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Abstract

The Feynman diagrams and corresponding rules were used to cal-
culate the squared amplitude for Compton scattering of an unpolarised
photon with an electron. This allowed the differential cross sections
dσ/dt and dσ/dcos(θ) to be found by considering the phase space in-
tegral in the center of mass frame and the lab frame respectively. The
expression for dσ/dcos(θ) found is known as the Klein-Nishina formula.
dσ/dt was found to be invariant by showing that it could be changed to
dσ/dcos(θ) in the lab frame by performing a change of variable. Plots
of dσ/dcos(θ) against cos(θ) and dσ/dt against t were examined in the
low, medium and high center of mass energy limits and the scattering
behaviour of Compton scattering examined. High energy interactions
displayed very little deflection and a small chance of backscatter for
the photon, with a high 4-momentum transfer between the photon and
electron. Low energy interactions were found to be symmetric in the
parallel and anti-parallel directions along the beam axis with a lower
chance to be scattered perpendicularly to the beam axis.
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1 Introduction

The relativistic quantum field theory, Quantum Electrodynamics (QED) can
be used to describe how light and matter interact. We can apply this theory
to the well known effect of Compton Scattering, the process of photons scat-
tering with electrons. A single instance of this interaction can be described
by the process; e−γ → e−γ, which can be illustrated by the use of Feynman
diagrams. Only the first order diagrams have been considered, known as tree
level diagrams, characterised by having no closed loops [1]. In this simple
case, Compton scattering is described by two Feynman diagrams, Figure 1.

Feynman rules have been utilised to determine the amplitude contribu-
tion from both of these diagrams and sum them to find the full amplitude
of the interaction. The kinematics of the final state particles can have 4-
momenta over a wide region of phase space which have been integrate over.

Two different frames of reference have been used, the lab frame and the
center of mass frame. The different frames will alter the 4-momenta of the
particles and therefore change the phase space integral. If a quantity is
Lorentz invariant, it can be used freely in both frames of reference. However
if an expression contains some non-Lorentz invariant quantities then it will
only apply to a single reference frame.

Differential cross sections of an interaction are quantities that describe
the probabilities of the scattering process against an interaction variable.
The differential cross section with respect to the cosine of the scattering an-
gle, dσ/dcos(θ) and the differential cross section with respect to the squared
momentum transfer by the photon, dσ/dt have been computed.

Figure 1: The two Feynman diagrams that contribute to the scattering of
a photon with an electron. ε(k) and ε(k′) represent the spin vectors of the
incoming and outgoing photons respectively. u(p) and u(p′) represent the
spinors of the incoming and outgoing electrons respectively
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2 Frames of Reference

Calculations have been performed in two main frames of reference. One is
the lab frame where the incident electron is treated to be stationary and
the photon collides with it. The other reference frame that has been used is
the center of mass frame where both the photon and electron have opposite
3-momentum. The physics should end up independent of the frame that the
calculations was performed in.

The Mandelstam variables have been very heavily used in the calcula-
tions. These quantities are Lorentz invariant and so can be used to translate
between different reference frames. They are defined as:

s = (p+ k)2 = (p′ + k′)2

t = (p′ − p)2 = (k′ − k)2

u = (k′ − p)2 = (p′ − k)2 (1)

The quantity s is also known as the squared center of mass energy;√
s = ECM . The Mandelstam variables can be related directly to the 4-

momenta of the particles. Define p and p′ as the 4-momentum of the incident
and outgoing electrons, k and k′ as the 4-momentum of the incident and
outgoing photons respectively. Therefore, with the invariant property, it is
possible to define p2 = m2

e = m2, k2 = m2
γ = 0 and:

2p.k = s−m2

−2p.k′ = u−m2 (2)

Additionally the Moller function has been used to quantify the non-
Lorentz invariant quantity F in different reference frames:

F = EaEb|va − vb| =
√

(pa.pb)2 −m2
am

2
b (3)

Where Ea and Eb are the energies and va, vb are the velocities of the
two incident particles in a two particle interaction.

2.1 Lab Frame

In the lab frame the initial state of the electron is at rest and the photon
scatters off it. This is a good approximation as what we actually see in
the lab as a relatively low energy electron will have a much lower velocity
than the photon and so can be seen to be at rest. Therefore the energy
of the incident electron is the rest mass energy and some additional energy
is gained when the photon scatters off it. The photon with initial energy
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Figure 2: Compton scattering in the Lab frame where the electron is initially
at rest. Where (a) - Particles before the interaction, (b) - The scattered
particles

ω transfers energy to the electron and leaves with the final state photon
energy, ω′ (shown in Figure 2).

Therefore the following 4-momentum relations can be defined in this
frame:

p.k = mω

p.k′ = mω′ (4)

Using the Moller function, equation (3), define:

F =
√

(ωm)2 − 0 = ωm (5)

2.2 Center of Mass Frame

In the center of mass (COM) frame, the photon and electron are defined as
having opposite 3-momentum. The incident electron and photon scatter off
each other at an angle θ, which is not the same angle as the scattering angle
in the lab (shown in figure 3).

Since the 4-momentum is conserved, the energy of the photon before
and after the interaction is the same. Therefore the following 4-momentum
relations in this frame are defined:
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Figure 3: Compton scattering in the center of mass frame where both in-
coming and outgoing particles are on the same diagram

p.k = ω(E + ω)

p.k′ = ω(E + ωcos(θ))

E2 = ω2 +m2 (6)

Using the Moller function, equation (3), define:

F =
√

(ωE + ω2)2 − 0 = ω(E + ω) = ωEcm (7)

3 Calculating the Amplitude squared

An expression for the probability of an interaction is first required to de-
fine differential cross sections, which can then be used to describe Compton
scattering. This expressions is known as the squared amplitude, |A|2. Feyn-
man diagrams and the corresponding Feynman rules for photons and Dirac
fermions are used to find the amplitude of the interaction which can then be
squared. The incoming and outgoing photons are assumed to be unpolarised
which will mean that averaging over the two different spin states is required.
The amplitude for Compton scattering is given by the sum of two Feynman
diagrams as illustrated in Figure 1.

Working in the Feynman gauge where α = 1 in the Lagrangian, the
corresponding Feynman rules have been applied to both of the Feynman
diagrams and then summed to find an expression for the total amplitude.
The expressions for each diagram is very similar with the exception of a
reordering of the polarisation vectors and a change in some signs [2]. The
total amplitude for the interaction is:
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iA = −ie2ε∗µ(k′)εν(k)u(p′)

(
γµ(6p+ 6k +m)γν

(p+ k)2 −m2
+
γν( 6p− 6k′ +m)γµ

(p− k′)2 −m2

)
u(p)

(8)

Where ευ(k) and ε∗µ(k′) are the polarisation vectors and u(p), u(p′) are
the Dirac spinors of the incoming and outgoing photons and electrons re-
spectively, Simplifications to this expression can be made by noting that
p2 = m2

e = m2 and k2 = 0. Therefore the denominators simplify and
through the use of some simple Dirac algebra, the numerators also simplify
to the simplified expression:

iA = −ie2ε∗µ(k′)εν(k)u(p′)

(
γµ 6kγν + 2γµpν

2p.k
+
−γν 6k′γµ + 2γνpµ

−2p.k′

)
u(p) (9)

To find the probability for the interaction, the amplitude has been squared
which gives the expression:

|A|2 = e4ε∗µ(k′)ερ(k
′)εν(k)ε∗σ(k)(

u(p′)

(
γµ 6kγν + 2γµpν

2p.k
+

+γν 6k′γµ − 2γνpµ

+2p.k′

)
u(p)

)
(
u(p)

(
γρ 6kγσ + 2γρpσ

2p.k
+
γσ 6k′γρ − 2γσpρ

+2p.k′

)
u(p′)

)+

(10)

It is much simpler to proceed by averaging over the incoming and out-
going photon polarisation vectors for both k and k′:

∑
polarizations

ε∗µ(k)εν(k)→ −gµν (11)

Summing over the electron spins was performed by applying the com-
pleteness relations for the Dirac spinors:

∑
s

us(p)us(p) = 6p+m (12)

Using this expression, the dependence of the Dirac spinors on the ampli-
tude squared was removed and a series of traces remain that can computed:
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|A|2 = e4ε∗µ(k′)ερ(k
′)εν(k)ε∗σ(k)

.tr

(
(6p′ +m)

(
γµ 6kγν + 2γµpν

2p.k
+

+γν 6k′γµ − 2γνpµ

+2p.k′

))

.(6p+m)(

(
γσ 6kγρ + 2γρpσ

2p.k
+
γρ 6k′γσ − 2γσpρ

+2p.k′

))
(13)

This expression can be expanded out into 4 terms with trace expressions
in each numerator. Each of these numerators can further be expanded out
into a sum of 16 traces. Half of these terms can immediately be set to zero
as terms with an odd number of γ matrices are zero. Therefore, in total
there are 8x4 = 32 traces that have been computed.

All of the traces have been computed and put into the above expression,
leaving an expression for the spin averaged square amplitude. This expres-
sion is Lorentz invariant which can be applied to all frames of reference.

1

4

∑
spins

|A|2 =
e4

4

(
A

(2p.k)2
+

B

(2p.k)(2p.k′)
+

C

(2p.k′)(2p.k)
+

D

(2p.k′)2

)
(14)

With the Lorentz invariant quantities:

A = 16
(

2m4 +m2(s−m2)− 1

2
(s−m2)(u−m2)

)
B = C = −8

(
4m4 +m2(s−m2) +m2(u−m2)

)
D = 16

(
2m4 +m2(u−m2)− 1

2
(s−m2)(u−m2)

)
(15)

The denominators can be changed to a different form using the Mandel-
stam variables and equation (2), which gives another expression for the spin
averaged square amplitude:

1

4

∑
spins

|A|2 =
e4

4

(
A

(s−m2)2
+

2B

(s−m2)(m2 − u)
+

D

(m2 − u)2

)
(16)

The spin averaged square amplitude can also be expressed purely in
terms of the 4-momenta, p, k and k′:

1

4

∑
spins

|A|2 = 2e4

(
p.k′

p.k
+
p.k

p.k′
+2m2

( 1

p.k
− 1

p.k′

)
+m4

( 1

p.k
− 1

p.k′

)2)
(17)
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4 Calculating
dσ

dt
for Compton Scattering

The differential cross section describes the likelihood of a particle interaction.
The Lorentz invariant expression for dσ/dt describes the probability of the
interaction with respect to t, where t is the square momentum transfer
between the initial and final state photons, (k′ − k)2.

4.1 Calculating a differential cross section

There are several ingredients to the differential cross section which can be
calculated independently to each other. The differential cross section can
be found using the following expression:

dσ =
1

2EA2EB|VA − VB|

(
dΠn

)(1

4

∑
spins

|A|2
)

(18)

Which includes the phase space integral:∫
dΠn =

(∏
f

∫
d3pf
(2π)3

1

2Ef

)
(2π)4δ(4)(P −

∑
pf ) (19)

The calculation of the phase space integral needs to be performed within
a single reference frame. The quantities EA, EB and |VA−VB| are frame de-
pendant so rely on the reference frame used, however they can be calculated
using the Moller function, equation (3). The combined expression can then
be converted to a Lorentz invariant form using the Mandelstam variables.

To find dσ/dt, it is easier to calculate the phase space integral in the
COM frame which results in an expression in terms of dcos(θ). This expres-
sion can then be converted by performing a change of variable to dt

4.2 Calculating the phase space integral in the COM frame

The phase space integral (equation (19)) was evaluated in the COM frame
for the two particle state f = 1, 2 corresponding to final states of the photon
and electron respectively:∫

dΠ2 =

∫
d3k′

(2π)3
1

2E1

d3p′

(2π)3
1

2E2
(2π)4δ(4)(k′ + p′ − k − p) (20)

In the COM frame, the three space components of the delta function
ensures 3-momentum conservation and sets k′ = −p′. Integrating over the
space components leaves only an integral over the energy. Making a change
of variable:

dk′1dk
′
2dk
′
3 = |k′|2d|k′|dΩ (21)
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Changes the phase space integral to an integral over |k′| and Ω:∫
dΠ2 =

∫
|k′|2d|k′|dΩ

(2π)3
1

2E1E2
(2π)δ(Ecom − E1 − E2) (22)

Where |k′| = ω. The integral over ω is solved using the following property
of delta function integrals:

∫
f(ω)δ(g(ω)) =

f(ω)

|g′(ω)|
(23)

Defining g(ω) = Ecom − E1 − E2 with E1 = ω and E2 =
√
ω2 +m2 to find:

|g′(ω)| = 1 +
ω√

(ω2 +m2)
=

ω

E1
+

ω

E2
(24)

Therefore the integral over w′ can be performed, leaving the integral over
Ω: ∫

dΠ2 =

∫
dΩ

ω2

16π2E1E2

1

| ω
E1

+
ω

E2
|

(25)

Since the incoming particles are unploarised, there is a symmetry about
the beam axis. Therefore, the integral over dΩ = dψdcos(θ) changes to
2πdcos(θ). The delta function also ensures the conservation of energy; E1 +
E2 = Ecom. Combining these, the final expression for the phase space
integral in the COM frame for dcos(θ) is:∫

dΠ2 =

∫
2ωdcos(θ)

16πEcom
(26)

4.3 Calculating the final expression for dσ/dt

The differential cross section is found by putting the phase space integral
(equation (26)) and the COM expression for F (equation (7)) into the ex-
pression for the differential cross section (equation (18)):

dσ =
1

4ωEcom

2ωd(cos(θ))

16πEcom

(1

4

∑
spins

|A|2
)

=
d(cos(θ))

32sπ

(1

4

∑
spins

|A|2
)

(27)

Where E2
com = s. This expression for the phase space integral in the

COM frame is in terms of dcos(θ) and was converted into an expression for
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dt by a change of variable. Considering the Mandelstam variable t (equation
(1)) in the COM frame:

t = (k′ − k)2 = 2ω2(1− cos(θ)) −→ dt = 2ω2d(cos(θ)) (28)

This change of variable introduces a frame dependant quantity ω there-
fore an expression to change ω to a Lorentz invariant quantity was required:

scom = m2 + 2ω(E + ω) = m2 + 2ωEcm = m2 + 2ω
√
s

⇒ ωcom =
(s−m2)

2
√
s

(29)

Combining the equations (28) and (29) and putting them into equation
(27), the final Lorentz invariant expression for dσ in terms of dt was obtained:

dσ

dt
=

1

16π(s−m2)2

(1

4

∑
spins

|A|2
)

(30)

As long as the square amplitude expression does not contain any non-
Lorentz invariant quantities, the whole expression for the differential cross
section is Lorentz invariant. Inserting the spin averaged square amplitude
(equation (16)) into the expression gives a fully Lorentz invariant expression
for dσ/dt in terms of the Mandelstam variables.

5 Calculating
dσ

dcos(θ)
for Compton Scattering

A Lorentz invariant expression for dσ/dt was obtained by considering the
COM frame, which can be used to describe the scattering in both frames.
An expression for dσ/dcos(θ) was also found by returning to the phase space
integral and evaluating it in the lab frame rather than the COM frame.

5.1 The phase space integral in the Lab frame

The phase space integral in the lab frame was found using a similar method
as used in section (4.2). Integrating over the 3-momentum and perform the
same change of variables where E1 = |k′| = ω′ and E2 = E′, the phase space
integral obtained is:
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∫
dΠ2 =

∫
d3k′

(2π)3
1

2ω′
d3p′

(2π)3
1

2E′
(2π)4δ(4)(k′ + p′ − k − p)

=

∫
(ω′)2dω′dΩ

(2π)34ω′E′
2πδ(ω′ + E′ − ω −m) (31)

Where E′ =
√
|p′|2 +m2 =

√
|k − k′|2 +m2

=
√
m2 + ω2 + (ω′)2 − 2ωω′cos(θ)

Integrating over ω′ using equation (23) and defining:

g(ω′) = ω′ +
√
m2 + ω2 + (ω′)2 − 2ωω′cos(θ)− ω −m

g′(ω′) = 1 +
ω′ − ωcos(θ)

E′
(32)

Leaves an expression as an integral over dcos(θ):∫
dΠ2 =

∫
dcos(θ)

8πE′
ω′

|1 +
ω′ − ωcos(θ)

E′
|

(33)

Simplifying this expression using E′ = ω +m− ω′ gives the final phase
space integral in the lab frame:∫

dΠ2 =

∫
dcos(θ)(ω′)2

8πmω
(34)

This phase space integral is in terms of dcos(θ) and can therefore be used
to find an expression for dσ/dcos(θ) in the lab frame.

5.2 Calculating the final expression for dσ/dcos(θ)

Considering the expression:

m2 = (p′)2 = (p+ k − k′)2 - By conservation of 4-momentum (35)

Along with the relations given in the lab frame section (equations (4)),
a relation linking ω′ and ω was found:

ω′ =
ω

1 +
ω

m
(1− cos(θ))

(36)

The expression for the spin averaged squared amplitude (equation (17))
can be changed into an expression purely in terms of ω, ω′ and θ using
equations (4) and (36):
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1

4

∑
Spin

|A|2 = e4
[ω′
ω

+
ω

ω′
− sin2(θ)

]
(37)

Combining equations (5), (34), (37) with equation (18), a final expression
for dσ/dcos(θ) was obtained:

dσ

dcos(θ)
=

e4

16m2π

(ω′
ω

)2(ω′
ω

+
ω

ω′
− sin2(θ)

)
(38)

This expression is known as the Klein-Nishina formula

5.3 Changing dσ/dt into dσ/dcos(θ) in the Lab frame

dσ/dt was derived by considering the phase space integral in the COM frame,
which is a Lorentz invariant quantity. Therefore a change of variable to
dcos(θ) in the lab frame will reveal the same expression obtained when
considering the phase space integral in the lab frame directly:( dσ

d(cos(θ))

)
com
→
(dσ
dt

)
com

=
(dσ
dt

)
lab
→
( dσ

d(cos(θ))

)
lab

(39)

To perform a change of variable dt → dcos(θ) requires care as ω′ and
cos(θ) are not independent variables. Therefore, ω′ is eliminated using equa-
tion (36):

t = 2p.k +m2 = −2ωω′(1− cos(θ))

= −2ω(1− cos(θ)) ω

1 + ω
m(1− cos(θ))

⇓
dt = 2(ω′)2dcos(θ) (40)

A change of variables was performed to make an expression in terms
of ω, ω′ and θ to again obtain the Klein-Nishina formula (equation (38)).
Considering equation (2) and the quantity (s−m2)2:

(s−m2)2 = (2p.k)2 = 4ω2m2 (41)

Using the above relations, the equation for dσ/dt (equation (30)) was
changed to an expression for dσ/dcos(θ):

dσ =
1

16π

1

4ω2m2
2(ω′)2dcos(θ)

(1

4

∑
spins

|A|2
)

(42)

Now we can use the same amplitude sqared as before which is in terms of
ω, ω′ and θ (equation (37)), to recover the Klein-Nishina formula as before:
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dσ

dcos(θ)
=

e4

16m2π

(ω′
ω

)2(ω′
ω

+
ω

ω′
− sin2(θ)

)
(43)

6 Graphs of the differential cross sections

The distribution of the differential cross sections were examined further.
Firstly the quantity dσ/dcos(θ) against the cosine of the scattering angle,
cos(θ) was examined using the Klein-Nishina formula which was calculated
in the lab frame (equation (38)). Three different center of mass energies
were considered:

(s−m2) << m2

(s−m2) ≈ m2

s >> m2 (44)

Where it is required that s > m2; the center of mass energy must be
greater than the rest mass energy. The Klein-Nishina formula was first
altered to remove the dependence on ω and ω′. This was achieved by using
equation (36) to remove the dependence on ω′ and to remove the dependence
on ω to put it in terms of s:

slab = 2p.k +m2 = 2mωlab +m2 → ωlab =
s−m2

2m
(45)

Therefore, the relationship of dσ/dcos(θ) against cos(θ) in the three
different COM energies can be seen in 4. The red line represents the very
high energy interaction (s set to 25m2) and indicates that it is far more
probable to have a small scatter angle at high values of Ecom. Therefore, in
the high center of mass energy collisions, the photons are not deflected that
much and the probability of backscatter becomes extremely small.

As Ecom becomes closer to the rest mass energy of the electron, the prob-
ability of scatter at a broader range of angles increases. The photon is just as
likely to forward or backwards scatter and there is a higher chance that the
photon will scatter along the beam axis. Therefore there is a reduced prob-
ability that the photon will scatter perpendicularly to the incident beam.

Examining the dependence of dσ/dt against t was also considered under
the same three different values for s (equation 44). To examine this rela-
tionship an expression for the squared amplitude only in terms of t and s is
required. The variable u was eliminated using the relationship between the
Mandelstam variables:

u+ t+ s = 2m2 (46)
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Figure 4: The depedence of
dσ

d(cos(θ))
against cos(θ) for three different COM

energies

Along with this relation, the squared amplitude equation (equation (17)),
and the relations for the dot products (equations (4)), the squared amplitude
in terms of t and s was obtained. The range of values that t can take is
found by considering the relation in the COM frame:

tcom = −2k.k′ = 2ω2(cos(θ)− 1)

Since: − 2 < cos(θ)− 1 < 0→ −4ω2 < t < 0 (47)

The relation of dσ/dt against t for the three different center of mass
energies can be seen in figures 5, 6 and 7.

Considering the graph for the high energy limit (figure 7), it is most
probable for the magnitude of t to be large so there is a large momentum
transfer between the photon and the electron. In the low energy limit (fig-
ure 5), the relationship against t looks very similar to the relationship of
dσ/cos(θ) against cos(θ). The high momentum difference corresponds to
the photon backscattering from the electron and the lower momentum dif-
ference corresponds to the photon being mostly undeflected.
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Figure 5: The dependence of
dσ

dt
against t for the COM energy s−m2 << m2

Figure 6: The dependence of
dσ

dt
against t for the COM energy s−m2 = m2
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Figure 7: The dependence of
dσ

dt
against t for the COM energy s = 25m2

7 Conclusion

The Feynman diagrams that represent the tree level processes for Compton
scattering along with the corresponding Feynman rules was used to deter-
mine the amplitude for the scattering. The amplitude was squared to find
the total probability. The incoming particles were considered to be unpo-
larised which required averaging over the photon polarisations. Then the
spin states of the electron spinors were summed over which then turned the
calculation into a series of traces to sum. The final spin averaged squared
amplitude expression was found, which is a Lorentz invariant quantity.

An expression for dσ/dt was found by performing the phase space in-
tegral in the center of mass frame and obtaining an expression for dσ in
terms of dcos(θ). A change of variable brought the expression in terms of
dt. The expression found was put completely in terms of Lorentz invariant
quantities and so applied to both the lab and center of mass frames.

The phase space integral was calculated in the lab frame and an expres-
sion for dσ/dcos(θ) obtained. This formula was expressed in terms of the
photons initial and final energy and the scattering angle. The found expres-
sion is known as the Klein-Nishina formula. The differential cross section
in terms of dt that was found in the center of mass frame was shown to be
Lorentz invariant by performing a change of variable to dcos(θ) in the lab
frame and recovering the Klein-Nishina formula again. Care needed to be
taken as the scattering angle and the photon energy are not independent
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variables.
Plots of dσ/dcos(θ) against cos(θ) revealed that at high energies, the

photon is largely undeflected and there is very little chance for backscatter.
At lower energies, the chance that the photon is scattered parallel or anti-
parallel to the beam axis is the same and there is a lower probability for the
photon to be scattered perpendicularly to the beam axis.

Plots of dσ/dt against t reveal that at high energies there is a large
probability for most of the photon energy to be transferred. At lower en-
ergies, the plot looks very much the same as the dσ/dcos(θ) against cos(θ)
plot at the same energy. This correlates well as backscatter will account for
the maximum energy transfer and low scattering angle corresponds to the
least energy transfer. When the photon is scattered perpendicularly to the
direction of motion there is the same dip in the t graph as in the cos(θ)
graph.

The scattering angle and the square momentum transfer are both quanti-
ties that can be found experimentally in a Compton scattering experiment.
Therefore, the found differential cross sections can be used to make pre-
dictions to the probabilities of certain scattering properties which can be
related directly to experimental observations.
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