = ¢i(Qi—1)UH; C G

Arguing by induction, we assume that the following conditions hold for every i = 1,...,n:

(4.1) G; is a non-elementary torsion-free hyperbolic group;
(4.2) ¢; is injective on Q;—1, and H;j is free and quasiconvex in Gy, j =0,...,4;
(4.3) ¢; preserves conjugacy and centralizers on Q;_1;

(4.4) H;; is malnormal in Gy, for all j =0,...,4;



SOME EXAMPLES OF INVARIABLY GENERATED GROUPS 11

(4.5) for all g € G;, 0 < j < k <, the intersection Hfj N H;y is cyclic;
i—1

(4.6) |G; : H;i| = oo and there exists © € Hy; \ {1} such that (z) N U Hgl ={1k
j=1

(4.7) T; C HS?,

)

(4.8) one of the following conditions is satisfied:
e 7, =G, or
e 7, is cyclic, or
o |Z;: (Z;NH%)| < oo for some j =0,1,...,7, and some u € G;.

Note that for i = 1 the group 1, the epimorphism ¢; : Gy — G1, and the subgroups Hig, H11 <
(71 satisfy all of the above properties by definition, so the base of induction has been established.
Our aim now is to construct a group G,+1, an epimorphism ¢,+1 : G, — Gn41 and a subgroup
Hyt1n+1 < Gy, enjoying properties (4.1)—(4.8) for i = n+1. As before, our method involves an
intermediate torsion-free hyperbolic group L, and a free quasiconvex subgroup X < L, such that
Gy, < Ly, and ¥, (Sy,+1) is pointwise conjugate into X in L,. The group G,4+1 will be obtained
as a small cancellation quotient of L,, and the subgroup Hy 1,41 < Gp41 will be defined as the
image of X in Gp4.

Recall that v, : Gp — G, is the epimorphism ¢, o --- o ¢1, and suppose that ¥, (Sp+1) \
{1} = {s1,...,s1} C Gy, for some | € NU{0}. Let dy,...,d; € G, be the elements satisfying
Caq, (sk) = (dg), for k =1,...,1 (cf. Lemma 2.4). Let X be a free group of rank [ + 1, with free
basis {zg, z1,...,2;}. We define the group L,, by the following presentation:

(4.9) L, =(Gn,xo,...,x1,t1,...,1 ”thkt];1 =di, k=1,...,1).

Since G,, is torsion-free, each of di,...,d; has infinite order in G,, so L, is an [-fold HNN-
extension of the free product G, * X with associated cyclic subgroups. The group G, * X is
hyperbolic, as a free product of hyperbolic groups, and G,, X are both quasiconvex in it (for
example, by [18, Lemma 1.2]). After applying Lemma 2.10 [ times, we see that L,, is a torsion-free
hyperbolic group and G, X are quasiconvex in it. Therefore H,; is a quasiconvex subgroup of
Ly, for each j =0,...,n, by part (5) of Remark 2.3.

Now, G,, and X are malnormal in G, * X, being free factors, hence (dj) and H,; are malnormal
in G,* X, forallk=1,...,land j =0,...,n, by (4.4). Observe that for any group A and any
cyclic group (x), (x) and every malnormal subgroup of A are malnormal in the free product
A% (x); moreover, no non-trivial element of A is conjugate to an element of (x). Therefore we can
apply claim (a) of Lemma 2.11 [ times to show that H,; and X are malnormal in L,, for every
j=0,...,n. It follows that Cr(h) C H,; for all h € Hy; \ {1},  =0,...,n; in particular,

(4.10) Cr(h) =Cg,, (h), for every h € @, \ {1}.

From the presentation (4.9) it is easy to see that there is a retraction p : L, — G, such
that the restriction of p to G, is the identity map, p(xg) = 1, p(xi) = di and p(tx) = 1 for all
k=1,...,1. It follows that

(4.11) two elements of G, are conjugate in L,, if and only if they are conjugate in G,.

For the next part it will be more convenient to think of L,, as the fundamental group of a graph
of groups with two vertices vy, vo and [+1 edges ey, . . ., €, joining these two vertices: see Figure 1.
The vertex groups in this splitting will be G, for v; and X for ve, the edge group for ey will be
trivial, and the edge groups for eq, ..., e; will be infinite cyclic. This gives rise to an action of L,
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(%1 V2

€o

F1GURE 1. The underlying graph for the splitting of L.

on the Basse-Serre tree T corresponding to this splitting. Vertex stabilizers for this action are
conjugates of G,, or X in L, and edge stabilizers are cyclic. Hence the intersection of stabilizers
of two distinct vertices of T is cyclic, which immediately yields the following observations:

(4.12) G, N X is cyclic, for all w € L,, and

(4.13) if w € L, \ Gy, then G, NGy, is cyclic.

The last observation, combined with (4.5), implies

(4.14) for all uw € Ly, 0 <j <k <mn, the intersection H,; N Hyy is cyclic.

Let Q = Q,UX = U?Zl H,;UX C L, and Z = 1, (Yn41) < Gy. If Z is non-elementary and @
is small relative to Z in L,,, then set F' = Z. Otherwise, set I' = (G,,. Recall that G, is torsion-free
and non-elementary (by (4.1)), hence (4.6) implies that |G,, : H,;| = oo, for each j = 0,...,n.
Combined with (4.13), this yields that |Gy, : (G, Nw ™ Hyw)| = |GY : (GY N Hyj)| = oo for all
w € Ly, and j =0,...,n. On the other hand, |G,, : (G, Nu"'Xu)| = oo for all u € L,, by (4.12).
Therefore we can apply Theorem 2.7 to conclude that @ is small relative to G,, in L,. Thus, in
any case, F' is non-elementary, ) is small relative to F' in L, and F C G,,.

Since @ is quasiconvex in L, (by part (4) of Remark 2.3), we can apply Theorem 2.6 to Ly,
F, Q and U = {xg,...,2,t1,...,1;}. Let Gp4+1 denote the resulting quotient of L,, let n,41 :
L, — Gn4+1 be the natural epimorphism, which identifies each element of U with some element
of Fin Gp41. Since F' C G, and L,, = (G, U), we see that Gp41 = Nnt1(Ln) = Mnt1(Gr), i.e.,
the restriction ¢, 11 : G, = G, of Npt1 to Gy, is surjective. Set Hyp1pnt1 = Nnt1(X) < G,
Hpt1j = Gny1(Hpj) < Gpyp if 0 < j < n, and Qpy1 = U;;Lol Hyy1,j. Let ¥ni1 = dpg1 09y :
Go = Gut1, Tnv1 = Yny1(Snt1) C Gorts Znt1 = Yng1(Yoy1) < Gugr.

Theorem 2.6 implies that all of the following hold.

(a) Gp41 is a non-elementary torsion-free hyperbolic group, so (4.1) is true for i = n 4 1.

(b) The restriction of 7,41 to @ = @, U X is injective, and H,1,; is a quasiconvex subgroup
of Gy, for all j =0,...,n+ 1. It follows that ¢, is injective on Qy, and Hy 1 ; = Hp;,
0<j<n, Hytins1 = X are free subgroups of G, 1. Thus (4.2) holds for i =n + 1.

(¢) Mmnt1 preserves centralizers on @, hence, by (4.10), ¢,,4+1 preserves centralizers on Q.

(d) 7mn41 preserves conjugacy on Q:

(4.15) if g,h € QuUX, then 1,41(h) € Nny1(g)%"*! in Gpyq implies h € g5 in Ly,.

Combined with (4.11), this immediately shows that ¢,,41 preserves conjugacy on Q.

Claims (c) and (d) above imply that (4.3) holds for i = n 4 1. We can also apply Lemma 2.8
to deduce that for every j =0,...,n+ 1, Hy41; is malnormal in Gy41, i.e., (4.4) is satisfied for
1=n+1.
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The fact that (4.5) is satisfied in G, follows from Lemma 2.9. Indeed, for any 0 < j < k <
n+1, Hy4qj and Hy4q 5 are images, under 7,41, of subgroups contained in @, UX in L,, so the
assumptions of Lemma 2.9 are satisfied by (4.15), (4.14) and (4.12).

By the above argument, Hy, 11 ,4+1 N Hp11,1 is cyclic, and since Hy 411 = Hyp (by (4.2)) is a free
group of rank 2, we can immediately deduce that H,,41 41 must have infinite index in Gj,41. Now,
since the generator zg, of X, does not participate in any of the defining relations from (4.9), we see
that L, = B * (xg), where B = (Gp, x1,...,2,t1,...,t;) < Ly. In particular, (zg) N Hijﬁ = {1},

for all j =0,...,n, which can be combined with (4.15) to give (f,+1(x0)) N Hgﬁf; = {1}, for all
j=0,...,n. As n,41(zo) is an infinite order element of 7,41(X) = Hpt1n+1, we can conclude
that (4.6) is satisfied for i = n + 1.

The inclusion (4.7) for @ = n + 1 is an immediate consequence of the construction of L, as
the HNN-extension (4.9), and it remains to verify that G4 satisfies (4.8) for ¢ = n + 1, where
Znt1 = Unt1(Yn+1) = Mnt1(Z). But this is indeed the case due to our choice of the subgroup
F < G,, above and Theorem 2.7.

Thus we have checked that Gy y1, ¢nt1 1 G — Gri1 and Hyqq pp1 < Gry satisfy all of the
properties (4.1)—(4.8) for ¢ = n + 1, which completes our inductive construction.

Let G be the direct limit of the sequence (G;_1, ¢;)ien. Then G can be described as the quotient
of Go by K = |J;2; ker ¢);, and the natural epimorphism ¢ : Gy — G factors through ¢; : Go — G,
for each i € N. Let & : G; — G denote the resulting epimorphism such that ¢ = &; o 1);, for each
7 € N. A commutative diagram involving epimorphisms between the groups Go, G;, G;+1 and G,
1 € N, discussed so far, is depicted in Figure 2 below.

Yit1

Go > Git1

T
¥ » Gi Pi+1
k‘ lﬁiA1
G

FIGURE 2. A commutative diagram of maps between Gg, G;, G;11 and G.

Lemma 4.1. For all j > 0 the epimorphism &; : G; — G preserves conjugacy on @Q;.

Proof of Lemma 4.1. Suppose §;(h) = &;j(g)?, for some g, h € Q; and some ¢ € G. Let go, ho, qo €
Gy be arbitrary preimages of the elements g, h,q in Go, so that g = ;(g0), h = 1;(ho) and
q = 1(qo). Then hy'gl® € kervp = |J°2, ker 1y, so hy 'gl® € ker;, for some i € N. Moreover, we
can assume that i > j, as kerv; C ker ;41 for all i. Hence ¢’ = 1;(go) is conjugate to h’' = 1;(hg)
in G;. Let ¢ : G; — G; be the epimorphism defined by ¢ = ¢; o--- 0 ¢;41, and observe that
g = (g) and K = p(h), so that ¢/, h’ € p(Q;) in G;. Since k' € (¢')% we can apply (4.3) i — j
times to conclude that h € ¢%i in Gj, as required. O

The next statement also follows from (4.3) and can be proved similarly to Lemma 4.1.
Lemma 4.2. For all j > 0 the epimorphism §; : G; — G preserves centralizers on @Q;.

We can now start checking that G satisfies all the properties listed in the statement of The-
orem 1.4. The group G is indeed 2-generated, because it is a quotient of Ga, and Gy = Z5 is a
quotient of Z = (ay,b1) = ¢1(Y2), by construction (Z is non-elementary and Q1 = (b1, c1) is small
relative to Z in L1, as {a1,b1,c1} is a free generating set of G1). Since Gj; is torsion-free, for each
1 € N, GG is also torsion-free.
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Observe that §;(Hj;) = &(H;j) in G, whenever 0 < j < ¢, and denote this subgroup H; < G.
The epimorphism &; is injective on Hj; by (4.2), so H; = Hj; is finitely generated and free.
Moreover, in view of (4.4) and Lemmas 4.1, 4.2, we can apply Lemma 2.8 to conclude that H; is
malnormal in G. Thus claim (i) of Theorem 1.4 has been established.

Now, by (4.6), for each i € N there is € H;; \ {1} such that (z) N Hg’ = {1} in G;, whenever
0<j<i. Setr=¢(z)e H;, thenr #1in G, by (4.2), and (r) ﬂHjG = {1}, provided 0 < j < 4,
by Lemma 4.1. This proves claim (ii) of Theorem 1.4.

If S is an arbitrary finite subset of G, then S = ¢(S;), for some i € NU {0}, and T; = v;(S;)
is pointwise conjugate into H;; in G;, by (4.7). Consequently, S = &(T;) is pointwise conjugate
into the subgroup H; = §;(H;;) in G, which establishes claim (iii) of Theorem 1.4.

Claim (iv) of the theorem follows from the lemma below.

Lemma 4.3. For alli,j >0, i j, and all h € G, the intersection Hjh N H; is cyclic in G.

Proof of Lemma 4.3. Without loss of generality, suppose that j < 4. By construction, H; =
& (Hij) and H; = &(Hy;), where H;j and Hy; are quasiconvex subgroups of the hyperbolic group
G (see (4.1) and (4.2))), and H;; U Hy; C Q;. Recalling Lemma 4.1 and (4.5), we see that all the
assumptions of Lemma 2.9 are satisfied, whence H Jh N H; must be cyclic for any h € G. O

Thus it remains to prove claim (v). The next lemma will be used for this.

Lemma 4.4. If N is a non-cyclic proper finitely generated subgroup of G, then there exists
Jj € NU{0} and v € G such that N C H}.

Proof of Lemma 4.4. By construction, there must exist ¢ € N such that N = ¥(Y;) = &(Z;).
Since N is proper and non-cyclic in G, Z; will be a proper non-cyclic subgroup of G;. In view
of (4.8), the latter implies that [Z; : (Z; N H}%)| < oo for some j = 0,1,...,i, and some u € G;.
Hence [N : (N N H})| < oo in G, where v = §;(u) € G, so H} contains a finite index normal
subgroup of N. Since G is torsion-free and H7 is malnormal, N must be contained in H7. O

To finish the proof of Theorem 1.4, it remains to show that every proper subgroup M < G is
contained in a conjugate of some H;, j € NU {0}. If M is cyclic, this follows from claim (iii)
of the theorem, so we can suppose that M is non-cyclic. Take any x € M \ {1}. By claim (iii),
x € HE, for some k € NU {0}, and, after replacing M with a conjugate, we can assume that
x € Hy. Then Cg(x) is cyclic by Lemma 4.2 and Lemma 2.4. Since M is non-cyclic, it cannot be
contained in Cg(x), so there must exist y € M such that N = (x,y) < M is non-abelian. Hence
N C H7 for some j € NU {0} and some v € G, by Lemma 4.4.

Now, consider any z € M. The subgroup P = (z,y,z) is non-cyclic and proper in G, so,
according to Lemma 4.4, there exist ¢ € NU {0} and u € G such that P C H!. Observe that
N C H]” N H;* is non-cyclic, hence ¢ = j, by Lemma 4.3, and Hj“ = H;’, as Hj is malnormal in G.
It follows that z € P C H}’, whence M C H j‘-’, as required.

Thus we have shown that G satisfies claim (v), so the proof of Theorem 1.4 is complete. [

Remark 4.5. Tt is easy to see that the group G constructed in Theorem 1.4 satisfies the following
properties:

e every proper subgroup of G is free;
e (5 is simple;
e the centralizers of non-trivial elements are cyclic.

Similarly to Remark 3.2, with extra work we can impose additional properties on G, such as
lacunary hyperbolicity and being a quotient of any given (or, even, every) non-cyclic torsion-free
hyperbolic group.
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