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1 INTRODUCTION 1

First Part of the Lecture

1 Introduction

Starting with the Lagrangian of any Quantum Field Theoryharee seen in some
of the previous lectures how to obtain the Feynman ruleschvkufficiently de-
scribe how to do pertubation theory in that particular tigeBut beyond tree level,
the naive calculation of diagrams involving loops will aftgield infinity, since
the integrals have to be performed over the whole momentaoespgRenormal-
ization Theory deals with the systematic isolation and neéngpof these infinities
from physical observables.

The first important insight is, that it is not the fields or tleipling constants
which represent measurable quantities. Measured aresgosens, decay width,
etc.. As long as we make sure that this observables are fimiteeiend and can
be unambiguously derived from the Lagrangian, we are fremttoduce new
guantities, called renormalized quantities for every, alted, bare quantity. We
can then go a step further and consider the bare quantitles itafinite in a way
which would just cancel the infinities coming from our loopotdation. In other
words, if we would be able to arrange the infinities of the larantities and the
infinities coming from the divergent integrals to cancelreather systematically,
we would be left with a finite, physically meaningful theory.

This is, roughly speaking, what Renormalization Theorysdo€&he general
procedure is now done in two different steps. At first, to give above men-
tioned cancelation of infinities mathematically meaning,iveed to regularize the
divergent integrals. That is, we first have to make the iratisdiinite, e.g. by im-
posing a momentum cut-off. Then we are free to manipulatsnth8econdly,
the divergent parts of the integrals have to be absorbedhetbare quantities of
the Lagrangian. We have to expect that there are differeps watreat the finite
parts of the integrals, since a finite quantity can alwayshs®ded into an infi-
nite one, and also that the way the divergences reside irethéarized integrals
will depend on the Regularization procedure we choose. Aa/ll&ork out, the
freedom in the treatment of the finite parts is reflected inetkistence of differ-
ent renormalization schemes and also in the occurrenceatsf gonantities, which
will have mass dimension. The fact that one choice of scalaldibe as good as
any other and should not affect measurable quantities,le@tl to the so called
Renormalization Group consisting of transformations leetvdifferent scales.

If there exists a consistent way to perform this procedurafparticular the-
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ory, this theory is said to be renormalizable. QED was his#diy the first impor-
tant theory which could be showed to be renormalizable ansha# see how this
can be done explicitly in next to leading order.

2 Renormalization of the QED Lagrangian

In the following we will denote the bare, unrenormalized wpitées m,, v, etc.
to distinguish them from the renormalized ones.

_ _ 1 o
Lqoep = o (id —mg) Yo — eothoy 1o Ao, — ZFON Fow + La.r,
_ - _ 1
= Zyidp — Zomp — ZiepyHip A, — Z?)ZF“ Fo+Lor (1)

Herels r = —i (0" A,,) denotes the Faddeev and Popov Gauge Fixing term. In
the following we will not take into account this term in ourri@malization pro-
cedure. For a renormalization including this term, see fangple [3]. Whenever
we will have to choose a gauge, we will pick the Feynman gaugiesetn = 1.

From the first and last term we see

Q/)O =V ZZQ/)a AOM =V Z3A;,L‘
Similarly from the mass term:
_ /.
Zymapnp = 7”@0%
2
Zy

=>m = Zmo.

We now defineny = m — ém and get

_5 5
Zh = 7,0 = 7,0 (1——m)22.
m m m

The remaining term yields:

622%}731;07”%140# = eotho "o Ao,

2
= e = %\/7360- 2)
Note that the covariant derivative now redds™ = 9, —ieZ-A,,. In order to

have gauge invariance preserved,= Z, should hold. We will find this relation
in the next lecture.
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Summarizing the results from above, we have:

Z, = (1 _ %m) Zs, (3)
e= % Zsey, (4)

Yo =/ Za, (5)

Ao =/ ZsA,. (6)

We can now rewrite the Lagrangian in the form

L= ‘Cren + 'Ccountera

where
»Cren = 1; (7'(% - m) ¢ - 6157“%4“ - iFuyij (7)
Ecounter = Z2 - 1) 1; (Za - m) ¢ + 5771221;1? (8)
(= Ve A~ (Z =) PR (©)
(10)

We now introduce the interacting part of the hamiltonian:
H' = epy" A, — Leounter- (11)

Note that the whole counter-term Lagrangian is treated astanation.

Remark:Divergences of processes which do not have a tree levelspmmne
dence, as the photon-photon scattering (seelfig. 1) wosidrelve to be renor-
malized byL.,...... By naive power counting, see sectldn 4, this diagram seems
to be logarithmic divergent. It would now be hardly imagileabo absorb this
divergence into a counter term, since there is no correspgrtiee level process.
But as it turns out when one actually does the calculatiois, dlagram is not
divergent at all.

3 One Loop Correction to the Fermion Propagator

In this section we will look at the one loop correction to tleenfiion propaga-
tor. The relation to the counter-term Lagrangian will be kea out in the later
sections.
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Figure 1: Box diagram of photon-photon scattering.

The scattering amplitude is given by

S=T lexp (—i/d‘*x H’(x))]
=1 —z'/d%H’(x) + (_2?2 /d49: /d4x’T[H’(9:)H’(x)] +....

We will use Wick'’s theorem to evaluate the time ordered potsluSeel[{All-
[A.4) in the appendix for the definition of the field contracso We will introduce
a photon mass to regularize the infrared divergence in the loop integFéd. [2
shows the process for which we will calculate the amplituole.n

To use Wicks theorem we now have to take into account all plessontrac-
tions which correspond to this process. The factor of twiédalculation below

is due to the fact that, in our case, there are actually twovatpnt ways to do the
contractions.

Figure 2: One loop correction to the fermion propagator.
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<p,7 S/| S—1 |p7 S
EC,

l
(W,

)
| / d'z (2 (2) A, () (@) () A () [p, s)

= —¢ /d4 /d4 e ey P )y iSE ﬁ( x/)iDFW (x — x’)y”e_ipm/us(p)
+m 1
- d4 d4k, i g 5
e’ (i) (= )/ qd’k @ ( ) g% — m2+zeg” k2 — A% + e
d4 / zp z o —ipx’ —zq(:v z') —i(—k)(z—z')

(&

v u'(p)

d4

This gives us two-functions:§(q¢ — p — k) andd(p’ — ¢ + k). Note that the sign
of k depends on how we choose the momentum direction in the lodphar we
choose—k to be consistent with our assignments in . 2. Now we perfiire
g-integration:
s +F+m
= —e*u* (p)o(p —p) [d'k 4" (Hi) o o et (p)

= (2m)" 8(p/ —p) iM = (2m)"6(p' — p) (7" (P) (—i%2) w*(p)).

Where M denotes the matrix element which we could have obtainedttirby
using the Feynman rules:

iM = sum of all connected, amputated diagrams

At this point we should stress one subtlety: We introducedunter-term La-
grangian which will lead to additional Feynman rules. Alse, did not take into
account the counter-terms in the interacting Hamiltonianused to calculate the
scattering amplitude. We shall come back to that in se€lion 5

Note that we in general want the calculated diagram to begparbigger one,
so we don’t include the Dirac spinors from the external limesur definition of
Y. Thus we have:

e = [ A EEm)
—is(p) = (27r)4 /d k (p+k)2 —m24ge k2 — X2 +ie (12)

A standard way to evaluate integrals like this one is to fishbine the two de-
nominators using the Feynman trick:

1 dzidxsy . .. dx, -
a1y . / / (@121 + asxe + ... + apx,)" ( ; )
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in our case the following form is sufficient:

1 ! dz
%_/0 la+ (b—a)z]” (13)

Now leta = k2 — A2 + e andb = k2 + 2pk + p?> — m? + ie, then

a+(b—a)z =k — N +ie+ (2pk + N> + p* — m®) z.

Thus using the Feynman trick, we can rewriiel (12):

1
0

d4k57“(,¢+%+m)%

X
[k2+2xpk+px—m2x+)\2(x—1)+ie]2

(Pt E+m)

k+xp A+ze}2’

dk (14)

where we have defined

A=-—pz(l—z)+m?z+ N (1-1x).

4 Dimensional Regularization

4.1 Superficial Degree of Divergence

We are following [1] here. In order to figure out the degree iwkhence of a
certain Feynman diagram, it is useful to have a rule of thutrftaad. Here we
will consider a more general Lagrangian than the QED-Lagjean with a scalar
field, a fermion field and a massless vector gauge boson fielddimensional
space-time. Suppose we have a diagram with

- B external boson lines,

F external fermion lines,

L loops,

- n,; ith type vertices,
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b; boson lines in theth type vertex,

f; fermion lines in theth type vertex,

- d; number of derivatives in thah type vertex,

IB internal boson lines,

IF internal fermion lines.

The structure of the graph gives us the relations

B+2IB=> nb; (15)
F+2IF =) n;f; and (16)
L=IB+IF - n;+1. (17)

The so called superficial degree of divergentes then given by

DEnL—QlB—IF+Znidi

:n<IB+IF—Zm+1> —2IB—IF + ) nid;

where we used{17) in the second step. Plugginfih (15)@EHhe yields:
n—2 n—1
D= < 5 ) [;nibi—B +< 5 ) [an—F
+Zn,~ (di—n)+n
n—2 n—1
:n—< 5 )B—( 5 )F+Zn5 (19)

B d—2 d—1

is called the index of divergence. Whén= 0 the integral is said to be superficial
logarithmic divergent, linear divergenti? = 1 and quadratic divergent D = 2.

(18)

where
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Note that this is really just a rule of thumb, which for examph case of the
photon-photon scattering turns out to give the wrong ansMevertheless the real
divergence of a diagram can not be worse than the herebyatstindivergence.

4.2 The Procedure of Dimensional Regularization

In most parts we are following [2] in this section. Mathernaliy this section is
necessarily a bit sloppy. A mathematically more profouedtiment can be found
in [1] and especially in [3]. The procedure of DimensionafRlarization can be
summarized in the following way: Compute the Feynman diagaa an analytic
function of space-time. Which is tricky, because therefbeeintegral expression
has to be analytically continued, since the divergence mgide as a pole (as
we will see) forn = 4 (note that in Dimensional Regularizatienis a complex
number). See [3, p. 115] for details here. If news small enough, any loop
integral will finally converge. For QED, Dimensional Regudation is especially
important, because it preserves the Ward Identity (in esttio imposing a direct
momentum cut-off, see [2, p. 248]). After regularizatiom aanormalization the
expressions for observables will have a well-defined lirsit a— 4.

The first thing we do is to go to Euclidean space by performiNgiek rota-
tion, i.e. letk? = ik%. We thus havel*kp = —id*k. As in three dimensions, we
can introduce angle coordinates and generalize our fouemkional space-time
integrals in the following way:

d*kp d"kg ds2
= kg Ky
(27’(’)4 - (27T)n (27T)n E vp

In this notation(2,, = [d is the surface of the unit spheresindimensions. To
obtain an explicit expression for this, we recall the Gaarssitegral

/ dve™ =/

— 00
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to derive:

r<ﬁ>. (21)
Here we used the Euler form of the Gamma function
[(z) = / dt t*~te "
0

See the appendix for a summary of its most important prageerti
Using equation[{21) we find

oms
/dQn = F(%) (22)

4.3 A Useful General Integral
Before we proceed with our calculation 8§, we will study the general integral
of the form .
/ A (23)
(k% + A —ie)
where/ is an integer. At first we introduce the following trick:

1 o0 2 ,
_ d —oz(kE—i—A—ze) )
k3 + A —ie /0 @

Secondly we note that

1 (=) (i)ﬁ_l 1
(K2 +A—ie)’  (B-DI\OA) ki +A—ic
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Using this we obtain

i revvees -5 ()ﬂ (m)ﬁ | / do / @l (A7)

- (rl()ﬁ (aA)B 1/ do‘/ “ / ok o),

Now we perform the variable substitution= ak? = dkp = Zad—,iE on the last
integral:

Jo dkp Ky lemohe = — / dt ke

:%(ﬁ) e
-Lon(y)

Using this result and{22) we can go on with our calculation
B-1 o 2 B-1 roo
wre _ (© 1) 2 8 —a(a-igl -2 (5)
f (k24+A—ic)P (%) ; dae 2CY 2 5

_ (_1)6 ' 9 e —5 ,—a(A—ie)
= B T (8—A) /0 doaa™ ze

n

T2 & n 4
_ dov aﬁ_E_le_a(A_“)
),

Now substitutey’ = a (A — ie) = da = 2.

|3

T2 / dOé/ 1 B—2_1 —q
= ; Qa2 e
IB)) B @A it
bl rg-2
_ Q — (/6 2) (24)
(A —ie)’2 T(B)
This result could also have been obtained more eleganttyn@iuas straight for-
ward) by substituting: = A/ (k% + A) in our starting expression for the integral
in (Z3) to massage it into a form where we can use a relatioheo$o called beta

function . T
B(a, B) = /0 dez* ' (1—x2)"" = 7;(0[034_(?))
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Compare [2, p. 250].
We should note that integrals like that belong to a geneeascbf functions,
calledPassarino-Veltman functiong/hich can be found in the literature.

4.4 Dirac Matrices in n Dimensions

Before we begin to work: dimensional space-time, we have to appropriately
generalize our Dirac matrix identities. We define thBirac matrices by

{7} = 29",
whereg"”g,,, = n in n dimensions. We will now use this definition to show:

VU =1,
VY = (2 =), (25)
VY = 497 — (4 = n)7"”
The first identity can easily be obtained by writing
") = 29"y, = 248, = 2n.
Using this we can also show the second identity:
{7 =YY+
= 29"y, = 27".
And finally we use our last result to show the third identity:
A I =AY+ (2= )P
= 29" 9 = 297" = 4g"" — 299"

4.5 Dimensional Regularization ofy;

After all the preparatory work we can now go ahead and transfmguation[(14)
for X5 into n dimensions:

2()— nu //d" ijt%ij)%‘ (26)

k+xp A+ze}2
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Here we introduced the scale a quantity which has mass dimension and must
be introduced so thatremains dimensionless alsosirdimensions:

91
e—epu 2.

In the following calculation of[(26), we first shift the intedion variablet’ =
k+ap=dk =dk, } =¥ — xp and then drop ’ for notational simplicity. Then
we perform a Wick rotation, use our general expresdioh (24 reote that the
F-term is zero by symmetry.

I L+ (L—2)p+m)
%2 (P) = Gy /dx/dk (K2 — A+ i)’

e i e R

et . ilx(l — ) V' Pyu A ym
)" 0

(QT (A — 25)2_%
_ @ nap(o_ ™ [l L= 8 2=n)ptnm
— (QW)“M T<2 2)/0 d (AT (27)

Where in the last step we usdédi(25). This result is usuallitevrin the following

way:
a(p) = A(p*) + B(?) (p—m), (28)

where

1
o € 4 n 2—x(2—n)
A(p?) = ITas F(Q 2)/0 dx —(A—ie)Q_% m and  (29)

B = (o ,ﬁ—nﬂr(z - g) (2 —n) /0 i (Al% (30)

— ZE) 2

5 Renormalization

5.1 Summary of Last Section and Outline of the Next Steps

We should now pause for a minute and ask ourselves what wedcavenplished
so far. We regularized the loop integral: To cure the ingd-divergence we
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introduced a photon masgsand dimensional regularization took care of the UV-
divergences. Note that there exist alternative regulaozgrocedures, too, like
the Pauli-Villar regularization (discussed for exampl¢linp. 45]).

In the beginning of the lecture we introduced a counter-teagrangian. But
in our derivation of the one loop correction to the fermiongmgator, we did not
take into account its contribution to the interacting Haamlan H’. Thinking
back on our motivation to introduce it, we clearly would wamt contribution
to cancel the divergent parts of our calculation. We theeetall in this section
reinterpret our result to also contain the Feynman diagrasidting from the full
interacting Lagrangian, including also the counter terates. In that context it is
important to note that the factors of Z in the complete Lagram are not defined
at all, unless we exactly define how much of thmate parts of the loop diagrams
we want them to absorb. There are different ways to do that@ietioose one,
means to choose a particul@normalization schemeThat is, renormalization
schemes differ in the treatment of tfieite parts of the loop integrals.

In this lecture we choose momentum subtractioscheme (another choice
would have been the Minimum Subtraction Scheme, for example

5.2 Momentum Subtraction Schemes

In this subsection we will again follow [1]. The general idgaVlomentum Sub-
traction Schemes is the observation that divergences ¢filttegrals will occur
only in the first few terms of a Taylor expansion in externahnemta of the Feyn-
man diagrams. Note that by divergences we here mean pragegyarized (so
cut-off or dimensional dependent) quantities. An easy etarshall illustrate
that. Suppose we wanted to calculate the following integral

d*l 1 1
F(pz) = / 1 2 2 > . -
(27)" (I — p)" — m2 +ie [? —m?* +ie
We then observe that its first derivative

on(p?) 1 9 2
o7 = 2—p2p“8—pur(p )

1 d*l (l—p)p 1
:P ( 1 2

2m)" [(1 = p)* — m2 + ie] 12 —m?+ie’

is finite! And all further terms of the expansion will be finiteo. Which terms of
the expansion diverge depend on how badly divergent thgrisltes.
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Clearly there is a freedom related to the expansion poirth@hcontext some-
times called subtraction point) here. This is were natyi@lcale, let’s call if\/,
comes in: To pick a certain expansion point means, loosedpldpg, to define
the theory at the scal&/. Later we will come back to that question when we pick
the so calledenormalization conditionsSince every expansion point is as good
as every other, we can also ask how different choice¥ @fre connected to each
other. It turns out that transformations from one scale twitzgr form a group,
called theRenormalization GroupFor details see [2, Chapter 12.2].

5.3 Back to Renormalization in QED

We would like to get a renormalized propagator of the form:
ﬁ + (terms regular at/p? = +m, finite). (31)
—m

Note that this form fixes the mass to be on shell (since it isipety the pole of
the propagator) and also fixes the residue to be one. Now ¢meitigl

p+m p+m 1

pom (ptm)(p-m) p-m
motivates to writep = m shortly for (the position of the pole aW = +m.
Further we note that als%j is well-defined:

ﬁ = ( u)—l i - i
ap " op, Mop
where we used(25). This will allow as a more readable natatio
We will now see thatl(31) for the form of our propagator exadefines two

of our renormalization conditions: We are doing on (mass)lsknormalization.
To see that, we exparid, aroundy = m:

0%
Zalp) = Salp=m) + 52| (p-m) + 25). (32)

WhereX;(p) should be finite whem — 4 by the above argument. By construc-
tion (higher order term of a Taylor expansidn)(p) further satisfies:

Sp(p=m)=0
1)
Wf%:m:o.

(33)



5 RENORMALIZATION 15

In a few moments we will find the renormalized propagator ie twop approxi-
mation to be ,
7
p—m—3sp)
Using [33) we immediately find by expandiag (p) aroundp = m

i ! 0°%; .
e b )

So indeed, the propagator has a polg at m and its residue is 1.

In order to see explicitly how the counter-terms have to beseh to cancel
the divergent parts df, in the on shell renormalization scheme (definedhy (33)),
we rewrite our Counter-Lagrangian for the last time:

(34)

1 s .
£counter = _153 (Fuy)2 + ¢ (1526 - 5m) ¢ - 651¢7“¢Am (35)
whered, = 721 — 1,0, = Z5— 1, 03 = Z3— 1 andd,,, = Zymg —m (don’t confuse
0, @aNdom).
Now we read off the Feynman rules. This is at first sight natight forward to
do for—i (FW)Z, but by integration by parts (and throwing away the surfaecent

as usual) one obtains%AH (—0%*g™ + 09”) A, where one can readily read off
the corresponding Feynman Rule. All Feynman rules are showigure[3. Now

ANNANNARDNANNNAN = —F (g’“’(f - q“q”) 03
@ =i (02— Om)
= —’L‘(i’\/”’(sl

Figure 3: Feynman rules of the counter-terms.

we see that for the process we calculated there is anothgradiacontributing:
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The second one in Fidl 3. For our final result of the one loopextion of the
fermion propagator we thus have to include that diagram, The@ amplitude for
the one loop correction is the sum of the two diagrams, whashtb be finite and
which we already denoted a%, whereas:, on the other hand only contains the
loop diagram:

_ i, — (=) Ba(p = m) + (=) Db, (p— )

where we used the Taylor expansion from e@nl (32). Note keatitjht hand
side of this equation is only finite, because the infinite péand also some of
the finite parts) of the loop diagram amplitude is canceled:@@zﬁ = m) and
Zé}p:m' In the following we will have to figure out the connectionween this
two quantities and the constants occurring in the Feynmbas rof the counter
terms.

Therefore we will plug inp = m in the last equation, use{33) and the defini-
tion of the counter-term amplitude in F[g. 3 to figure out how knave to definé,
andj,, to get the desired cancelation:

Now we use our second renormalization conditioriid (33):
0 = —iX)(m) + ids.

The two last equations now give us

mdy — &,y = Xo(m) and (36)
— 0%y
52 - aﬁ p:m7 (37)

which exactly defines how the counter-terms have to look iikeur on-shell
scheme. Since we now have the Feynman rules, we can juséifiotm of the
propagator already given ifi{[34). It is the geometric sunt t¢ive one loop dia-
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gramsandthe corresponding counter term diagrams displayed infig. 4

L (i) —

p-—m p-m p—m

+ ...

+ R + — R >R — +

Figure 4: The one loop approximation for the renormalizexppgator.

5.4 Leading Order Expression ofX, for Small €

We now again set = 4 — n. Then using the formulas given in the appendix, the

leading term off(2]7) for smallis (here)\ is set to zero):
1 é? e?
Eo(p) = 1672 (p+4m) + 2

+/01d93 [(1 =) p+2m]log (pr (1 4—W5)2+ mzx)} +00

It is interesting to compare this result to the result one @t regularization
using the Pauli-Villars method. This method introducestaafiA and does the
following replacement to regularize the integral:

1 1 1
H J—
k2 — X2 4ie k2= X2+4ie k%2 — A%+ie
We then would have obtained a result quite similafid (38):

So(p) = ;/Oldx [(1—2)p+2m] log< (1—2)A° ) (39)

T p?x (v — 1) +m2x

pp ) - m(4 )
(38)
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Compare [2, p. 218]. Here we can see that the logarithmicgierd terms in cut-
off regularization are replaced by simple poles in Dimenaldregularization.
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Second Lecture

6 Outline of the Following Procedure

In the last lecture we introduced dimensional regularimaind the momentum
subtraction scheme to handle the divergent parts of lo@grats. We also ob-
tained new Feynman rules corresponding to the countersterthe renormalized
Lagrangian. All Feynman rules for renormalized QED are samiwad in the ap-
pendix. The constants in this counter-diagrams now have tcakculated order
by order in perturbation theory. In the first lecture we alyeavorked out how

0o and thereforeZ, = §, + 1 have to be defined in our on shell renormalization
scheme. Now we will proceed calculatig and Zs.

We already stressed the dependence of the finite parts df-tregiables on
the renormalization scheme we use. The details of the read@ation scheme are
expressed in the, so called, renormalization conditioggsE[3B) already define
two of these conditions we have chosen. To evaluatand Z; we will have to
define two more.

Our goal in this lecture is to derive the beta function of QEBiak expresses
the running coupling in QED. We already saw at the beginnirtg®last lecture,
egn. [2), the connection between the bare and the renoedal@upling constant,
which for dimensional regularization we rewrite in the élling way:

2 Zsap. (40)

As we mentioned, we would like to find; = Z, in order to ensure gauge in-
variance. Indeed, we will now start to explicitly show thédation in first order
of perturbation theory. Note that this identity holds to@itlers of perturbation
theory, which can be shown by using the Ward Identity. Thammcoupling will
therefore only be dependend &g.

7 The Vertex Correction

We now turn to vertex corrections in QED. On one loop leved theans we look
at the diagrams displayed in F[g. 5. We can use the Feynmes giten in Fig[d7
in the appendix to see that the sum of the two diagrams is éguak~* — ieA*,
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where
d'k i i —i
A# ! =(— 2/ Y K v
Wop)= o) o T m T prf—m i "R Tic
.2/d4k , 1 1 1
= —1 v B ..
e F—mic CprF—mtic "R =N +ie

(41)
Note that as before the diagram is supposed to be part of erldrggram, so

/ /

p p

one loop corr. k
it il

p p

Figure 5: One loop correction of the QED vertex.

there are no external particle contributions in the amgétu

We could now evaluaté{#1) with the calculational tools wevael in the first
lecture. Indeed, for example for the ordecontribution to the anomalous mag-
netic moment of the electron, this would have to be donegdinis diagram gives
the strongest contribution here. See for example [3] fortaildel calculation. For
our purpose we will see that this has not to be done, since evpranarily inter-
ested in finding the relatiod; = Z,. Now in order to show this, we at first need
to introduce a new renormalization condition, which wilfide the finite parts of
AR

N(p=yp)=0, (42)

whereA ; denotes the finite amplitude, which we obtain if we also take ac-
count the counter term Feynman diagram:

_ Z'eA*Jj(p,p’) = —ieA'(p, p') — iey*dy, (43)

SO
AN(p=7p")=—"4. (44)
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In order to proceed, we will need to know what the derivatizaroinverse matrix
(with respect to a real variable) is. Therefore we perforrmainjtesimal) small
variation of A1, where A is a matrix:

(A =(A+e) " — AT =[A(1+ A7) A
= (1+A78A) AT - AT = (1 - ATA) AT - A
— —ATleA AT

Using this, we follow the procedure outlined in [5] and penfiothe following

derivative:
0 1 1 1

optp —m N _p—m%p—m'
This enables us to calculate the derivativelgfas defined in eqn{12):

822 i62 4 " 1 1 1
- . (4
op¥ (27r)4/dk7p—l—k—m%—ie%pjtk—mjtie%k‘?—)\Z—l—ie (46)

(45)

Comparing this with[{41) immediately gives us
0%

AAPZﬂ)Z—aV- (47)
If we now use[(4l) and remember what we have already fouriddhn (3
1)y
%:Bﬁ
we can derive:
A, = =70
0% 08y L 0% 0%,
S Top T W o T T o T Ty
= —7,02.
So we arrive at the important result:
5 = by, (48)

or
7, = Zs. (49)
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Remark About Infrared Divergences

We shall now briefly discuss infrared divergences. Moreittetauld be found
in [2, p. 175], for instance.

We had to introduce the photon mass A* to cure the infrared divergence.
But at first sight this means that the first order correctiophgsical observable
processes like Coulomb scattering (which contain this rdiagy would have a
dependence on the unphysical photon mas$ndeed, a separate cross section
correction like that would be divergent as— 0.

The solution to this problem again lies in the insight thatsersections like
that one are not measurable individually. We have forgdteiake into account
another first order correction to processes like Coulomtiesiiag: Bremsstrahlung.
Together with the fact that every photon detector can dgtleatons only down
to some limiting energy, we conclude that observable is trdysum of the cross
section for both processes. Now Bremsstrahlung corrextioa also infrared di-
vergent. But it turns out that the-dependence of the sum of the two processes
cancels! So we are again left with finitd-(ndependent) predictions for observ-
ables.

8 Vacuum Polarization

In this section we will calculate the last important one labagram: The vac-
uum polarization diagram, which is a correction to the phgimpagator due to
fermion loops:

q+k

The only Lorentz tensor ifi*”(¢q) can beg”” andk*k”. On the other hand the
Ward identity tells us thatt, IT*” (k) = 0. So we expect the following structure:

(k) = (kg™ — k'E") T1(K?) .

We will soon find exactly this structure (without using thed/adentity).
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Using again the Feynman rules in the appendix and notingttieatlosed
fermion loop gives a factor of 1 and a trace over the product the Dirac matrices,
we get:

4
iH(k)“”:—eZ/ dq4Tr7” ! —~Y 1 ,
(4m) g —m+ic’ ¢4k —m+ie

—ufifd%'n 7 (g +m) o (d+ -+ m)
(

B o)t (2 — m2 + ie) ((g+ k) —m? + i€)

We will now use the Feynman trick in the form of eqi.](13) to ¢ome the de-
nominators:

B — A =2qk + k?
A= (B—A)x=¢ —m?+ (2qk + k?) z + ic
= (¢4 kz)* — 2k (x — 1) — m% + ie
= (q+ zk)® — A + i,

where we defined
A =xk? (x — 1) +m?

Noting that the trace of an odd number of Dirac matrices \assand going to n
dimensions, we thus get:

Z. 7”517 (4 +F) +9"y"m?
e / / q—l—xk) —A—i—ie}z

/ ‘/ (¢ —2k) " (¢ +F (1 —x)) +m’yy”

(¢ — A +ie)
4_n/ dx/ " g Y = 2 (L 2R miyy
2m)" (42 — A +ie)? ’

where we shifted the integration varialgle~ ¢ + =k in the first step and used the
fact that because of the antisymmetry, terms linegr\wanish in the second step.
We now need to evaluate the three traces:

Tel gy = qp0, Tr "y = 4(2¢"q" — ¢*g"")
Tryfy ke = 4 (2k1E” — k2gh)
Tr Y = 4gH”.
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Using this identities we arrive at:
9"
n[4(m2+k2(1—x) —qz)

Z-H(k,)uu _ —62,u4_"/1dx/ d"q —
0 (2m) (> — A + ie)
2 _ 2 +8 2 _ ; 2}
(¢> — A +ie) (g2 — A +ie)

To calculate the remaining integrals, we first note

dar jrpm7% 1 dnr 2
/ qnq d = _g,w// qnq_v (50)
2m)" D n (2m)" D
where D denotes a symmetric denominator. The derivation of thattiteis
straight forward: Fon # v the integral is zero because of the antisymmetry.
Because of the Lorentz structure the result must be prapattiog””. The factor

1/n can be checked by multiplying both sides with, and usingg,.,¢"” = n.
Using our general integral from eqii..24) we can also show:

n 2 n
d?bq#:_ifd% ¢ +4 +z’A/qu !
Jemr @ arer 2m)" (¢ + A —ie)” (2m)" (g3 + A —ie)”

(2m)" (¢% + A — ie) (2m)" (g% + A —ie)®
—im? 1 n
@y o L-3)-r(-3)
—in2 1 n
- (27_‘_)11 (A—ZE _5 < ) 5
Using this integrals we can finish our calculation:

! 1 I'(2—2
ilI(k)" —die?p* | dx - ( n2)
o (4m)z AP

X [g’“’ (—m2 +x(1l—2) kz) + g (m2 +x(1—2) q2) —2x(1—1x) k:”k”}
= (k2g‘“’ — k'E") iH(k:2) ,

—8x (1 —1x)

(51)

where

1(k?) = —8a_ F(Q B g) /Oldm — (xx_(l — 1) ]2_%. (52)
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9 The Beta Function of QED

So far we have not said how we are going to renormalize outtrigem the last
chapter. Itis logarithmic divergent, so only the zero ortéem of a Taylor expan-
sion is infinte. Therefore the following renormalizatiomddion is sufficient:

I, (k* = —M?) = 0. (53)

Thus
I, (K?) = TI(k2) — TI(—M?) . (54)
Meaning we makel(%?) finite by subtracting at (the space-like momenturh)=
—M?. Like in the last chapters, this defines our counter term to be
b5 = II(—M?), (55)

or
Zy=1+11(-M?)

. 8a o omy [ z(1—x) (56)
- (4%)3_1F<2 2>/0 dx[—MQx(x—1)+m2]2_%

Here we introduced the scald (compare to section3.2). This condition now
defines us the renormalized coupling in the lagangian. Nt = % would
only hold if we chose\/? = 0.

We now take the derivative of (#0) with respect to the scdlend use that
Z1 = Zy.

o —(—n) 423
ﬁzﬂ S )d—Mao
_ %
~am
_ 1 2 - 2
:Lf}lp@_ﬁ) (_<2_@))2M/dx (-0
(4m)z™ 2 2 0 [M2x (1 —x) +m?]" 2
1 201 _ 2
:4Ma/dx (1 —x) . (57)
T Jo [M?x(l—z)+m? 2

where in the second step we used &t a ~ o, sinceZ; is already of order.
For M much bigger thamn we can now read off the beta function of QED:

_ L da 207

Ble)
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This equation can be integrated:

a(Mg)
M2’

a 2
1 — (?i\iO)ang

a(M?) = (59)

This defines the running of the renormalized coupling coristaour renormal-
ization scheme. Note that for example in the Minimum SubimagMS) scheme
we get exactly the same first order approximation for the ugtetion. Instead of
the subtraction point (which we don’t have in that schemeahse there only the
part proportional tol— of the expansion for smatlin the dimensional regularized
loop integrals is subtracted), the renormalized coupliogstant is dependent on
the scaleu that you have to introduce in order to get the dimensiong righich
in the MS scheme does not cancel in the expression for theflrattion as it did
in our case. See for example [3] for details here.
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APPENDIX

Contraction Rules

The relation between contractions and propagators is diyen

| Lo dg (fm),, e
iSp, (@ — ') = Ya(2)s(2) :Z/ 2n) qz—gz—i—ie , (A1)
. ,  — . o d4q e—ik(m—x’)
’LDFW(Z' —2') = A,(x)A(2") = —ig! / (27r)4 N e (A.2)

— .

V(@) |p,s) =e P ut(p)|0), (A.3)

- s ! !
s’y =(0[e" " (p). (A.4)

Note that we use the Feynman gauge and that we introducedt@npmass\ to
regularize infrared divergences.

The Gamma Function

The Gamma functiof'(z) has the following important properties:

I'n+1) =n! ¥Ynel,
xT(z) =T(x+ 1) Ve € R

Also useful for expansions of the Gamma function is the feifey product repre-
sentation

1 = z 2
T (1 —> - A5
['(2) = g < * n) (A-3)
wherey ~ 0.5772 is the Euler-Mascheroni constant.

Fig.[@ displays the Gamma function. Note that it has a poles-at0 and at
every negative integer.
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| Y

-2

/\4

Figure 6: Plot of the Gamma function.

Leading Order Expansions

From [A3) one can derive the leading order expansioh(of:

[(e) = % — v+ O(e) (A.6)
nearx = 0, and
I'(—n+e¢€) = (_nll)n (% —’}/+1+...+%+O(6)) (A.7)

nearx = —n. Another expression which will occur in regularized intagrs

(%) =1—c€logA+.... (A.8)

Particularly useful is now the following expansion, whicndoe directly derived
from that:

% (%)2_2 _ (4;)2 <§ “log A —  + log (47) + O(e)) . (A9)

withe =4 — n.
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Feynman rules for QED

L _ Zi9uv
ANNANNRDNANNANAN = —1 (g‘ Yg? — q“q”) 03 AAANNANAAANANAS T Zrice

7

< @ < =1 (p52 - (Srn) < = p—m-tie

K : 7ie,yu61 A : 71.6’}/”

Figure 7: Feynman rules for QED in renormalized perturlmaticeory. Note that
a closed fermion loop additionally gives a factor of -1 andaaé of a product of
Dirac matrices. See [2, p. 120].
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